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ERRATA 


P. 73, lines 28-32: For “the series diverges, ...., R (y) > us.” read “the series diverges, 
or converges without Sy being bounded, for R(x)<41, R (y)<42; converges conditionally 
with Sy bounded for << R(a)<m, << R(y)<a; and converges absolutely for R(x) >t, 
Ry) >.” 

P. 78, line 4: For “x” and “y” read “ao” and “yo”. 

P. 116, line 4: For “Q” cat a 











THE ALGEBRA OF RECURRING SERIES.* 


By MorGan Warp. 
1. Introduction. It is well known that if the function 
(1.1) F(x) = 2°— Px? +Qr—R, R+0 


is irreducible in the field & of its coefficients, then the properties of those 
solutions of the linear difference equation 


(1.2) Qn+s ale PQri2— Q Qrit + RQ, 


which lie in § are ultimately based on the algebra of the field %(«) ob- 
tained by adjoining to % a root a of F(~)=0.) 

The object of this paper is to develop a general method for obtaining 
formal properties of the solutions of (1.2) from simple algebraic identities 
in (a). The process is as follows: 

We set up a one-to-one correspondence between the field ¥(a) and 
a certain class of square matrices of order three with elements lying in §. 
We then group these matrices into sets which are particular solutions of 
a matric difference equation of order one. Finally, we associate with each 
set a number of particular solutions of the scalar difference equation (1.2). 
Our method then consists of translating identities in (a) into identities 
between matrices, and these in turn into relations between solutions of 
(1.2).2 The treatment is simple and direct, and leads to a number of 
interesting formulas.” 

The method may easily be extended to a difference equation of any order 
whose characteristic function is irreducible. We confine ourselves to the 
case of a third order equation, both for its interest in view of Lucas’ claim 
to have discovered a remarkable connection between (1.2) and the theory 
of the elliptic functions,* and for simplicity of notation. 





* Received January 7, 1930. 

‘See for example, Bell, Tohoku Mathematical Journal, vol. 24, Numbers 1, 2 (1924), 
page 168. This paper gives a concise exposition of the algebraic theory of (1.2). We 
shall refer to it as “Bell”, giving page reference. For the elementary theory of the linear 
difference equation of order r, see Bachmann, Niedere Zahlentheorie. The equation of 
order three is treated with considerable detail by Draeger, Thesis, Jena 1919. For other 
references, see Dickson’s History, vol. I. 

2 See Section 5. 

*In this connection, see Bell, p. 168. 
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2. Basic definitions. The most general solution of the difference 
equation (1.2) lying in the field ¥ of its coefficients is given by 


Qn = (Ko+ Kia+ Ky @*) a” + (Ky + Ki 8+ Kz B*) &" 


2.1 
"a +(Kyt+KirtKr)r", (n=0, £1,++) 
Here a, 8, y are the roots of the irreducible equation F(x) = 0, and Ko, Ki, Ke 
are arbitrary elements of %. 
If 
Qy = An, (n = 0, +1,--+) 


is any particular solution of (1.2) obtained by giving the constants Ko, Ki, Ke 
in (2.1) definite values, Ay, A,, A, are called the initial values of the 
sequence (A)n. We write 

(A)n~ [Ao, Ay, Ay]. 


Any sequence (A), is completely determined as soon as we have specified 
its initial values. 

There are four particular solutions of (1.2) of sufficient importance to 
have a special notation; we shall invariably write (X)n, (Y)n, (Z)n, (S)n 
for the sequences defined by‘ 


(X)n~ U1, 0, 0); (Y)n~ (0, 1, 0); 


(2.2) (Z)n ~ [0, 0, 1); (S)n ~ [3, P, P?—2Q]. 


Finally, we have the well known formulas 


= a+ f+y, Q = «f+ 8’y+ 7e, R= «apy; 


P 
C3) = a4 A$ 7", RMS n= ah BMt BHynt phan, 


3. Introduction of matrices. Let M, denote the square matrix of 
order three 


Xn, Yn, Zn 
(3.1) M,. — Xn4+1; Yai, Zn+1 ; (n — 0, + a, ee *). 
Xn+2 ’ Yn+e ’ Zn+2 





‘For properties of the first three, see Bell’s paper. The solution 
(Z)n:0,0,1, P, P?—Q, P?—2PQ+R,.:.:. 


is important in Combinatory Analysis; in fact, Z.42, m>>0O is the homogeneous product 
sum of «,8,y of degree m. See MacMahon, Combinatory Analysis, Cambridge, (1915), 
vol. I, p. 3. Sp» is the familiar sum of the mth powers of the roots of F(a) =0. 
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Then by direct calculation from (2.2) and (1.2), we find that 


1, 0, 0 0, 1, 0 0, 0, 1 
(3.2) M=10, 1,0)],M,=—|0, 0, 1),M=—([R, —Q, P ) 
0, 0, 1 » —Q, P PR, R—PQ, P*°—Q 


Thus M =I, the identity matrix. We shall often write M for M,, 
omitting the subscript one. 
The following properties of the matrices (3.1) are easily proved by 
induction: 
Ma: = M-M, = MM, 
M,, - Mn, —F M,, - M, = Mn+n, 
Ms = PMp42— QMini+ RM, 
M, = X,M4+Y,M,.4+Z,™. 


(3.3) (m,n =0, +1,---). 


The first of these formulas shows that M, is a particular solution of 
the matric difference equation of order one 


(3.4) Quis = M-Q, 


and the third formula shows that M, is a particular solution of (1.2). 
We shall hereafter refer to the matrices (3.1) as the sequence (M)n. 

Combining the second and fourth of the formulas (3.3) gives the more 
general formula 


Mam = Xn Mn+ Yn Minit Zr Mn+, (m, n= 0, +1, ee ). 


By transforming M to the diagonal form and applying (3.3), (2.3), we 
can prove® 

THEOREM 3.1. The characteristic function of the matrix My, is 
2 — §,4° + R"S_,4—R". 

The most general solution of (3.4) is 


2, = Mn-Qy, (n= 0, +1,--.) 
where the elements of the matrix 2, are arbitrary. Let 


2, = P,, 





*We may note in passing a useful formula immediately obtainable from Theorem 3.1 
and (3.1); namely, 


Sn = Xnt Yntit Zn+2, (n = 0, +1, eee). 
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be a particular solution obtained by letting 
Uo, Vo, Wo 
(3.41) 2Q = P, - (x VY, vi) 
Uz, Ve, Ws 
where Uy,---, We are fixed elements of %. Then from (3.3), 
Prin = Mn- Pm, 


Pras = PPrso— QPriit RPh, (m,n = 0, +1,---). 


(3.5) 

From (3.5), we obtain the following theorem: 

THEOREM 3.2. If the sequence of matrices (P)n is a particular solution of 
the matric difference equation (3.4), where the value of Py is given by (3.41), 
then 

Un; Vn , Wn 
P,, = Un+1,; Vn41, Wr ’ (n og 0, +1, re), 


Un+e2 ’ Vn+e ’ Wn+2 


where (U)n~[Uo, Ui, Uz], (V)n~[Vo, Vi, Val; (W)n~[Wo, Wi, We] are 
particular solutions of the scalar difference equation (1.2). 

It is easily shown that the converse of this theorem is also true. 

4, Associated fields. We shall now establish an isomorphism between 
%(@) and a certain class of matrices with elements in ¥. 

THEOREM 4.1. The class M of all matrices of the form 


P= UI+VM+ WM 


where U, V, W are any elements of & forms a field which is simply iso- 
morphic with the field § (a) obtained by adjoining a root « of F(x) = 0 
to ¥. 

Proof. It is clear from formulas (3.2), (3.3), that any matrix P of M 
can vanish when and only when U, V and W vanish. 

M is obviously closed under addition and subtraction; by (3.3), M® 
= PM*’®— QM-+ RI, consequently, M is also closed under multiplication. 
Furthermore, multiplication is commutative, and distributive with respect 
to addition. 

Any element 7 of the field §{(@) may be put in the unique canonical 


form 
a = U+VetWa? 


where U, V, W are elements of §. Set Mt and ¥(e) into one-to-one corre- 
spondence by pairing the elements 7 and P for which U, V, W have the 
same values; we write in this case 7~ P. 
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Then if 7,.~P,, 72~P,, 13 ~ Py, it is easily verified that 
Mtmy~P,+P; +1, P,- Py; 1, (y+ 13) ~ P, (P, + Ps). 


Furthermore, if 7a’ = 1, a~P, n’'~ P’, then P-P’ = J. 

Hence Yt forms a field simply isomorphic with %(«). 

As a corollary to this theorem, we have 

THEOREM 4.11. The characteristic equation of any matrix P of Mis the 
same as the equation which the corresponding element 7 of ¥ (a) satisfies in ¥. 

We shall use the notations Det P and AdjP for the determinant and 
adjoint of any matrix P, and N(z) for the norm of any number 7 of ¥(«). 
It is easily seen from Theorem 4.11 that 


(4.12) If Pwa, then Det P = N(x); 
(4.13) If P~aw+0, then Adj P ~ N(a)/za. 


THEOREM 4.2. The necessary and sufficient condition that any matrix of 
order three with elements in % be commutative with M is that it lies in the 
jield MN. 

Proof. The sufficiency of the condition follows from Theorem 4.1. To 
establish the necessity, suppose that Z is a matrix of order three over ¥ 
commutative with M. Then 


(4.2) L.M=M.L;~ L.M* = M’*.L. 


There exists a non-singular matrix 7 transforming M into the diagonal 
form M*. By (4.2), T-?-L-T—L* must also be in the diagonal form. 
Let a, 8, y; «', 8,7’ be the diagonal elements in M*;L*, and consider 
the traces of L*, M*.L*, (M*)*®.L*. They are the same as the traces of 
L,M.L,M’.L. Hence 


e+ h+y =I, ad’+pe+y/=J, oe'+Ph'+7*7 = K, 


where J, J, K are elements of $. Solving these equations for «’, f’, 7’ 
we find that 


e =U+Ve+Wa, & =U+V84+WH, y =U+V7+W7* 
where U, V, W are elements of %. Thus 


L* = UI4-VM*+WM*, 
L=T7.L*.T = UI4+-VM+WWm’. 
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THEOREM 4.3. Let (P)n denote the sequence of matrices defined in 
Theorem 3.2. Then a necessary and sufficient condition that (P)n should 
ie in M is that the sequences (U)n, (V)n, (W)n be connected by the relations 






















Vn = Wati— P Wn, 


= 0, +1,---). 
Un = Wate— PWrtitQ Wn = kWr-, * 


(4.3) 
Proof. We easily find that 
P,, . M — M ° P,, 


when and only when the relations (4.3) hold. The result now follows from 
Theorem 4.2. 
Let (P), now denote a sequence of matrices whose elements satisfy the 
relations® (4.3). Then 
P,, — IM,+JM,+ KM, 


where J, J, K lie in §. By comparing the elements in the first row of both 
sides of this identity, we find from (3.2) that 


I — Us, J = Va; kK = Wr 
so that 
P, = Un My + VnM, + Wr, (n= 0, +1,---+). 


5. Derivation of formulas. We are now in a position to illustrate 
the method of translating identities in (@) into relations between solutions 
of (1.2). With the notation of Theorem 4.1, we write 7~ P, for 

t= Uo +Vo a+ We, P, = Uo M + Vo M, + W, M.. 

In particular, «~M,, and by Theorem 4.1, (3.11), Theorem 3.3, 
(5.1) a” ~ M,, a”. c~ RP, 


where the elements of P, satisfy the conditions (4.3). 
Let us start with the following trivial identities in ¥(c). 


lL ating = n.ghtm — (a”. 2) a™ = a” (c”. 7), 


Il. (w7-a"t™) a = n(a™t™. 2) = (a. 2). (a. 2), 





SIt is perhaps worth noting that on account of the linearity of (1.2), (4.3) will hold 
for all values of n if it holds for n = 0, 1, 2; i.e. (P)n lies in M if Po lies in M. 
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The corresponding matrix identities in M are 


YT’. Prim = Po-Mrim = Pr-Mn = Mm- Pn, 
Il’. Prtm> Po = Po: Prin = Pin - Pr. 


By equating corresponding elements on both sides of I’ and II’, we ob- 


tain a number of formulas involving (U)n, (V)n, (W)n, (X)n, (Yn, (Z)n; for 
instance, from I’ we obtain 


On+m a Uo Xnti-m a Vo Xn+-m+1 + Wo Xn+m+2 
Un Xm + Vn Xm+i +Whr Xm+2 

= Xm Un+ Ym Un4it Zm Un+2. 
From II’, we obtain 


On+m Uo Vnt+m Ui Wrtm U2 = Uo Umin+ Vo Umintit Wo Umin+s 
= Um Un+Vm Untit Wm Un+2. 


(5.2) 


If we introduce the number 


n' = N(n)/n = 1+Ve+ Wa’, 
we obtain another class of formulas. For by (4.13), 
Adj P = Py = U)Mo+VoMi+Wo mh, 
and if we let P, — M,-P0, we find that 


Adj P, = R" Py. 
Hence, 
Vn+a Wnt+2— Wnts Vnig = R" Ula, Wnie Unsi— Unto Wat = R"Vi, 
and so on. 
The identity 
I. (a™. n’) -(a".2) = (a. 7). (a. n’) = a-(am. nm’) 
= w.(a®t™. 7) = N(m)antm 
gives us 
TH’. Pim+ Pn = Pm- Pn = Po- Pirin = Pinin- Po = N(2)Mn+m. 


From II’, we obtain formulas of the type 


Um Un+ Vin Ontit Wm Un+2 — Um Un + Vin On4tit Wm Un+2 
= 1) Umin+ Vo Umtntit Wo Um+n+2 = Upin U3 -L Veta Ui+ Wm+n Us 
N(x) Xn+m, (m,n = 0, +1,---). 
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6. Extension of method. We shall conclude by extending the method 
so as to apply to an important class of matrices not lying in M. 
Let (S), denote the sequence of matrices 


ny Sn+1 ; Sn+2 
S;, es Sn+1) Sn+e, Snis ’ (n = 0, +1, see 
Sn+2, Sn+s, Sn+ 


where S, is given by (2.3). | 
By the converse to Theorem 3.2, Sm = Mm-$», so that 


(6.1) M,- S. = m+ne 


However, M.S, + S.-M, so that (S), does not lie in M. 
Define a new matrix TJ, by 
(6.2) Th =e P,. . 
If we write 7’, for 
Uo Sn+ Vo Sntit+ Wo Sn+e, (n ~— 0, +1,--- 


we find from (6.2) that 
Tn; Tn+1; Tn+2 
T,, — ( 


Tn+1, Tne, Tris], (n = 0, +1,---). 


Tn+2, Tris, T+ 
From (6.2) and (6.1) 


Tvtn a Po Sinn = Py M,- Sm ac P,,- Sin, 
giving the useful formula 
(6.3) T m+n —— Un Sm + Vn Sm-+1 + Wn Sm-+2- 


Formula (6.3) applies to any sequence satisfying (1.2). For if 


(T)n~ (To, Ti, Ta], 
the three equations 
T; = Oy Si+ Vo Sita + Wo Sits, (i — 0, 1, 2) 


will determine U),Vo,Wo. The six remaining elements of Py), U,,---, We 
are then completely determined by the relations (4.3), and the demonstration 
given applies. 

There is an interesting consequence of formula (6.3). We may use (4.3) 
to express (6.3) in the form 


(6.31) T min = (Wrt2—PWriit Q Wn) Sm+ (Wnr4a pase PWr)Sm+1 + WrSm-+e . 
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On interchanging m and x» in (6.31) and rearranging the terms, we 
obtain 
(6.32) T m+n eas (Sn4 2— PSys1 + QSn) Wn + (Snii— PS8y) Wm+1 + Sn Wmse2 . 


Since (6.32) may be derived from (6.31) by simply interchanging the 8 
and the W, we have a parallelism between the expression for T+» in 
terms Of Sm, Smii, Sm+2 and in terms of Wn, Wmii, Wmi2. There is 
a similar parallelism between the expression for 74, in terms of 7’. 
Tm+1, Tm+2 and in terms of Zm, Zm+i, Zm+2. For from (5.2), taking 
(U Yn — (T ns 

Tn+n wor Xn Tn+Yn ‘m+1-+ Zn T n+2- 


On replacing X, and Y, by their expressions in terms of Z, from (4.3),' 
we obtain two formulas analogous to (6.31) and (6.32); namely,* 


T m+n ao (Zn4-2 a PZrss + QZn) T'm + (Zrta— PZ) Tm+1 + Zn Tm+2; 
T m+n — (Tn+2 — PT p41 + QT n) LZm+ (Tr+1 beget PT,) Zm-+1 + Tn Zm-+-2: 


7 Bell, p.173 formula (12). The matrix M, is of course a special form of P,. 
SIf we take (7). = (Z)n, n = n+1, m = m—1, the last two formulas become 
equation (34) in section 7 of Bell, p. 179. 








A PROOF OF THE ASYMPTOTIC SERIES 
FOR log I'(z) AND log I'(z + 4).* 


By CHaries H. Rowe. 


The purpose of this note is to show how Stirling’s series for log I(z) 
and the similar series for log F(z-+a) can be established by reasoning 
which is of a very elementary nature and which uses only properties of 
the gamma-function that are almost immediate consequences of its definition 
as an infinite product. 

1. We shall employ the usual notation O(z~") to denote any function /(z) 
of the complex variable z such that |2" f(z)! is bounded when z tends to 
infinity along a specified curve. When the way in which z tends to in- 
finity is restricted only by the requirement that z should remain in the 
interior of a certain region which extends to infinity, we shall agree to 
interpret the statement that f(z) = O(e-") as meaning that there exist 
positive constants K and R such that |zf(z)|< K provided that z lies 
within the region and that |z|> R. 

The statement that a function F(z) admits the asymptotic expansion 


ty 23+ dgz?-+ --- 


as z tends to infinity along a specified curve means that, for each fixed 
value of the integer n, 2” R,»(z) tends to zero as z tends to infinity, where 
Ry, (z) is the difference between F(z) and the sum of the first n terms of the 
expansion. We shall first show that, in order to prove the validity of an 
asymptotic expansion, it is sufficient to establish a less stringent inequality 
for R, (2). This will be clear from the following proposition: 

Let z tend to infinity inside a certain region of the plane (which may 
as a particular case reduce to a curve), let Ry (z) denote 


F(e) — a,2-1— age? — --- — tne", 


where ty, d2,--+ are constants, and let A(n) be any positive function of n 
that tends to infinity with n. Then, if Rn(z) = O(2-*™) for each value 
of the positive integer n, we may infer that Ry (z) = O(z-*-). 

To prove this, let us take any value of m and find an integer m greater 
than » so that 4(m) > n+1. Then we have 


gett Ry (2) = An+1 + Ante 2) +++ + dm mtr +2"! Rn (z), 


* Received February 5, 1930. 
10 











ASYMPTOTIC SERIES. 


and therefore, if |z| exceeds unity, 
\2"+1 Rn (2)| < |antit ante 24+ +++ + am e—mtmt| + | 2k R,, (z)|. 


Since the right-hand member of this inequality is bounded when |2| is large 
enough, it follows that R,(z) = O(z-"—"). If for a particular value of n 
it happens that an41 is zero, we may then conclude that R, (2) = O(e-"-") 
where dni, is the first non-zero coefficient after an. 

2. Stirling’s series is usually established subject to the condition that z 
should remain in a region of the plane defined by inequalities of the form 
—a-+é< argz < ~—4, where 4 is an arbitrarily small positive con- 
stant. We shall impose a somewhat less restrictive condition on the way 
in which z tends to infinity. Let D denote the region that remains when 
we remove from the plane all points x+y on the left of the imaginary 
axis at which |y|*<a|z|, where k and a are two arbitrary positive con- 
stants. We shall see that Stirling’s series is valid if z remains inside D 
no matter how large the constant k is. We may remark that when k is 
equal to unity the region D reduces to a region of the type that we 
mentioned first; and we may assume without loss of generality that k > 1. 

We shall now express in the form of a general theorem the essentials 
of the method that we are going to apply to the gamma-function: 

If F(z) is a function of the complex variable z such that the difference 
F(¢+1)—F(2) can be expanded in a convergent series of the form 


(1) F(e+1)—F(z) = agz¢?*+a,¢%+.-. 
when |z| is large enough, then F(z) admits an asymptotic expansion of the form 
(2) Fe) = ple) tame tt age ?t-e-t ane "+0(e") 


which is valid in the region D, p(z) being a periodic function of period unity.’ 
Before proving this theorem it will be convenient to establish the 
following lemma: 
If z remains inside the region D, the inequality 


g(2+1)—9() = Of"), 


where n is positive, implies that there exists a function p(z) of which unity 
is a period such that 
p(2) = p@)+0e™). 


Of course, novelty is not claimed for this result, — perhaps for its extension to 
regions of the type D. 
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i being the number that we used in the definition of the region D.’ 

If the point z lies in D, so do all the points z+1, z+2,---, and we 
can ensure that their distances from the origin all exceed an assigned 
limit by making |z| large enough. It is thus clear that, if z is a sufficiently 
distant point of D, there is a constant K such that |y(¢+7r+1)—9(+r) 
<K\z+r|-"~ when r is any positive integer or zero. The series 


(3) vo) = & (oetr+)—96+0)} 


therefore converges; and if o denotes the distance from the point 2 to the 
nearest point on the negative half of the real axis (so that |z+r| > e 
when r = 0), we have 


ies) ive] 
WOQi<K 2 jetr|*?< Ke 2 le+r|-. 


Now it will be seen that, in the region D, ot — O(e—"*) and therefore 
o-” = O(e-"*); also, > |z-+7|-? is bounded in D except near the origin.® 
It follows that w(z) = O(z-”*) in D. To complete the proof of our 
lemma we need only remark that the function p(z) defined by writing 
y(z) = p(z)—w(z) is equal, in virtue of (3), to the limit of g(¢+7) as 
the positive integer r tends to infinity, so that unity is clearly a period of p(z). 

We may now proceed with the proof of the theorem. Corresponding 
to any value of the positive integer » we can determine uniquely the n 
constants a, d2,-+--, dm in the expression 


(4) Qn(z) = Fle) — a e0— +++ — ane 


so that in the expansion in negative powers of z of Qn(¢+1)— Qn(e) the 
coefficients of z~*, z*,-.-, 2"? are all zero. It will be seen that the 
value thus found for any of these constants, say a,, is the same whatever 
value m has, provided of course that » >7r. We thus determine a sequence 
of numbers a,, d2,---, and (4) then defines a function Qn(¢) such that, 





? We can as a matter of fact infer that g(z) = p(z)+ O(z-™+/), but the less precise 
inequality that we give will suffice for our purpose in virtue of the proposition of the 
preceding paragraph. 

*This series is the sum of the inverse squares of the distances of the point z from the 
points 0, —1, —2, ---, and of these points, those that are on the left of the ordinate 
through z correspond pa terms whose sum is less: than. ‘ 


. 





1 
ot e+ 1? + o?-+ 2? He's 


and the remaining terms, if there are any, have a sum that also is less than this same 
quantity. The series under consideration is thus bounded if o- is hounded, 
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for each value of n, |Qn(e¢+1)— Qn(z)| remains less than a constant 
multiple of |jz-"-*| when |z| exceeds a certain value. It follows from our 
lemma that there exists a function p,(z), of which unity is a period, such 
that when z is in D 

(5) Qn(z) = pale) + Oe"), 


and it is easy to see that pn(z) does not depend on n because (4) and (5) 
show that the periodic function pnis(z) — pa(z) tends to zero when z tends 
to infinity in D, and this cannot be true unless pp(z) and pnii(z) are 
identical. Writing p(z) instead of p,(z) in (5) we have 


Fe) = p@)+ae3+ +++ + ane"+0(--""), 


Since n/k tends to infinity with n, the conditions that we gave in the. 
preceding paragraph for the validity of the asymptotic expansion (2) are 
satisfied. 

3. We shall now apply this theorem to establish the validity of Stirling’s 
series for log F(z) in the region D. Consider the function J(z) defined 
by the equation 


log I'(z) = (e—>) log z—z+ 5 log 22+ J(z), 


the logarithms being determined throughout D by the condition of being 
real when z is real and positive. Using the formula 7’(z¢+1) = zT(z), 
we find that 


(6) J(e+1)—J(z) = 1— (2+) log (1+), 


and hence J(z-+1)—J(z) can be expanded in a convergent series of the 
form (1). We can therefore determine the constants a, d2,---, so that 


(7) J(2) = ple) tae *+age7+ ++» +ane"+0(e"") 


in the interior of D, where p(z) is a function of which unity is a period. 

We shall first show that the function p(z) reduces to a constant. From 
the fact that '(¢-+ n)/{n?I'(n)} tends to unity when the positive integer 
tends to infinity, z being fixed, we infer easily that J(¢-+)—J(n) tends 
to zero, and therefore, in virtue of (7), that p(z-+)—p/(n) also tends 
to zero. Since unity is a period of p(z), this cannot be so unless p(z) 
reduces to a constant C. 

The calculation of the constant C forms an essential part of any treat- 
ment of Stirling’s series, and there are several methods that may be used. 
The following method is perhaps less familiar than some of the others. 
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From the formula I'(2) F(—z) = —2/(¢sinzz) we infer that I'(¢y) '(— zy) 
= m/(ysinh wy) and hence that 


log I'(iy) + log '(— iy) = — y+ log (22/y) — log (1— ee). 


On the other hand, the formula (7), when p(z) has been replaced by C, 
shows that as the real positive number y tends to infinity we have, for 
any value of n, 


log (iy) + log 1(— iy) = — wy log (2a/y) +C+0y). 


A comparison of these two results leads at once to the value zero for 


the constant C. 
In order to calculate the numbers a, a:,---, we must, in accordance 
-with our proof of the theorem, expand in negative powers of z the function 


1— (- + =| log (1 + {| >) ds {(z +1)-$— 7} 


and equate to zero the coefficients of z~*, 2-8,.--,z-""". If we equate. 
to zero the coefficient of z~”+1, having taken a value of n greater than 
ry —3, we find that 

Pi _(r—2 — 1\r—1 a 

2r(r —1) = & ( 1 Jaton +( 1) a Ar—2; 
which may be written 

r—2 r r r 
p= (fg) at (g) ate t(j ans, 
where 
Asi = (—1)**" 8(s+1)as 


for s>0. If we also write A, = — 4, 4g = 1, we see that the numbers 
Ao, A,,+++ are determined by the equations 


en = (7)4.=0 (r>1). 


s=0 $s 


Now these equations are identical with the equations that determine the 
numbers B, of Bernoulli which are defined by means of the formula 


t 2, B, tf 


e—-1 " r=0 r! 
and therefore A, — B,. Remembering that B, = 0 if r is odd and greater 
than unity, we see that a,—=0 if r is even, and ay = B,41/{r(r+1)} if 
r is odd. The required asymptotic expansion for J(z) is thus 
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B, B, Boy, 1 
1-22 7 3-425 1 ae (2m —1)2n2"—1 +(e); 








(8) J) = 


and we have seen that this expansion is valid in the interior of the region D. 
4, We shall now establish the asymptotic expansion for log I'(z+ a) 
where a is any constant. If H(z, a) is the function defined by the equation 


log F(¢+a) = (e+a —5) log z—z+ + log 2a-+ H(z, a), 
or by its equivalent 


(9) H(z, a) = Jeta)t (e+a— 5) log (1+-4)—a, 
we verify at once that H(¢+1, a) — H(z, a) is equal to 
1—(-+a+ 5) log (1+ —) +10g (1+) 


and therefore admits a convergent expansion of the form (1) when |z! is 
sufficiently large. We can therefore determine numbers P, (a), P:(a),--- 
such that when z lies in D 


(10) H(z,a) = p, a+PA(@ett+ --- +P(@e-"4+0(e", 


where p(z, a), regarded as a function of z, admits the period unity. We 
infer from (8), (9) and (10) that p(z, a) = O(e") in D, and this can 
be true only if p(z, a) vanishes identically. 

In order to determine the coefficients P,(a) we first remark that they 
are polynomials in a, as we see at once on considering the equations by 
which they are defined. We then compare the formula 

n 
He, a+1)—H@, a) = 2 {P(at+1)—P-(@} 7+ Oe") 
T= 
with the formula 


HG, e+1)—HG, 6) = leg (1+ “), 


which follows from (9) and (6), and we see that 


(— 1) a’ 
ee A 


(11) P,(a+1)—P,(a) = 


Also, if we replace a by zero in (10), this formula must reduce to (8) 
since H(z, 0) = J(z); hence 

— 7)\r+1 
(12) P, (0) ae ( 1) Bra ; 


r(r+1) 
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Now the polynomials B,(a) of Bernoulli are defined by the equations 
B,(a-+1)—B, (a) = ra", B,(O) = B,, 

and therefore the equations (11) and (12) are satisfied if we write 


(—1)"** By+1 (a) 
r(r+1) : 
Since the equations (11) and (12) determine completely the polynomials P, (a), 
these polynomials necessarily have the values given by (13). 
Replacing the polynomials P,(a) in (10) by these values we obtain the 
required asymptotic expansion for log I'(z+-a): 


(13) P, (a) = 





log F'(e+a) = (-+a—<} log e—2-+ > log 2 


(—1)"** Bais (a) 1 
n(n-+1) 2” +0(sa); 


2 


Bz (a) __ So 


1-22 : 





“ 


and this expansion has been shown to hold subject to the condition 
that z should remain in the region D. 


Trinity CoLtece, Dustin. 











ON THE DIRICHLET-NEUMANN PROBLEM.* 


By G. E. Raynor. 


1. The purpose of the following paper is to discuss briefly what the 
writer has chosen to call the Dirichlet-Neumann problem. It will be stated 
explicitly below but for convenience we shall first state the classic Dirichlet 
and Neumann problems. 

Let R be a connected and bounded region in a plane and B its 
boundary. Let U(z, y) be a function defined and continuous on B. Then 
Dirichlet’s problem for the plane is to prove the existence of a function 
continuous on R+ B, identical with U(x, y) on B, and harmonic in R, 
that is, satisfying Laplace’s differential equation 





in &. The problem has been solved for very general types of regions and 
has been generalized by allowing U(x, y) to be discontinuous. For very 
complete references see a paper by O. D. Kellogg.’ 

If the boundary B have a normal at each of its points and V(z, y) 
be a function defined and continuous on B and satisfying the condition 


Jj peae = 0, then Neumann’s problem is to prove the existence of 


a function continuous on R+ B, harmonic in R, and whose normal deri- 
vatives on B are identical with V(x, y).” 

For the Dirichlet problem we have the following uniqueness theorem: 

THEOREM I, If a solution f(x, y) of the Dirichlet problem for the domain 
R+B and boundary values U(x, y) exist it is unique. 

For the Neumann problem the following theorem is classic. 

THEOREM II. Jf a solution f(x,y) of the Neumann problem, for the 
region R-+ B and boundary values V(x, y) of the normal derivative exist, 
it is unique to within an additive constant. 

Now if we try to find a function f(z, y) harmonic in # and such that 
both the values of f(z, y) and the values of its normal derivatives on B 
are specified the uniqueness theorems imply that the problem has in 





* Received January 20, 1930. 

‘Recent Progress with the Dirichlet Problem, Bull. Am. Math. Soc., vol. 32 (1926), 
pp. 601-6235. 

For a discussion of the problem and its generalizations see Lovitt, a -Sepcratae 
pp. 110-115 and Evans, The Logarithmic Potential, chap. IV. a , 
17 





18 G. E. RAYNOR. 


general no solution. Or put otherwise, if f(x, y) is to have the properties 
on B described above it must fail to be harmonic at at least one point P of RF, 
that is it must have a singular point at P. We are thus led to a con- 
sideration of the following Dirichlet-Neumann problem: Given two functions 
U(x, y) and V(a, y) defined and continuous on B and given an arbitrary 
point Pin R to prove the existence of a function continuous in R + B— P, 
identical with U(x, y) on B, having normal derivatives on B identical 
with V(a#, y), and harmonic in R— P. 

It is not our purpose, in this paper, to enter into a full discussion of 
the existence of solutions of the Dirichlet-Neumann problem although we 
shall outline briefly in section three an existence proof for certain fairly 
general domains. In section two we prove the following uniqueness theorem; 
where B is assumed to be a rectifiable curve with a normal at each point. 

THEOREM III. Jf a solution f(x, y) of the Dirichlet-Neumann problem for 
the domain R+ B, of any finite order of connectivity, and a point Pin R, 
exist, it is unique.* 

2. Let fi (a, y) and fo(x, y) be two solutions of the Dirichlet-Neumann 
problem for the region R and point P, each taking identical boundary 
values on B and having identical normal derivatives on B. We shall 
prove that the function 


Fa, y) =fAte, Y) —fa (a, y) 


is identically zero in R— P. 

Let C be a circle with center at P and lying entirely in R, and let r 
be the distance from P to any point of R+B. The writer has shown‘ 
that in the neighborhood of an isolated singular point such as P, the func- 
tion F' may be put in the form 


(1) F= 0O+clogr+Ww 


where © is identically zero on C, is harmonic in C except at P (unless = 0), 
1 OF 

c= -7) 2 ds and W is harmonic in C including P. In the region 

bounded by B ae C, F is harmonic and hence by a well known theorem 

of Potential Theory, 


(2) J, Sine 
Bic On 





*In the following we shall understand the term normal derivative to be used in the 
sense of Goursat, Cours d’Analyse Mathématique, vol. 3, p. 179. 


*G. E. Raynor, Isolated singular points of harmonic a Bull. Am. Math. Soc., 
vol. 32 (1926-27), p. 587. | 
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i aes . 
But on B, aa is identically zero and hence (2) reduces to 


(3) J, oF ds == @. 


con 





Hence by (3) the function F can have no logarithmic singularity and F 
has the form 

(4) F = 0+W 

in and on C. 

Now the function r” cosmé@, where m is any positive integer and @ is 
the angle between a fixed line through P and the line along which r is 
measured, is harmonic everywhere in R. Hence if we apply Green’s formula 
to the functions F and r”™cosmé@ for the region bounded by B and C 
we have 


(5) f (r a cos m6 — F OG cos m6) ds = 0 
B+C On On 








where the normal derivatives are taken, say, toward the exterior of our 


region. On B, ge and F are identically zero and hence (5) reduces to 


(6) J (rm - Som 608m) | ag = 0 
C on an ‘ 








where since we took the normal derivatives in the direction of the outer 
normal to the region bounded by B and C the normal derivatives in (6) 


m 
a(r — m 6) taken toward the 





are taken toward the interior of C. Now 


interior of C is 
— mr”! cos mé 


and substituting this in (6) and remembering that 7 is constant on C’, we 
find that (6) becomes 


(7) rf SF cosmods+m| Foosméds = 0. 
c On Cc 
Substituting (4) in (7) we have 





@ : OW 
7 | 3e cosmods+m | @eosmods+r [. cosm6ds 


+m Weosméds = 0. 


Now W is harmonic within C and so if we apply Green’s formula to the 
functions »”cosmé6 and W for the region bounded by C we obtain a formula 
analogous to (6) with W in place of F and which will reduce analogously to 


3 
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(9) rf EW cosmads-+m | Weosméds = 0. 
c on C 


Hence the sum of the last two terms on the left of (8) vanishes. Further- 
more, since as stated above ® =0 on C, the second term of (8) vanishes. 
Hence (8) reduces finally to 


. a @ 
(10) ——cosméds = 0. 

c on 
In the same manner, by using the function 7” sinmé in place of r” cosmé@ 
we obtain by a similar discussion ‘ 


| “eo. ies 
(11) 22 sinma ds == Q, 


The writer has shown® that ® may be expanded in C in the form 


co a \ me _\m 
(12) e-> 1 |(2) — (~) | (rm cosm 6+ dm sinm 6) 
1 


m=1 ™ i 


where 7; is the radius of C and ym and 4, are given by the equations 


° 


(13) in = B. { 29 cosmoas, 6, = = " “ sinmé@ds. 
Hence it follows from (11) that 7» and 6, are zero and hence that O=0O. 
Thus we have arrived at the result that F has at most a removable 
singularity at P. Hence it follows from Theorem 1 on the uniqueness of 
the solution of Dirichlet’s problem that F = 0 in the region B+ R—P 
and hence that the solution of the Dirichlet-Neumann problem is unique. 

3. O. Hélder® has stated necessary and sufficient conditions for the 
solution of the Dirichlet-Neumann problem for the circle C of radius R 
with singular point P at the center. His conditions are as foilows. Given 
a number 4 which is less than 1/R there must exist a positive number M 
such that the expressions 


0 . 
im | [uv (@)— ae r(«)| cosmada, 
J—n m 


>the ; : (m = 1, 2,3,---) 
im f |v (a) — — V(e) | sinmadea 

—% E m 
°G. E. Raynor, Note on the expansion of harmonic functions in the neighborhood of 


isolated singular points; these Annals, vol. 31, 1930. 
* Leipzig. Berichte, vol. 68 (1911), p. 477. 
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are less in absolute value than M, where U(«) and V (a) are the boundary 
value and the value of the outer normal derivative respectively on C and « 
is the angle made by a radius of C with a polar axis through P. 

It may be of interest to point out in closing that Riemann’s theorem 
and its extensions on conformal mapping allow us to solve the Dirichlet- 
Neumann problem for certain simply connected regions, with arbitrary sin- 
gular point, whose boundaries are specified below. It is not our purpose, 
in this paper, to attempt to find the most general regions for which the 
Dirichlet-Neumann problem has a solution but merely to show that it does 
have a solution for regions considerably more general than a circle. 

For our purposes we state the following theorem which includes that 
of Riemann.’ 

The interior of any plane simply connected region R whose boundary 
consists of more than one point can be mapped conformally upon the 
interior of a circle C in such a way that an inner point P of R is carried 
into the center of C and a given direction at P is carried into a given 
direction at the center of C. 

The above theorem says nothing about the behavior of the mapping 
function on the boundary. A sufficient theorem for our purposes is as 
follows: 

If the boundary of # consists of a simple closed Jordan curve, then the 
conformal map of the interior of C will be one-to-one and continuous on 
the boundary.® 

In the second part of this paper we have used various line integrals 
over our boundary and these line integrals have involved normal derivatives 
on the boundary. Hence in view of the above theorems and the remarks 
just made we shall assume that our region is such that its boundary is 
a simple rectifiable closed Jordan curve at every point of which there is 
a normal. 

The solution of the Dirichlet problem by the method of conformal mapping 
is of course classic and is briefly as follows. Let B be the boundary of 
the simply connected region, in the W-plane, for which the solution of 
Dirichlet’s problem is desired and C a circle with center at the origin O 
in the Z-plane. Let 
(14) w=utiv = ge), 2 =atiy 


be the transformation which maps the interior of C conformally on the 
interior of B. Let (x, y) be the solution of Dirichlet’s problem for C. 





7See Ford, Automorphic Functions, pp. 186, 187. 
®Osgood und Taylor, Conformal Transformations, Trans. Am. Math. Soc., vol. 14 (1913), 
p. 294, and Ford 1. c. p. 198, Theorem 15. 


3 
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Now (a, y) becomes under the transformation (14) a function F(u, v) and 
it is easily verified that the Laplacian V*F' takes the form 


0 pre EE ey] + 








and since » is harmonic it follows that Fis a harmonic function of u and v. 
Furthermore, since F'(u, v) = 9(z, y) the functions F and » take the same 
values at corresponding points of B and C. Hence to solve Dirichlet’s 
problem for the region bounded by B we need merely to determine the 
transformation (14), then determine by means of the transformation the 
boundary values for C corresponding to those of B, obtain the solution 
g(x,y) of Dirichlet’s problem for C and then transform (x, y) by (14) 
to F(u, v). 

Now let P be an arbitrary point of the region R bounded by B. Rie- 
mann’s theorem allows us to map # on the interior of C so that P corre- 
sponds to the center of C. Furthermore it can be shown, by a fairly 
simple computation, that by means of the transformation (14) the following 
relation between the normal derivatives of F and ¢ at corresponding points 
holds, namely, 


oa 7 (Ga) + GO) 


Hence if we desire the solution of the Dirichlet-Neumann problem for the 
region R with given boundary values U(w, v) and normal derivatives given 
by the function V(w, v) we need merely find the solution (x, y) of the 
Dirichlet-Neumann problem for the interior of C, taking for boundary 
values of » the values of U at corresponding points of B and for the 
normal derivatives of y the values of the assigned normal derivatives V 
at corresponding points of B multiplied by 


an 2 9 2}-1/2 
toa) + (58) | 
Ou Ou 
Thus we may state 


THEOREM IV. The solution of the Dirichlet-Newumann problem exists for 
any simply connected piane region whose boundary is a simple rectifiable 
closed Jordan curve which has a normal at each point, provided the assigned 
boundary values and those of the normal derivatives are such that the corre- 
sponding problem under conformal mapping has a solution for a circle with 
singular point at the center. 


THe UNIVersIty oF OKLAHOMA. 











EXPANSION OF ANALYTIC FUNCTIONS 
INTO INFINITE PRODUCTS.* 


By S. Bororsky. 


1. Introduction. In a paper which is to appear shortly in the Mathe- 
matische Zeitschrift,’ Professor J. F. Ritt has proved that if a function 
of z is analytic and equal to unity at the origin, the function can be ex- 
pressed in some neighborhood of z2 = 0 in the form 


(1+ a, z)(1+ agz*) --. (1 +a, 2”) ---, 


where the a’s are constants. The present paper, which is complete in 
itself, generalizes this theorem in two ways. 

On the one hand, we obtain for every function representable in a right 
half-plane by an absolutely convergent Dirichlet series, 


(1) Itcqe f+ ee t+ s+ +e e Pa? 1 Kea 


where 0< 8, < Ap << --- << Ba<---, lim’, = %, an infinite product ex- 
pansion, in some right half-plane, of the form 


(1+ aye”) (1+ age *) «+ (Lane *™) «+, 


where the 2’s are linear combinations of the 4’s with positive integral 
coefficients. 

On the other hand, we obtain for functions analytic and equal to unity 
at the origin expansions of the form 


[1+ a: A, (2)) [1+ ae He (z)] +++ [1+ an Hn(2)] ---, 


where H, (z), H(z), ---, Hn (2), --- is any sequence of functions of a general 
type. 

These results are contained in the following general theorem. 

THEOREM 1. Let f(z), z2=a+iy, be representable in a right half-plane 
by an absolutely convergent series (1). 

Let 
(2) hoy Ay days sy Any es, 


be all the distinct quantities, ordered according to increasing magnitude, 
obtained by forming all expressions of the form 


* Received February 4, 1930. 
Vol. 32 (1930), pp. 1-3. 
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b; Bp, + 5: Bp, + +++ +4m Bp,» (mm = 1, 2,3,--+), 


where By,, Bp,» +++; Bp, are any m B’s and 4,, 0g, +++, Om is any set of non- 
negative integers. 
‘and —),z —hz —h iz 
(3) D(e) = he “+tde “V+---+tdne "+->:, 
where do, dy,+++, dn, +++ are non-negative real quantities and where dy = 1, 


be convergent in some right half-plane.” 
Let 


(4) oO ght 4 oO ght oor +0 e- mt alee 1, 2, 3,--+), 
be a set of series such that 
(5) || < d,,, ff = 1, ( 1,2,---; 0, 1, 2,-++), 


and let fi(z) be the function represented by the series (4). 
Let m, mg,+++, Mn,-+++ be any positive integers. 
Then, in some right half-plane, f(z) can be expressed as an infinite product, 


(6) {1 + whi (z) ety [1 ot We fo (z) eft en eee [1 -- Wn Stn (z) ebay tee, 
where the w’s are constants. In this half-plane the product 


Mn (in — 1) 
1-2 


‘wy | Fe (2) Fad . 





Il [1+ mn |Wn| F(z) Mpa 


n=l 


where 
Fale) = |e? | oo + Mle... [Ml CF 4 0... (n= 1,2, +++) 


converges uniformly. 

For brevity we say that the convergence of (6) is regular. 

In investigations on Dirichlet series the assumption is often made that 
lim sup (log n)/8n is finite. In paragraph 5 it is shown that when this is 
the case, then lim sup (log »)/4, is also finite. 

If we let m, = 1, u = e~*, and f,(c) = 1, we obtain Professor Ritt’s 
theorem. 

If we let m,» = 1, w= e-*, and 


Fa(2) = 1+ u® ++ w+ ..., 


we obtain for every function representable in a neighborhood of u = 0 
by a series of the form 





*Note that 4. = 0. 
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(7) I+qutawt.---+eu'+..., 


an infinite product expansion of the form 


fhe pts) (tet) fit 





This provides an analogue for infinite products of the theorem that an 
analytic function which vanishes at the origin can be expressed as a Lam- 
bert series.® 

If we let m,=1, u=e~*, and f(z) = 2” mn! Jn(u)/u", where Jn(u) is 


the Bessel function 
cc) ue n+2r (— 1)" 
> (3) ri(n+r)!’ 


we obtain for every function represented by a series (7) an expansion of 
the form 


[1 + w, J; (w)] [1 + ws J2(u)] --- [1 + wndn(u)] «++. 
Remark: If (6) and 


Co 
(8) [lb+ua@el™, 
n=1 
where 
O< USK: CA<-.,, lim A, = ©, 


are two regularly convergent products representing f(z) ‘in a half-plane, 
then wn = wy and 4, = 4, for every n. For, expanding (6) and (8) into 
infinite series, we have 


a on? 
1+ m w,e a4, orci = 1+ m wie 7 eee, 


so that w: = w; and 4, = 4;. Then, dividing out the first factor in (6) 
and (8), we obtain, in the same way, w2 = w2 and 4, =A. In general, 
proceeding by induction, we obtain wn = wy and Ay = An. 

2. Determination of the coefficients in the product. If we assume 
the existence of a regularly convergent product (6) representing f(z) in 
a half-plane, the w’s can be determined by expanding (6) into an infinite 
series, 


(9) 1+e oP 4. ae 4 ens dag 4 eet 


and equating the coefficients of e* in (1) and (9). As each ey is of 
the form m,wn+Pn, where P, is a polynomial in w,, we, +++, Wn—1; 





*K. Knopp, Journal fir Mathematik, vol. 142 (1913), p. 288. 
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the w’s are uniquely determined. However, as the expressions thus ob- 
tained for the w’s are not suitable for a convergence proof, we obtain 


another set of expressions. ie 
Let (3) be convergent for > R and let M be a positive quantity 


such that D(R) < M. 
Let 


D* (c) = | 2e () | 


Sa | = toe td +o dine eo, 


(& == 1,9, «: 
r £(5) Ye F = wes: 
(11) (2) = pa — gf oF + gh oHt4... 498 6 Was. 
(G, k= 1,8, ++. 


(10) 








Then, because of (5), we have 


(12) \92\< 4, (@,k=1,2,---;> n=0,1,2,-- 
and, 
(13) g2 = 1/2M, (¢=1,2,---). 


From the definition of M and D*(z), we have 
00 @&éW sis tO VS. <1/*, &=1,2,--- 


for <=> R. 
We write (6) in the form 


(15) Il [1+ an gn(2) med a 
n=1 


and we assume that this is regularly convergent to f(z) in some right 
half-plane. 


Since (1) has a half-plane of absolute convergence, the logarithm of / (2) 
can be expressed in a half-plane as an absolutely convergent series 


(16) A+ 4+... teow 4t..:, 


where some of the b’s may be zeros.‘ 
From (15) we have 


(17) log f(z) = Zz mn log [1+ an gn(z) ete), 


The expression on the right in (17) can be written 


00 sie 1 oe sided 
(18) 2 mg] ay 95 (2) oo — 5 a8 2 (2) oH + a8 92 (2) oH —...]. 





*E. Landau, Handbuch der Primzahlen, p. 734. 
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We now equate the coefficients of e** in (16) and (18). Since any 
linear combination of the 4’s with positive integral coefficients is itself 
one of the 4’s, we need not concern ourselves explicitly with the other 
terms in (18). 

Consider any particular 2,. If it is not the sum of two smaller 4’s, 
distinct or not, we have 
(19) b, = m,g® a,. 


nt 


Suppose that 4, can be expressed as the sum of two smaller 4’s, distinct 
or not. Let 7,0 be the smallest value of p for which 2,—A, is equal 
to a 4. Let gq, be the greatest integral value of gq for which 4,—q/ 
equals a 4. Then g,>1. 

Since the sum of two 2’s is a 4, each of the quantities 


dn— qhi,, (q=1,2,---,@), 
is a 4. Let, then, 


(20) hn = N di + Aun _ (1 —1)4i, + Av = tes Se di + Aig, 


In (20) each doubly subscripted 2 is, of course, merely one of the 4's 
of (2). If 4 is an integral multiple of 4;,, then 4,, will be 4 = 
Let 
Ai, hi ; oe *y hi 


2 k? 


(O< a <ig< ees <CHR< nN), 


be all those 4’s which, when subtracted from 4,, leave a 4. For any / 
from 1 to k, let q@ be the greatest integral value of g for which 


dn — qhi, 
is a 4. We will have, as in (20), 
(21) dn = ge Ait An = (Qt—1) Ai, te = ++ = Ait tg, (6 = 1,2, +++, 


Each 4, of (21) is, as has already been stated, one of the 4’s of (2). 
Let jw be used to represent the subscript which 4; has in (2). Then 
Ir = Aj. Of course, two different double subscripts tr may give the 
same jr in (2). 

Then we have, upon equating the coefficients of e— AW? in (16) und (18), 


I 
a; ai ; 
) ( ) t (i,) 
(22) b,, i m, - a, dm, lee — git, ot % a 901.5 Ja — j 1 ot, | 


3. An inequality for the coeticients vet a; = |mai|. We show 
that there exists a o>0 such that oe, < én” for every n. 
Consider any fixed n. If (19) holds, ‘then 


(23) gi) a, = |b, |. 
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If (22) holds, then, throwing away the denominators which appear on 
the right hand side of (22), 


k 
| ie nite aa : (i) 
(24) gc, S [byl + 2s me [|i gph Hla Idgea sgl too Hal loi, | 


n= 


Since m;, > 1, we may replace in (24), 


mi, | ai, |", mai, |i, «++, me, | ,| 


by 
(“1 
b 


mi, a, |", | mi, Mi,| erey | mi, Qi,| 5 


without weakening the inequality. Hence, we have 
k . . . 
(25) gy Syl +2 [atta + at apes) tot lt, I 


Let » be a quantity so chosen that 


(26) wo > 2A,/hs, o>6M 


where M is the M of § 2. 

Let 
__ log (0 Am/d,) 
~ dog 2 





; ; (m 
ED Let 


hod MS na ¥ ty 1 . 


On 
log tm == (log 2)  (p +1/2)2-, (m 9%, <x 
p= 


where [o»] is the greatest integer which does not exceed dm. 
Let m>1 and m’ be two positive integers such that 2» > 24m’. Then 


log (@Am/dy) = log (@ Am/A,) + log 2, 
so that 


[4m] = 1+ [om]. 
Then, 


log tm — log tm > ([om] +1/2)27™! log 2 > om 2~™ log 2, 


since (p+ 1/2)2-” is a decreasing function of p for p > 1. Thus, 


log (@ Am/d,) 
WOAm/A, ’ 


log (@ Am/A,) 
d ; 


log tm — log tm > 





T (log tm — log tm’) > 





, Where 7 = @/A,. 
™m 
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Since (16) has a half-plane of convergence, the sequence (log |bp!)/A, 
has a finite upper bound.’ Let H be a positive quantity not less than 
the least upper bound of this sequence and at least equal to the R of § 2. 

Let N be a quantity so chosen that 


(28) log N = (log 6 M)/A,, log N > 0. 
We show that 
(29) (log @y)/Ay < H+Tlogryy+logN, (v= 1,2,--.). 


Since (23) holds for » = 1, we have by (13), 








Do, = |b, |, a, = 2M\|b,|, 
whence, 
log a a 96 aa < H+log N < H+ Tlog tr, + log N. 
1 


Thus (29) is true es y == 1, 

We proceed by induction on »v, supposing that (29) holds for 
vy = 1,2,---,m—1 and proving that it then follows for » = n. 

For «, we have one of the expressions (23), (25). If (23) holds, then 


Lh = 2M|b,!\, 
so that 
log an 


< H+log N< H+ Tlog t+ log N. 


Suppose (25) holds. Let 7 be any one of the values which gq assumes 
in (21). Let 
€D, #2), ..., 4, 


be those values of ¢, arranged in order of increasing magnitude, for which 
a =r. Let 
U;, = td, Gy = 1,2,---, v), 
where i, is the subscript of the 4 in (21) which goes with qj». 
Consider those terms under the summation sign in (25) for which g: = r. 
The totality of these terms is 


(30) PACs 93, Ire a, Sas om | ese +a, ig? l ; 


tdi, 


As 4% <n and as (29) holds for every y <n, the expression (30) is equal 
to or less than 





°0. Szisz, Mathematische Annalen, Bd. 85 (1922), p. 108. 
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vf Ay, H thy, T (u) (r—DA, H ~ —DA, T hy, (a) 
[™ N < Iria, | + 


mA he 
Tu, N ‘lg Irj i, i+ e 
$=] 
du; H i, T Hu; | (u ) | 
=m + é Tu; * |91,J..9, | 


Since ty, > 1, N>1 and du, <4u,< ++: <4y,, the last expression can- 


not exceed 
@@—DALH, (up (u,) 


: r iH wb; 
(31) oe oN Me mle . | $ri | +e “ | Or— lJ iy, | I+-: -+e™ “\g5e,\]: 
From (21) we have 
An = Phu, + Aor eaiad (x — 1) Au, + Ato a 4 ee de, + Ar, (¢ = 1, 2,---,v 


Hence, (31) can be written in the form 


4, P JP rh, (u) (u,) | Aw H 
(32) e Nn" >>| i? lg OO be iges le OO Fos 
| 


fs 


oo +] IM, a, | le a ? 


Consider the expression 


SC) 
(33) Zi loetie,|¢ | tao , 


for a fixed g such that 1S q<r. 

As dn = (ry —q +1) du, + 4t0q, and hu,» dug -++, dy, are all distinct, the 
quantities A4,, ( = 1,2,---,v), are all distinct. Hence, by (12), the 
expression (33) cannot exceed 


v 
—h., H 
dy— 1,j é 4 
= q+ Ig ’ 


which is less than 


20 
2 tr —q+1,n e- 


As H= R, the last expression, by (14), does not exceed 1/2”—-9*1, 
Therefore, the expression (32) is less than 


hull 


re" N™ (1/24 1/284». 1/29), 


which, in turn, is less than 
(34) gin ie N ra, ‘ 


If r takes on the value unity, let 


(35) gin ht Ni: 
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be the expression which corresponds to (34) for , 1. We have 
An > Agtd,. 
If x takes on values greater then unity, let 
(36) ¢inlt Phe? NPA, 


be one of the greatest of the expressions (34), for all the values which r 
assumes greater than unity. We have 


An 2 PAq, p22. 


By (21) we see that + can in no case exceed A,/A,. 
By (25), (35), (36), we have, if the only value assumed by r is unity, 


ee A 
(37) ge a, <(b,|+ ght (AT N”. 
If the values of y all exceed unity, we have 
(38) gn a" <b, |p eet ere? NM A/a, 
If » takes on the value unity as well as greater values, we have 
(39) go a < | b, | rs ein ot NA+ ein oP? ne 1,,/d,. 


We suppose that (39) holds. Obviously, if (37) or (38) holds, we can 
treat them in the same way. 

We have, now, at least one of the following three possibilities, depending 
upon which of the three terms on the right in (39) is one of the greatest: 





Case (a) Gio <3} b,. 
Then 
legen — log6M | log ibal — ing n+ H< H+ T logent log N. 
An An An 
Case (b) In a,< Bein hal Nn’. 
Then 





login — p74 The toy, 1 108 6MN* 
An An An 


Since s< n, therefore, 


As 


. logts< T logty. 
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Since 4, > 45+ 4,, therefore, 
log 6 MN* 


n 





n —i y 
< ng 6M ‘ (A =A) eS 


By (28 
— A, log N = log6M, 


so that 
; log6 M—A,logN < 0. 


Therefore, ' 
log 6MN™ 
An 

Hence (29) holds for v= n. 
Case (¢) gm a, < Bele PT NMA d,, 
Then, 


log N. 


nod 6Mi, + v4 Jo g N. 





Re <H+2 


Since 4, > pd, > 24, we have, because of a and (27), 


log t+ qe 5 


eo es i: log 95 < Tlogtyt + log ee 
< Tlogt,+ Tog ™— log tq) 
= Tlogt. 
Obviously, (pdq/An) log N < log NV. 
Thus (29) again holds for v = n. 
We have thus seen that in every case (29) is true for v =n. 
It is easy to see that logt,< (5/2) log2 for every mn. We have shown, 
consequently, that ; 
(40) (n = 1, 2,-++), 


where 6 = H+ (5/2A,) log2+ log N. 
4, Convergence proof. Let « be any fixed positive quantity and let 
c=ot+e. Let 
A, = «,. ete By, = lbnle™, of) = | @ | etn 


Gk= :, 2, +o, @ = 0, l, 2, 
We show that there is a constant L>0O such that 
(41) Ai + Ag+ +++ +4n < ee”, (n = 1, 2, --+). 


Consider a fixed m. If (23) holds, we have, upon multiplying through 
by e 
(42) 9 A, = B 


n* 
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If (25) holds, we have, in the same way, because of (21), 


k 
(43) g® A, < B+ 2 [ Au AA ." di afi me . : A, of ]. 

For every » we have an expression corresponding to one or the other 
of (42), (43). Let » be any fixed positive integer and consider the ex- 
pressions obtained for n = 1, 2,---, v. We add up the left-hand sides 
and the corresponding right-hand sides of these expressions. 

If all the expressions for n = 1, 2,---, » are of the form (42), 
we have 

GAA TBA, + +9694, = BAB, + ++ +8, 

or, from (13), 
(44) Ay +A,+ +.» +Ay = 2M(B,+B.4+ --- +B,). 


In the contrary case, let A; be an A which appears in the sum of the 
right-hand sides, and let qg be one of the powers to which it appears. 

Suppose A? appears in the expressions for which n = 1, v9, «++, Yu. 
Since each of the differences 4,,—q/;, is equal to a 2, suppose 


dn, = hi, + As, (j= 1,2, ++, wu). 


Then, in the sum of the right-hand sides, the coefficient of Aj is 


nf a c 


"4 


(é,) i) —d,¢ (i) 


ba ee ile ite 


e+. a 


(45) o, jo + bly 


By (12), the right-hand side of (45) cannot exceed 


—4A =A, —A, 
dyse  +dgje P+ +++ +dyse 
which is less than 
datdge ¥+dge %+..-. 





By (14), the preceeding expression is less than unity, since 


e=o+e>H=] R. 
We have, therefore, 


(46) gio Ay +90 da+ ++ +gf9 Ay < Bi, + By+- + By+ 2 (dit Ai + my 


where m is some integer for which we have Ay > dm+A,. 
Let 
= 1/(1—e™), 
Since 
Ay = ye! < NOD — MM ght ic], 
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therefore, 
Ayt+Ai+.-. < PAs. 


Hence, we have from (46), because of (13), 
(47) A; +Ag+---+4,<2M(B,+B.+--- +By,)+2MP(A,; +Asg++-+++Am). 


Since (16) has a half-plane of absolute convergence, the sequence 
flog(B, + .B,+---+B,)]/4n has a finite upper bound.’ Let Q be a non- 
negative quantity at least equal to the least upper bound of this sequence. 

Let V be a quantity so chosen that 


log V > (log4 MP)/4,, log V = 0, 


where M is the quantity defined in § 2. 
We proceed by induction on » to show that 


(48) a a < Q+log V 

for every n. 
Since (48) obviously holds for n = 1, we suppose itis true forn = 1, 2,--.,v—1. 
From (44) and (47), we have either 





(a) A, + Ag+--++Ay<4M(B,+ B.+---+ B,) 
log (Ai + As+-+-+ Ay) - l0g4M , log Bi + By +--+ + By) 
hy ea * i, 


<Q-+ log V, 
or, 


(b) log(A;+ As+---+A,) — log4 MP , log(A,-+Ag+---+Am) 
1h, Pr ae cae 














log4MP A . 
<s “+Z™ (Q+ log V). 


log4 MP+ (4,—4,)log V 
L 





Am 
7, 18 7 < - 


< log V, 


we see that (48) holds for n = v. 





* From the proof of Theorem 5, E. Landau, loc. cit., p. 732-4, it can be seen that when 
L = lim sup (log | a; + a2+-++++an|)/4n, then, 
(a) if a is any positive value of x for which the series Dae converges, we have 
L & Xo; | 
(b) the series converges for any x)>0O for which x >JL. 
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The series >> An ew therefore, converges for « >Q+ log V, so that 
n=1 


the series > ane on converges for x >Q+ log V+o. 
n=1 
We can now complete the convergence proof. The product 


I] [1+ angn(e)e**]™ 


n—l1 
= [] [t+ m,ayag net + Me) 02 gh yet 


n=1 


eee ang” mn(e)e malt | 


will converge regularly if the product 


7 [I¢ m,,4,,G,,(2) e Ane J 
i where o 
G,, (2) = — 1g | ee 4 | gi? |e a 


. . = | J 
converges uniformly. Since >> a,e ™ converges uniformly and 
n=1 


|Gn(@)| S Gr) S D(x) < 1/2 


for «>Q+logV-+¢, our theorem is proved. 
5. The exponents in the product. If lim sup (logm)/4, is finite, 


then the fact that an< e An for every 7 is sufficient to insure the existence 


of a half-plane of convergence for the series 4 tne ™. For, since there 


is then a constant EH >0O such that 4,>E log(n-+1), we have, for « ><¢, 


ue aS, yy Oe 1 
> We De A, (ae aa (ap )eF 


We show that if lim sup (logn)/8, is finite, then lim sup (logn)/4» is 
finite. 

Consider any 4,>0. Since it is a linear combination of the 4’s with 
positive integral coefficients, it can be expressed in the form 


(49) 3, By, + ds Bp, +++ Im Bp,; 








where 0,, 0;, +++, Om are positive integers. If there are several expressions 
of this form for 2, we fix our attention upon a particular one. 

Since lim sup (logn)/&n is finite, there is a constant D>O such that 
&n>Dlog(n+1) for every n. 

If to the 2, with the expression (49) we make correspond the integer 


p= (pn +1)” (ps + 1)" oe (pm +1)™, 
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we have 
dn > D6, log (py +1) + Dos log (pe +1) + +++ + Ddm log (pm+ 1) = D logp. 


Given any fixed » there are at most as many @’s to which this p 
corresponds as there are ways, N(p), of writing p in the form y{? yQ?--- 7", 
where the y’s and «’s are positive integers and y;=>2. We show that 
N(p) Sp’. 

Certainly N(p) < p® for p= 2. Hence, we proceed by induction on p, 
supposing N(7) < 2 for i= 2, 3,---,p—1. 


If yf §?--- y§ is a representation of p in the desired form, where 


y,+p, then yf 'y?---7% is a representation of a divisor of p in this 
same form. Also, two distinctrepresentations of p induce either representations 
of different divisors of p or different representations of the same divisor. 


Thus, if d,, d:,---, d, are all the distinct divisors of p different from unity, 


N(p) <14+N(p/d) +N(p/ dz) + ++ +N (p/ dy) <1 + p?(1/2?+ 1/3?+.-..) 
= 1+ p*(n*/6—1)<p? 
for p>2. 

We put all the 4’s which are in correspondance with a given p into 
one group and order the groups according to increasing p’s, while ordering 
the particular members of each group in any way at all. We let the 2’s 
so ordered be called &,, &,-++, Sn, +--+. 

If the integer corresponding to &, is p, the number of &’s preceeding §, 
is at most 2*+ 3°+.-..+ p*< p*. Hence, (log7)/& < log p*/Dlog p = 3/D. 
Thus, §& = Elogn for every n, where EH = D/3. 

The sequence 4,, d42, +++, dn, +++ is simply a rearrangement of the 
sequence §,, &,---, &:,---. Hence, for every there is a x such that 
An = Ey, 

If x>n, then An = & > Elogze > Elogn. 

If «<n, then among 4,, d42,---, 4n1 there is a 4; = & with i>n. 
Then 4, >A; = & > Elogi > Elogn. 

Thus, lim sup (logn)/4, < 3/D. 


CotumB1A University, New Yorks, N. Y. 











NOTE ON AN INFINITE SYSTEM OF LINEAR 
DIFFERENTIAL EQUATIONS.'! 


By WILuiaM T. Ret.” 


In a recent paper® the author has treated an infinite system of ordinary 
linear differential equations of the first order for which the solution is 
a vector in Hilbert space. It is the object of this note to show that the 
results there obtained may be extended to the more general system 





(1) ou Bs Ajj (x) yj = 1, 2,--+), 


where Ay(x) (¢,7 =1,2,---) is a Lebesgue summable function on the 
interval X:0 < x <1 and furthermore there is a non-negative summable 
function y(x) on X such that for every integer m and all real quantities 
&,, &,, Pee En, Ni> Y2,***, Yn We have, 


SS Auta] < o@(S ie) (Sie) 


where p>1 and g= p/(p—1). A solution of (1) is defined as a set of 
absolutely continuous functions y; (x), ys(x),--- which satisfy (1) “almost 
ie) 


everywhere” on X and such that >» |y(x)|? is bounded by a finite 
i=1 





quantity uniformly on X. 


1. MATRIX PROPERTIES. 
If 41, 42, +--+ is a countable set of real numbers such that Zz \mi|? (p>1) 
is a finite quantity, then 7 = (y:) is said to be a point or a vector in the 
space R, and the positive real quantity (> incl)? is the length or 


modulus of 7 and will be denoted by M,[y]. For p = 2 we have Hilbert 
real space of an infinite number of dimensions. The space R,, where 


‘Received March 11 and July 14, 1930; presented to the American Mathematical Society, 
November 30, 1929. 
* National Research Fellow in Mathematics. 
°W. T. Reid, Transactions of the American Mathematical Society, vol. 32 (1930), 
pp. 284-318. This paper will be referred to as A. 
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= p/(p—1), will be called the space complementary to Rp. Ti 4 = (yd) 
ie & = (§) are vectors in Rp and Ry respectively, we have the 


Cauchy-Hoélder inequality * 


(1.1) P yi Ni| S M, (1) M, (8). 


For 4 = (q) and 7 = (9) two vectors in R, the vector 7®-- 7° 
= (y+ 7) is defined and we have the inequality® 


of) Myly® +4?) < Mp] + Moln®). 


All the matrices considered in this paper are supposed to be real and 
to have an infinite number of rows and columns. Matrices are denoted 
by capital letters and the element in the 7-th row and the j-th column 
is denoted by the same letter with the subscript 77. The matrix O is 
the matrix each of whose elements is zero and F is used to denote the 
unit matrix E = || E,||, where Ey = 0 if i+j7, Hi = 1. 

Definition. Jt for the matrix A = ||.Ajj|| there is a constant k such 
that for every integer » and for all real quantities §&,, §, +--+, &n, 
11, Y2:***, Yn We have 


EZ sate] s( Sie)" (Siar), 


t=1 


then A is a matrix of class Ly and is said to be bounded by the constant k. 

For p = 2 we have the class of limited matrices as defined by Hilbert.® 
Some of the elementary properties of matrices of class Z, may be established 
in the same manner that has been used by Hellinger and Toeplitz’ to prove 
the corresponding properties for limited matrices. Clearly the sum of two 
matrices of class LZ, is also a matrix of class L,. If A is a matrix of 
class bed and bounded by k, then every row of A is a vector in R, 


*O, Hélder, Géttinger Nachrichten, 1889, pp. 38-47. See also F. Riesz, Les systémes 
Wéquations linéaires, Paris, 1913, p. 45. 

* See Riesz, loc. cit., p. 45. For a finite number of terms this inequality was established 
by Minkowski. See Minkowski, Diophantische Approximationen, Leipzig, 1907, p. 95. 

°D. Hilbert, Grundziige einer allgemeinen Theorie der linearen Integralgleichungen, 
Berlin, 1912, p. 147. 

‘E. Hellinger und 0. Toeplitz, Mathematische Annalen, vol. 69 (1910), pp. 289-330. See 
also F’. Riesz, loc. cit., pp. 78-121. The referee has kindly pointed out that the theory of 
bilinear forms in the space R, is but a very special case of the general results of Radon. 
See J. Radon, Theorie und Anwendung der absolut additiven Mengenfunktionen, Wiener 
Sitzungsberichte, vol. 122 (1913), pp. 1295-1438, in particular pp. 1351-1412. 
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whose modulus is at most k, and every column of A is a vector in Rp 
of modulus at most k. Furthermore, if y is a vector in R,, then v = (vw), 
where 1% = Aja Ya® (¢ = 1, 2,---), is a vector in 2p whose modulus does 
not exceed kM, [y] and is denoted by Ay. Similarly, if § is a vector in R,, 
then wu = (ui), where ui = Aci Sa (¢ = 1, 2,---), is a vector in R, whose 
modulus is not greater than kM, [§] and is denoted by §A. If A and B 
are two matrices of class Ly and bounded by k, and kz respectively, then 
the product matrix AB = || Aje Ba;|| is of class Ly and is bounded by k, ke; 
also, for matrices of class Z, multiplication is associative. 

Definition. The matrix B is a right-hand [left-hand] reciprocal of the 
matrix A of class LZ, if B is of class Zp, and AB = E[BA = E£}. 

As for limited matrices® we have that if A is a matrix of class ZL, and 
has a left-hand reciprocal and also a right-hand reciprocal, then it has 
a unique left-hand and right-hand reciprocal and they are equal, in which 
case A is said to possess a unique reciprocal; also, if A has a unique 
left-hand reciprocal or a unique right-hand reciprocal, then A has a unique 
reciprocal. 

We may prove the following theorem:’® 

THEOREM 1.1. If A ts a matrix of class Ly, then a necessary and sufficient 
condition that A have a unique reciprocal is that there exist a positive con- 
stant k such that for all vectors y of Ry we have M,[Ay] > kMp[y] and 
for all vectors § of Ry, M,[§ A] > kM, [§]. 

Definition. A matrix A = || Ajj|| is of class Cy if for every positive « 
there exists a positive N(«) such that if § and y are any pair of vectors 
in R, and Ry respectively whose moduli are not greater than unity, then 
for all integers m,n > N(e) we have, 





n n m m 
& 2 Aukiu— 2 2 Auk) <e. 
i=1j=1 i=1j=1 


Clearly every matrix of class C, is also a matrix of class L,. For p = 2 
we have the class of “vollstetig’” or completely continuous matrices as 
defined by Hilbert. If A is a matrix of class Cp and B is any matrix of 





° The repetition of a subscript is used to denote summation with respect to that subscript 
over all positive integral values, i. ¢., Aia 7a == Au 41+ Aw y2+ ++. 

*Hellinger and Toeplitz, loc. cit., p. 311. Radon does not introduce the analogue 
of the right-hand and left-hand reciprocals separately, but only the idea of the unique 
reciprocal. 

See Radon, loc. cit., p. 1397. For p = 2 the theorem follows from a more general 
theorem established by Hyslop. See J. Hyslop, Proceedings of the London Mathematical 
Society, vol. 24 (1925), pp. 264-304. See also Riesz, loc. cit., p. 86; also p.61. The method 
used by Riesz may be extended to the general case p>1. 


4* 
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class Lp, it follows that AB and BA are also matrices of class C,''. We 
then have the following theorem: '* 

THEOREM 1.2. Jf A is a matrix of class Cy, then there are at most a finite 
number of linearly independent solutions of the vector equation (E+ A)u =0, 
where u is a vector in Ry, and the number of linearly independent solutions of 
the systems (E+ A)u = 0 and v(E+4) = 0, where v is a vector in Rg, is 
the sume; furthermore, a necessary and sufficient condition that (E+ A)u = 0 
have only the identically vanishing solution is that the matrix (E'+- A) have 
a unique reciprocal. 

Ii A = || Ay|| is an infinite matrix and r is a positive integer, we say 
that the matrix B = ||B,|| is formed by omitting the rth column of A 
if Ry = Ay(j<r; i= 1,2,---) and By = Aju ar; t =1,2,---). 
In a corresponding way we may define a matrix formed by omitting a row 
of A. The idea may be extended readily to defining a matrix formed by 
omitting a finite or an infinite number of rows and columns of A. We 
may prove, as in the case p = 2", the following ; 

THEOREM 1.3. If A is a matrix of class Cp and (E+ A)u = 0 has exactly 
n linearly independent solutions, then no infinite matrix formed by omitting 
s columns, s<n, and by omitting a countable number of rows has a unique 
reciprocal; furthermore, there exists a matrix formed by omitting n rows and 
n columns which possesses a unique reciprocal. 


2. THE DIFFERENTIAL SYSTEM. 


a. Existence theorem and properties of solutions. We now 
consider the infinite set of ordinary linear differential equations of the first 
order written in vector form as 


(2.1) y (x) = A(x) yw) +b@), 


where A(x) is a matrix bounded in R, by a non-negative summable function 
g(x) on X:0 < <1 and b(z) is a vector in Ry which is, together 
with M,[b(«)], summable on X. For b(x) = 0 we have, 


(2.2) y'(x) = A(x) y(x), 


which is the homogeneous differential system (1). The equation (2.1) may 
be written in the equivalent integral form 





See Radon, loc. cit., p. 1411. For the case p = 2, see Hilbert, loc. cit., p. 152 and 
Riesz, loc. cit., p. 97. 

2 See Radon, loc. cit., pp. 1401-1412. For p = 2, see Hilbert, loc. cit., pp. 165-169 
and also Riesz, loc. cit., pp. 98-102. The method of proof used by Riesz may be extended 
quite readily to the general case p>1. 

'S Reid, loc. cit., pp. 307-308. 
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2.1’ y(o) = [TAO yO+bO)at+y. 
The homogeneous differential equation 
(2.3) e'(x) = —z(x) A(z), 


where 2(x) is a vector in Ry for x on X, is called the equation adjoint 
to the homogeneous equation (2.2). 

Definitions. If Y(x) = || Yy(w)| is a matrix each column of which is 
a solution of (2.2), then Y(x) is a matrix of (2.2). Similarly, if Z(x) is 
a matrix each row of which is a solution of (2.3), then Z(x) is a matrix 
of the adjoint equation. If for each value of x on X the matrices Y (xz) 
and Z(x) are of class Ly, then Y(x) and Z(x) are bounded matrices of (2.2) 
and (2.3) respectively. In particular, Y(x) is the principal matrix of (2.2) 
at a point 2 of Xif Y(a) = E. Likewise, Z(x) is the principal matrix 
of (2.3) at a point 2 if Z(a) = EL. 

We prove the following general existence theorem: 

THEOREM 2.1. Jf B(x) is a matrix each element of which is summable on X 


ae 
and the matrix f, B(t) dt is for each x on X of class Ly and is bounded by 


a finite constant uniformly with respect to x on X, and C is a constant matrix 
of class Ly, then there exists a unique “matrix Y (x) of absolutely continuous 
Junctions” such that 


(24) Y@) = f/14 YO+BOat+C, 


and Y (x) is of class Ly» and bounded uniformly on X by a finite constant. 
For let 


Ya) = |" Bwatte, 


(2) = [TAO YOH+ BOA+C (w= 1,2,--9, 
(2.5) H(z) = YQ), 


H(z) = Y(z)—Yo-0(z) (q == 1,2, --+). 
Then 

Yo) = SH), 
and wr 
2.6) H%@) = ["amMH(@at a ee 


In the proof of Theorem 2.1 we make repeated use of the following 
lemma which we state without proof: 
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Lemma. Jf M(x) is a matrix each element of which is summable on 
X and M(x) is bounded in Ry by the summable function ® (x), then for 


xe 
every x on X the matrix i} M(t) dt is of class L, and is bounded by 
the quantity i @ (t) dt."* 


x 
Since the matrix [ B(t) dt is bounded by a finite constant independent 
of the value of 2 on X, there exists a finite constant k which bounds 
at 
in Rp the matrix J, B(t)dt+C independent of x on X. Now by (2.6), 


H® (2) = J ” A(t) H (8) dt, 


and since A(z) is bounded by g(x) and H® (x) is bounded by k, we have 


by the above lemma that H® (x) is bounded by k | y(t)dt. By mathe- 
matical induction we may show that H® (x) is bounded in R, by 


| f° oo ae" m (eg xe 1 Bp 


Therefore SH (x) = lim Y™(z) exists and is bounded in Ry by 


nn 


1 
k exp LJ, y (t) at| uniformly on X. Let Y(x) =—lim Y™ (x). Then since 
no 
Y (a) —Y (2) = b 3 H+ (x) is bounded by k 3 | f “9 (t) ary Vn +a)!, 
= a=1 0 
8 xe 
it follows that the matrix i) A(t) [Y()— Y™ (d] dt is bounded for every x 
Oo T £1 n+1+« 
by the constant i p> lf, y (t) at| /(n-+ a)! and therefore 


(2.7) lim J, ” 4() Y(t) at = f, * A(t) ¥ (i) dt. 


Hence Y(x) is a solution of (2.4). 


Tn particular, let Mu = fi(x), My = 0 if j + 1, where f(a) = (fi(x)) is a vector 
in Rp which is, together with M,[f(x)], summable on X. Then for every x on X, M(x) 


is of class L, and bounded by M,[/f(x)]. Then by the above lemma the matrix [, M(t) dt 

: ue oo ae r\ 1, F7 

is bounded by I M,[f()] dt and therefore » a LS fatbat] J = u,| | S@ at| < 
e=1 0 ge 


f M,[f()] dt. This inequality is of use in proving some of the theorems stated i 
this paper. 
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Let B,-(x) and C, denote the vectors (Ber(x)) and (Ce,) respectively 
and Y;' (x) = (Yer(x)) be any solution of the vector differential equation 


yl) = J) A y+ BO) at+6,. 
Then Y** (x) = || Yj" (a)||, where Yir* = Vir (i = 1,2, .--) and Yj* = Vy 
((=1,2,---) if 7 +7 and where Yy(x) is determined as above by the 
method of successive approximations, is a matrix which is a solution of 
(2.4) and is bounded uniformly on X by a finite constant k**. Further- 
more, Y(x) — Y**(x) is bounded uniformly on X by the constant k + k**, 
and since 


Y (2) — Y** (a2) = fr 4 [yY"-9)() —Y**()] dt (n = 1,2,-->), 


it follows that for every n the matrix Y(«)—Y**(x) is bounded by 


[k-+h**] fp vac] /at, and therefore Y**(x) = Y(a) and the solution 
of (2.4) is unique. 

COROLLARY 1. There exists a unique solution of the equation (2.1) satis- 
Sying the condition y(0) = a, where a is an arbitrary constant vector in R,. 

CoROLLARY 2. If y(x) is a solution of (2.1), then y(x) is a vector which 
is strongly continuous on X. 

CoroLuaRry 3. If y(x) is a solution of (2.1), then Mp[y(x)] ts an absolutely 
continuous function on X. 

CoroLLary 4. If Y(x) is a matrix of the equation (2.2) and for some 
point x% of X the matrix Y (ao) is bownded by the constant 1, then Y(x) is 


“1 
a bounded matrix of (2.2) and is bounded uniformly on X by l exp | , gtd | : 


In a manner analogous to that used’* to prove the corresponding theorems 
for the differential system in Hilbert space, we may prove: 

THEOREM 2.2. If Y(ax) and Z(x) are bounded matrices of (2.2) and (2.3) 
respectively, then the matrix Z(x) Y(x) is a constant matrix on X. 

THEOREM 2.3. If Y(x) is a bounded matrix of (2.2) which for some point 
of X has a unique reciprocal, then there exists a matrix Z(x) which is the 
unique reciprocal of Y(a) on X and Z(x) is a bounded matrix of (2.3). 

Definition. If Y(x) is a bounded matrix of (2.2) and has a unique 
reciprocal for each value of « on X, then Y(zx) is a matrix solution of 
(2.2). A matrix solution of the adjoint system (2.3) is defined in a corre- 
sponding manner. 


A vector y(x) is said to be strongly continuous on an interval X if for every point xo 
of X we have lim M,[y (x) — y (a)] =0. 
iH 


‘See paper A, pp. 292-294, 
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THEOREM 2.4. If Y(x) is a bounded matrix of (2.2) and C is a constant 
matrix of class Ly, then Y(x)C is a bounded matrix of (2.2). 

THEOREM 2.5. If Y(a) is a matrix solution of (2.2), the most general 
bounded matrix of (2.2) is of the form Y(x)C, where C is a constant matrix 
of class Ly. 

If the matrix A(x) of (2.2) is also a function of a parameter mw, then 
properties of the solution y(x; ) as a function of » may be studied as in 
paper A for the corresponding differential equation in Hilbert space. Also, 
if with the vector differential equation we associate two-point boundary 


conditions of the form 
My(0)+Ny() = 0, 


where M and WN are constant matrices of class Ly such that there exists 
a matrix formed by omitting an infinite number of columns of ||; N||*" 
which has a unique reciprocal, adjoint boundary conditions may be deter- 
mined. We state here, however, only a few properties of a more specialized 
system which may be proved with the aid of the theorems given in § 1. 

b. A boundary value problem. Definition. A matrix A(x) = || Ay(a)|| 
is said to be a matrix of class Cp if: (a) Ay(x) (i, j = 1, 2, ---) is a Lebesgue 
summable function on X:0< xv < 1 and A(z) is bounded in Ry by a non- 
negative summable function g(x) on X; (b) for values of x “almost every- 
where” on X the matrix A(x) is a matrix of class Cy. 

We now consider the homogeneous vector differential equation 


(2.8) y (x) = A(x) y(@), 


in which the matrix A(z) is of class Cc on X. This equation is a special 
case of (2.2). As in the case p = 2,'* we may prove: 
THEOREM 2.6. If Y(x) is the principal matrix of (2.8) at x = 0, then 
Y(x) = E+ R(x), where R(x) is a matrix of class Cp for each x on X. 
With (2.8) we associate the boundary conditions 


(2.9) (E+ Go)y(0)+4(E+ G,)y(1) = 0, 


Where @ and G, are constant matrices of class C, such that H+G, and 
E-+G, have unique reciprocals, and 6 is a real constant such that 
0+d0+-—1. It follows that the reciprocals of E+G, and E+G;, are 


of the form #+T7) and H+7, respectively, where 7, and 7, are of 
class Cy. 
; "If M and N are matrices of class L,, then we denote by ||M;N|| the matrix 
U = || Ug||, where Ui. = My and Ui»; = Ny G,j = 1,2, +--), 

'8See paper A, pp. 308-311. 
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Since from ‘Theorem 2.5 the general solution of (2.8) is of the form Y(x)c, 
where Y(z) is the principal matrix of (2.8) at = 0 and c is a constant 
vector in Ry», if the system (2.8), (2.9) is compatible it is necessary and 
sufficient that there exist a non-null vector c in R, such that 
[(E+ G@)¥(0)+4(E+G,) Y()Jc=0. Since [4)+6(4,+R01)+G,R(1))] 
is a matrix of class C,, we have from Theorem 1.2, 

THEOREM 2.7. A necessary and sufficient condition that(2.8), (2.9) beincompatible 
is that the matric E+Q, where Q = [G)+6(4,+R(1)+G,R(1))]/(1+9), 
have a unique reciprocal.’® 

In view of Theorem 1.2 we have 

THEOREM 2.8. The system (2.8), (2.9) has at most a finite number of 
linearly independent solutions. 

The non-homogeneous system corresponding to (2.8), (2.9) is 


(2.10) y (x) = A(a)y(x) + b(a), 
(2.11) (E+ G)y0)+d(E+G,)y(1) = h, 


where b(x) is “almost everywhere” on X a vector in Ry and is, together 
with M,[b(x)], summable on X, and h = (he) is a constant vector in Rp. 
We have in view of Theorem 2.7, 

THEOREM 2.9. A necessary and sufficient condition that the non-homogeneous 
system (2.10), (2.11) have a unique solution is that the homogeneous system 
(2.8), (2.9) be incompatible. 

With the adjoint differential equation 


(2.12) Z (a) = —2(x) A(x) 
we associate the adjoint boundary conditions 
(2.13) 2(0) (E+ %)6+2(1)(E+T;) = 0. 


By Theorem 2.6 the principal matrix Z(x) of 2.12 at x = 0 is of the 
form E+ R* (a), where R*(x) is a matrix which is of class C, for each x 
on X. If the system (2.12), (2.13) is compatible there exists a non-null 
vector c in R, such that c[Z(0)(E+%)6+Z(1)(£+7;)] = 0. Also we 
have that [Z(0)(E+7)d+Z(1)(£+7,)] = (1+4)[£+ Q*], where 
Q* = [6%+7,+R*(1)+R* (1) 7,]/(1+4) and is of class Cp. It is easy 
to show that if [((£+ G,.)Y(0)+6(£+G,) Y(1)] has a unique reciprocal V, 


In paper A the system (2.8), (2.9) is considered for p= 2, only in the case d= 1; 
however, it is readily seen that the method of proof there used is valid for all real values 
of ¢ distinct from 0 and —1. 


EOE 
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then the matrix [Z7(0)(E+%)6+7Z(1)(£+7;)] has a unique reciprocal 
given by (E+G,)Y(0)V(E+G,)Y(1). Hence we have 

THEOREM 2.10. A necessary and sufficient condition that the adjoint 
system (2.12), (2.13) be compatible is that the system (2.8), (2.9) be compatible. 

By a method similar to that used in the finite case,” and making use 
of Theorems 1.2 and 1.3 we may prove 

THEOREM 2.11. The number of linearly independent solutions of the 
system (2.12), (2.13) ts the same as the number of linearly independent 
solutions of the system (2.8), (2.9). 

Whenever the system (2.8), (2.9) is incompatible it may be shown, as 
in paper A for the differential system in Hilbert space, that a Green’s 
matrix may be defined for the system. 


20See G. A. Bliss, Transactions of the American Mathematical Society, vol. 28 (1926), 
p- 566. 
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ON THE WAVE EQUATION OF THE HYDROGEN ATOM..* 


By T. H. GRonwAL.u. 


This note gives a quite elementary derivation of the (non-relativistic) 
set of energy levels and characteristic functions of the hydrogen atom, and 
it is also proved that the set obtained is complete. 

1. Introduction. The non-relativistic wave equation of the hydrogen 
atom is, in the customary notation, 


(1) yy + 55” (B 


+<\y=0, 


and those values of the constant / (energy levels or characteristic con- 
stants) are to be determined for which there exist solutions of (1) (charac- 
teristic functions) which are single-valued and finite everywhere. 
Schrédinger’ solves this problem by introducing polar codrdinates 7, 6, 9, 
whereby the equation becomes separable, and writing wy = xz(r)u(6, 9), 
where w(@, y) is any one of the surface harmonics of the unit sphere 


u = Pk (cos 6) cos 0O< wen, 
(2) ae ) . sine sodhilloens eo = 0,1,2,.---, 
u = PY (cos 6) sinwg, lipcn, 


(1) yields the following differential equation for x(r) 
3) 1 f (a) + poe + Sn*mer _ mney — 


ry? dr dr h? h®r y? 





The transformation of Laplace is now used to determine the characteristic 
constants and functions of (3), and the characteristic functions of (1) are then 
obtained by multiplying those of (3) by the 2+ 1 spherical harmonics (2), 
and making n = 0,1, 2,--- successively. As Schrédinger® points out, 
this method labors under the disadvantage of not showing that the set of 
energy levels and characteristic functions thus obtained is complete. 

The present note avoids the somewhat complicated use of the Laplace 
transformation, and derives the set of energy levels and characteristic 
functions of (1) by a short and quite elementary process, which is so 
arranged as to prove at the same time the completenes of the set. 


. Received April 18, 1930. Presented to the American Mathematical Society, Sept. 6, 1928. 
‘E. Schrédinger, Ann. d. Phys. 79, 361, 1926. 
* E. Schrédinger, 1. c. 1), middle of page 370. 
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9. Proof that the complete set of energy levels and charac- 
teristic functions of (1) is obtainable from the corresponding set 
of (3). The foundation of this proof is the well known fact that the 
harmonics (2) form a closed set of orthogonal functions on the unit sphere, 
that is, when a continuous function /(6@, y) of the position on the unit 
sphere is such that, dS = sin6d@dy being the surface element of the 
unit sphere, the coefficients 


() JJ re, was 


of the expansion of (6, y) in a series of spherical harmonics vanish for 
all the w’s defined by (2), then /(6, y) is identically zero.* Applying this 
to the left hand member of (1), it is seen that the wave equation is 
equivalent to the statement that the equation 


(5) ff [rey+ aa (e+<] v| was = 0 


holds for every wu defined by (2) (and of course, w being a function of r 
also, for every positive value of r). The expansion of any characteristic 
function w of (1) in spherical harmonics is 


(6) Ww =D x)-u@, 9) / J Jas, 


the sum extending over all the w’s defined by (2) and the x(r) corre- 
sponding to each w being, by (4), 


(7) 10) = J fv u dS. 


The series (6) being convergent,‘ it is evident that a complete set of 
characteristic functions of (1) is given by the expressions 


(8) x (7) wlO, 9), 


where w(6, y) takes all the values (2), the corresponding x (r) being given 
by (7), and in the latter equation, yw runs through all the single valued 





* This closure property of the spherical harmonics may be proved in many ways. A proof 
by integral equations is given in Courant and Hilbert, Methoden der mathematischen Physik, 
vol. 1, p. 421. The simplest proof, however, follows from the summability of Laplace’s 
series by Cesaro means of the second order; see Fejér, Math. Ann. 67, 76, 1909 and Math. 
Zs. 44, 267, 1925. ; 

‘Since, by (1), ¥ must have partial derivatives of the second order. For the proof com- 
pare Courant and Hilbert, 1. c. *), p. 422, or ©. Jordan, Cours d’Analyse, vol. II, chapter 5. 
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and everywhere finite solutions of (5) (which we have just shown to be 
equivalent to (1)). 

After these somewhat tedious preliminaries, we come to the gist of the 
completeness proof, namely that (5) is equivalent to (3), provided that x is 
defined by (7). This may be shown by expressing V*w in polar codrdinates 
in (5), noting that dS = sin 6d6@ dq and performing a few integrations 
by parts. A neater method is however the following. Applying Green’s 
formula to the spherical shell r, < 7 < 72, we obtain the identity in w and x 


Sf (uV2w— wV*?u)r? dr dS 


“JJ lrar— es na r* dS— fi ae y | rds. 


rue, 


Now let w be any one of the functions (2); then du/d7 — 0 and 
V2u = —n(n+1)u/r? (since V2 r" u = 0), moreover, (7) shows that 


xX (r) = ff seuas, 


and the preceding identity becomes | 
rH (r.) — 7 x (7) — J J J (v2 y+ 2D v) urdrdS = 0. 


Divide by rz — 7, and let 7, and r, approach the limit r: 


E (eH) eff pros AEE aaa ~o 


Dividing this identity by 7’, adding to (5) and using (7), we obtain (3), 
which equation is therefore equivalent to (5). 

Consequently, we obtain a complete set of characteristic functions of (1) 
by substituting for (7) in (8) a complete set of characteristic functions of (3). 

The singular points of (3) are y=0 and r =, and the exponent @ to which 
a solution of (3) belongs at 7 = 0 is determined by e(e+ 1) —n(n+1) = 0, 
so that e—=n or g@=—n—1. Any solution of (3) which is finite at 
r = 0 therefore belongs to the exponent m and is uniquely determined except 
for an arbitrary constant factor. Consequently we have only to determine 
the values of E for which this solution of (3) remains finite as r increases 
indefinitely, and here we must distinguish the two cases E> 0 and E<0. 

3. The continuous spectrum, EF > 0. Writing 


(9) fir) = St mE Ba me _ nor 
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and 
(10) rz(r) =v, 
equation (3) becomes 

av 


ar +fhl(r)v = 0; 


multiplying by 2dv/dr and integrating from 7o to r, we find 


dv 3 dv : i i dv uv dirt 
+ ( rf 20 qpf oyu = 0, 


ar }y=r, 


or integrating by parts 


2 9\2 
ay (G) toe =|) vor] + fro ear. 
When 7 is sufficiently large, it follows from (9) that f(7) >0 and f’ (r) <0 
for r>7o, so that the integral in (11) is negative, and hence /(7) c* is less 
than the bracket to the right in (11) which is a constant. Since f(r) >0 
for r>7, it now follows at once from (9) and (10) that as 7 increases 
indefinitely, x(7) approaches zero at least as rapidly as r—' for H>O and 


» 


r 2 for E = 0. Consequently, to every ZH > 0, there corresponds one 
characteristic function of (3). 
In the case <0, f(r)<0 for r sufficiently large, and the argument 
based on (11) breaks down, so that this case must be treated differently. 
4, The line spectrum, E<0. Write 


(12) 
and 
(13) x(r) — 


introducing § as the independent and v as the dependent variable in (3), 
it is readily seen that the introduction of the factors &" and exp (— 3} §&) in (13) 
has the effect of removing the last and the first term, respectively, in the 
coefficient of x in (3), and this equation becomes 


dv 


dé 


d®y 6 
(14) oe +(2n+2—8) 
where 


pone 
15 _ mel 2m 
as h = 


+(i—n—1)v = 0, 
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Since the solution of (3) which is finite at + = 0 belongs to the exponent », 
it is evident from (13) that v belongs to the exponent 0 at § = 0, and 
the only other singular point of (14) being § =, v is expansible in an 
everywhere convergent power series 


(16) v= = e. 


Substitution in (14) gives the recurrent formula 





as y—lt+n+1 
i wi = GE @ tanta) 


First assume that 1— n—1 is neither zero nor a positive integer. Then 
(17) shows that none of the a, vanish (except in the trivial case where v 
vanishes identically), and that all a, with y>/J—n—1 have the same 
sign, which we may assume positive. To any positive «<4 there belongs 
a %>1l—n—1 sueh that 


PSOE a, 
yt On+2 ~ 





for »>%, 


whence by (17) 


1—é 
Avi1-- —s > Op, 
v- a yt+1 Vs 


so that v! (1— «)-”a, increases with v for y >, and consequently there 
exists a positive constant ¢ such that 


nei v 
(18) ay oa C> $9) rs for Vv > Vo . 


From (16) and (18) it follows that when & increases indefinitely, v in- 
creases at least as rapidly as exp ((1—«)&), and since «<4, (13) shows 
that x(7) becomes infinite with +. 

Consequently, there exists no solution of (3) which is finite everywhere 
unless 7—n—1 is a positive integer or zero. In this case we have, 
since » is a positive integer or zero, 





(19) 1 = positive integer, »</, 
and by (15) we obtain the Bohr energy levels 


2 
(20) 22? met 


a a i= 1, 2,38,--- 
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From (19) and (17) it follows that a, = 0 for y>l—n—1, so that v(&) 
is a polynomial of degree 7—n—1, and (19) shows that x(r) tends toward 
zero as r increases indefinitely. Hence for H< 0, there corresponds one 
characteristic function of (3) to each value of EF given by (20), but none 
to any other negative value of E. Moreover, the comparison of (14) and 
the differential equation for the derivatives of the Laguerre polynomials® 
shows that, except for a constant factor, v equals inn’ (§), the (2+ 1)th 
derivative of the (n-+/)th Laguerre polynomial. 


°E. Schrédinger, Ann. d. Phys. 80, 437 (1926), eq. (102) on p. 483 or Riemann-Weber, 
Differentialgleichungen der mathematischen Physik, 7. ed., vol. I (1925), p. 341. 
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ON THE CESARO SUMS OF FOURIER’S AND LAPLACE’S 
SERIES.! 


By T. H. Gronwa.t. 


1. Introduction. Let f(x) be a continuous function of x with the 
period 27, and s® { f(x)} the m:th Cesaro sum of order k of its Fourier 
series. Similarly, let s® {f(@, y)} be the corresponding sum of the Laplace 
series of a function continuous on the unit sphere. Fejér has shown that 


(1) s {f(x)} >f(@) and s? {f(4, 9)} ~f(4, 9) as n>0, 


and also that 
(2) mo s?{f@)}oM, mos?{f(,9)} <M, n=0,1,2,--- 


where m and M denote the minimum and maximum of the function concerned.” 
The summability property (1) has been extended to any order k>O for 
Fourier’s series,*> and k>4 for Laplace’s series,‘ these lower bounds for k 
being the best obtainable. 

On the contrary, the mean value property (2) cannot be extended to 
smaller values of k; it is the purpose of the present paper to prove the 
following two theorems: 

THEOREM I. To every k, where0 <k<1, and every n = 1, 2, 3, --- there 
corresponds a continuous function f(x) of period 27 such that 


s®{f(0)} > M. 


THEOREM II. To every k, where 0 <k <2, and every odd n = 1, 3, 5,--- 
as well as every even n satisfying the inequality 


(3) n2*k>¢, 





‘Received September 22, 1930. — Presented to the American Mathematical Society, 
Oct. 25, 1924. 

*L. Fejér, Untersuchungen itiber Fouriersche Reihen, Math. Annalen, vol 58 (1904), 
p. 51-69, and Uber die Laplacesche Reihe, ibid. vol. 67 (1909), p. 76-109. 

*M. Riesz, Sur les séries de Dirichlet et les séries entitres, Comptes Rendus, vol. 149 
(1909), p. 909-912. §. Chapman, Non-integral orders of summability of series and integrals, 
Proc. London Math. Soc., ser. 2, vol. 9 (1911), p. 369-409. 

*T. H. Gronwall, Uber die Laplacesche Reihe, Math. Annalen, vol 74 (1913), p. 213-270, 
and Uber die Summierbarkeit der Reihen von Laplace and Legendre, ibid. vol. 75 (1914), 
p. 321-375. 
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where ¢>1 is a constant independent of k, there exists a function f(@, 9) 
continuous on the unit sphere such that 


s® {f(0, 0)}>M.° 


2. Proof of Theorem I. For convenient reference, we recall some 
familiar formulas for the Cesaro sums. Writing 


k(k+1)---(k+n—1) T(n+k) 


a ® __ _ 
@ 4 =1, a= n! Td rinti 





y? n>0O, 


the n:th Cesaro sum s of order k of the series 


Uo tut ees Hunt --- 
is defined by 


(k+1) © (kh) _ k+1) 
(5) An ts Sn = Bn => AY Un—r » 


(kK) is 


and the generating function of Sp 


1 oo 
(6) G—at Sm, “= 2 Se on 
whence the identity 
(7) ~ => Le... 


In case of the Fourier series, we have 


(8) Ant” sf {f(0)} = — 1{ f(x) Sn° (x) dx, 


where S” (a) is the sum (5) formed with % = 4, un = cosnz, (n>0), 
so that in particular 
(9) S (a) = 1— cos (n+ 1) 

1— cos x 





When | (x) >0 for O0< x< 27, (8) gives at once for k >0 


AGtD 00 {f(0)} < ora Ak) (x)dx = MAS, 


or sn’ {f(0)} < M. When, on the other hand, S(x) changes its sign 


between 0 and 27, the discontinuous function 





> The corresponding statements for the minimum are obtained by the trivial substitution 


of —/f for f. 
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(10) f(x) = sgn Sn” (2) 


gives 
Ge+1) 0 “P bie a 
{f(0)} = 4 | Sn’ (x)| da > wile Sn (x) da, 


so that, since M = 1 for i 
(11) s® { £(0)} > M, 


and approximating (10) closely enough by a continuous function for which 
M = 1, (11) will still hold for this function. Since SY? (x) is positive for 
x=0, 0<k<1, all terms in (6) being positive, the proof of Theorem I 
is thus reduced to showing that S, (or) takes negative values. Making 
2 = 2n/(n+1), (9) shows that 3? — 0, S?,>0 for »>0, and by (4), 
Ae” <0 for 0<k<1 and y>0. desde making / = 1 in (7), we find 


se (=F) <0, O<k<1, n>1. 

3. Proof of Theorem II for n odd. As in the preceding paragraph, 
it is seen that the necessary and sufficient condition for the existence of 
a continuous function (6, y) for which st” {f(0, 0)} > M is that the sum 
SX (6) formed by making wu, —=(2n-+1) P,(cos @) in (5), shall change its 
sign in the intervalO << 6< 7. According to (6), the generating function 
is now 

v2) 


1 1— 2 g® 
(H) (1—z)FH  (1— 22 cos 6+ 2’)*” = 25s o- 





whence it follows at once that for 6 = 0 
(13) s®(0)>0 for k> 0, 
and also, making k —1 and 6= 7, 


(n+2)/2 , nm even, 
a) Bin 
oa ae aoa 1/2, mn odd. 
Making / = 1, in (7), we obtain 
(—1)" Sr? (x) = = (—1) », 
where 
: (n—v+2)/2, n—vy even, 
a dhe ae (k—1) 
Ay “(n—v+1)/2, n—vy odd. 


By (4), v» >0 for y > 0 and 1<k<2, but w>0 and » <0 for v2 1 
and 0<k<1; moreover 


5* 
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k—1+y n—v 








Oe ae ae n—v even, 
1 —, n—v odd, 


so that vy41/vy><1 for y > 0, 1<k<2 and for y2>1, O<k<1. The 
familiar argument on alternating series with numerically decreasing terms 
now shows that sgn (—1)” S® (x) = 1; (the cases k = 0 and k = 1 
left out in the discussion are taken care of by (12) and (14)). Thus 
Theorem II is proved for n odd. 

4. Proof of Theorem II for n even. Making n = 2, we obtain 
by direct calculation from (5) 


SS? (0) = (k +1) (K+ 2)/2 +3(k+1) cos 6 +5(3 cos?6 —1)/2, 
whence 
10 SS” (6) = 8(5 cos 0 +4 +1)?+ (k+ 6) (2k — 3), 


the necessary and sufficient condition for a change of sign being conse- 
quently 2k<3. This algebraic process of determining the range of values 
of k for which a change of sign in s” (0) is possible becomes unmanage- 
able for larger even values of », and we must apply an asymptotic method. 
By Christoffel’s formula, we have 


nr 
. — cos 0 
and consequently 


(1— cos 6) 8S (0) = pa P, (cos 0) —(n +1) Pn+s (cos 6). 
Using Mehler’s integral, this becomes 


9 (7 2 sin +4)9 —(m+1) sin (n+ §)9 
(15) (1— cos 6) Sy” (6) = 2/ - 
6 


and since 











d 
V 2(cos 6 — cos g) i 





— © 1\ ___ sin?((n +1) 9/2) 
n (9) = Zisin (» + 3) 9 ~ ——~sin(g/2) 
(15) and (7) give 


n 
7 pa i On-y (9) dg 


0 V2(cos 6 — cos g) 
(16) Sk) ; 
> (” 2 4 (n—v+1)sin(n—v+ 3) d¢ 
® Je V 2(cos 6 — cos 9) 
— I, “te Ts . 








(1— cos 0) S\” (6) = 3 
mw 
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For 7/2 < @< a, we have 0 < o, (9)/sin (y/2) < 2, and consequently, 
using Mehler’s integral for P)(cos 6) = 1, 


n 
L<2>|4o |. 
0 


Now A? igs positive when k>1, but negative for »>1 when 0<k<1 
and consequently 


n 


n 
2 \4r iia POW ies “= @ k > i, 


0 


lA 


n n 
Sur) = 2 Sut = 2a", och 
0 0 


Using Stirling’s formula in (4), we therefore have 
(17) <atean*, OfkS2, n/2Pegpen, 


where the constants c, and c, are independent of k. 
To obtain an asymptotic expression for J; when @ is in the neighbor- 
hood of 7, we observe that the generating function of 


(18) t, (9) = > AS” n—v+ De 


is evidently 


(n—v+ +) gi 


e2 


1 
(1—z)?  (1—ze®)? ’ 





so that, replacing z by 1/z and using Cauchy’s integral formula, 


ass, 
1 e2  gntk dz 
(19) Tmalg) = 277i Jo (g— 1)! (¢— ee”)? 





where C is the circle |z| 71, where r>1, and those branches of 2*** 
and (¢—1)*-1 are used which are real and positive for z real and >1.° 
By Cauchy’s theorem, we have 


1 1 iif 
(20) ta(9) = oad, - sar Jet oer Je 


where C, is a loop enclosing z= 0 and z=1, but not e=e™, and C, 
a contour enclosing z = e? and exterior to C,. Since k—1<1, C, may 





°For this method, originally used by Stieltjes to obtain the asymptotic expansions of 
Legendre’s polynomials, compare T. H. Gronwall, On the summability of Fourier’s series, 
Bulletin Am. Math. Soc., vol. 20 (1914), p. 189-146. 
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be contracted into the straight line segment from 1 to 0, followed by the 
segment from 0 to.1, and on the former argz = 0, arg(zg—1) = 7 while 
on the latter, argz = 27, arg(g—1)= 17. 

Consequently 


1 ; o 1 = pi+-(—lai {- gntk (1— z)i—k dz 
Qni Jc, 2ui F : (2 — ev)? 
5 gi+d—loni-+-2kei f 1 nth (1 —2z)!* dz 
" 0 (2 — e®)? 


i sinka (7° 2et*(1—z)!-* dz 
, n 0 (2 — e®*)? : 











and since, for 7/2 < y <7, we have |z—e?|>1 on the integration 
interval, 


&. | _ |sinkw| (" 4, ia 
——- < grtk (1 — z)' “dz 
277 C, a 0 


_ |sinka| PFmatk+I)T2—k) — |1—k| Tmt+k+)) 
nu T'(n+3) ae T'(k) T(in+8) ? 
or since k< 2, 


Lo. | - |1—k| _ 
(21) la ‘ <<. Tk) < 63, 








where c; is independent of k. The second integral in (20) is simply the 
residue of the integrand at z = e™; at this point the argument of z—1 is 
(~-+q)/2 (exterior angle at 1 of the triangle with vertices 0, 1, e%), so 
that for z= e?-+h and h sufficiently small 


"ae oe 
er gtk — fr * (Lt he-sinte, 


1 = Fatwa (1 4 h bi 
ei ai ert — 1 


Expanding by the binomial theorem, multiplying and taking the coefficient 


of h in the result, we obtain the residue, so that, after some slight algebraic 
transformations, 


2 j 
(22) : {= beta) vit g #9) (n+ a4] 
2 


271 evi__}]° 


Now we restrict g to the interval 


(23) at—-Gqlniyp<ca, 
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where c, (independent of k) is to be determined later. Then 





| Ses... 
le 3 —1|<o/n, 
and (22) gives 
1 (n+=) qi | 
(24) | pri Ja" |< 


where cs is independent of k. From (16) and (18), we have 


L = —2 ("_ Smo ds 
® Joe V 2(cos @—cos g) ’ 








where <¥ denotes the imaginary part of the expression following it, and 
(20), (21) and (24) give, for 0 < k<2 and 6 in the interval (23), 


2n (7 sin(n+3)9 dg 


L<— 
’ ™ Jo V2(cos 0B—cos 9) 





+e = —nPrii(@)+e 





by Mehler’s formula. Consequently, using (16) and (17) 
(25) (1—cos 6) Sx” (0) <cg+cn**—n Pus (8), 


for 6 in (23) and 0 < k<2Q, the constants being independent of k. We 
now give to 6 the value nearest to 7 which makes P,+:(6) an extreme. 
It has been shown by Blumenthal’ that this 6 lies in (23) when «, = 57/4, 
and that the absolute value of the extreme lies between the bounds 
0.406 + 0.069. When n-+ 1 is odd, this extreme is positive, and consequently, 
the right hand member of (25) for nm even does not exceed 


Cg +c nk — 0.3 0. 





It is now evident that this expression is negative when m satisfies (3), 
provided that ¢ is taken large enough, and consequently S(@) is negative 
for the value of 6 considered, which proves Theorem II in the case of n even. 





70. Blumenthal, Ober asymptotische Integration linearer Differentialgleichungen, mit An- 
wendung auf eine asymptotische Theorie der Kugelfunktionen, Archiv d. Math. u. Phys., 
ser. 3, vol. 19 (1912), p. 136-174. See p. 173-174. 
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THE DISCRIMINANT MATRICES 
OF A LINEAR ASSOCIATIVE ALGEBRA.' 


By C. C. MacDuFFEE. 


1. Introduction. One of the most important theorems in the modern 
theory of algebraic equations is named for Borchardt and Jacobi, although 
it is the culmination of a long series of researches by Sturm, Sylvester, 
Hermite and others.? As finally evolved, the theorem is as follows:® 

Let f(x) = 0 be an algebraic equation of degree m with real coefficients. 
Let s, denote the sum of the kth powers of the roots. Let 


|} 
Sg se*  Sn—-1 


| 
83 “+. | 


Snit *** S2n—-2 


Then the rank of I is the number of distinct roots, and the signature 
of M is the number of distinct real roots of f(x) 0. The determinant 
of M is the discriminant of the equation. 

In the theory of linear algebras, the matrix 


| 2 crs cull, (r = row, s = column), 
J 


where the c’s are the constants of multiplication is continually appearing.‘ 
Thus the order of the semi-simple component of an algebra is the rank 
of this matrix.® 

It is the purpose of this paper (mainly expository) to show the close 
relationship of these two matrices, and to discuss some of their simpler 
properties. 

2. Definitions. Let % be a linear associative algebra over a field §, 


the basis numbers being ¢, ¢,-+--,e, and the constants of multiplica- 
tion cyx. Let 





* Received April 13 and June 2, 1930. Presented to the American Mathematical Society 
Nov. 30, 1928. 


* For a history of this theorem, see Abhandlung iiber die Auflisung der numerischen 
Gleichungen by C. Sturm, ed. by A. Loewy, Leipzig, 1904. (Ostwald’s Klassiker, No. 143.) 
* Bieberbach-Bauer, Vorleswngen iiber Algebra, Teubner, 1928, p. 168. 


*One example of an early appearance is Frobenius, Sitzungsberichte der preupischen 
Akademie zu Berlin, 1896, p. 601. 


* Dickson, Algebren und ihre Zahlentheorie, Ziirich, 1927, p. 110. 
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Ri = (Cier), Si = (cris) 


be the first and second matrices® respectively of e. Let x = Saje; be 
a number of 2, and call 


Rw) = Dai Ri, S(a) = D aS; 
the first and second matrices, respectively, of x. Then 
C,(@) = |oI—R(a)| = 0, O(w) = |oI—S(x)| = 0 


are respectively the first and second characteristic equations of x. The 
traces ¢,(x) and &(x) of R(x) and S(x) are called the first and second 
traces, respectively, of xz. They are evidently the coefficients of — w”—! 
in C,(@) = 0 and C,(m) = 0. 

We shall define the first discriminant matrix of n numbers 2;, 22, +++, Xn 


of 2% as follows: 
} t, (a) t(a,%,) +++ t,(%,2,) 


v. (x, Ha,+**s Xn) — t (mm, t (a2) paid t, (x,2,,) 
|| ‘ 


| ty (X,%) ty (ua) +> — t@) 
Similarly the second discriminant matrix is 
Ts (m4, Tey **"y In) —_ | to (Xp 2s) Il. 


3. The discriminant matrices in terms of the constants of 
multiplication. Denote by 


a = ay? aT +. af? es + reef af) en 
the numbers of 2% where the x” range over the numbers of §. We have 
defined ¢, (a) and t, (x) to be the traces of R(2™) and S(x) respectively. 
Hence 


ta”) = D> x t(e). 
t 


Since the matrices R(x) and R(x) are isomorphic under multivlication 
with z™ and x, we have 


R(x 2) = R(x) R(x) = pa x”) a Re) R(e)) 
= pa x? a Re; ¢)), 





° MacDuffee, Bulletin of the American Mathematical Society, 35 (1929), p. 344. 
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so that 
t, (a 2) = Zz a”? x) t (e, ¢;). 


- 


tJ 
It follows then upon forming the matrix in which the above expression 
lies in row 7 and column s that 


(1) Te, &®, vee, 0) XT, (e,; €2; +++; en) X 


where X is the matrix (7%) and X is its transpose. 
A similar result holds for 73. 
By definition 
Re) Rj) = (x Citer Gjsk) » 


so that 


ty (ee) = p> Cikh Cjhk 


Hence, writing 7, for 7, (e, ¢2,-++, én), we have 


Tl, = (> Crk Cshik) 5 
nie 
and similarly 
T; = (> Chrk Chesh) « 
dy 


Evidently both these matrices are symmetric. 
If in the associativity conditions 


ps Crkh Ck = Ra Crsk Ckth 
Ie ie 
we set / = h and sum for h, we have 
(2) p> Crkh Cshk = p2 Crsk Ckhh « 
by C ’ 


Thus 7; is identical with the matrix to which reference was made in the 
introduction. 

If 2, 2, .-., 2 are linearly independent with respect to %, i. e., if 
X is non-singular, they can be taken for a new basis of %&, and con- 
versely every basis of & is obtained from one basis ¢;, ¢:,-++, en by such 
a transformation. We have then from (1), 

THEOREM 1. Under a linear transformation of basis, the matrices T; 
and Ts are transformed like the matrices of quadratic forms. 

CoroLLary 1. The ranks of T, and Ts; are invariant. If % is a real 
Jield, the signatures of T, and Ts, are likewise invariant. 

4, Another approach to the discriminant matrices. Since the 
matrices 7, and 7, are of such fundamental importance, it may be of 
interest to derive them by an entirely different method of approach. 
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The first matrices Rj = (cisr) of the basis numbers e will be linearly 
independent if and only if 


> 4 Cisr = 0 (r,s = 1, 2,---+, m) 
a 
implies aj = 0 for every 7, that is, if the matrix 
leur Cie ++ Cima | 
C= 
Cnit Cni2 *** Cnnn 











of nm rows and n? columns is of rank n. 
Denote by C’ the matrix obtained from C by changing rows to columns 
and then permuting row cj +++ Cniy With row ¢iji-++ Cai. Now 


CC’ = (> cris cui = T;. 
iJ 


Since the rank of the product cannot exceed the rank of either factor, 
it follows that if Y& is semi-simple so that 7; is of rank m, then C is of 
rank n and #,, Ry, ---, Ry» are linearly independent. The converse does 
not follow. 

An analogous treatment of the second matrices S; leads to 7}. 

5. A method for expressing an algebra as a sum of a nilpotent 
and a semi-simple algebra. If % is neither semi-simple nor nilpotent, 
it contains a maximal nilpotent invariant subalgebra MN, and °X%— G+N 
where © is semi-simple.’. If the rank of 7; is 7, a new basis for & may 
be chosen so that @, ¢,---,e is a basis for © and e+1,-++, en is 
a basis for 2. 

The actual determination of this basis may be made very simply by 
the theory of matrices. If 7, is of rank 7, there exists a non-singular 
matrix X with elements in such that 
| Tr 0 


XT, X = 0 0 





where 7, is non-singular of order +. A transformation of basis with 
matrix X puts YM into the desired form. The proof is as given by 
Dickson,* the only change being the use of matric notation. 

6. Relation to algebraic fields. Suppose that & is the algebraic 
field (0) where @ satisfies the irreducible equation 


(3) wo +a, io"14 ...+a0+a = 0, 





"Loe. cit. 5, p. 136. 
*Loe. cit. 5, p. 109. 
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the a’s being rational. Every number x of §(@) can be written in the 


form 
L= Ltr O+ xg O?+ --- + ay-16", 


where the x’s are rational. Let 0,(—= 6), @2,---, @, be the conjugates 
of 6, i.e., the m roots of (3). Then 


i) — qld i) (i) g2 i) gn-t 
2 = a) + 2? 0,+ af OF + +++ ap, 6 
are the conjugates of x = 2. The equation 


(4) R(@) = (@ — 2) (@ — 2) .-- (a —2™) = 0 


has rational coefficients, the leading coefficient being 1. This equation is 
irreducible in the rational field, for in particular 6 satisfies no equation of 
degree less than nm. Then (4) is the rank equation of 2. 

Let C,(w) = 0 and C,(w) = 0 be the first and second characteristic 
equations of x as defined in §1. It is known® that the distinct irre- 
ducible factors of C,(w), C;(m) and R(w) are identical. Since each of 
these functions is of degree n, and the leading coefficient of each is 1, 
and &() is irreducible, they are identical. 

From (3) it now follows that 


ti (x) = t(x) = a+ e+... +g 
ty (x) = te (ak) = of 4 g@h4 ... 4 gm, 


and therefore 


The discriminant of (3) is customarily defined as 
1 q «+ oe 
1 ‘ @2 or gn 

Fee e te 


9 ed i<j 
n «°* On 





1 





1 1 6; 
On 1 63 























On 1 
‘| 8 8 


| Sa Sn Snit +++ Son—e2 





* Loc. cit. 5, p. 261. 
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where ‘ - ' 
se = A+62+--. +6, = t,(6") = t,(6"). 


Thus a matrix having D as determinant can be written 


|| ¢, (@7-? 6°") || = 7, (1, 6, 6%, ---, o*-1) = 7, (1, 0, 0°, .- 
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my 9”) 


where 7 denotes the row and s the column in which an element stands. 


We have therefore proved 


THEOREM 2. When Y is the algebraic field ¥(0), each of the discriminant 
matrices T,(1, 6, 67, ---, 0") and T,(1, 0, 67, ---, 6-1) is equal to the 


matrix of Borchardt’s Theorem. 


We are thus led to a method for calculating the discriminant matrix 
of an equation which is about as rapid as the usual method using Newton's 


identities. 
Consider the reduced cubic 


x*+pa+q = 0. 


Take (1, x, x”) = (e&, e, e3) as a basis for an algebra over the field of 


the coefficients. Then e, e; = e:e, = ei, = €3, C23 = C3 Cg = —Qe; — per, 
6 = —Qee—pes. Thus ij = cj = Oy, Cor = 0, Core = 0, Coes = 1, 
Cost == Ceo1 = —Q, Cose = Coxe == —P, Coss = Coos = 0, Coy. = O, 
oe = Gs Gee "Pp 
If we let 
T,(1, x, x°) = || tes ||, 


then from (2) 
Trs = Dred; dk = 2 Cun: 


We readily obtain 


d, = 3, ds — 0, ds = — 2p, 
| Go meg 


7, (1, x, x”) eat 0 —2p —3q ° 
|| —-2p —3q 2p* | 


Thus the Sturm functions are equivalent to 
3, —6p, —4p®— 274’, 


the latter being the discriminant. 


7. Interpretation of the signature when Y is a field. 





It is known 


that the totality of units in an algebraic field (@) is given by 





aA Gp. 


re 


C. C. MACDUFFEE. 


e e e 
€41' 02° “mad Nr" 


where ¢ ranges over the roots of unity in the field, and ¢, ¢, ---, ey range 
over all positive and negative integers and zero. The units 1, 42 ,-+-, y+ 
are said to constitute a fundamental system of units, and their number is 
given by 

r=rm+r—l 


where 7, is the number of real roots and 27, the number of non-real 
roots of (3).’° 
Since (3) is irreducible, 7,-+-27, = n, and from Borchardt’s Theorem 
r, = s where s is the signature of the discriminant matrix. Hence 
re 
ie. 1. 
Thus the quadratic field $(Vm) has a basis 1,6 where 6? = m in 
Case I, i. e., when m = 2 or 3 (mod. 4), and 6? = 6+ mM’, 4m’ = m—1 
in Case II, i. e., when m = 1 (mod. 4). In the respective cases 


T,(1, 6) = | 


When m<0 in both cases s = 0 so that r = 0, and when m>0O, 
¢ = 3 so that r = 1." 





"Landau, Vorleswngen iiber Zahlentheorie, Leipzig, 1927, v. 3, p. 165. 
"L. W. Reid, Theory of algebraic numbers, Macmillan, 1910, p. 404 and p. 417. 


THe Onto State UNIVERSITY. 








ON MULTIPLE FACTORIAL SERIES.' 


By C. RayMonp ADAMs. 


For some time the writer has felt that multiple factorial series might 
well be made to play a useful and significant réle in the study of linear 
partial difference equations. If such is to be the case, it is necessary first 
to develop a considerable number of the properties, including those of 
convergence, of such series. To accomplish this purpose is the object of 
the present paper. It is hoped that the results obtained will also be of 
some intrinsic interest. 

To gain simplicity of statement we confine ourselves to the double series® 


(1) . (i—1)! G—1)! w 4 
if=o0 =x(a+1) --- @+i—l) yt) --- ytj—1’ 


in which the ej are constants, x and y are complex variables, and the 
quantities 





(—1)!, O!, x(a@+1) --- (@@+i—1) for i=0, 
and 


y(y+1) «+» yY+s—D) for 7 = 


are all to be interpreted as unity. The treatment of series of multiplicity 
greater than 2 involves only formal modifications. 

We begin (§§ 1—5) with a study of convergence properties following 
the lines of Landau’s fundamental paper on simple factorial series,* with 
which the reader is assumed to be familiar and to the details of which 
frequent reference is made. For this approach to the problem one must 
employ an adaptation to multiple series of Abel’s device of partial summation, 
so valuable in many problems of simple series. Such an adaptation has 
recently been made by C. N. Moore;* a particular case of one of his 
theorems is basic in this part of our work. We next direct our efforts 
(§$ 6, 7) toward obtaining generalizations of some of Noérlund’s results 





"Received March 14, 1980. — Presented to the American Mathematical Society, De- 
cember 27, 1929. 

? The author has already drawn attention to a factorial series consisting essentially of 
the main diagonal of (1): “Factorial series-in two variables”, Bulletin of the American 
Mathematical Society, vol. 834 (1928), pp. 473-475. 

> Landau, “Ober die Grundlagen der Theorie der Fakultitenreihen”, Sitzwngsberichte 
der Miinchener Akademie (math.-phys.), vol. 36 (1906), pp. 151-218. 

‘C.N. Moore, “On convergence factors in multiple series”, Transactions of the American 
Mathematical Society, vol. 29 (1927), pp. 227-238. 
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concerning simple factorial series.® The concluding portion of the paper 
(§§ 8, 9) is devoted to the proof of an expansion theorem. The proofs 
which have been given for expansion theorems concerning simple factorial 
series do not seem to be capable of ready extension to multiple series, 
and it seems necessary to content ourselves with a rather restricted 
theorem. This theorem, however, can be proved in a simple and direct 
way which appears not to have been used previously in the study of 
expansion theorems for the simple factorial series. 

The Pringsheim definition of convergence’ is used throughout the 
paper. 

1. If in Moore’s first theorem we set r = 1, take (a, 8) as a single pair 
of values, and extend the summations from 0 to © rather than from 
1 to 2%, we may express the sufficiency of his conditions in the form of? 


2) 
. . . . ,’ 
THEOREM J. Sufficient conditions that the double series imo aij bij con- 


ice) 
verge with Si; bounded® whenever the series ; ~, aij is convergent with Sy 


bounded are that the convergence factors bij satisfy the following cpnditions: 


ies) 
.Y | 
(A) > | bit1,341— bi4s,j— big41t by| converges; 
i,7=0 


(B,) lim | bisa, j — di | = 0 i=0, 1,2,--+); 
jo ax 
(B.) lim | bi,j41—dy| = 0 (7 = 0,1, 2,--+); 
ioe) 
(C) by is bounded for i,7 = 0,1, 2,---. 
As a consequence we have 
THEOREM 1. If a double factorial series (1) converges with Sy bounded 


Sor the place® (a9, yo), it converges with Siz bounded for every place (a, y:) 
satisfying the conditions” R(x,) > R(x»), R(y:)>R(yo); x1, y: +0, —1,—2, +. 





* Nérlund, “Sur les séries de facultés”, Acta Mathematica, vol. 37 (1914), pp. 827-387; 
especially pp. 342-346. 

°See Pringsheim, Encyklopidie der mathematischen Wissenschaften, vol. I, A3, 
pp. 97-98. 

7 Roman numerals will be used for theorems due to Moore and their extensions, arabic 
numerals for our own theorems. 

* Sy is used, in a generic sense, to designate the sum of the terms in the first i rows 
and the first j columns of any double series to which the phrase “convergent with Sj 
bounded” is applied. At this point the phrase “with Sy bounded” has been added by us 
to Moore's statement; this addition is justified immediately by an examination of his proof. 

°A pair of values x, y will be spoken of as the place (x,y). 

 R(w) denotes the real part of x. 
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Proof. Let us set 

(@—1)! (j—1)! w 
Iq (Xo +1) +++ (Ho +-¢—1) yo (Yo+1) «++ Yo+s—1) 
haa ao (% +1) +++ (%+%—1) yo Yo+1)-- (Yotj —1) 
¥ (a +1) --- (a +i—IyMH+1)---QHty—) - 








Then by hypothesis 4 aij is convergent with Sj bounded, and we shall 
i, J=0 


show that for R(a,) >R (a), R(y:) >R(yo) the by satisfy the conditions (A), 
(B,), (Bz), and (C). 
First it should be observed"' that for any particular 7, lim by = 0 and 
joo 


for any particular 7, lim bj =O. Therefore, since 5 is the product of 
i—>co 


a function of z and a function of j, we have 


lim bj = lim [lim by] = = (lim by) = 
i>o imo joo imo 
j-o 


and (C) is fulfilled. And from the equalities 





—wzZ “a 
bits, j— 54,5 = oe ie bij — by = po e2 bij, 
it follows that conditions (B,) and (B,) are satisfied. 
For brevity let the quantity within absolute value signs in (A) be denoted 
by dj; then we have 
XL — W% Yo— "1 
di; = . * . b ’ 
: ati nt ° 





and thus, since dy is the product of a function of 7 and a function of j,"' 


lim | dij | G— ro —2Z, o) %(j— 1)'t#4:—%) 


} ee 


ae I(x) (y:) 


rey | lw Yo | ° 











| | sa — Io | 


Accordingly for i> JZ and j>J, where J and J are sufficiently large, 
the inequality 


T(x) T(y, | 2 
| dij | <. | res re (a — Xo) (y a Yo) | (i oe: 1) t2@,-#) (j— 1) t2O,-w) 











"Cf. Landau, loc. cit., pp. 158-159. 
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is valid. Let 7 denote the lesser of the two numbers R(x,:—2%), R(yi— yo). 

Then, since the first J—1 rows and the first J—1 columns are simple 
oo 

series, known to be convergent,’? the series > |dij| will converge and 


i, J=0 
condition (A) be satisfied if the series 


2 Gi 
4, j=1 


is convergent; but this is certainly true, for the double series may be 


SS So . . J 
regarded as the product > 7'-” > j-'” and r is positive. 
i=1 j=1 


Thus the hypotheses of Theorem I are all satisfied and our Theorem 1 
follows. 

From this theorem we conclude that im general there exist two related 
real numbers 2, and As such that the series (1) converges with Si; bounded 
for R(x) >,, R(y) > 42 and fails to converge with Sy bounded for R(x) <4, 
R(y) <4; in particular either one or both of these numbers may become 
positively or negatively infinite. 

By Landau’s proof!® of his Theorem I we have at once the important fact 
that within the related half-planes of convergence with Sj; bounded, each 
row and each column of (1) is convergent. Hence the double series may 
be summed either by rows or by columns in this region.*® 

2. The sufficiency proof of Moore’s first theorem requires only obvious 
modifications to yield 


i-.2) 

THEOREM II. Sufficient conditions that the double series > ay bi (a, y) 
i,j=0 

converge uniformly with Siz uniformly bounded for (x, y) in G when the 


ic.) 
series & ii is convergent with Si; bounded are that the convergence factors 
iJ 


bi(x, y) satisfy the conditions (A), (B:), (Bs), and (C) uniformly in G. 

From this follows 

THEOREM 2. The double factorial series (1) converges uniformly with Sijj 
uniformly bounded in a certain neighborhood of every place (x, y) satisfying 
the conditions R(x) >4,; R(y)>4.; x, y+0, —1, —2,---. 

Proof. It is sufficient to show that if (1) converges with Sj bounded 
for (%, yo), it converges uniformly for (2 = u+vi, y = w+za) in the 
region defined by the inequalities’ 





12 Of. Landau, loc. cit., pp. 158-159. 

'° Of. Pringsheim, Vorleswngen iiber Zahlen- und Funktionenlehre, Leipzig, I. 2, 1926, 
p. 457. 

‘The modification of Landau’s work needed for this proof we give in some detail, 
since his paper contains two slight errors at this point. 
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MULTIPLE FACTORIAL SERIES. 


vot ¥s; 
Zot Ye; 


Ute; vo — 7s 
Wot 7s; Zo — Ye 


wetn <u 


Wot 7s 


v 


IW IA 


WA WA 


IA IA 
IA IA 


Ww Zz 


where 71, 72,°°+, 7% are six positive quantities (7, <y2, 74<7’s) so chosen 
that this pair of associated rectangles includes none of the points x, y 
= 0, —1, —2,--- in their interiors or on their boundaries. For mani- 
festly we may inclose in such a pair of rectangles, which we designate as 
the region G, every place (x, y) satisfying the conditions stated in the 
theorem. 

We first define aj as in the proof of Theorem 1 and set 


bi (x, y) = Lo (Xo +1) - ++ (Xo +i —1) yo(yo + 1) --- (Yo tj —1) 
VOD ale) @FI—Dy YF Y+I—D 


Next let integers y and 7’ be so chosen that y exceeds the three numbers 
uUo|, |uo + vi] +|vo| + 7s (¢ = 1, 2) and 7’ exceeds the three numbers | wy |, 
wo tri! +leoltre (i = 4,5). Then for all (@, y) in G we have 
|x| = ju+vi| 
ly| = wteil 





lujtivl<y, nol<y, 
witlel<7, lyl<7. 


IA WA 


Moreover let 8 and #’ be chosen so that in @ 


or 2y’ | 

I] aoty| | Yor 
/ 

v=0 ay |~ | wo y+v 


We then find’® that for 7—1>2y, 7 —1>2y’ and all (2, y) in G, 


U 


Q 


(2) 





























ee ' 
2 0 4 
(3) y= +1 atv, Soy" 
i—1 os) j-1 ) 
1 1 1 2 1 
~ — — =-+2 =} 
<exp ( nay ter a 3 “i +27 he, iP 


From these inequalities (2) and (3) it follows that for all i > 7,7 = J 
(where J and J are sufficiently large) and for all (v7, y) in G we have 











a yt 
lu, oi = | TT I ore 
(4) < af’ exp | — “tog (—1)— gg G—1| 


: sas ‘ -y,/2 
= aff’ (i—1) ri? (7 —1) re", 
5 Of. Landau, loc. cit., p. 162. 





72 
where 


v2) 1 " eo 1 
ae Je Bs ) Js sicaiicniin 
a = exp (2; 2 ye ae p> 3): 


lim by (x, y) = 0 
js 


This shows that 


uniformly in G. From this and the facts that for any particular /, 
lim bi (x, y) = 0 uniformly in @ and that for any particular 7, lim by(a, y) 
j—> 0 imo 


- 0 uniformly in G, we see that condition (C) is satisfied. 
As for conditions (B,) and (B.), we have 


Xo & 
Disa, (x, y) int bij (x, y) re aaa bt (x, y); 


Di ju (x, y) — bi jx, y) — Ke bi (x, y); 


since with either subscript fixed, bj (x, y) approaches zero uniformly in G 
as the other subscript becomes infinite, these conditions also are satisfied. 

That the condition (A) is satisfied may be shown as in the proof of 
Theorem 1, making use now of the inequality 


dij <16 a BB yy'(i — | ile ij 12 


which holds uniformly in G by virtue of (4). 

Our theorem follows. 

Now the well-known Weierstrass “series theorem”?® is capable of im- 
mediate extension to a double series of functions of two independent com- 
plex variables, convergence being defined according to Pringsheim and 
regarded as uniform when the inequality for simple convergence is satis- 
fied uniformly over a region. Although a formal proof of this generalization 
may not be in the literature, it is hardly necessary here to do more than 
make the two following remarks: first, that the ordinary theorem to the 
effect that a uniformly convergent series of continuous functions represents 
a continuous function is readily extended to double series in two variables; 
secondly, that the familiar proof of the Weierstrass theorem depending 
upon the use of Cauchy’s integral formula‘’ can then be adapted to proving 
the corresponding theorem for double series in two variables, using the 
Cauchy formula for functions of two variables.‘ From this generalization 
and Theorem 2 follows 


"© Of. Osgood, Lehrbuch der Funktionentheorie, vol. 1, 5th ed. (1928), p. 319. 
‘7 Cf., e. g., Osgood, loc. cit., pp. 319-320, especially the footnote on p. 320. 
'SCf., e. g., Goursat-Hedrick, Mathematical Analysis, vol. 2, part 1, 1916, pp. 225-226. 
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THEOREM 3. Within the related half-planes in which the series (1) con- 
verges with Sy bounded (x, y + 0, —1, —2,---), it represents an analytic 
function and in this region may be differentiated partially with respect to 
either x or y as many times as may be desired. 

As in the case of simple factorial series’® it may be proved that such 
of the points x, y = 0, —1, — 2,.--- as lie within the related half-planes 
of convergence with Sy bounded are either regular points or simple poles 
of the function represented by (1). 

3. We turn now to a consideration of absolute convergence and establish 
two theorems. 

THEOREM 4. In general the region of absolute convergence®® of (1) consists 
of two related half-planes bounded on the left by two lines R(x) = m, 
R(y) = bz; the lines themselves may or may not be included in the region; 
in particular either or both of the numbers fy, "2 may become positively or 
negatively infinite. 

Proof. We need only show that if (1) converges absolutely for (a, yo), 
then it converges absolutely for (x, y,) whenever we have R (2,) > R (a), 
R(y;) = R(yo). This follows at once from the fact that if a double 

co 


series ; ~, aij converges absolutely and the constants bj (¢, 7 = 0, 1, 2, ---) 
aati 00 


are bounded, then the series eo ay by converges absolutely. We define 


aj and by as in the proof of Theorem 1; then by hypothesis | Pr aij con- 
verges absolutely, jim | by is*? zero if R(a,) > R(x), Rw) > > R(y) 


ine 
V(x) P'(%) 
(both equality signs not holding simultaneously) or is | F &) Fy) | i 
R (2,) = R(a), R(y:) = R(yo), and lim|by| exists if either subscript 
is fixed and the other allowed to become infinite. 

With every factorial series (1) there are therefore associated two pairs 
of related characteristic numbers 4,, 42 and m,, #, such that 4, <m™, 
hy << y and (provided x, y + 0, —1, —2,---) the series diverges, or 
converges without Sj being bounded, for either R(x)<4, or R(y)<As 
or both; converges conditionally with Sj bounded for 4,< R(x) and 
d4g<R(y) and either R(x)<m, or R(y)<z or both; and converges 
absolutely for R(x) >,, R(y)>m,. Naturally we may have 4, = m or 
4, = ta or both, and it is understood that some or all of the numbers 
hy Ay 1, #, may become positively or negatively infinite. 


id OF. Leoten, loc. cit., p. 164. 








20 Of course a series cannot converge absolutely without S, being bounded. 
*! Of. Landau, loc. cit., equation (7), p. 159. 
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TuEoREM 5. If the factorial series (1) converges with Sy bounded for 
(x9, yo) and if R(a,) is > R(a)+1 and R(y) is >RY)+1, the series 
is absolutely convergent for (a, ¥1)- 

This theorem is valid even if the series (1) does not converge for 
(xo, yo), or if Sy is not bounded, provided only the terms of the series are 
then bounded. For, let the terms of the series for 7 = 2%, y = Y be 
denoted by aj as defined in the proof of Theorem 1 and let |ay| be 
<A(i,j =0,1,2,---). Then the theorem follows at once, since each 
row and column is absolutely convergent for x=2%, y=y™ and for 
i >I, j7>J (where J and J are sufficiently large), 


- (i—1)! (§—1)! | cy | 
1a (@ +1) --- @ti—lwAM+AD --- GMty—D)) 


is less than*® 





| I (a) T(y;) 1 
P (ao) F(yo) | (¢—1)%1- (5 — 1-H’ 





which is the term in the 7th row and jth column of a convergent double 
series. 
4. We now propose to establish a connection between the factorial series 





, (=D! G—D! 
fi. wet) eH) 94) GHD 


and the double Dirichlet series 


ins) Cij 
(6) if. (—1)* (G—1)9’ 





in which 0* and 0% are interpreted as unity and the coefficients cj are 
identical with those in (5). The natural analogue of Landau’s sixth 
theorem — which would be to the effect that the series (5) and (6) have 
the same region of convergence with S;; bounded — seems to be untrue 
in general.» We may, however, readily prove the following parallel to 
his seventh theorem. 

THEOREM 6. The places of absolute convergence of the series (5) and (6) 
are the same. 

The reasoning here is the same as in the proof of Theorem 4; it is only 
necessary to observe that, defining bj; as 





2 Of. Landau, loc. cit., Theorem V, p. 166. 
3 Cf. Landau, loc. cit., pp. 166-167. 
*4 That it may sometimes be true is shown by Adams, loc. cit., Theorem 6, p. 474. 
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il j! a2 jy 
a(x+1)++-(@+a) y(y+1)---yty)’ 


lim by exists when either subscript is held fast and the other allowed to 
become infinite and we have 





lim by = lim [ lim by] = lim [ lim by] = F(x) Fly), 
io imo jn j7>eo imo 
jm oe 
whence |b;j| is bounded. 
5. The fact that when cj is zero for i+, the series (1) has the same 


region of convergence*® as the simple factorial series in x+y, 


t! Cita, ita 


=o (w@t+y) (a@ty+1)---(@t+yt+%’ 


enables one to exhibit examples illustrating the possibilities of positively 
and negatively infinite values for 4,, 4,, #,, and #,, of equal and unequal 
values for 4, and ~ and for 4, and m,, etc. We shall not give such 
examples here, for their construction is obvious in the light of Landau’s 
examples. 

With the foregoing sections in mind one may very naturally inquire con- 
cerning the convergence, with Sj unbounded, of the factorial series (1). 
In particular one might well raise the question of whether a theorem similar 
to Theorem 1 is valid for convergence with Sj; unbounded. This question 
is easily answered in the negative by means of the following example. Con- 
sider the factorial series (1) with 


Co = co = 0, (i,j) = 0, 1, 2, +++); 
a=1, aj =k, (j = 1, 2, 3, -++); 
ai = 1/¢—1)}, wy = 0 +), (i = 3, 4, 5, +++; 7 = 1, 2,3, +++). 





The second and third rows of this double series are convergent for R(y)> 1 
and divergent for R(y)< 1, whatever finite value (+0, —1), may have.” 
The double series remaining after the deletion of the first three rows con- 
verges with Sj bounded for all finite values of # and y (+ 0, —1, —2, ---).”" 
Thus the double series under discussion converges with Sj bounded for 
any finite ~(+0,—1,—2,---) and any y whose real part exceeds 1. 
It also converges, with Sy unbounded, for z = —k—1 (+0, —1, —2,-- .) 
and any finite y(+ 0, —1, —2, ---) whose real part is <1. As an illu- 





*® Cf. Adams, loc. cit., pp. 474-475. 
6 Of. Landau, loc. cit., pp. 171-174. 
*7 Of. Adams, loc. cit., pp. 474-475. 








16 Cc. R. ADAMS. 


stration take k = 1/2 (whence x = —3/2) and y = V —1; for this pair 
of values the double series is convergent with Sj unbounded. Yet for any 
x(+0,—1) whose real part is > —3/2 and any y whose real part is 
positive and less than 1 the series is divergent. 

6. We now proceed to generalize some of Nérlund’s results*® concerning 
simple factorial series. Our first object is to establish the formula 


20 a! j! cots, p41 
2Q(u,y) = 2 a(a+1)---(@+iayyt))--- Yt) 
tne Be Ne 





(7) 


Ci4+1—u,j+1—r 
Co 7 
u=0 v=0 fe v sa 


4 fy (a tA (a+ 84+1)--(@+A2+dytyytr+)---Yytrty)’ 





where 8 and y are any two numbers each of which has a positive real 
part and where we have used the abbreviation 





ee _ A(A+1).--(A+1—1) 
l my I! E 
It should be observed that the first series in (7) is identical with (5). 

In a fashion entirely analogous to Nérlund’s it can be shown that the 
relation (7) is valid in the domain of absolute convergence of (5) if further 
R(x) and R(y) are both positive. Briefly the details are as follows. An 
expansion for 1/y involving y can clearly be obtained just as Nérlund finds 


one for 1/x involving 8 (his equation (11)). The product of the two yields 
the er 


= 2 A(B+1)---@+r—Vryt+l)---¢vy+s—D 
s=0 (+8) (e@+8+1)--@+8+r)(ytyytyt+)D--ytrt+s) ’ 





the double series being absolutely convergent for R(a)>0, R(y)>0 and 
a+—,—f&—1,---; y4+—y,—y—1,---. Forming the difference Aj; of 
both members of (8) we find 
i! j! 
a(e-+1)---(e+ay(y+1)---(y+y) 
. A(B+1)---(@+r—Dyvy+1)---¢v~+s—D 
rs=o (e+ 8)(x+h+1)..-(2@+8+i+nytyytyt)---ytrt+s) 
_ +n! G+9! 


r! 3! 














8 Of. Nérlund, loc. cit. 
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-~1 
~! 


If we define 
Me asin A = (rr—) y¥ts—1) 
Ui, itr, j, j+s = y ( 
ss (+r)! (j-+s)! cea, ja i 
~~ (x+A)(a+8+1)---@+8+itnytnytyt)--ytrtjit+s: 


with wi,r,j,s = 0 for r<7 or s<y or both, the absolute convergence of 
the multiple series 





ie.) 


Ui, r, J, 89 
i, 7, J,8=0 


for R(x)>m, and positive and R(y)>m, and positive, follows from 
Nérlund’s inequalities. Since this multiple series converges absolutely, it 
may be summed in any desired manner; one method of summation gives 


the result stated in equation (7). 
From the uniform convergence of both series in (7) we conclude that 


the relation is true not only in the region of absolute convergence of (5) 
but everywhere that the two series converge. 
7. For 8 = y = 1 the relation (7) becomes 


Co . . 
a! j! cits, j44 


99) = 2, se4)-@+oygt) Gt 
9) ey oy Sail 
6 J: 2 = Gi+i—p, j+1—v 
~ Mee (x+1)(w+2)---(@+i+)Y+1)y+2)---Yts+)) © 
This formula is of special interest, for by its aid we may materially extend 
the results already found in § 2 concerning the uniform convergence of (1). 
To this end we first prove the following 
LemMMA. If Sy for the series (5) is bounded when x and y have a particular 
pair of positive real values xo, yo, and if #,, and & are any two positive 
numbers (arbitrarily small), there exist positive integers S and T and a positive 
number K such that for all s=S and all t= T we have 


(10) | Ast |< Kg%ot%s ports, 


where prem 
| Age | — Bs Dm Cij- 
7=1 y=1 
Proof.*® Let us define aj as in the proof of Theorem 1 and set 


— at (a +1) +++ (a +i —1) yo (Yo +1) +--+ Yots —1) 
eine, G—1)!(j—1)! 














Of. the proof given by Landau, loc. cit., pp. 175-176, of the formula for the abscissa 
of convergence of a Dirichlet series, the formula and the essentials of the proof being 
due to Cahen, “Sur la fonction €(s) de Riemann et sur des fonctions analogues”, Annales 
Scientifiques de V’Ecole Normale Supérieure, ser. 3, vol. 11 (1894), pp. 89-91. 
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Then by Moore’s identity*® (5) we have 


s—1 t—1 t—1 


8 t 
— Po p> Vij bj = = 2 Sij An bij + z Sit Ato bit + p> Ss Aor bet Sst bst. 
1 j= i= 


Now it is clear that the quantities 


Ai by = Diy 77 sti 





y 
= by ——, 
“srs 


are all positive under the hypotheses made above. Hence, if B represents 
an upper bound of Sy, we have 


s—1 t—1 t—1 
|Ast|< B pp = Ay by z Axo bay = Aox bsj + bal. 


But the sums within the brackets reduce respectively to the values 


bst— bei — Dre+ b11, bse — diz, and det — dar. 
Since by is positive, we thus obtain 
|Ast| << Bl4bse+ bu]. 


From the Gauss formula for the Gamma function follows the equality 


lim by = : 
ime @—1)%(G—1)% Ma) F(yo)’ 





whence for 1 =>J, j >J (where J and J are sufficiently large) we have 


" ae ee 5% Yo 

STE) FG)?” 
Thus if ¢, and ¢, are any two positive numbers, arbitrarily small, there 
exist integers S and 7 and a positive constant K such that the inequality (10) 
is satisfied for all s>S and all ¢>T7J. This completes the proof of the 
Lemma. 

Let it now be supposed that x and w are any two positive numbers 
respectively exceeding 4, and 4, for the series (5), while x and y are any 
two numbers whose real parts are not less than x and w respectively. 
From (9) we then have 
: _— (4+1) (w+) 
|2(a, y)\< |@+1) (y+1) 


. . | Ul J 
r $ a!9! im p> Ci+1—u,j+Hi-v 
iJ=o (4 +1) (x+2)---(¥+i+1) (WH) (W+2)---(WHIF41) 


3° Moore, loc, cit., p. 230. 
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By (10) and Stirling’s formula there exists a positive number M independent 
of i and 7 and satisfying the inequality 


> ae j+l—v 


= 0ov=0 | 
= y ots €+1) (ote +2)--- (tote +i) (Yote +1) (yote+2)-- ‘Wotet)) 
ity! 
(i,7 = 0,1,2,---, but not simultaneously = 0), 








where 2 and Yo are any two positive numbers respectively larger than 4, 
and 4, (for (5)) and ¢« is an arbitrarily small positive number. Taking 
care to choose M>|c,,| we thus have 
| (x+1)(w+1) 
9, Di< MeN Y FDI 
Ee >» (wot € +1) (Bot € +2)--+ (Go tet+¢) (Yote+1) Yote+2)---Yote+t)) 
iy=o0 | (4 +1) 42)--- Xtt4+1) (W+1)(W+2)---Ytj4+1I * 


It is possible, however, to choose x, yo, and « to satisfy the inequalities 


1>X+e, Yroywte; 








the series on the right is then convergent and (8) gives us 


(+1) (¥+1) 1 
l(@+1)y+1)| ~@—xm— 8) (Y—yw—=) | 


From this inequality it follows that |a~y 2(x, y)| is bounded in the region 
Ra 2%, RY)ZY. 


Let us next set 
m—1 n—1 





| Q(x, y)|<M 


0 a! j! Cita, j44 ws). 
20,0) = 2 et) @td yy ti @tn temo 





Since in the region of convergence of (5) each row and each column is 
convergent, Rmn(x, y) is the sum of a double series, consisting of the terms 
of (5) for which i is > m andj is >n, and of m+n simple series. To 
the double series we may apply the same analysis as above, and to each 
of the simple series Nérlund’s inequalities are directly applicable; thus 
we find 


Rinn (x, y) = Rin(z, y) + Rinna (x, Y) + Rinns (x, y); 
where 


jy! s G+1,¥+1 
von 








Rim (x, y) = , 4 ETD. +4) Pe +1) y¥+2)---(+7+1) 
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n—1 . 00 a! D eotnsts 
Renwa(e, y) = x wit -(y+y)) 2 @FD @+2)--@FiFI) 
— ily! > >» GH1—m,j+1—y 
Rmns (x, Y) = se. Pr (x-+1) (a+2).- Te+itNy+DOFD—W 44" 


As in the preceding paragraph we may deduce the inequality 


(x+1) K+2)---Gtm+rl) YTD W+2)---Yrnth, 
(@+1@+2)---@tm+N)y+Dy+2)---ytn+))- 


SS octet) (ote+2)-+- Cot etd Yote+Y Yotet+2)---YotEty) 
Sy fn (TD ye +2)--- ~F7+D WH) (WH+2)---W4t74+D ' 


The series (8) being absolutely convergent for R(x) >0, R(y) > 0, the double 
series on the right is a portion of the remainder term of an absolutely con- 
vergent double series whose terms are independent of x andy. Further- 
more, for R(x)> yz, R(y)>w the quotient preceding the double series 
is <1. It therefore follows that, given an arbitrarily small positive 
number ¢, there exist an m and an 7 such that for m>m, and n=, 
the quantity | Rnns(~, y)| in the region R(x) >, R(y)>w is uniformly 
less than ¢«/(m+n-+1). 

By Norlund’s discussion we know that the 7th series (¢ = 0,1, ---, m—1) 
in Rmni(x, y) represents a function whose modulus for n > N; (where JN; 
is sufficiently large) is uniformly less than «/(m-++-n-+1); similarly the 
jth series (j = 0, 1,---,~—1) in Rino(z, y) represents a function whose 
modulus for m > M; (where J; is sufficiently large) is uniformly less than 
«/(m-+-n-+1) in the region in question. If the largest of the quantities 
Ni (@ =0,1,---,m—1) and mn, be denoted by ® and the largest of the 
numbers Mj(j = 0,1,---,—1) and m, by M, it is clear that for m > M, 
n= we have 











| Rinna (x, y)|< M 








| Rinn (x, y)|<e 


uniformly in the region R(x) > x, R(y) > w. ‘Thus the series (5) is 
uniformly convergent in this region and we obtain 

THEOREM 7. The series (5) is uniformly convergent in the domain R(x) > x, 
Ry) = w, where x and W are any two positive numbers respectively greater 
than 4, and 4g, the related abscissae of convergence of (5). 

That Theorem 7 holds also for the series (1) is now seen immediately. 

8. In this and the following section we concern ourselves with the 
possibility of expanding an arbitrary function in a series of the type (1). 
Fundamental to our proof is the fact that 1/2? (p = 2,3,---) can be 








ON MULTIPLE FACTORIAL SERIES. g1 


expanded in a factorial series in a whose coefficients are all real and 
positive, valid for R(x) >0. Nielsen*' remarks the existence of a factorial 
series expansion for 1/z” but does not state, nor is it apparent from his 
work, that the coefficients are of the desired character. We therefore 
pause to derive the expansion by a different method. 
The relation 

1 aa — ee (lo t)P— 1 ¢v—1 dt (R( >O0: — 

= = Ty g x)>0; p= 2, 3, ---) 
is cited by Nielsen and may easily be verified. By expanding®® log? in 
powers of (1— #) we clearly obtain 


(log t)?—* = (—1)? [tp (1— P43 +4hy(1— r++] pa = 1), 


the series being uniformly convergent in the interval «<< ¢< 1 (e positive 
and arbitrarily small) and all the coefficients k; (¢ = p—1, p,---) being 
positive reals. After multiplying by ¢”' the series, even though divergent 
for ¢== 0, may be integrated termwise over the interval (0, 1).°* From 
the well known integral formula for the Beta function we have 


I(a)P(n+1) __ n! 
Fa+n+1)  x(x+1)---(x+n)" 


Thus termwise integration leads to the expansion 





{a-— i #1 dt = Ble, n+1) = 


S—p 


1 : 3 or 
(it) ng =“ oe a (R(x) >0; p = 2, 3,--+), 


in which all the coefficients are positive. 
9. Let us now assume f(x, y) to be any function analytic at the place 
(co, 0) and so expressible in the form 


[9] 
(12) S (a, y) = Ba aya ty (\z| > R,, |y| > Re), 
i,J=0 





hk, and R, being associated radii of convergence. For 1>2, 7 =>2 the 
powers of 1/x and 1/y occurring in (12) may be replaced formally by 
expansions in factorial series as given by (11). In this manner we obtain 
the multiply infinite series 


*! Nielsen, Handbuch der Theorie der Gammafunktion, Leipzig, Teubner, 1906, p. 247. 

* For the very brief proof given here we are indebted to a suggestion by R. E. Gilman. 
The expansion (11) can also be obtained from the integral expression for 1/x? by repeated 
integration by parts, but this requires a rather lengthy convergence proof. 

Of. for example, Tannery, Introduction a la Théorie des Fonctions d’une Variable, 
Paris, Hermann, 1910, pp. 109-110. 
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v2) 
(13) Dy _ Uj Uijrs, 
iJ, r,s=0 
where 


tire = OF O38" [fre +1) --- @+r—lyYtl)---Y+s—N, 


the factorials in the denominator being interpreted as in the series (1) for 
y = 0 or s = O and the C’s not already defined by (11) being assigned 
the following values: 


a 


=1 if k=0,1;%¢=—k, 
=0 if k=0,1;¢¢k or k22 t<k. 


If x, y be given any fixed real values &, 7 respectively greater than R,, R, 
and wijrs be summed with respect to 7 and s, we obtain 


> tire = 7 6,j = 0,1,--,). 


r,8=0 


Moreover each term in this series is a real number > 0, since §&, 7, and 
the C’s (+0) are all positive reals; i. e., the series converges absolutely 
and the series of absolute values represents the absolute value of 1/& y/. 
Let this process be followed by summing aj wjrs on ¢ and j; the double 
series in question converges absolutely by (12). Hence for (x, y) = (&, 7%) 
the multiple series (13) is absolutely convergent; by comparison it is there- 
fore absolutely convergent for all x,y whose real parts are not less 
than §, 7 respectively. In other words if ¢ is a positive quantity, arbitrarily 
small, the series (13) converges absolutely for R(x) > R, +e, R(y) > Rete. 

In this region we may therefore sum (13) in any manner we please; in 
particular we may sum it in such a way as to obtain for f(x, y) the 
factorial series expansion 


en ; by 
S(@, y) sii -e(@+i—Dyytl)---Ytj—1)’ 


Thus we have proved 
THEOREM 8. Any function f(x, y) analytic at the place (, &) can be 


represented in a suitable pair of related right half-planes by a convergent 
Factorial series of the type (1). 





Brown UNIVERSITY, PRovipEncE, R. I. 
March 12, 1930. 








ON THE RELATION BETWEEN CERTAIN METHODS OF 
SUMMABILITY.' 


By Henry L. GARABEDIAN. 


1. Introduction. A fundamental problem in the theory of summable 
series is the comparison of the various definitions of summability with 
regard to their effectiveness, consistency, and other properties. The present 
paper is a contribution to this problem. 

A definition, A, is said to be more effective than or to include* another, 
B, in case every sequence summable B is summable A to the same value. 
Two definitions are said to be equivalent if each includes the other. Two 
definitions are said to be mutually consistent if, whenever each of them 
evaluates a sequence, the two values are the same. We shall be con- 
cerned exclusively in this paper with the question of relative inclusion. 
The main object of the paper is to prove that certain definitions due to 
Lindeléf (vide infra) include that of Cesaro. 

All of the definitions with which this account is occupied may easily 
be proved to be regular; that is, they belong to a class of definitions 
which sum a convergent series to the sum which it has in the ordinary 
sense. In particular, these definitions are to be studied in connection 
with the infinite series 


[v2] 
(1.1) yin = Uutumtut::: 
where we define 
(1.2) Sn = Utiut-+++un. 


We now state the definitions of summability occurring in the present 
paper. 
A. Cesdro’s definition.® We write 


( 
Ss” 


Y 


) = 





' Received May 29, 1930. — Presented to the American Mathematical Society, April 19, 1930. 
?The terminology used here may be found in a paper by W. A. Hurwitz, Bull. Amer. 
Math. Soc., 28 (1922), pp. 17-36, p. 17. 
* Bull. Sci. Math., (2) 14 (1890), pp. 114-120. 
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where 


”) — ner ') ot ("TTT *) ate: + (I) 


it ee a: ae Jato (") a. 


If, for some integral value of 7, lim c = s, we say that the series (1.1) 


nu—->® 


is summable (Cr) to the sum s. 

The definitions that remain to be listed are in the main special cases 
of a very general definition due to E. Lindeldf. 

B. Lindeléf’s definition.t Let y(z,@) be an analytic function of the 
complex variable z = ee”, where « is a real and positive parameter, 
which satisfies the conditions: 

(i) y(z,) is holomorphic in —y¥ < wW < YW and in |z| <1, where 
0< %, Yo <7; 

(ii) p(z, «)| < ek@!2| for —w < Ww < W, where K(e) tends to zero 
with a; 

(iii) y(e,@)—>1 uniformly as «0 in any finite portion of the domain 
for which condition (i) is fulfilled; 

(iv) lim | p(n, a) 2"— 0. 


n—-> oO 


Then 
lim S o(n, a) Un = 8 


a—->0 n=0 


is the generalized value of the series (1.1) when this limit exists. 
Bi. Le Roy’s definition.» For this definition we have 


r{(i—e)z+1] 
r(1+z) , 
Enlisting the aid of Stirling’s formula we may readily show that the four 


conditions of Lindeléf’s definition are fulfilled by this function. 
B2. Mittag-Leffler’s definition. Here we have 





g(z,a) = 


so 
r(i+za)° 


* Journal de Math., (5) 9 (1903), pp. 213-221, p. 213. Lindeléf deals only with the problem 
of representing an analytic function defined by a power series outside of the circle of 
convergence of the series. 

* Annales Fac. Sci. Toulouse, (2) 2 (1900), pp. 317-480, p. 827. 

° Atti del TV Congresso Internazionale dei Matematici, 1 (1908), pp. 67-85, p. 82. 


g (z, a) = 
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Again, we need Stirling’s formula to show that the conditions of Lindelif’s 
definition are fulfilled by this function. 
B3. The Dirichlet’s series definitions. For this definition we have 


si (e, «) — ewe, 


where #4(z)>0O and where 4 (z) tends to infinity with z. Moreover, 4 (z) 
must be such that the conditions of Lindeldf’s definition are fulfilled. 
In particular, in order that condition (ii) be satisfied, we must have 
RA(z)>C\z|," and in order to fulfill condition (iv), 4(m) must tend to 
infinity faster than m. The particular choice 4(n) = 24, = n logn has 
been utilized extensively in the theory of analytic continuation by Lindelof 
who shows that it gives a representation of an analytic function in its 
principal star. The same property holds for the Le Roy and Mittag-Leffler 
definitions. It was shown by D.S. Morse® that this special definition of 
Lindeléf includes (Cr) for every 7. Morse tried to prove the same thing 
for Le Roy’s definition but failed to complete the argument. In a certain 
sense, then, the present paper is a continuation of Morse’s article. 

It is to be observed that a much more general definition can be 
stated here, but one which on the other hand does not necessarily come 
under the head of the Lindeléf definition. In point of fact, a series (1.1) 
may be said to be summable by the Dirichlet’s series method provided that 


. A 
(1.3) lim > une 
s—>0 n=0 


exists, where 4, is a sequence of positive increasing real numbers whose 
limit is infinite, and where the Dirichlet’s series converges when #(s) >0, 
s being restricted to this half-plane.? This definition can be shown to be 
effective if suitable limitations are imposed on the rate of growth of the 
sequence Ay, 

In §2 we prove that Le Roy summability includes (C1) summability. 
From this result it follows in particular that the Fourier series of an 
integrable function is summable Le Roy for almost every value of the 
variable. This particular result was the first one found by the author 
and served as the point of departure for the present investigation. 





7 We shall always use the letter C to denote an unspecified constant, not always the 
same, or a bounded function of r where r also is bounded. 

* Amer. Journal of Math., 45 (1923), pp. 259-285. Morse, by the way, attributes this 
definition to G. H. Hardy, Quar. Journal of Math., 42 (1911), pp. 181-215, p. 193. 

* Compare the corresponding definition given by D. S. Morse, loc. cit., p. 261. Morse’s 
quantity % must be zero in order that the definition be regular. 
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In § 3 we extend the methods of § 2 to show that Le Roy suwmmability 
includes (Cr) summability for any integral value of r. From this result it 
follows of course that Le Roy summability includes (Cr) swmmability for 
every positive value of r. The result of § 3 naturally implies that of § 2; 
since the case 7 = 1 is so much simpler than the general case, the author 
decided to reproduce the particular case as well. 

In § 4 we prove that Mittag-Leffler summability includes (Cr) summability 
for any positive r, and in §5 we obtain a family of Dirichlet’s series 
definitions which include (Cr) summability. 

It is fitting that this introduction be terminated with an expression 
of the author’s indebtedness to Professor Einar Hille for his helpful 
suggestions in the preparation of this paper. 

2.(61)-LAR. In this paragraph we prove that 7f a series (1.1) is summable 
(C 1) it is also summable Le Roy. 

At the outset we state a theorem due to Bromwich.” 

If a series (1.1) is summable (Cr) to the sum s and if v»(¢) is a function of ¢ 
such that 

$. lim vn (#) == I, 

2. lim n” vn(t) = 0, t>0, 


n>” 


3. 2m" arn vn(t)| converges for each ¢>0O and is bounded for all 


n= 
oo 
t>0, then > vn(t) un converges, t>0, and 


n=0 


iv?) 
lim > m(t)un = 8. 
t—>0 n=0 
To solve the problem at hand then it would be sufficient to prove that 
. (nea+l) 
hr T@+i) 
, I(na+1) __ 
2. * FGA = 0, e<l, 


oo | Tr na 1 | 
3. Sn ote converges for each a<1 and is bounded for 


all a<l. 


We observe by inspection that the first condition is satisfied. 
By Stirling’s formula 


r +1 
eae == nel) Qne+1/2 g—ne—)) {i+ o(1)], 





‘® Math. Annalen, 65 (1907-08), pp. 350-369, p. 359. 
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and 
I’ (ne+1) — yn(@—1)+1 ,ne+1/2 ,—n(a—1) 
* Tati ~* ae e [1+ 0(1)]. 
This expression can obviously be made less than a preassigned positive 
constant « for m sufficiently large. Accordingly, condition 2 is fulfilled. 
It remains to show that condition 3 is satisfied. Set 


_ F(nae+) 
"Tati 


and consider 


00 8 [o] ee) 
Ql) K= ZBint1)|Aay|—= Dnt) |Aaa|+ DP (n+) | Aan 
= K,+ K;, 





where ¢ = + and [co] is the integral part of o. 


1 
Let us consider K,. We have 


8[o] 


K, = 2 (n+ 1) | A? an | 


_¥ Pne+l)_ oFim+ie+i] , Mo+2e+1] 
=2a+)|Faray rast Pers 





Our next move is to express A4?a, as a polynomial in 1—e«. This is 
done as follows. 


Ata a r[(n +2) a] -_ y root Det » Foet® 

" I'(n+2) I(n+1) r(n+1) 
e. oe et 2)e—1 T[(n+2)e—1] ane T[(n+1)e] 4 I'(ne +1) 
fe n+1 I'(n+1) I'(n+1) I'(n+1) 

















aeen le— 1—*| Pua 2a—1)—24F(ne+e) 


+rnetn)| 


1 ; 
= Foy [Mme 2a—)—2F nat a) +P ne +1) 


+Hi~<« [er(neta)— (2+—1) rina +2a—1)| 





+a Bt? rine +2e—1) 
Cn — dn, 


7* 
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[Pine +2e—1)—2F (neta) +P (ne +1) 
+2(1—«)[T(na+ a)—I'(na+2a—1)| 


2 nt2 en 
+ (1 — «) ntl T(na+2a 1)| 


eee ey 
fn = Tin+1) 


and 
— (L—a)F(na+2e—1) 


dn = ~~ £1) Fn + 1) 


The expression for c, is a polynomial in 1—« which is positive for 
n>4,4<a<1, since the leading term is positive by virtue of the fact 
that F(x) >0 for x>0 and since the coefficients of the remaining terms 
are clearly positive. We have then 

8[o] 3{o] 


(2.2) Ki< Qnty san+2 Bat date = L.4+1,+0¢. 


We can write Z, in the form 


8[o] 3[] 


L, = D (n+1)A? ap = we (n +1)(A an— A an41) 


n=4 
8[o] 8[o]—1 


=2 (n+ 1) A*ay— 2 (n+1) Adnz1— (3[o] + 1) A asierts 


8[o] 
= >A dn +5 A ag — (3[0] + 1) A agiey41. 


n=5 





Repeating this operation once more we get 
Ty = 3 — dgij+1 + 5A ag — (3[0] + 1) A atgtoy-+1 
Ly = 5a4—4a5 — (3[0] + 2) asioj41 + (3 [0] + 1) aaioite- 


But 0<an<1, and + (Bf) +2)>2 if o>2. Hence 


(2.3) 0< L,<5a,+ (3[¢] aa 1) Asioj4+2< 5+ 


We are now ready to consider 


1 
Ble] +2 <6. 


3[o] 


L, = 2 D (n+1)dn. 


n=—4 


We have 


+2 
l1—a I(na+2a—1) _ 1 r(nt1—* 


~~ SST  faeth Mea Tat) 
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and accordingly 
l 


= o(n+1)° 
Hence 
8[o] 


(2.4) L, = 2 2 (ntl dn<e. 


dn 


It follows from formulas (2.2), (2.3), and (2.4) that 


(2.5) K,<44+L4,.4+C<C. 
Finally let us consider 


Ks = 2 (n+1)|A¥ ay}. 


8[o]+1 


The numerically largest term in A?a, is a,. Moreover, since na+1 
= n+1——<n+1—8 = n— 2, we have 


(n+1)| Aan |< Cm+) pe < 5. 
Hence 
(2.6) n<c Stee. 
8[o]+1 7 


Now, from (2.1), (2.5), and (2.6) we have K<C. 

Since K<C, and since the boundedness of the series (2.1) implies its 
convergence, all its terms being positive, it is clear that condition 3 of 
p. 86 is satisfied. 

We conclude that any series summable (C1) is also summable Le Roy to 
the same sum. 

In particular, it follows that the Fourier series of any integrable 
Junction, f(x), is summable Le Roy to the sum f(x) for almost all values 
of x, since the series is known to be summable (C1) for almost all x. 

3. (Cr)—>LR. In this paragraph we extend the methods of § 2 to 
show that Le Roy swmmability includes (Cr) summability. That a proof 
of this for integral values of r will be sufficient is readily indicated. We 
know that summability (Cs) always includes summability (Cr) if s>r. 
Now, take s equal to the least integer >7. Then, if Le Roy summability 
includes summability (C's) it will a fortiori include summability (Cr). 

At the outset we give a number of lemmas to which we shall have 
occasion to make reference in the course of our proof. 

LEMMA 1. Jf we have 


We) = 3 (19 ($ 9@ +0) 
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#9(0) = > (> (}) 9@+0), 
and if » (x) is s times differentiable, then 


(3.1) A’ g(x) = (—o)8 »® (w+ 450) 
or 
(3.2) d° p(x) = o g® (x+6s 9), 
where 0<. 0s<s. 
Lemma 2.?! , 
_ P(a—y) a 
siti Fe 
2 


if 0 and xo in such a manner that its distance from the negative 


= 1 





real axis becomes infinite. 
It follows from this lemma that the left hand side of (3.3) is bounded 
2 


for large positive values of x when =. is bounded. We shall use merely 


this consequence of the lemma. 
Using Stirling’s formula we have 


T(e— yx —7\e—y—1/2 
oo) ey [1 +00) 








ey | — ures x-¥ [1+0(1)]. 





P(a—y)aY _ ( y\"- 


y—1/2 
— 4 evy[1+o(1)]. 


T(z) x 


2 
Since we assumed that 7 +9 as z—>o, it follows that also 0. 


x—y—1/2 
hf 
x 


Hence, if we set 


? 


then 


a) 





! Essentially the same theorem for the case that y is bounded is proved by N. Nielsen, 
Handbuch der Theorie der Gammafunktion, p. 96. 
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Accordingly, e¥t*—>1, and 
T(a—y)aY 








lim T@) 1. 
LEMMA 38, 
(n+ r)! rt Sie r! Ar-» Ap+y 
(3.4) Zz, " cla cali 2 (r—v)! (p+y)! 


1 r 
TR Gea ata tet 


This formula is established as follows. We have 
(n+r)! pps 
ear hee. 


n=p nN: 


= z oat - tnt Ar Ont. 

















=p "aor 
a (n+r)! 980i p, »,  @tnl, etn . 
<< n! (n—1)! Ara q! A’ ag41+ Ara 
(n-+-r—1)! ,, (qtr)! ,, (ptr)! ,. 
= ta, n a A aise” ie Agtit pl A Ap 


Repeating this operation 7 times we obtain the formula (3.4). 
LEMMA 4. For large positive values of x the function I(x) is positive 


and 
(3.5) r(x) = O[(log x)"]- F(z). 


We need the following formula for (x) which may be verified by 
complete induction: ?? 


P(x) = F(x) D AP »,,...7, WO [YO [¥™ @I”", 


where the summation is extended over all non-nega‘ive integers 7, ”2,-+-, Yr 
such that 
Wp + 29+ 33+----+ ry = 7, 


and where the A’s are non-negative integers. In particular, 


(r) (r) ae ar 
‘Ar, 0, -++,0 = 3, Ay—2,1,0,+++,0 = fc}: 


os 





"Of. formula (8) on p. 43 of N. Nielsen’s Handbuch. 
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yO (2) = cae log T(z). 
Now, we observe that for large values of |x| in the sector | arga| << 1—e™ 


(3.6) w(x) = logx+0 (--), 


(3.7) Ww (4) = (—1)*-1(k—1)! a—* 1 +0 ()]. 
It follows that 
(r) Vv, —V,—2Y, —---—(r—1) 1 
r(¢) = F(a) > Ay» eg tae * ‘{i+0(4)| 


which implies the truth of our lemma. 
Definition. Set 


e+1 1 
Tram = 2 (—1yet? PE) (n+p) Sante 
p=m 


where 


Srvintk = 1, 
1 
(1) 
Sn+1, n+k atitatat ta 





(3.8) 


1 
sm a 
mantt = 2 Gay Gb ny OEM)’ 
where the summation with respect to the »’s is to be extended over the 
range 1,2,---,k, all the »’s are distinct, and no repetition is allowed. 
In other words, Sn"1,n+x is the coefficient of x” in the algebraic equation 


whose roots are — ati pre + grt a7 the leading coefficient 








being unity. We set Sepa, n+k = Oif k<m. 
LemMA 5. If Tn,0,m is defined as above we have 


(3.9) Tn, ee ss 
and 
(3.10) T'n,—1,0 — 
The truth of our lemma follows since 
e+1 


Cf. N. E. Norlund, Vorlesungen iiber Differenzenrechnung, p. 106. 
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gives the coefficients in the expansion of (1—2z)?*!, which is clearly 
equal to 0 for x7 = 1, o@=0,1,2,---, and to 1 for z=—1, e = —1. 
LEMMA 6. Set 


. = a 1)” (' son, n+ve 
Then 


O(n-™), k < m, 


O(n-*), k>m. 
In order to prove this lemma we must first prove that 


1 7 
(3.12) OSrhntp = Srtijntpi—Sntintp = n+p+1 Sntintp: 


We note that 


p+l 
(t—srpet) LD (tape) = EL (az) 


i+) Fe f” gm = 3 1" t” Sit 
n+p+1 ch n+1,n-+p or. n+p+1 


Equating coefficients of ¢” in this identity gives us formula (3.12). 
Next, we compute 





a 


or 


Fs se 7 ae 1 gn) ga 
n+l1nt+p — nm+p+2 Sn, n+p+1 ceoay Sn+i,ntp 


== ; —_—_—_— {or 1 — Bota tel 
na+p+2 Settee . 








+{ a) } sities 
n+p+2 n+pt+l 
; {Sita — Sets ma} 





~~ (n+p+2) (nt+p+i) 


Repeating this operation k—2 times we get 


o* Ser, niga 1 — 
(3.13) There (n+p+1) --- (n+p+h) 
x {00° si, +? Seta mip t+ lis Sri nial , 


where the coefficients 7, i = 0, 1, 2,---, K—1, are defined by the 
identity 





u(a—1).---(@—k4+1) = 1 of + gh +. Aix. 
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Multiplying both sides of this expression by x—k we obtain the recursion 
formula ‘ - ms 
er? = YP —kiPs. 
If k>m, p = 0, we have clearly 
3 SO) np = O(n"), m<k. 


If k<m, m—k<p, we have at least k-+m—k terms in the denominator 
of the expression (3.13). Accordingly, 


OS) atp = O(n”), k<m. 


LemMA 7. The expression 


Kn = Ms (— 1y-(F} (n+ y)™, 


a polynomial in n, is of degreem—kifk<im, 0 wf k>m. 
From formula (3.2) we have 


an” = g™ (n+ Ox), y(n) = n™, 


and the truth of the lemma to be proved is immediately apparent. 
Lemma 8. The expression for the kth difference of a product uv in terms 
of differences of u alone and v alone is given by the formula™ 


(3.14) O* tty vy = Uptr O* vy + () O tin+n—1 OF vy +--+ (; Vp OF ty. 


This formula is clearly the analogue of Leibnitz’ formula for the kth 
derivative of a product. 

In order to prove that Le Roy summability includes (Cr) summability 
it will be sufficient to prove that 


I'(ne+1) 
. G41 


_ , F(na+i) 
- tim 2 T+) = 0, @<ol, 


co I(n a 1) | 
. 7 BV ccgipeagiene , ] 
. 2 n Tin+1) converges for each «<1 and is bounded for 


= 1, 


all a< 1. 





‘*G, Wallenberg und A. Guldberg, Theorie der Linearen Differenzengleichungen, p. 34. 
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Condition 1 is clearly satisfied, and condition 2 is easily shown to be 
fulfilled by use of Stirling’s formula. 
In order to show that condition 3 is fulfilled we first write 


oo (r+2) [oe] 
= 20 | Ar+t An| = Pd Ar+) ay| + Ps nt | Art) a,| 
n=0 n=v-+-1 
(3.15) ce | 
n” | Ar4 1 An | 
n= (r+2) [o]-+1 


—_ Ky + Ky ++ Ks, 


where v is a constant, independent of » or a, which will be specified later. 
The first block of terms, K,, is clearly bounded since K, consists merely 
of a finite number of terms. We write 


(3.16) K<e, 
where C depends only on r. 

The most difficult task in this paragraph is to show that K, is uniformly 
bounded. We have 








(r+-2) [6] 
Kk, = n’ | Arr An|, 

n=v+1 

where 
iia san ree th) _ (rt) r((n+ie+1] 
~ F(n+1) 1 I'(n+ 2) 
r+1\ F[(m+he+1] ayy Lim tr+ie+i) 

te ty () Tatkey tt Fate te) 
But 


T[(nthet+1] (nthe I[(nt+ha] (nthe (nthe—1 F[(n+ke—1] 
Iint+k+1)° ntk nth” nt+k ntk—1 (nt+k—1) 
__ (ntk)a[(ntk)e—1][(n+k) e—2]---[(n+k)e—k+1] P[(nth)e—k+1] 
(n+k) (n+k—1)(n+k—2)---(n+1) T'(n+1) 


r k)a—k+1 
= Rnatin+n(@) [(n te i) , 











Hence 


r+1 
pees rn 2 > (-1 ("Ft *) Rnssnre (@) Pn + Ka —k+ 1]. 


We wish now to express Rn+i,n+x(@) as a polynomial in 1—«. Since 


ae =F oo m— p—m(1— @) = 1— 


m—p m — p 








m 
-1i— a), 
> 








96 


we have 









Ras, n+k (a) ——_ 
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a n+k 
ai wae 


p=0 


k 
aa? (—1)" (n +k)” 


g™. 






(1—a)| 


Srtintk (1— a)”, 


where the Sy""1 nix are defined by the formulas (3.8). 
Expressed in terms of the symmetric functions Ser, nb we have 


r+1 


rete 2 (— 


Ar+1 ly = 


1 r+1 


” Tati ol! 





(7?) T[n+he—k+1] 


k 
x =, (—1)" (n +k)” SrPinte (1— a)” 


ae 


—ay™ Sy? (1) ay” 


~< Srti,ntp r[(n+p)«—p+1]. 


In this expression we want to replace Z' by an expression in terms of its 
own differences, 








r[(n+p)e—p+1] 


We have 
= I[(n+r+1)e—r4+(r+1—p) (i—a)] 


= y(n,r;r+1—p). 


We define 


one = z il di () asectali 


Then, conversely’® 


r[(n+p)e¢—p+1] 


Hence 


r+1 


Ar ay = Tate 2, (l1—«a)™ Z (—1)™+» 


r+-1 


r-l—p ,_ a 
Sea. 


s=0 
rl 
r+ ' 
(n+ p)™ 
1—p ae 
~< Snr, n+p (’ + . . 4 r 
s=0 s 
rtl—m r--l—s 


FHT Rilo Be the Se (amie 











'° Of. Nérlund, Differenzenrechnung, p. 4. 


<t) 


fale 


s 


?) (n+ p)™ Se" nip 
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r+ +1—m r+1—s 
fete! 6° r+1 __14\m+p 
Tarp 2t-* oP mT) 2D 
r+1— sm 
<( p ‘)(n + p)” Sr+i, n+ps 
or 
r+1 a 
el r+1 
(3.17) Aan = Fey Te ot a” 2 8i,r ( : ) Raemas, 
where 


eH 
Tnqm = Dy (— 1? (°F 1) tp)” SP nin. 


p=m 


Now, we write 
ay an = Cn— dn, 


where 
—_ 1 r-+-1 
Cn a Tin+1) 1) Dn. Yr) 
and 
r+ as 
ie r+ ' 
dn as —FETy 2 2, (1— a 83,r ( 8 Th,r—s, m+ 


The expression for cn, as may already have been observed, is obtained 
by setting m = 0 in (3.17). For, using formulas (3.9) and (3.10), we get 


1 r+1 


r+1 sia 
roe al 8 ) >» y(n, 7; ¥) 


_— Far, > (—1)rt1-” (’ ty 


Na, 1 r+1 
= Tet)” 


Moreover, by formula (3.2) and Lemma 4, cp is positive for large values of n. 
We choose v, the upper limit in K,, large enough to insure that cm be 
positive for n>. 

To return to the expression for K, we have 


Cn = 


y(n, 7; ¥) 





(r+2) [a] (r+2) [a] | 
Kk, = 4 n’ | Ar+t a, | = > n” | Cn— dn | 
n=v-+1 n=V--1 
(3.18) r2)[6] (r-£2){6] 


I 


nt A ay +2 Dd "| dn| 
n=v+1 n=v+1 
= I,+lL,. 
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To show that Z, is bounded in absolute value it will be convenient to 
replace n” in the expression for LZ, by (n-+7r)!/n!, a polynomial of 
r-th degree in n. The new expression 
L sus (r-+2) [o] (ntnt Arte 
n=v+1 oo sa 
will be bounded or fail to be bounded under the same conditions as the 
original expression. Using formula (3.4) we write Zi in the form 


(qtr—p)! a" ages 





r! Ar apy 1 
eT Bae »! @+e)! 2G a 


= M+ Ms, 


where p= v-+1 and q = (r+ 2)[o]. 

M, is clearly bounded in absolute value when , is fixed since it consists 
of a finite number of terms each of which is bounded. Mg, also consists 
of a finite number of terms of the type 


q+tr—)! 


(3.19) 7 





Ar-4 g+1 . 


Moreover, the (r—vy)-th difference of aj:1 consists of a finite number of 
terms a, the numerically largest one of which is a i1. Let us then 
consider 


ra+r+t) r[q+2—4@+0| 
r = T+) T@T2) 


q+r—un)! 








gti S 


Now, recall that g = (r+2)[c], and suppose that o>2r; then 
<4) >r+1. Hence 


q+r—»)! < La+r+) Pq@—r+t) PSs 
q! P(q+1) Tq@+2) a” 





where C depends only on ry. Thus, the expression (3.19) is bounded in 
absolute value for g=(r+2)[o],0<m<r. The reason for choosing 
q = (r+2)[c] will be evident when we have occasion to discuss the 
boundedness of Ks. For the present, we conclude that | L}| <|M,|+|M|<C 
and hence that 

(3.20) \L|<c. 
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Now, consider 
(r+2) [oj 
2 mt |dn|. 


n=v-+ 


Ty 


In order to show that LZ, is bounded it is essential that we estimate the 
size of the expression 


(1 —a)™ dn, » Tn, r—s, ms 


First of all we observe that 
(—1)™ Tr, o,m = 400+ n™ SRP 1 n- 
On the other hand, in the expansion of d¢++ n™ = a by formula (3.14) 


it follows from (3.11) and Lemma 7 that each term is of the order of 
magnitude of n™—¢°—!, a+12>m. Accordingly 


et 1g Oren = O[n™—e-1], e+1l>m, 
and hence 
(— 1)” Tn, 0,m = O[n™—e—?], e+tlem. 


From this result and formula (3.2) it follows that 





1s 
(1—a)™dn,, Tn, r—s,m = (L—a)™tsqmts—r—1 “ I'(an,r,8)*Cn,r,8,m 5 
where | Cn,r,s,m| < C;, and where 
Ines = (ntr+lhe—r+6(1—a@), 0O< O< 8. 


Moreover, 
Lnr,s< (nt+r+la—r+s—sa = n+1—(n+r—s+1)(1—2@). 


Using these results and Lemma 4 we have 





poe ee | — ~\m 3? 
T(n+1) (il a) Dn,r Tnr—s,m 
< CU —ayn tenn ert log ny Fett ot rst DCO) 


and, from Lemma 2, it follows that 


sala (1 ae a)” Dn,r Tn,r—s,m | 


I'(n+1) 


<C(1—a)m+sqnints—r—1—mtr—s+D A—® (log ny’. 


| 











a 
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We have now the estimate 


r+1r+1—™  mtis—1 (l 8 
n og 7) 
n" | dn| < p> 2, gm+s nnis 
Ta TS ™ n™—-1 (n log ny 
ee o™ a et log nic * 


m=1 s=0 





+ i 
be 





\ 


At this juncture we must study the function 
zg = (x log x) e— 78 z/o — ySe-yle, 


where y = x log x. Now, z has a maximum, for y = os, equal to 
s§e-8o% = C;0°%. Hence, we have 


nm | dn| <C D om * 
m= 





Moreover, if m>1, n<(r+2)[c], we have 


n* | dn | ee £ 
and 
w+atol 4 
(3.21) Oo<L<c 2 —<0. 
n=vi1 0 
Thus, from (3.15), (3.17), and (3.18), 
(3.22) 0<K< ' L\/4+/L/<C. 
Finally, we consider 
iv.) 
K= D  nt\drHal. 


n=(r+2)(o]+1 


Now, there are a finite number of terms in A*+‘q@, the numerically largest 
one of which is a. Moreover, since 


na+1 ta n+1——<n+1—r—2 = n—r—l, 
we have 
‘(n—r—1) C 


Tati ~s" 





n’ | Ar+1 a, | < Cn" I 


Accordingly, we have 


< 1 
n=(rPalal+1 n* 


(3.23) leat 
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Assembling our several results in formulas (3.16), (3.22), and (3.23) we 
see that K = K,+K,.+K,;<C. It follows that condition 3 of p. 94 
is fulfilled. 

We conclude that every series swummable (Cr) is also summable Le Roy. 

4. (Gr)—>ML. In this paragraph we propose to show that every series 
summable (Cr) is also summable by the method of Mittag-Leffler. We 
can again restrict ourselves to integral values of r(vide supra p. 89). 

We state the set of sufficient conditions due to Bromwich as applied 
to the problem in this paragraph. It will be sufficient to prove that 


1 
. ili —.——- = l, 
l = r(i1+sn) 
rT 


See scgiitahsiiin 
"nso F(1+sn) 


bo 


= 0,s>0, 





1 | .; ; 
Saat | converges for each s>0O and is bounded for 


ne Fae 


We see at a glance that condition 1 is fulfilled. From Stirling’s for- 
mula we have 


ee — yr ons —ns—1/2 2 —1/2 1 1 

Maw -** (ns) (2)~*?[1 + o(1)]. 

For s>0, r fixed, this expression can readily be made less than a 
preassigned positive constant « for m sufficiently large. Accordingly, con- 
dition 2 is also satisfied. It remains to show that condition 3 is fulfilled. 


We set 
1 


ae + sn) 
and consider 


00 p-l oo 
(41) K= > n"| ArH a,| = > nt | Art an| +> "| AH ay | mn fb J, 


n=0 n=0 rn=p 


where the integer p will be specified later on. 
First of all we examine 


p—1 
i= > 2" | Ars a, F 
n=0 


From formula (3.1) of the preceding paragraph we have 


wel 
(4.2) Ar a. = (-— 1) rl Till oe. & —, 
= dz) I (én,r) 
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where Zp, = ns+1+06,s, 0<6,<r. We are concerned with the 
expression 

art 1 
(4.3) agh I(z) 





which is clearly bounded for z = 1, r fixed. 
Let us set s = +, and let [co] equal the integral part of o. If we 


set p = v[o], where » is an integer, independent of o or mn, to be specified 
later, we have 


0 
Cnr = n8+1+6-8 = ~+1+— 
and, for n < p—l, 


Zar = Beit tcypit- ~<C,. 


Since the expression (4.3) is bounded for z = 1 we have from formula (4.2) 
the inequality 


n" | AT an|< C- 


oe 


and, for n < p—1 = prfo|—1, 


ee C 
n | Arta, |< =. 


Then, we have 


p—l v[o} 
(4.4) I= Dn'\sHal\< cy Lat 
n=0 n=0 


Next, we examine 


Cc 
J — Zz n* | Are An |. 


n=p 


In this expression we find it convenient, as in the preceding paragraph, 


-)! 
to replace n” by orm It follows that if the expression 


(4.5) P= SF OtO pe, 


n=p Mn! 


is bounded then J will also be bounded. 
Before we embark upon a detailed discussion of the expression (4.5) it 


will be necessary to prove a lemma similar to Lemma 4 of the preceding 
paragraph. 
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LemMA 9. For large positive values of x the function is positive 


hag 
da” T(x) 
or negative according as r is even or odd, and 
a” 1 
ade Ta) ~ O[(log x)’] - TG)’ 


In establishing this lemma we make use of the formula 


68) I> Tey Fay 2 Br sme LYN [Ys --- [WO @]", 





where the summation is extended over all non-negative integers »,, 
Vo,+++, Yr Such that 


mA+2yet --» try, = 7, 


and where the B’s are numerical constants. In particular 


BR .. 0 = ~ 1)’, Br 210,..-,0 = (—1)’ +4 (5) ° 


The proof follows directly from formulas (3.6), (3.7), and (4.6). 

It follows from formula (3.1) and Lemma 9 that | 4**! a, | = 4" a, for 
n =p =vl[o] provided that v is made large enough so that Lemma 9 
obtains. Then, if we set 


-2 at ote Ar ay, 
=P 


we have, using formula (3.4), 


r 


Ar- 
T= (p+)! Pre oT Tot awe 


r! 
a. —jp)! Ara, 
—)! (pte)! gto (r—H)! q+r—P) Ag +1 
- L+M,, 








where p = v[o] and L is independent of gq. 
Now 
r! ATK apt 


L = e+! 2 Got Ot 





consists of a finite number of terms of the type 


(pt)! Aru 


(p+ p)! ¥ App; w=0, 1, 2. coe, Te 
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From formula (3.1) we have 


(p+r)! Wn = 4 1 
— EE BF tn = U ~(—-s 4 —______ ____-_____ 
ere ee Oe ere 
and using Lemma 9 we obtain 
(pr)! ar — of gre gn MC ter) 
BEY AH appa = O[ pe ae eee], 
where 


Lpr (pte)s+1+6s = (v[o]+)/o+1+6,/06< C. 


Hence 
PIM MH apin| = Of ME] <c 
mame | f ‘ e | = O ig gee < Cc, 
(pp)! AY aot on |< 
whence it follows that |L)<C. 
We must now consider 
1 x r! 
MN, = —— 2 =— - -—p)! AP" agi, 
9 Be ip te 
which consists of a finite number of terms of the type 


~— yp)! 
arr Ar-# Ag+1, = 0, 1, 3, tee, Y, 


which in turn consists of a finite number of terms the numerically largest 
one of which is 
(q+r)! 
q! 
Moreover, by condition 2, this expression tends to zero as q tends to 
infinity. Then, M, tends to zero; and since J; tends to J’ we observe 
that J’ is bounded and hence 


(4.7) O0<J<C. 


Ag +1. 


From (4.1), (4.4), and (4.7) it follows that K<C and hence that con- 
dition 3 is fulfilled. 

We conclude that every series summable (Cr) is also summable by the 
method of Mittag-Leffler. 

5. (Gr) D. In this paragraph we propose to investigate under what 
conditions 


. i 
lim > une “** 


s—>0n=0 


exists (where s = o-+iv approaches zero over a point set lying within 
an angle with vertex at the origin such that |am|s < a< 7/2) and is 
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equal to A, under the assumption that the series (1.1) is summable (C7) 
to the sum A. In point of fact, we prove the following theorem. 

THEOREM. The Dirichlet’s series definitions of summability include (Cr) 
summability (r >0) provided that dy is a logarithmico-exponential function 
of n which tends to infinity with n but not as slowly as logn nor faster 
than n4, where A is any constant however large. 

Before proceeding with our proof we need to state a definition of 
summability due to M. Riesz.'® 

We write 


Ci (ow) = > (@—A,y un, 

A,<0 
(r>0, not necessarily integral) where 4, is a sequence of real increasing 
numbers whose limit is infinite, 24, > 0. If 


wo" Cj (w)> A 


as » > it is said that the series (1.1) is summable (A, 7) to the sum A. 

It has been shown by Riesz*' that this definition is completely equivalent 
to (Cr) summability for the case that 2, = n. 

The solution of the problem proposed in this paragraph is based on 
several theorems due to Hardy’® and to Hardy and M. Riesz'® to which 
we shall refer as the occasion arises. 

We first state that 

(i) If a series (1.1) is summable (m, 7), and if 2, is a logarithmico- 
exponential function of » which tends to infinity with » but not faster 
than 4, for every 4>1, then the series is also summable (A, 7).”° 

Moreover 

(ii) Since by assumption 


~ A 
(5.1) > tne” 
n=0 


is summable (n, 7), for s = 0, to the sum 4, it is also summable (4, r) 
to the same value. 

This statement clearly follows from statement (i). 

(iii) Since (1.1) is summable (2, 7), then (5.1) is uniformly summable (A, 7) 
throughout the angle a to the sum /(s).” 


6 Comptes Rendus, 149 (1909), pp. 909-912, p. 910. 

"Comptes Rendus, 162 (1911), pp. 1651-1654, p. 1651. 

'S Proc. London Math. Soc., (2) 15 (1916), pp. 72-88. 

‘9Hardy and Riesz, The General Theory of Dirichlet’s Series (Cambridge Tracts in 
Mathematics and Mathematical Physics, No. 18). 
"Hardy, loc. cit., p. 72. 
*! Hardy and Riesz, loc. cit., Theorem 23. 
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(iv) Since (5.1) is summable (A, 7) to the sum A for s = 0, and since 
(5.1) is uniformly summable (4,7) to the sum /(s) throughout the angle a, 
then /(s)>A as sO along any path lying entirely within the angle a. 

This follows from another theorem due to Hardy and Riesz.” 

At this juncture it is necessary to discuss the convergence of the 
series (5.1). The abscissa of convergence of a Dirichlet’s series is given 
by the formula** 

F108 | 


(5.2) ai 


Now, it is well known that if a series (1.1) is summable (Cr) then 
- s— rlogn 
% => im : 

wis An 





In order that 6 <0, in which case the series will converge in the right 
half of the s-plane, it is sufficient that 4, tend to infinity faster than logn. 
Hence, with this restriction on 4, the series converges for #(s)>0. 
Now, the series converges to the same value f(s) to which it is 
summable (4, 7r). It follows that the value approached as s>0O must be 
the same in both cases. Thus, with the restrictions on 4, which have 
been stated, 
i.) 
lim Z Un ete — A, 
s—>0 n=0 
and our theorem is proved.” 








2 Loc. cit., Theorem 28. 

*3 Of. Hardy and Riesz, loc. cit., Theorem 7. 

** A similar theorem has recently been announced by W.H. Durfee. See Bull. Amer. 
Math. Soc., 36 (1930), p. 634 (abstract No. 36-9-338). Added in proof. 
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THE LOCUS DEFINED BY PARAMETRIC EQUATIONS.! 


By WiiuiAM F. Osaoon. 


Let a configuration 2% in the space of the complex variables (21, ---, am) 
be defined by the equations 
(A) a = fu(Ui,-++,Un), @ =1,+--,m, n Em, 


where fa(t, +--+, Un) is analytic in a given point, taken for convenience 
as the origin, (uw) = 0, and vanishes there, but does not vanish identically. 
Consider the matrix 





SA: SBS 
OU 0 Un 
(B) BS antec UE 
Ofm | 8Sm 
0 Uy OUn 














Denote its rank with respect to identical vanishing by ge. Then 1 <@< n,m. 
We exclude the case mo, n>o; for here a point (x) of Mt would 
correspond to an infinite number of points (w), though Yt would not be 
embedded in a space of higher dimensions. 

More generally, let m functions 21, ---, 2m be given on a configuration g. 
A configuration g is defined as follows.? Let 


G: w+ Ai(ta, +++, Un)w t+ «+e. + Ar(ta, +++, Un) = 0 


be an irreducible algebroid configuration, where Ax (4, ---, un) is analytic 
in the origin and vanishes there. Let wi, ---, wo be functions each single- 
valued and continuous on @, vanishing at the origin, and analytic in the 
ordinary points. Then the points (w, u) = (wi, +--+, Wo, U1, +++, Un) COn- 
stitute a configuration g of the n-th Stufe, or index in the complex 
(¢-+-n)-dimensional space of the variables (w,w). And the definition is 
extended to any configuration into which the above is carried by a trans- 
formation 


(i) Vk = ox (W1, +++, We, M1, °°*, Un), k= 1,-+-,8 = o+n, 


" Received July 30, 1930. — Lecture delivered at Stanford University, January 8, 1930. 
? Cf. the author’s Funktionentheorie, vol. II, 2d edition, 1929, Chap. 2, § 17. 
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where gy; is analytic at the origin and 


(91, +++ Ps) 
8 (Wi, +++, Un) + 0. 





The problem with which this paper deals is the determination of the 
character of WN. 


§ 1. DEFINITIONS AND THE CASE @ = 1. 


Definition. By a canonical element of surface is meant the configuration 
of points (2) in the neighborhood of the origin, for which 
“= wh 
Ly = Uy, Y —_— cee PT; 


trip = friplta,+++, Ur); B= 1,---,m—r, 


where « is a natural number and /,+,(w, ---, ur) is analytic at the origin 
and vanishes there. In particular, f,;s may vanish identically. The 
element is, moreover, said to be of index vr. In the case r= 1, no 
equations xy = uy appear. We speak here of a canonical element of arc. 
We will include also the case * =n, m =n, the equations 213 = f+ 
being lacking, and speak here of a canonical element of volume. 

More generally, the (x) may be subjected to any regular transformation, 
of form like (i), and likewise, in their turn, the (w). It is to be observed 
that the number, 7, of the w; may be greater than 1, m > r, (uw) = (a1, +++, Un). 

We shall denote a canonical element of surface of index + by m,, and 
understand by mp a point. 

The regions Ul, 1, R. We denote by U, the neighborhood of a point (a) 
defined by the inequalities 


| Uy — ay | <9, 
In particular, if (a) = (0), we have 


Un: Uy | a 0, 


We furthermore denote by U, the bounded region, 


Un: |u| <4, pore, 2; 


and similarly for the point (w) = (a). 
Let H be so chosen that the points (~) which correspond to the points 
of U, or g lie in the region 
Bt - ime) 1,-++, m. 
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THE CASE e = 1. 
We begin with equations (A) and assume m>1. It follows, then, in 
case n= 1, that M consists of a single canonical element of arc m,, 
which, however, may be multiply covered as in the example 


x, = ui, L, = ue. 

If m>1, then in particular all the two-rowed Jacobians of the matrix (B) 
vanish identically, and hence any two of the functions (A) are connected 
by an identical relation, 


Qep (ee, xp) _— 0, 


where Qe (va, zg) is analytic at the origin and vanishes there.’ Thus 
again it appears that Mt consists of a single canonical element of are m,. 
If m= 1, then nm — 1, and Ul, is transformed in a (1, &)-manner on a 
region of R. Such a region is, according to our definition, a canonical 
“element of volume’’, though here of modest dimensionality. 
Summing up, then, we have in all cases (the notation is explained just 
below) 


(1) Mi (Un) = m. 


The x, defined on a g,. Turning now to the case that 2 is defined 
on a configuration g = gn, we see that n = 1 yields as before Pt = m,, 
and we proceed to the case m2. The singular points of gp fill a finite 
number of configurations of rank » = 1, {gi}, or reduce to a point, 
(u) = (0), when x = 0, or, finally, are altogether absent. In case a Q; 
is present, ae is not only single-valued and continuous on g;, but also 
analytic there. Hence g, goes over into a canonical element of are m,, 
or into a point mt — here the origin. 

Denote the image of g, in the first case by Wt, (g:), in the second by 
Wo (g:), the notation being, generally, that, when the rank of the matrix (B) 
on a configuration g, is 7, the image shall be denoted by Wt, (gu), and 
similarly for Mt, (Un). If + = 0, the image is a point. Thus the complete 
image of {g,} is seen to be 


(2) > M, (G1), r=0,1. 


We can write a more general formula that will include the case that 
the singular points reduce to the origin, (w) = (0), if we agree to denote 
a point as a configuration go. We then have 





8 Ibid. § 24. 
‘Thid. pp. 122-23. 
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(3) > Mr (Gu), u=0,1, OSrsu, 


I/\ 


where now, in particular, » may = 0, the sum then reducing to the 
single term My (qo). 

Embed the configuration (3), which we shall denote for convenience 
by XN, in an arbitrarily small neighborhood, S,, and choose a neighborhood 
©, of {g,} such that, when (u) lies in ©,, its image lies in S,. Consider 
now a point (x') of the closed region R, = R—S,, which is the image 
of a point (w') of gs. Then (w') does not lie on {gi}, and hence the 
neighborhood of (w*) is transformed as in the earlier case on a canonical 
element of are in the (x)-space, or conceivably into a point. The latter 
situation is, however, impossible, since the point would have to be the 
origin, and so each 2 would vanish identically on gp. 

It follows now from a familiar principle of analysis that the whole of 
the image of gs which lies in the bounded region FR, can be covered by 
a finite number of overlapping canonical elements of arc. As S, shrinks 
down on Xt, it is conceivable that the image arcs in R, condense on % 
in the neighborhood of every point of %}— why not? Thus M is seen 
to be the configuration 


(4) NM, (Uy), 


where the notation shall mean N, and arcs arising each time as a certain 
Wt, (Us), these latter arcs condensing conceivably on 2. 
Finally Nt may consist of a single m,, in case gs has no singular points. 
We can express Yt in all cases by the formula 


(5) We (ge) = feta >) M, (gu)} Ms Us), wo =0,1, OS r<l,y. 


Here, « and @ have the values 0,1; and «+a@=1. Thus, whene — 1, 
a ==0, M reduces to a single Mt, (U,). But, in general, the notation 


means that an infinite number of Mt, (W2)’s may be present, condensing 
on the configuration { }. 


The case n = n. It is clear from reasoning similar to the foregoing 
that in the general case 


(6) Ms (Gn) = {e+e Dd) My (qu)} Ms (Un), OSrsn—l, O<rslyy, 


where ¢,@ = 0,1 and «+a = 1. For, the singular points of g, may 
fill a set of configurations Qu, Where w takes on some or all the values 
from 0 to n—1; and for a given value of mw there may be several gy, 
distinct or coincident. If no Qu are present, then « = 0, ¢ = 1, and 
M reduces to a single Mi, (U,). Otherwise, « — 0 and « = 1. 
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The final result can be expressed in the 
THEOREM. Jf 9 = 1, M is given in the case of equations (A) by the 
formula 


M,(U,) = m,. 


When the xq are defined on a configuration gr, M is given by (6): 


Ms (Gn) = {e+e D My (gu)} Ms (Un), O<vwsn—l, O<r<l,ap; 
e,a = 0,1; «+a = 1, 


§ 2. THE Case @ = 2. 
We begin with equations (A) and assume that nm = 2, m = 2. Then 


0 (xy ’ X2) 
0 (a, , Ue) ; 


If J(0) +0, M consists of a single canonical element of volume, my. 
If J(0) = 0, let 
(8) J = IP Ip..< I, 


where Ji (u,, ws) is irreducible’ in the origin. Denote any J, by ¥ and 
consider the curve 
(9) i (uy, Uz) am @, 


Let (w°) be a non-specialized point of this curve. Then the complex 
two-dimensional neighborhood of (w°) goes over into a canonical element 
of volume, of index 2, namely, m.; or else the complex one-dimensional 
neighborhood of (w°) pertaining to the locus (9) goes into a point,® and 
since this point is seen to be the same for all points (w°) on (9) it must 
be the origin. 

By suitably restricting U, the exceptional points can be reduced to the 
origin, go, or to such g,, given by (9), as are transformed into a point. 
In either case their image Mo (gu), # = 0, 1, is a point, namely, the origin 
in the (x)-space. Denote this point by %: 


N = DMs (gu), w= 0,1. 


Embed ® in a neighborhood S), and remove S) from R. If (x') be a 
point of M lying in the closed region Ry = R—S,, then its image (w’) 
is a point of U,, distinct from Gu, and thus MM consists in part of a 
canonical element of volume, of index 2, namely, mt, about (x"), and the 

* Ibid. § 4. 

® Ibid. § 20. 


(7) J(,, Us) = 





g* 











{ 
' 
i 


ea 





i 
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part of IM lying in Ry) can be covered by a finite number of such elements. 


Hence 
M — Nore, 


which means that MN consists of J and canonical elements of volume, mz, 
which condense on %. 

In particular, however, as above pointed out, Yt may consist of a single 
canonical element of volume, ntz. We can comprise all cases in the single 
formula 


(10) Me (Uy) = fe +a D' My (gu)} nto, pe = 0,1, 


where ¢, @ have the values 0,1 and ¢«+e—1., 

The functions x, on a g,. The singular points of the given configu- 
ration gz of rank 2, which forms the defining element, consist at most of 
a finite number of analytic curves, and reduce in particular to the origin, or 
are altogether absent. They yield, therefore, at most a finite number of 
canonical elements of arc passing through the origin. Denote these by %, 
when there are any. 

Embed ¥ in a neighborhood S,. Then the part of Yt which lies in 
the closed region R, = R—-S, can be covered by a finite number of 
overlapping regions Mt. (Ul,.). Hence 


(11) Ms (ge) = {e+e DM, (gu) } MMe), OS w<1, O<r<1,x, 


where as usual ¢,@ = 0,1 and «t+te=—1. 

Equations (A) for n > 3, m=>3. Here the common roots of all the 
2-rowed determinants out of the matrix (B) form a finite number of 
configurations g, of index <n—1. We will treat first the case n = 3. 

Begin with a gs, if one exists, and let (w°) be an ordinary point on it, 
i.e. one such that 

(i) (w°) is not a singular point of g., and 

(ii) some 2-rowed determinant J (2, v2, us) vanishes, in the neighborhood 

of (u°), only in the points of gp. 

By means of regular transformations we can throw (w°) to the origin 
and carry ge in the neighborhood of (u°) over into the plane m= 0. 
After the transformation and a suitable interchange of the indices of 
the x, the determinant 


: 0 (X41, Le 
(12) J (1, Ue, Ug) = en = ul F (ay, U2, Us), 


where (0) + 0. 
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Consider next the transformation of that part of Us near the origin 
which lies in the plane us = 0, namely the locus (we take m = 3; the 
extension to m >3 is then immediate) 


(13) La = fa (um, ug, 0), a=1,2,3. 
The first two of these equations carry 
Us: |ml|<d, |u!<d, 


into a single canonical element of volume in the (,, x:)-space, provided 
Case I’ obtains, and all three carry Ul, into a single canonical element of 
surface, 

(14) t= D(x, Xe), 


where ®(z,, x2) is a k-valued function, continuous throughout a certain 


region, 
T: |al<h, |al<h, 


and consisting of k branches, each analytic at all points of 7 except those 
of certain analytic curves, 7. Hence 2; satisfies an algebroid equation of 
the form 


(15) Q(x,, Los X3) = ak-+- A, (a, Ly) = ++. -+A, (x, Ly) = 0 


where A;(a,, 2), 7 = 1, ---, k, is continuous in 7, and analytic except 
possibly along 7. It follows, then, that these excepted points are remove- 
able singularities, and A;(z,, 72) is thus seen to be analytic throughout 
the whole of 7. Hence Q(2,, 22, 23) is analytic in the three independent 
variables x,, 22, x3 at the origin. 

We now proceed to show that 


Qh; fe: Ss) = 9, 


Ibid. p. 148. If on the other hand Case II is present, then the whole of g: goes over 
into a point (and this must be the origin). For if there were a second point (a) = (0, as, as) 
near (vw) = 0 leading to a distinct point (x), then the w,-axis could have been so chosen 
as to go through this point, and we are thus back on Case I again. 

In detail the proof is as follows. Let 


Ui = MH, «= US = ag asus, = = Ag — gs, =a Ha Fas £0, 


where | a2|<e, |as;|<e. Each point 

uw = 0, Us = tae, Us = tas, 0st 1, 
lies in the new axis, wi = 0, us = 0. At each of these points we must have either 
Case I or Case II, provided ¢ was suitably restricted. We wish to show that Case II prevails 
throughout. Let t} be the assemblage of values for which Case I prevails, and let ¢ be 
the lower limit of these values of ¢. Then at ¢ either Case I or Case II must prevail, 


and each assumption leads to a contradiction. 
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where (2, v2, Us) is any point of a certain neighborhood of the origin. Hence 
it follows that the complete neighborhood of (uw) = 0 is mapped on the 
canonical element of surface (14). To this end let a point (v) = (xy, ve, 0) 
be so chosen that 

(i) O<|ul<6, |wl<d, 


and (ii) the image point (a, z,) lies in T: 
(ii) A, V2; O)|<h, lf (eu, v2 0)|<h. 


Then J(v,, v2, 0)+0, and hence® the complete neighborhood of (v) will 
be mapped on a piece of surface 


x = B(x, x2). 


In particular, the part of the neighborhood of (v) which lies in the plane 
ug = 0 will go over into a nappe of (14): 


xr = D, (v1, de). 


Consequently 4 (a,, x2) and ®,(x,, x2) coincide in the neighborhood of the 
point (v). Since, however, 


(16) Fs (tr, Us, Us) = FLA (um, ue, Us), fol, Ue, Us)] 


when (wz) lies in the neighborhood of (v), it follows that 


QLA (i, ws, Us), fo (tr, Ue, Us), fo (tr, Ue, Us)] = O 


when (w) lies there. And now we restrict the point (v) still further, 
requiring (iii) that it be so chosen that the image (x,, x2) of every point 


wm = ty, te = tus, tts = 0, s. 42.4, 


shall lie in the region 7. It follows, then, in continuing the functions 
Ji, Jf, fs analytically along this path that the relation (16) holds in the 
neighborhood of each of these points for which 0<¢, and hence, in 
particular, since these neighborhoods remain uniformly above a certain size, 


lu —tu,|<¥, lug —tue| <7, | ug|<9, 


where 4 is a positive constant, in the neighborhood of the origin, q. e. d. 
We turn next to the configurations g,. These consist in part of the 
exceptional points of the earlier g.; in part, too, of the common roots of 


8 Thid. § 23. 
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all the two-rowed determinants, which do not lie on the g,. Let (u’) be 
an ordinary point of a gi. If Us be properly restricted, the only point 
of g, to be avoided will be the origin, (w) 0. Then it is possible, by 
means of a regular transformation of all three variables (w,, wz, us), to carry 
an are of g, containing (w’) into a segment of the new z-axis, (u’) going 
into the new origin, in such a way that some two-rowed determinant 
vanishes in the plane ws =O near the origin only in the points of the 
above segment. 

The proof will be given directly. From here on the reasoning is the 
same as in the earlier case, with the final result that the complete neigh- 
borhood of (u’) goes over into a canonical element of surface, m,. We 
thus obtain the final result, 


Ms (Us) = {e+ @ > Mo (Gu)} me, O< ps2, 3<m; 


ag) mpage ‘cary aay 


The outstanding proof is, in short, as follows. Each of the surfaces 
under consideration has a continuously turning tangent plane near (w’), 
and consequently, after the transformation, we can find a plane 


C1 Uy + C3 Ug = O 


which cuts the tangent planes of the new surfaces, and hence the surfaces 


themselves only in the points of the w,-axis. 
The details are as follows. A given one of the original surfaces can be 
represented in the neighborhood of the old origin by an algebroid equation, 


(18) ud + A, (uy, Uy) ug? + +--+ A(u,, &) = 9, 
where A; (%, v2) is analytic in the origin. Let 
Duy, Uy) = Dis vee Diy 
be the discriminant of (18). The curves 
Di(u, us) = 9, gar l,---,p, 


meet only at the origin, if Ul, be suitably restricted, and have, further- 
more, no other singularity in U,. Let (w’) be a point on g: such that 
(ui, u3) lies in Wy and + (0, 0), and let Dj (wi, uw) = 0, ODi/ ou +0. Make 
the transformation 


/ . — 
% = Dil, us), vs = UW— ww, Wy = %. 
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On returning to the w-notation (i. e. replacing the v after the transformation 
by u) the transformed equation is of the form (18), where g may, however, 
have a smaller value; and now, in particular, the new 


D(u,, Uy) = wh F(U,, Uy), ¥(0, 0) +0. 


From this it follows that the new surface (18) can be uniformized in 
the neighborhood of the new origin by the transformation 


u, = #, Us = Us. 
Thus 
(19) Us = Po (Uy) + EE p ge(Uy) + EE Dyes (Uy) Foe 


where now y,(0)+0. For, the discriminant is 


| | (ui — uf), a<B<q, 
a, B 
and consequently has the form 


AY {[9,(u,) |X + tU(t, w)}. 


But D vanishes only when u,=0, i.e. = 0. Hence 9,(0) +0. 
It remains merely to make the final substitution 


Vz = Ug — Po (te), 
and to return to the w-notation: 
(20) us = t*p,(u,) + Pry (u.) +--+. 


The desired proof follows now at once from (20). For it appears from 
this formula that, when uz; = 0, ¢, and hence 7%, must be 0 also. 

The case that, in the original equation, g = 1 can be dealt with 
immediately. 

The case n>3, m>3. Let n=4. After performing, if necessary, 


a linear transformation on the w,,---, « we can make sure that no one 
of the functions 


Le = fau(Uy, Us, Us, 0) eae], +5, me, 
vanishes identically, and also (on interchanging, if necessary, the indices 
of the xa) that 

O(a, x 
J (Uy, Us, Ug, Us) = 8 +0, J(u, us, Us, 0) £0. 


The image Mt’ defined by the equations 


La = fa(m, Ug, Us, 0), c= i, see, M, 
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comes under the case just treated. Let (u’) = (wi, wo, us, 0) be a point in 
which J(u, w2, us, 0) +0. Then the complete neighborhood of (u’) in 
the (#4, Ue, Us, Us)-Space is mapped on a piece of the manifold M’. In 
particular, let 

| te—Ue | <9, a. 1,2, 8; ui<d 


be such a neighborhood. 
Let fu(ti, «++, Us), @ = 1, 2,3, be analytic in the domain 


| up| < he, {= » hing Gy 


and let 
J(u, Uz, Us, Us) $ 0, |u| < hy, 


where v, is constant and w%, us, ws are the variables. In the neighborhood 
of each point of the domain 
| Uy | Sh, y= 1,3 8, 


the solution is given by the earlier result, and since the domain is closed, 
the total image Mt, can be covered completely by a finite number of such 
overlapping images. But, in the neighborhood of the point (wi, w2, us, vs), 
M’ and Mt, coincide. Hence they coincide throughout. 

From this fact it follows, in particular, that the complete neighborhood 
of the origin in the (u,,---, w)-space goes over into the same configu- 
ration Yt = M’ as that portion of this neighborhood which lies in the 
plane ue = 0. 

The same reasoning can be used in all the higher cases, and we thus 
arrive at the result: 


(21) Me (Un) = {e+ a >) Mo (gu)} wz, OS<wcn—l, mZ3; 
é,a=0,1; eta =—1. 

The functions zx, on a gy. In case g, is singular at the origin, the 

singular manifold consists of one or more configurations g., Of #<n—1. 


We apply the method of induction and regard their images in the (x)-space 
as known. The result is as follows. 


(22) Me (gn) = {e-+.a > M(g,)} Ms (Un), OSPS2,m; OS<n—l; 
é,a=0,1; e+e = 1. 
The final result can be expressed in the 
THEOREM. If 9 = 2, M is given in the case of equations (A) by the 
Jormula (21): 
Ms (Un) = {e+ aD Mo(gu)}m, OSeSn—1, m23; 
é,a=0,1; e+e = 1. 

















J 
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When the xe are defined on a configuration gn, M is given by (22): 


Ms (Gn) = {e+ a DM, (gu)} Me (Un). OSrs2,p; OSevcn—-1]; 
é,a = 0,1; eta = 1. 
§ 3. THE GENERAL CASE, @ = @. 
We can now give the result in the general case, @ = e@. Consider first 


The case M,(U,), i.e. mn = 0, mZ2e0. Let m= ea. 


0 (a, +++, Xn) 


2: T(t. +, = —— —- £0. 
7 Ee +> a ae it 
If J(0) = 0, let 

(24) Fee Fos Te 


Consider the configuration {g} made up (i) of the points (w) which are 
simultaneous roots of the equations 


(25) J; = 0, k = 1,---, 9; 


and (ii) of the singular points of the individual surfaces (25). Let gu be 
any one of the constituent configurations g. Then O<w<n—1. 

On gz the functions ze are not only continuous; they are analytic in 
the ordinary points.® Let 7 be the rank of the matrix (B) of these 
functions near an ordinary point of g,. Then O<r<uw. 

Consider a point of a surface (25) not lying on any gu. Here, either 
Case I or Case II of the Funktionentheorie, ibid., p. 143, obtains. In Case I 
the neighborhood goes into a canonical element of volume and thus gives 
rise to no exception, provided the point does not lie on certain manifolds g. 
of lower order. These latter g. must be added to the earlier g,. In Case II 
the rank 7 of the matrix (B) is <m—1. We will include such surfaces (25) 
among the g.. Thus the image M,(g,) always has r<n—2, though 
f may be = n—1. 

We now apply the method of induction, assuming the theorem true for 
values of @ less than the one under consideration. Hence Wt (gu) is a 
known configuration. 

Plot, then, in the (x)-space — more particularly in R — the images 
of all the gu, for which, as we know, 0<r<n—2. 


> M, (gu), O<rspw,n—2;0Swsn—-l. 


Embed this configuration in an arbitrarily small neighborhood S,. The 
part of MN that lies outside of S,, or in the closed space R, = R—S,, 
can be covered by a finite number of canonical elements of volume, mn. 


*Thid. pp. 122-23. 
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As S; shrinks down, these may condense on the above configuration. 
Hence Wt can be represented in the form 


> My (Gu) tn. 


We can include the excepted case by writing 


(26) Mn (Un) — {eta > M,(g,)} m2, lorsp, n—2; O<u <n as 
é,a=0,1; e+e = 1. 


This result holds without modification of the proof when n =e, m>e. 

The case Mo (gn), i.e. @ =n, mn; or n>e,m>e. Consider first 
the case n =e. The singular points of the given g, constitute a finite 
number of configurations {gq}, where a given g, has its O<~<n—1; 
or they are altogether absent. In the last case, Mt consists of a single 
canonical element of surface or volume, mt. 

Consider seriatim the g,. Let 7 be the rank of the matrix (B) for g,; 
then surely is O<r<n—1. But we know such a M;, (gu) by hypothesis. 
Hence 
(27) Mn (Gn) = fe+a DY Mr (Gu)} Mn(Un), OS rSecn—t; 

é,a=0,1; e+a = 1. 


Equations (A) for n>o0+1, m=>e+1. The treatment here is the 
same as in the case 9 = 2, n>3, m=3. The result is 


(28) Mo (Un) = {e+ a DM, gu)} me, OSr<p, e—2; OS w<n—1; 
e,a=0,1; e+a=—1. 


The functions xz, on a g,. In case n>e, m>e, the result is: 


(29) Mo(gn) = {e+ aD M-(gu)} Men), OS r Sm, e;0Sesn—], 
é,a=0,1; e+a =—1. 





§ 4. APPLICATION. 
The theorem which gave rise to the foregoing study is the following. 
THEOREM. Let a transformation be defined by Equations (A) and let 


m=n=e@. Furthermore let it be (1, k). 
Let w= O(u,, --+, un) be analytic (meromorphic) in the origin. Then 


® goes over into a function of (a1,-+-,%n) which satisfies an equation 
of the form, 
(30) wk + CO; (x1, rey In) we-l a ose -+- Ci (a1, rety In) os 0, 


in which the coefficients are analytic (meromorphic) in the origin. 
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The function w= ® (uw, ---, Um) goes over into a k-valued function 
w = W(x, ---, Zn), continuous and in general analytic — to restrict our- 
selves first to the analytic case. Form the symmetric functions 


wi -+ wit ++ + wh, s=1,--.,h, 


These are single-valued and analytic in the (x)-space, save possibly (i) 
along the singular manifold of a canonical element of volume; (ii) in the 
points of M. 

The points of (i) lie on a regular configuration two real spaces down, 
and the function is continuous there. Hence it is analytic there, also.’ 
And now the exceptional points under (ii) crumble away seriatim in like 
manner, till all disappear. 

In case O(u,---+, %,) is meromorphic, but not analytic, 


G (ut erty Un) 


O(W1, +++, Un) == 
(us ‘ n) H(u1, +++, Un)’ 





the proof can be given in a similar manner by the aid of Hartogs’s 
Theorem."' Or we may notice that 


wy = Glu, +++, Mm), wo = H(m,-+-, Un) 


satisfy algebroid equations of the form (30), and now, setting 
Ww 
w= reg or wwe—u, = 0, 


eliminate w,, w, between the three equations. 


10 Tbid. Chap. 3, § 3. 
'! Thid. Chap. 3, § 15. 














RINGS OF IDEALS.' 


By E. T. Bett. 


Introduction. Addition, [+], subtraction, |—], multiplication, |-|, and 
equality, [=], are defined for ideals so that with respect to [+], |—], 
[-], [=], the set of all (integral and fractional) ideals a, 6,c,--- of an 
arbitrary algebraic number field K of degree m form aring R. Interpreted 
in K, equality in R is equality of ideals in the usual sense; addition in 
is multiplication of ideals in K, subtraction in R is division of ideals in 
K, and multiplication in R is a new process on ideals in K related to 
the G.C.D. Arithmetical divisibility is defined for elements of R and 
unique factorization into prime elements of R (in general not prime ideals 
of K) is established. 

The elements of R (all the ideals of K) are ordered with respect to 
[>], [=], [<], in abstract identity with the ordering of the rational integers 
with respect to >, =, <. 

A number e@ of K determines an ideal of K, but not conversely. Thus 
if « is an integer of K, the ideal determined is the principal ideal [e]. 
An ideal of K which is determined by a number of K will be called an 
existent number of K; all other ideals of K will be called fictive numbers 
of K. The elements of R are all the existent and fictive numbers of K. 

The elements of R are separated into three classes, called respectively 
positive, mixed, and negative, which will be defined in the proper place. 
A positive element of R is an integral ideal in K; a mixed element of # 
is in K a fractional ideal a/6, where a, 6 are coprime integral ideals of 
K both different from [1]; a negative element of # is the reciprocal ot 
an integral ideal in K. A positive (negative) element of # is uniquely 
a product of prime positive (negative) elements of R, with an abstractly 
identical theorem for mixed elements which will be stated. A prime ideal 
in K is a unitary element in R, but not conversely; unitary elements in 
fk play the part of units in K. 

As unique factorization in K holds only in the sense of unique prime 
ideal decomposition of principal ideals of K, it seems reasonable to adjoin 
to K its fictive numbers after having replaced its numbers by the corre- 
sponding existent numbers (as above defined), and to refer to R instead 
of K as the domain in which unique factorization holds. If this be done, 
the laws of rational arithmetic persist. 


"Received June 11, 1930. 
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Before R can be constructed certain properties, developed next, of real 
one-rowed matrices are required. 

1. Ordered matrices. A one-rowed matrix (%, ---, %m) (m > 1) 
whose m codrdinates 21,-++, %m are finite real numbers, is called real of 
order m. Henceforth matrix of order m shall mean real matrix of order m. 

We say that (a, ---, 2m) is greater than (y1,---, Ym), and write 
(a1, +++, Lm) (>) (y1, +++, Ym), if and only if one, and necessarily not more 
than one, of the following m sets of 1, 2,---, m conditions respectively 
is satisfied: 

ry > 3 
X= Y—i, a > Yo; 
Ly = Y1, Le = Yo, Le > Ys; 


a = Yi, Lo = Yo, LE = YB, +++) Lm—1 = Ym-1,; Lm> Ym. 


Similarly, we say that (71,---, 2m) is less than (y1,--+, Ym), and write 
(v1, +++, &m)(<) (y1, +++; Ym) if one, and necessarily not more than one, 
of the m sets of conditions obtained from the above on replacing > by 
< is satisfied. 

Equality, (a1, «++, %m) (=) (yi, +++, Ym), holds if and only if 
= TAG) = 1,---, m). 

The matrix Cn = (0,---, 0), each of whose m codrdinates is zero, is 
called the zero matrix (of order m). 

It is convenient to say that the real number x is positive when and 
only when x >0. This convention will be observed henceforth. 

The real matrix (a, ---, @m), provided it is not fm, is said to be positive, 
mixed or negative according as none, at least one but not all, or all of 
its non-zero codrdinates are negative. 

In all questions of divisibility of matrices to be discussed, the concept 
of regularity is central. We say that (2,---,%m) is regular if and only 


if a +0 (7 =1,---,m). If (a,---, am) =X is irregular and is not fm, 
let xj (7 =i, +--+, %s) be all the zero codrdinates of X, and let ipn<% 
when h<k. Then the regular matrix (7,, 72, ---, %s) is called the index 


of irregularity of X, and matrices having equal indices of irregularity are 
said to be co-trregular. By definition the index of irregularity of a regular 
matrix is (0). 

A matrix other than the zero matrix is called wnitary if and only if 
the absolute value of each of its non-zero codrdinates is unity. 

The matrix (z,) of order 1 is defined to be identical with the real number 2. 
In what follows the special notations (>), (=), (<), (+), --- referring 
to matrices of order m > 1 may be replaced by the usual >, =, <, 
+,.-. when m = 1. 
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1.1 THEOREMS. Between any two matrices of order m one and only one 
of the relations (>), (=), (<) holds. 

Tf (a, nee y Xm) (>) (m1, he! Ym); then (m, 7 / Ym) (<) (x, PED Xm) and 
conversely. 

If (a, cite Xm) (>) (m4; se ape Ym); and (m, =e Ym) (>) (2, nee Zm); then 
(a4, +++) Lm) (>) (21, -+*, 2m). 

To proceed with the ordering of matrices we lay down the following 
definitions. 

The sum (a,, +++, %m) (+) (ys, +--+, Ym) of two matrices of order m is the 
matrix (4% + Y1, +++; 2m+ Ym); their difference (2, «++, %m)(—) (Yi. ++ +s Ym) 
is (%—Y1,+++,%m— Ym); their product (a,,--+, 2m) ()(y1,. +++; ym) is 
(11%, see, Lm Ym). 

1.2 THEOREM. With respect to addition, (+), multiplication, (-), sub- 
traction, (—), and equality, (=), the set of all matrices of order m is 
a ring; the unique zero element of the ring is the zero matrix Sm of order m. 

1.3 THEOREMS. If (a, +--+, 2m), (Yi1,°++; Ym) are any matrices of order m 
such that (a1, +++, 2m) (>) (y1, ++ Ym), and if (2, +++, 2m) is any matrix 
of order m, then 


(x, vey m) (+) Er, +++, Sm) (>) Yrs +++ Ym) (+) os Sm)- 


If (a1, +++, tm), (Yrs +++; Ym) are any co-irregular matrices of order m 
such that (a, +++, 2m) (>) (Yi, +++, Ym) and tf (%,+++, &m) is any positive 
matrix co-irregular with these two, then 


(x, ++, Xm) (+) (4, pre | Zm) (>) (mH; -++5 Ym) () (1, ates 2m). 


For m = 1 we have in 1.1, 1.3 the usual fundamental theorems for 
inequality of real numbers. 

1.4 THEorEM. Jf X is any non-zero matrix of order m, there exists 
precisely one unitary matrix U of order m, co-irregular with X, such that 
U(-) X is positive. 

2. Ordered prime ideals of K; Exponent of an ideal. The follow- 
ing elementary theorems on ideals will be required. A prime ideal p of K 
divides precisely one positive rational prime p. Any integral ideal a of K 
has a two-term basis, a = [«, 4], where «, @ are integers of K, one of which 
may be an arbitrarily chosen number of a other than zero. Hence p has 
the representation p = [p, ], where » is an integer of K. We shall 
assume given a fixed canonical basis @;,---, @» of the integers of K. 
Thus finally 

p = [p, ot +++ + an On); 
where 0 < aj<p (j = 1,---, n) without loss of generality. We proceed 
to order the prime ideals of K. 
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The n basis numbers ,,---, ®, give rise to m! distinct arrangements. 
Select any one of these, say that indicated by (,,---, @n) as fixed, 
Then, if g is a positive rational prime, the imdex I(6) of the ideal 
6 = [q, bk o,-+ +--+ dnaw,] is the matrix (q, b),---, bn) of order n+1, 
where, without loss of generality, O<bj<q (7 =1,--:,m). As the 
b; range over their values, g” ideals 0, not necessarily distinct, are generated, 


of which at most » are prime. Let by,g (k = 1,---, 8g) be all the distinct 
prime ideals in the set of g”. Now let q range over all the positive 
rational primes 2, 3, 5,---,p,---. The sets 

2.1 bx, g (hk = 1,---, 83 q = 2,3,--+,p,--+) 


exhaust the prime ideals of K, and each prime ideal of K occurs only 
once in 2.1. 

Let pj (j =1,2,3,---) be all the prime ideals of K. Then }; is 
defined to be greater than, equal to or less than px, and we write 


; pj|> Pres pj |=| Pe, py) <| pr, 
according as 
I(pj)(>)L(pr), ZL (pj) =) L(pr), Lp) (<<) L (px). 


The notation may be chosen so that p; |=] px according as j Sk. 
When this is done (as henceforth), 1, po, ~s,-+-, Pr,--- is called the 
natural order of the prime ideals of K. 

Any integral ideal a other than the zero ideal of K is uniquely ex- 
pressible in the form 

2.2 a = po ps: see p 


Ly 


n ’ 

where each of the numbers a; (j —1,---,m,---) is zero or a finite 
positive rational integer, and where moreover there exists a finite integer m 
such that a, = 0 for all n >m (since otherwise a would not have a finite 
norm). 

The matrix (a, %,+--,%n,-+-+-) of infinite order defined as in 2.2 by 
the ideal a of K is called the exponent E(a) of a. The exponent is 
defined uniquely since p,, po,--- in 2.2 are in natural order. 

To the zero ideal of K is assigned the conventional exponent (— ~, 
—@®,+++-,—@,--.), all of whose codrdinates are —oo. This may be 
denoted by H(O). If necessary its properties can be defined; they will 
be obvious from those of exponents in general. To proceed to R, we 
must consider the algebra and arithmetic of exponents. These depend 
upon the like for what are called N-numbers; we continue with R in 
Section 5. 
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Evidently p; |=) px when and only when p; = px. 

If E(a) =(%1,-+-;%n, +++), B(6)=(,+--, yn, +--+) and a, 6 are coprime, 
the exponent of a/b is (a—m, +--+, %a—Yn, +++). 

3. N-numbers. A real matrix (2,,---, 2m) of finite order m => 1 in 
which 2m +0 is called an N-number of order m; the zero N-number, or 
the N-number of order zero, is (0). 

The conjoint of any two real matrices (z,,---, zy), (y:.---. ys). in this 
order, is the matrix (%,---, 2, ¥1,-++, Ys). The symbol 2;, where j is 
a finite integer >0O, denotes a sequence of precisely j terms each of 
which is zero; 2) is defined by 


(a1, +++, Xp, Qo) = (My, +++, ay) 


for all real matrices (a, ---, z-) of all finite orders +. 
Let k be any finite integer >0, and let X,,---, X, be any N-numbers 


of the respective orders m,,---, m,:. Let m be the least integer such 
that m=>m (7 =1,---,k). Then the conjoints 

(X;, Qn—m,) (j = 1,-+-,k) 
are k real matrices (not all N-numbers unless m, = --- = mx) of order m. 
These k matrices are called the least equivalent set of the N-numbers 
Xi, ++%y Abe 


Let (a, -+-, 2) be any real matrix of (finite) order n different from ¢, 
(the zero matrix of order nm). Then there exists an integer m>0O, called 
the rank of (a, ---, @n), such that 2 +0, a, =O for h>m, and we 
call (a, +++, 2m) the reduced equivalent of (a, --+, an); the redwed 
equivalent of (2;), 7 >0, is (0). 

The fundamental operations and equality for N-numbers are now defined 
on referring to the like for real matrices of the same order. Let X, Y 
be any N-numbers, and let X’, Y’ be their least equivalent set. Then 
X, Y are said to be N-equal, X ((=)) Y, if and only if X’ (=) Y’, and 
hence if and only if X(=)Y; the N-swm, X((+)) Y of X,Y is the 
N-number Z, where Z is the reduced equivalent of X’(+)Y’; the 
N-difference X ((—)) Y of X, Y is the N-number W, where W is the reduced 
equivalent of X’ (—) Y’; the N-product X ((-)) Y of X, Y is the N-number V, 
where V is the reduced equivalent of X(-) Y. 

3.1 THEOREM. With respect to N-equality, ((=)), N-addition, ((+)), 
N-subtraction, ((—)), the set of all N-numbers is a ring; the unique modulus 
of addition in the ring is the zero N-number (0). 

As always in a ring the question of a possible inverse of multiplication 
is irrelevant. 
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An N-number of order m being a real matrix, the definitions of positive, 
mixed and negative matrices in Section 1 apply to N-numbers. 

Let X, Y be any N-numbers and let X’, Y’ be their least equivalent 
set. Then we define X to be N-greater than or N-less than Y, and write 
in the respective cases 


X(>)Y, X(<))Y, 


according as X’(>) Y’ or X’(<) Y". 

3.2 THEOREMS. Between any two N-numbers one and only one of the 
relations ((>)), (=)), ((<)) holds. 

If X((>)) Y, then Y ((<)) X, and conversely. 

If X((>)) ¥ and Y((>)) Z, then X ((>)) Z. 

If X((>)) Y, then X((+)) Z((>)) Y (+)) Z, where Z is an arbitrary 
N-number. 

If X, Y are any N-numbers of the respective orders r,s and if t denotes 
the greater of r,s if r+s, or either if r = 8, such that X((>)) Y, then 
X(()) Z((>)) Y (()) Z, where Z is any positive N-number of order t. 

The above become 1.1, 1.3 if all the N-numbers are restricted to be 
of the same order, in which case 3.1 becomes 1.2. 

4, Divisibility of N-numbers. An N-number of order 1 is a real 
number +0; what follows becomes the usual theory of divisibility for 
real numbers, including arithmetical divisibility for rational integers, if all 
the N-numbers are restricted to be of order 1. 

4.1 THkorem. Let A, B be any given N-numbers both different from (0). 
Then, in order that the N-number X be uniquely defined by the equation 
A ((-)) X ((=)) B, it is necessary and sufficient that A, B be restricted to 
be co-irregular and that X be restricted to be co-irreguar with A, B. If 
these conditions are violated, either X does not exist, or an infinity of 
N-numbers X exist satisfying the equation. 

When the conditions are satisfied, namely, when A, B are co-irregular, 
and X is restricted to be co-irregular with A, B, neither of which is (0), 
we call X the N-quotient of B by A and write X((=)) B((+)) A, or 
X ((=)) (B/A)). 

4.2 THEorEM. If X is any N-number other than (0), there exists precisely 
one unitary N-number U such that ((X/U)) is positive. 

The N-quotient ((X/U)) in 4.2 is called the N-absolute of X, and we 
write, as a definition, || X|| ((=)) (X/U)). 

4.3 THrorEmM. Jf X is any N-number other than (0), X ((=)) U (()) || X |, 
where U is a uniquely determined unitary N-number. 

An N-number other than (0) each of whose non-zero codrdinates is a 
rational integer is called an N-integer; the zero N-integer is (0). 
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If A, B are N-integers other than (0), we say that A N-divides B, and 
write A||B, when and only when ((B/A)) exists and is an N-integer. 

By definition we say that the N-quotient of (0) by any N-number other 
than (0) exists and is (0). 

If P is a non-unitary N-integer other than (0) such that the only 
N-integers X for which X||P are X((=—))P, X((=))U, where U is 
unitary, P is called an N-prime. 

By 4.3 divisibility of N-integers may be discussed only for positive 
N-integers. 

4.4 THEOREM. If P is a positive N-prime, not all of its codrdinates are 0, 1, 
and all of its codrdinates that are not 0 or 1 are positive rational primes. 

4.5 THEoREM. If A, B are positive N-integers, neither (0), and not both 
unitary, and if P is an N-prime such that P|| A((-))B, then either P|| A, or 
P|| B, or both. 

4.6 THEOREM. A positive non-zero non-unitary N-integer is divisible by only 
a finite number of N-primes. 

4.7 THEOREM. If A, B,C are N-integers such that A\|B and B'\C, then 
All. 

4.8 THEOREM. A non-unitary N-integer is uniquely the product (up to per- 
mutations of the factors) of a unitary N-integer and a finite number of positive 
N-primes. 

The foregoing is sufficient for the development of the divisibility properties 
of M-integers. For example, if A||B and A|\C, A is called a common 
divisor of B, C; if B\| A and C|| A, A is called a common multiple of B, C; 
if B, C are positive, their N.G.C.D. is that common positive divisor 
which is N-divisible by every common positive divisor of B, C, and their 
N. L. C. M. is that positive common multiple which N-divides every common 
multiple of B, C. The N.G.C.D. of the positive N-integers B, C is their 
N-greatest common divisor; their N. L.C. M. is their N-least positive common 
multiple; the N-product of the N.G@.C.D. and N.L.C.M. is N-equal to 
the N-product of B,C. If B, C are coprime N-integers such that B.A 
and C|| A, then B((.))C|| A. 

From the definitions there is no loss of generality in discussing the 
divisibility of N-integers if we make the following restrictions: in a given 
context all the N-integers are to have the same order, say n, and each 
N-integer other than ¢, is to have all of its coérdinates different from zero. 
Having developed the abstract properties of divisibility for such a set, 
each of whose non-zero integers has index of irregularity (0), we pass at 
once to the corresponding properties of a set each of whose integers has 
index of irregularity (%,, ---, és) by inserting zeros in the indicated co- 
drdinate places of the first set. This follows since division is defined only 
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for co-irregular N-numbers. The further development of divisibility requires 
new considerations into which we shall not enter here. 

5. Exponents. Returning to Section 2 we now apply to exponents 
E(a), E(6), --- all the properties of N-numbers and N-integers as in 
Sections 3, 4. We shall exclude #(0). Hence if a is any integral or fractional 
ideal, Z(a) is of the form (a, ---, 2, ---) in which a = --- = %=-:-=0 
if a is the unit ideal, and if a is not the unit ideal, there exists a finite 
integer m>0O such that zm +0, a, = O for all integers h>m, each of 
Y1,+++, m is a finite rational integer, and at least one of 2, ---, Xm is 
not zero. The unique exponent 2 all of whose coérdinates are zero is 
called the zero exponent. If E(a) is not 2, and if m is the integer just 
defined, we write E(a)~(a, ---, %m), and say that H(a) is equivalent, ~, 
to the N-integer (x7, ---,%m). By definition 2 is equivalent to (0), 2~(0). 

If E(x)~X, the ideal xy is uniquely determined as that ideal whose 
exponent is the conjoint (Section 3, beginning) (X, 2,,), where 2,, denotes 
a sequence of an infinity of terms, each zero. We shall write symbolically 
x = E~(X), that is, x is the ideal whose exponent is (X, 2,,), where 
X is a given N-integer. 

A 1,1 correspondence between exponents and N-integers is now established 
by means of the following definitions. 

Let E(a), E(6) be any exponents, and let E(a)~ A, E(6)~B. Then 
E(a), E(6) are said to be E-equal, E(a) {=} E(6), if and only if A((=)) B, 
and hence if and only if a = 6; the E-swm E(a){+} E(6) of E(a), E(b) 
is defined by 


E(a) {+} £(6) |=} HB), 3 = E (8), S((=))A((+))B; 
the E-difference and E-product are similarly defined by 


E(a)i\—j E(){=}£O), d= ED), D(=)A(—-)B: 
B(a){-jE()i=}E£(p), p= EP), P(=)AC(-))B. 


5.1 THEOREM. With respect to E-equality, {=}, E-addition, {+}, E-sub- 
traction, {—}, E-multiplication, {-}, the set of all exponents is a ring 
(the E-ring); the unique modulus of addition in the ring is the zero 
exponent (2,,). 

The relations {>}, E-greater than, {<}, E-less than, are defined as 
follows. Let H(a)~ A, E(b)~ B; then E(a){>} £(6) if and only if 
A((>)) B, and E(a){<} E(6) if and only if A((<))B. Further, E(a) 
is said to be positive, mixed or negative according as A is positive, mixed 
or negative, and the order of E(a) is defined to be identical with the 
order of A; EH (a) is called unitary if and only if A is unitary. 
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5.2 THEOREMS. The Theorems 3.2 hold with N-number replaced through- 
out by exponent. 

Let E(a)~ A, E(6)~ B. Then we say that E(a) E-divides E(b), and 
write E(a) + E(6), if and only if A|| B. 

5.3 THEOREMS. The theorems of Sec. 4 hold with the same replacement 
as in 5.2. 

6. The ring R. The elements of R are all the ideals of K with the zero 
ideal omitted. (The zero ideal can be included by defining the properties 
of Z(O) in an obvious way, but for simplicity we shall ignore it). The 
ring R is defined by a 1,1 correspondence between its elements and 
operations and those of the E-ring (Section 5). 

Let a, 6 be any elements of R, and le. a = H(A), b = E-*(B). 
Then a, 6b are said to be R-equal, a{[=]6, when and only when A {=} B, 
and hence ab. The R-sum, difference, product are defined by 


a[+]b[=]3, 8 = H-'(A{+}B); 
a{—]b[=]d, = £*(A{—} B); 
al-]b[=]p, p= H“(A{-}B). 


6.1 THEOREM. With respect to R-equality, [=], R-addition, |+], R-sub- 
traction, [—], R-multiplication, |-], the set of all ideals of K is a ring, R; 
the elements of R are all the ideals of K, and the unique modulus of 
addition in R (the zero element of R) is the unit ideal of K. 

We say that a[>]b6, where a, 6 are elements of FR, if and only if 
A{>}B; similarly, a[<]6 if and only if A{<}B. An element of R 
and its exponent are said to correspond. 

6.2 THEOREMS. The Theorems 5.2 hold with exponents replaced throughout 
by their corresponding elements of R, an element of R being positive, mixed, 
negative, or unitary (by definition) according as its exponent is positive, 
mixed, negative or unitary. 

We say that the element a of R R-divides the element 6 of &, and 
write a|6, if and only if E(a) t E(6). 

6.3 THEorEMS. The Theorems 5.3 hold with the same replacement as in 6.2. 

The existent and fictive numbers of K may be distinguished, as in the 
next section, by means of the following considerations in &. 

Let e(j = 1,---, m,---) be a sequence of constant finite positive rational 
integers, and let cj(j =1,---, m,---) be arbitrary finite rational integers. 
Write 


éj = (cy €1, C2 2. eee, cj ej) Vj = - eee, nN, i) 


6.4 THEOREM. With respect to {+}, {—}, {-}, {=}, the set of all 


5) 
exponents (€,2,,) is a ring; with respect to {+}, {—}, {=} the set ws a 
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module, the E-module, of the E-ring; the E-product of an element of the 
E-ring and an element of the E-module is an element of the E-module, and 
hence the E-module is an ideal, the E-ideal, of the E-ring, and is wniquely 
determined by (e1, +++; €n: +++): 

6.5 THEoreM. Jn 6.4 replace { } by| |, (&, 22) by E~*(e) and E by R. 

The base (e1.---, @n, +++) Of the R-ideal is named merely for reference; 
it is not abstractly identical with the basis of an ideal in an algebraic 
number field. There is no occasion here to discuss the basis of an R-ideal. 

7. The derived field K’ of K. The elements of K’ coincide with 
those of the R-ring, and are hence (see introduction) all the existent and 
fictive numbers of A. If to K we adjoin its fictive numbers we obtain 
kK’, in which the fundamental operations and relations are defined to be 
identical with those of the R-ring. Thus K’ is identical with the R-ring, 
and K is contained in K’. Unique factorization holds in K’, but not 
in terms of existent numbers only of K. 

The existent numbers of K coincide with the elements of the following 
ideal J of K’. Let p; be any prime ideal (in the ordinary sense) of XK, 
and let 7; be the least positive rational integer (necessarily equal to or 
less than the class number of K) such that p; is equivalent (in the 
ordinary sense of ideals) to a principal ideal. Then the base of J is 
(71,-+-+, M,---). The existent numbers of K form a ring in K’. 











THE STRUCTURE OF MATRICES WITH ANY NORMAL 
DIVISION ALGEBRA OF MULTIPLICATIONS:.! 


By A. ADRIAN ALBERT. 


1. Introduction. The outstanding problem in the theory of Riemann 
matrices” is the determination of all pure Riemann matrices. The chief 
sub-problem has been that of finding the structure of a pure Riemann 
matrix with a given multiplication algebra. This problem was solved for 
the case of fields by 8. Lefschetz,” was reduced essentially to the case of 
normal division algebras by the author,* and was solved for the case of 
“known’’* normal division algebras by the author.* 

In the present paper the author defines algebras of multiplications of 
matrices not necessarily Riemann matrices and finds necessary and sufficient 
conditions that a matrix have a given algebra of multiplications. By adding 
the conditions that a given matrix be a Riemann matrix having no multi- 
plication not in the given algebra, the author completely determines the 
structure of all pure Riemann matrices with a given multiplication algebra. 

2. New properties of normal division algebras. Let 8 be a normal 
division algebra in nm? units over any non-modular field F' and let a be 
in 8 and have minimum equation 


(1) (8) = MEAP IE th = 0 yee, dn im F). 
We shall use the notation @,,---, «, for the scalar roots of (1) and shall 
choose a basis of B 

(2) m4 = 1, Uj—yntk = a" ug (j,k =1,---+,m). 


The author has proved’ that 8 is representable as an algebra %, of 
m-rowed square matrices with elements in F if and only if m is divisible 





‘Received June 16, 1930. 

* For references see the report of the National Research Committee on Rational Trans- 
formations, Chapters 15 and 17. 

?In a paper presented for publication to the Circolo Matematico di Palermo. For 
a summary of this paper see the author’s On the Structure of Pure Riemann Matrices 
with Non-commutative Multiplication Algebras, Proceedings of the National Academy of 
Sciences, April 1930. 

‘That is, the algebras of L. E. Dickson, Transactions of the American Mathematical 
Society, vol. 28 (1926), pp. 207-284. 

*In an as yet unpublished paper On Direct Products, Cyclic Division Algebras, and 
Pure Riemann Matrices, for a summary of which see the Proceedings of the National 
Academy of Sciences, April (1930). 
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by n®, and that when such a representation exists so that m = n®q = nn’, 
then 8 has a representation in which the modulus of 8 is represented 
by I(m), the zero element by O(m),° and a by 


A= |\Apl,  Ajypa = Im’), An = Om) (k+j—-1), 
(3) Ajn <= — Ania-j I(m’), G,k= ms +=), 
The author has also shown the truth of 


THEOREM 1. There exist scalars ‘jx, Ojks in K = F(a, +++, @n) such 
that if" 


n r=1,--+,” 

(4) ek = DL, Sate, yy = oj a’, 

s=1 t=(r—1)n-+-1 
then 
(5) Cik Ckt = ejt, Cjk ert = 0 (k + YS ds k, r,t= 1, many n), 
5 

ue = Pi Nek Cjk; = bs aj ejj- 
Consider the generalized Vandermonde matrix 

(6) v= | eck! Tm’) || (j,k = |, r++, 0), 


an m-rowed non-singular square matrix. Let U; be the representation 
of wu, in B,, a representation of % as in (3) and the statement preceding (3). 
Define 

v 


(7) Ex = > “Ks Us. 

= 
Since B, is equivalent to 8 under the correspondence uw; U;, we have 
(8) Exe Ext = Ej, En En = O(m) (hk +7; j,k, r,t = 1,--+,m). 


Let «x be an m-rowed square matrix which, when considered as an 
n-rowed square matrix whose elements are m’-rowed square matrices, has 
I(m’) in the jth row and kth column and 0(m’) elsewhere. Then the 
algebra (éx) over K has 


(9) Ein Ext = Et, Ee ert = O(m) (k $7; 7,k, 7, t= 1,---, m), 
has the matrix I(m) as its identity matrix, and is equivalent to (Ex) 


over K. But both are sub-algebras of M, the algebra of all m-rowed 
square matrices with elements in K. It follows (loc. cit. On the Structure 





° We shall use the notation I(k) to represent a k-rowed identity matrix, 0(k) to represent 
a k-rowed zero matrix, and 0(k,, k.) to represent a matrix with k, rows and k, columns 
of zeros. 

7In fact 
(a — 1) +++ (€@— ej) (A — 541) «+» (A— On) 
(cj — 11) + +» (47 — 1) (ey — 4541) ++ (@— On)” 





Cj — 








THE STRUCTURE OF MATRICES. 133 


of Pure Riemann Matrices, etc.) that there exists a non-singular m-rowed 
square matrix Q with elements in K such that 


(10) Q Ejx Qt = ex. 
Now, in particular, 


QAQT = ORG hyQ = Lye = «. 


But VA = a@V as may be easily verified by direct computation. Hence 
if we let QV-! = P we have 


PVAV* P* = PaeP' = a. 


But, from (4). 
jij = p> oie AT, 
", 


so that 
ij = p> Oye ce” 


and, since Pa = a P we have Pe; = «;P. Hence 
P=||Pxl\l, Per=O(m'’), GH, Pyp= Pe Gk=1,--+ 0). 
We have stated that Q is non-singular, so that so is P and, from the 
diagonal form of P, so are the P;. In particular 
A= ||Ap\|, de = O(m'), G+), 4g = Pa’ 
is non-singular. It is obvious that 
A éy, = & A - (j,k = 1,--+, nm), 
so that when we write Q = 4Q we have 
Q Ex Q = AQ EQ A = ex. 


Hence we may replace Q by Q and take the new Py to be I(m’). 

THEOREM 2. There exists a set of n non-singular m'-rowed square matrices 
P;, P, = I(m’), with elements in K = F(ey, «++, &n) such that the matrix P 
whose jth diagonal element is P; and whose matrix elements off the diagonal 
are 0(m’) has the property that 


(11) (PV) Ex (PV)— = en, (PV) A(PV)" = D ajay = «. 


In the above equations (11) V is the generalized Vandermonde matrix, and 
the Ex. are the m-rowed representations of the ej: of (4). 

We have chosen the a; to be the scalar roots of gy(§) = 0. Hence 
if » is a scalar variable »(y) = w(a;, 4) (y—aj) where (aj, a) +0, 
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W(a;, ax) = 0 (7 +k), since y(§) = 0 has no multiple roots. Let I(a)) 
be any polynomial in « with coefficients m’-rowed square matrices with 
elements in F. We may define a matrix 


I(aj, 9) = T(@) [W(e, «P+ W(@, 4). 
Then I'(a;, aj) = I'(aj), (aj, ex) = O(m’) (G +h). Let 


1,-+-+,% 
1/ r—1 s—1 
P(aj,4) = 2 of Hye", 
r,s 


where the %,, have elements in F. Then if V’ is the transpose of V 
and 
yp || B,. ||, (yr, 9 = 1, ---, 2), 
we have the relations 
Vey’ = | (e;, Cy) |). (j, Ke = 1, «.-, 0), 
so that we have proved 

THEOREM 3. Let I'(a;) be any m’-rowed square matrix with elements in F'(@;). 
Then there exists an m = nm'-rowed square matrix 4 with elements in F such 
that VV’ = T has as its jth diagonal matrix element I'(«;) and as matrices 
off the diagonal 0(m’). 

Let us apply the above theorem to the matrix (aj) = I(m’). We 
have thus shown the existence of an m-rowed square matrix 7 with 
elements in F such that V7'V' = I(m). Let now I be any matrix with 
I'(a;) as its 7th diagonal element and 0(m’) elsewhere. Then 


r= VEV' = (VEV’) (VIV'’) = Ve T-) Vo 


since (V7'V')-! = (V')17+V— = l(m). Hence we have 
THEOREM 4. Let I'(«;) be any m'-rowed square matrix with elements in F(«@)). 
Then there exists an m-rowed square matrix H with elements in F' such that 


VHVO= TP, 


where I’ has I'(a;) as its j th diagonal element and zero matrices off the diagonal. 

Since %, a normal division algebra over F' is a sub-algebra of M, the 
algebra of all m-rowed square matrices with elements in F and, since M 
has the same modulus and zero element as %, it is known that Mt is the 
direct product of B and another algebra € over F having the same modulus and 
zero element as MN. Let X be any quantity of €C. Then XU, = U,X (s = 1,---,n”). 
Hence X Ey, = Hy. X and 


(11) (PV) X (PV) ex = €xn(PV)X (PV). 
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But, from the form of the ¢, it is evident that 


(12) (PV) X (PV) —_ c — Il Six ||, Ck = O(m’), (j } k). 
=o = &, (j,k = 1,.--,n). 
Consider the matrix 


(13) VXV* = ||Py bie Pell = | yell. 


Let 4% be chosen, as in the proof of Theorem 4, so that V WV’ = J(m) 


and 
(14) VXVOVYHV = V(xX#)V’ = VXVo = \| Qn ||» 


Hence V(X¥%)V’ is a matrix with elements off the diagonal all zero matrices. 
But if G@ = XU = || G;,s/|| then 
1,-+-,” || 
(15) vV6évV’ = | z a; Gys ay |. 
| 


r,s 


Hence, from (13) and (14), >a’ G5 a ’ = 0(m’) for j +k, while 


(16) Pj(> af Grz ef ") P7* = &. 
But P, = I(m’) so that (16) becomes 
Pik (a) Py = (um) = &, 


where &,(@,) is an m’-rowed square matrix with elements in F(«,). 

Conversely let (16) be satisfied. By Theorem 4 we can define a matrix X 
satisfying (12). It follows that (PV)X (PV) is commutative with all 
of the ¢, and hence that X, an m-rowed square matrix with elements 
in F, is commutative with all of the Z,. But then X is commutative 
with all of the quantities of 8 and, since both B and M are normal 
simple algebras, X is in ©. 

THEOREM 5. Let Mt, the algebra of all m-rowed square matrices with 
elements in F be expressed as the direct product of 8, and another algebra ©, 
over F' which has the same modulus and zero element as algebras 8, and NK, 
and is normal simple. Then, if X is any quantity of ©, (PV) X(PV)" 
is a matrix whose non-diagonal elements are 0(m') and whose diagonal 
elements are all the same matria: §(a;), an m'-rowed square matrix with 
elements in F(a) such that 
(17) e Pj &(aj) Pj = (a). 


Conversely every §(a,) satisfying (17) defines a quantity 


X = (PV). || Exl|-(PV), Fe = O(m’), Fy = F(m), 


which is in ©,. 
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3. The algebras of multiplications of a matrix. Let o be 
a p-rowed and q-columned matrix of complex elements and suppose that 
now F is a field of complex numbers. We call a normal division algebra & 
of order n? an algebra of multiplications of » if there exists a representation ¥, 
of B as an algebra of p-rowed square matrices with complex elements 
and a q-rowed representation 8, of B as an algebra of square matrices 
with elements in / such that if § in 8, corresponds to X of %,, then, 
for all pairs of corresponding elements 


(18) Sm = oX. 


Two p-rowed and g-columned matrices », and 2 are called isomorphic 
in F if there exists a non-singular p-rowed complex matrix y and a non- 
singular qg-rowed matrix G with elements in F' such that 


(19) @, = yo2G. 


It is obvious that if B is an algebra of multiplications of it is an algebra 
of multiplications of any , which is isomorphic in F' to », and that the 
representations 8, and B, in passing from » to , are replaced by similar 
representations in which (18) becomes 


(yEy—)@, = o, (4*XG). 


Hence, by passing to an isomorphic matrix, we may reduce the question 
as to what restrictions are imposed on an » when it has an algebra 8 
of multiplications to an equivalent question when %, is replaced by a similar 
representation in F and %, by a similar representation in the field of all 
complex numbers. Now the author has shown that necessarily gq is divisible 
by n*, p is divisible by n, and any two representations 8, of 8 are similar 
in F', any two representations 8, are similar in the field of all complex 
numbers. Hence we may take as the representation B, of %, that of 
section 2, a representation as in (5), and have 


Se =< . €&&p) (yp) — ss (p) 
fe pa TE on ef ; a Po a et”. 
where #s corresponds to us, the a, are in K = F(a, ---, @) now 


a field of complex numbers, p = ny’, ep is an np’-rowed square matrix 
with Z(p’) in the jth row and kth column and 0(p’) elsewhere, and «”’ 
corresponds to a. We similarly take the 8, of (3) and statements preceding 
(3) for m = q. Then «?)» = wA so that 


(20) eo = |e; ef || Vj, k= 35 ecm n). 
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where zj is a p’-rowed and q’-columned matrix and g = nq’. Let P be 
defined as in Theorem 2, and let Q = PV® where V™ is the q-rowed 
generalized Vandermonde matrix for the » —a;’s. We also write » = #Q-'. 


Now 
(pp) —_— , 
ef o = why, 


since sa = w Us. Hence 


EP w = EP Q = @ Ey. — oe), 
It follows that 


o= || ayn ||, O jk — O(7’, q') (+k), @jj = O11 Vj, k = 1,.---, n), 
where O(p’, q’) is a p’-rowed and q’-columned zero matrix. But 
© = @Q = OPV = || aj Px|| V. 


while, as we have seen before, 


o = |lo|| V, oe = O(p',g’), oy = Tj. 
It follows that r, = @, and that 7; = 7,P;. Writing c for 7, we have 
(21) o = I]t Pak | G,k = 1,---, m). 


Conversely if » has the form (21) then where o is a matrix whose 
diagonal elements are the matrices + and whose further elements are 
zero p’-rowed and q’-columned matrices. It is obvious that in this case 
Po = we® and that ep o = w HE, so that «0 = oU,. Hence when 
® has the form (21) it has 8 as an algebra of multiplications. 

THEOREM 6. Let 8 be a normal division algebra in n* units over a field F 
of complex numbers, let a be in B, have grade n with respect to F and 
@,+++, @» as complex roots of its minimum equation, and let the matrices P; 
be defined as in Theorem 2. Then a p-rowed and q-columned matria with 
complex elements has 8 as an algebra of multiplications if and only ¢f p is 
divisible by n, q is divisible by n®, and is isomorphic to a matrix 


(21) |e Pj a | (j,k = 1,+-+,m), 


where « is a p’-rowed and q/-columned matrix of complex elements, and 
p=nyp',q=nq. 

4. Application to the theory of pure Riemann matrices. 
A matrix » with p rows and 2p columns of complex elements is called 
a Riemann matrix over a real field F if there exists a 2p-rowed alternate 
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matrix @ with elements in F such that Cw’ =O while the matrix 
V —1 Co’ is a positive definite non-singular Hermitian matrix. Any 
alternate matrix C having the above properties for » is called a principal 
matrix of w. A 2p-rowed square matrix A with elements in F is called 
a projectivity of a Riemann matrix if there exists a p-rowed square 
complex matrix @ such that ew» =A. It is easily shown that the matrix 





is non-singular and that if A is a projectivity of » then 
je 0| 


= O47, 
lo @ 





If § is a matrix for which oS’ — 0 while S has elements in F, then 
S is called a matrix of ». If C is a principal matrix of then, for 
every matrix S of », the matrix SC is a projectivity of , while if A 
is a projectivity of » then AC is a matrix of o. 

A Riemann matrix is called pure if all of its projectivities are non- 
singular. In this case the projectivities form a division algebra over F 
which is a 2p-rowed representation in F of an algebra D called the 
multiplication algebra of ». The quantities a of the algebra D are the 
multiplications 
(22) a: aw = wA, 


In particular the zero element of D is 


(23) 0: O(p)o = w0(2p), 
and the modulus of ®D is 
(24) 1: I(p)o = wI(2p). 


The matrix « in the above is uniquely determined whenever A is given, 
and these matrices « form a p-rowed complex representation of D. The 
author has proved (loc. cit.On the Structure of Pure Riemann Matrices, etc.). 

THEOREM 7. The structure of all pure Riemann matrices over any real 
Jield F' is determined by the structure of all Riemann matrices over real 
Jjields F’ whose multiplication algebras are of one of the types: 

(i) A normal division algebra 8 of order n® over F’, containing a quantity a 
of grade n with respect to F and with minimum equation having roots ;, +++, &n, 
all real. 

(ii) The same as (i) but with a@,,---. en all imaginary, n = 2n’', and such 
that there exists a polynomial 0(a,) with coefficients in F and the property that 


Ljiin = a, aj = Cy = 6 (a;), 6° (a;) = @; (j == ], «+>, n). 
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(iii) A division algebra U of order 2n* over F which may be considered as 
a normal division algebra of order n° over a quadratic field F(q), g2 = «<0 
in F. Moreover & contains a quantity a of grade n with respect to both F and 
F(q and with its minimum equation with respect to these fields having all real 
yoots G1, +++, By. 

We also have the necessary condition 

THEOREM 8. The order h of the multiplication algebra of a pure Riemann 
matrix of genus p is a divisor of 2p, where, of course, the genus of a Riemann 
matrix is the number of its rows. 

Consider first the case (i) of Theorem 7. We take h = n? in Theorem 8 
and have 2p = rn*, whence p = np’, 2p = 2np’. Since % is obviously 
an algebra of multiplications of » the matrix » is isomorphic in F' to 


(21) |e P, ak" |]. 


But it is known that, in the case we are considering, » is a Riemann 
matrix over F' if and only if «P; is a Riemann matrix over F(a@;) with 
I'(a;) as principal matrix. Hence there must exist an alternate 2p’-rowed 
square matrix I'(a@,) with elements in F(e,) such that 


(25) tPjM(@)Pit =0, A= V-1tPBI(a@) Pir’ 


are positive definite Hermitian matrices. Conversely when (25) are satisfied 
then » of (21) is a Riemann matrix over F and has $8 as an algebra 
of multiplications. 

We wish 8 to be the multiplication algebra of » and hence that 
have no new multiplications. The algebra D of all multiplications of » 
has a normal division sub-algebra 8 with the same modulus (24) as D 
and hence is the direct product of $ and another algebra € over F having (24) 
for its modulus. Hence » has a multiplication not in 8 if and only if 
there exists a projectivity X of », commutative with every quantity of B,. 
But in Theorem 5 we showed that if X were any 2p-rowed square matrix 
with elements in F' which is commutative with all of the quantities of B, 
than (PV) X(PV)~ is a matrix whose diagonal elements are the same 
2p'-rowed square matrix §(e,) with elements in F(@,) such that (17) is 
true. But if X is a projectivity of » then (PV) X (PV) is a projectivity 
of the Riemann matrix » = o(PV)— over F(a, ---, @), and hence §(«,) 
is a projectivity of «. Conversely when there exists a projectivity (@,) 
of ¢ such that (17) is satisfied, then it is obvious that Theorem 5 implies 
that the X of that theorem is a projectivity of » not in B. 

THEOREM 9. Let B be an algebra satisfying (i) of Theorem 7, and let be 
a p-rowed and 2p-columned matrix of complex elements. Then @ is a pure 
Riemann matrix over F with 8 as its multiplication algebra if and only 7f: 
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(i) The integer 2p is divisible by n® so that 2p = 2np' and we can define 
matrices P; as in Theorem 2 for m = 2p. 
(ii) The matrix w is isomorphic to a matrix 


(21) t Piak 


where t is a p'-rowed and 2p'-columned matrix. 
(iii) There exists an alternate, 2p'-rowed square matrix I'(a,) with elements 
in F(«,) such that 
cP (q)Pjt = 0, Hy =V—10 Bl (a) Pie’ 


are positive definite Hermitian matrices, and hence, in particular, tv is 
a Riemann matrix over F(e,). 
(iv) The matrix t has no projectivity §(a,) such that 


P; &(aj) Py > = &(m). 


The condition (i) above evidently is necessary and sufficient that 8 
have a 2p-rowed representation in 7’, the condition (ii) makes 8 an algebra 
of multiplications of », (iii) makes » a Riemann matrix, and finally (iv) 
insures that » have no multiplication not in 8. 

We shall next consider algebras of type (ii) of Theorem 7. Again 
2p = 2np’ and @ is isomorphic to a matrix in the form (21). Consider 
now the equations (17). For every matrix §(«,) which is an m’-rowed 
representation of a quantity of ©, known to be a normal simple algebra 
of order m” over F' we have 


P; §() Py! = §(c). 


Passing to complex conjugates we obtain 


(26) P; §(aj) Pj * = &(@), 

whence o 

(27) (Prtn’ Pj) § (Gj) (Pin Pj)! = (a). 
But (17) for the value 7+ »’ is 

(28) Pin’ E(ajin’) Prin = §(a,). 
Hence the matrix 

(29) (Pin)? (Prin Bj) 


is a 2p’-rowed matrix commutative with all of the &(«,). The set of all 
§(«,) is an m’-rowed representation of the algebra © of order m’” and, as 
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a consequence, it is easily shown that the matrix (29) is commutative 
with all m’-rowed square matrices and is a scalar matrix. It follows that 


(30) Pin’ = gj FP; nw P; (; =1],---, #), 


where the gj are in K = F(a, ---, @). 

It is known that » in the form (21) is a Riemann matrix over F if 
and only if there exists a 2p’-rowed square matrix /’(e@,) with elements 
in F(a@,) such that if c; = «P; then 


Iq) = —T(m), GT (@)tiw =0, V—-1yl(@) a 
is a positive definite Hermitian matrix. This becomes 
(31) t PT (a) Pitiiw = 0, V—1e PT (a) Pit’ 


a positive definite Hermitian matrix when we use (30). 
The matrix 
2,=\-* 

| Tiin’ 

is an Omega matrix over /'(@,) (loc. cit. on the Structure, ete.) when (31) 
is satisfied. Suppose that X is in © so that from (PV) X(PV)"' 
we obtain a 2p’-rowed square matrix £(«,) satisfying (17). Then if X is 
a projectivity of » there must exist a p’-rowed complex matrix ¢ such that 


(32) or = r&(a,). 

But 

(33) Tin! § (ay, n’) = tPyry §(a1, n') = E (a) Prin = Obi’. 
whence 

(34) tiin’ §(@,) = @ tn’, 


so that §(e,) defines a multiplication of 2,. Conversely let §(«,) define 
a non-scalar multiplication (32), (34) of 2, and let (17) be true. Then 
it is obvious that 

(35) gt; = gt Pj = r§(a,) Pj = 5(a) 


and that we may define a multiplication of » not in B. 

THEOREM 10. Let B be an algebra satisfying (ii) of Theorem 7, and 
let w be a p-rowed and 2p-columned matrix of complex elements. Then 
is a pure Riemann matrix over F with B as its multiplication algebra if 
and only if 

(i) The integer 2p is divisible by n® so that 2p—2np', and we can 
define matrices P; as in Theorem 2 for m= 2p, but now satisfying (30). 


11 
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(ii) The matrix @ is isomorphic to a matrix 
(21) t Pyak—| . 


(iii) There exists a 2p'-rowed skew-hermitian matrix T'(a,) with elements 
in F'(a,) such that if tin = tPitw, 


t(P; UT (a) P))tw = 0. V—1It P(e) Pir’ 
are positive definite Hermitian matrices, so that in particular, 


t 
Ti-+-n’ 


(36) a, =| 


is an Omega matrix over F'(e;). 
(iv) The Omega matrix 2, has no non-scalar projectivity § (a,) such that 


(37) P; (aj) Py * = E (ey). 


We finally have case (iii) to consider. If has & as an algebra of 
multiplications then p is divisible by n? so that p= rn? —rp’. We can 
take, by passing to a matrix isomorphic to », the projectivity corresponding 
to q to be 
; O(p) eL(p) 

(38) = || 
“= TD) 0) 


For 7, the p-rowed representation of g, we have 


| Ve I(t;) O(r;, Ye) || 


(39) ~~ = | — lie 
. O(,m) —Ve T(Qs)| 


where r,-+r, = p and, as the author has shown, necessarily r; = rj, rz = rn. 
We let p= np’ as before. Since 7m = wQ 





(40) » — | ave 
Jo, —o,Ve 1 
where 
(41) 2 = | ik 
| @e || 





is an Omega matrix over F, = F(Ve). Conversely it is known that 
when 2 is an Omega matrix over F(Ve) then » of (40) is a Riemann 
matrix over F with 7 = Q as a multiplication. 

Let 4 be any multiplication of o. Then if % is the multiplication algebra 
of w we have hq = qh so that if ¢ is the representation of h in M, then 
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Ca =f, while if H is the representation of / in A, then HQ = QH. 
But it follows that 


(42) t= log es ay 


Ye, r;) &, 


from (a = 2, where & is an 7;-rowed square matrix and §& is an 

7o-rowed square matrix. Let 

W — I(p) Ve I(p) | 
|I(p) —Ve I(p)| 


, 


(43) 





whose inverse is 
‘Bee | 1 | 
| yz FM) o 1 (Pp) 


le 
| 
| 
| 
| 


(44) wt = 





3 —1/2 a —1/2 
| a & I(p) a I(p) 


It is easily shown that 


(45) 6 =wewn =| Veto) 2 [ 


0) —Ve I(p) 


@; O(n, P)| 


) 7 == me 3 
(46) @ wo W O(rs, p) mm 


But if HQ=QH then WHW~- is commutative with WQW-" and 
in fact 


| é) ( | 
(47) wow — |%(Ve) a Be 

i Oo H,(—V «) 
Hence i Re 
(48) Eo, = wo, H,(Ve), &,@, = ow, H,(—Ve). 


The matrices H,(Ve) form the quantities of an algebra A” over 
F, = F(Ve) equivalent to & as over F(q) when we replace g in the 
multiplication table of & by Ve. Hence A” is a normal division algebra 
over F, and contains a quantity A, corresponding to a of X; the minimum 
equation of A, with respect to F, has coefficients in F, degree n and 
roots @, ---, @ all real. It follows that we may define the P; of 
Theorem 2 and that , is isomorphic in F, to 


(49) a... == |e P, ae | (j,k = 1,---,m), 


11 
since », has &%” as an algebra of multiplications. Let , = 7 0, G 
where G, has elements in F, and is the matrix which transforms any given 
representation H,(WV«) of the quantities of 2% into the canonical form 


11* 
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giving (49). But then G,(— Ve) is the matrix transforming H,(—V « ) 
into the canonical form conjugate to the above and there exists a complex 
matrix 72 with the property that oer = 7-2 a, G(— Ve) where 





(51) We, == ||s@ P; ak? | Yj, k = 1,---,n). 


It follows that » is isomorphic in F’ to 


o i| 7 0 | | @ 0 
(52) 6 = |" loG = || 7 | 


0 V2 | 0 Wo, | 


where G is a matrix with elements in /' determined so that 


1G, (Ve) 0 


y 7—1 -—— | -- | 
W GV 0 G, (—Ve)II 





so that @ is non-singular when G, (Ve) is non-singular. 

Let us take » as given in (52), (51), (49) for the left side of (52) and 
discuss the conditions that » have no multiplications So — »X where X 
is not commutative with Q. If XQ—QxX+40 then W(XQ—QX)W 
has matrix elements off the diagonal not zero matrices and is not com- 
mutative with WQW so that XQ—QX is not commutative with Q. 
But XQ—QX is a projectivity of » when X is, while W(XQ— QX)W-! 
has, as elements on the diagonal, zero matrices. Hence we may take X 
so that 


. _ X,(V2)|| 10 &| 

53 Wxw-' =| gan oe ie Cc=—=ls ~~ +0(p), 
(53) X J x, (—Ve) 0 S Ey | + O(p), 
and have X, = X,(Ve), 

(54) G2 @y, = 1 Xi, C1 a1 == wg, X,. 


Conversely when (54) are satisfied we can define a matrix X with elements 
in F' which satisfies (53) and obviously defines a multiplication of » not 
commutative with q. But write 

(55) y= ace I(y’) |, o, = wo, V, @,, == Wy, V. 


We have, from (54), 


(56) 62 Won ==. Wyo VX, aia oi W119 — b)o9 VX, , 


Let us write 7 = (PV)X, (PV)~ so that if 


(57) ; Z=|iZ (9,¢ == 1, <, n), 
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then at least one Z,,+0O(p’). If in particular Z; + 0(p’) then the matrix 
vA —= &% Z. 


where ¢ has J(p’) in the jth row and kth column and 0(»’) elsewhere, 
has Zj+O(p’) in the jth row and jth column and hence has at least 
one diagonal matrix not O(p’). But, as we have seen, 


&j = (PV) Ejxe(PV) = (PV) (> ois Us) (PV), 
so that 
= D ois (PV) (Us Xs) (PV). 


At least one of the matrices (PV) (UsX,)(PV)~! has not O(p’) in the 
jth row and jth column, since a linear combination with scalar coefficients 
of matrices each with O(p’) in the jth row and column has 0(p’) in that 
row and column. Hence, for some s, 


= (PV) (UsX;) (PV) 


has at least one diagonal element not O(p’). Leaving the use of / to 
indicate a fixed element we now proceed with our argument. 
The matrix P is a matrix of diagonal elements so that 


oe = V(Us;X,) v- a II OD (a;, Oy) | (J; k = i er n), 


has at least one element ©(«;) = O(a;, «)+0(p’), and hence all such 
elements are not O(p’). Now 


(58) Ms @, = Wy Us, [95 12 — Wi2 Us, 
so that, if (64) is true and pists = y2, Mes bi = %1, We have 


(59) 2 @y9 = Oy OD, 1 onr2 = on OD, 





The element in the jth row and column of 7, @,, is 4,.,t/, where 


(60) 9, = Iltyll, 1% = Ital, P= PR, P= me 


while that in the jth row and column of ,, ® is \? @(a,). Similarly obtaining 
"4, t and ¢” @O(«,) the equation (59) becomes 


(61) iy? = MOA), yt? = PO) G=l,--, n), 


for O(a;) + O(p’) which is true for all values of y when true for one 
value since the group of the equation of which the @; are roots is a transitive 


group. 











146 A. ADRIAN ALBERT. 


Conversely if (61) is true for O(a) + O(p’) we can define X, satisfying 


VX,V- = |O(aj, ax)||, D(a, ax) = O(p’) (j + k), 


62 ; 

(62) O(a, a) = O(a) (j,k = 1,---,n), 
and matrices 

(63) Wy = \lnyel, ve = \l\nan!l, aye = 0, your =O (Fh), 
such that 

(64) Yo@o, = Wy, Xi, WOW = @o2 Xi. 


The matrix » will then have a multiplication not commutative with q. 

LemMA. The matrix in the form of the left side of (52) with (51), 
(49), has no multiplications not commutative with q if and only if (61) are 
impossible for O(aj) + O(p’) and aij, 42j3 complex matrices. 

Suppose now that all multiplications of » are commutative with g. Then 
all projectivities of w have the form (47) and the multiplication algebra 
of » is an algebra over F(q) and contains a normal division sub-algebra 2 
over F'(q). The multiplication algebra D, by a well known theorem in 
the theory of linear associative algebras, is the direct product of 2 and 
another algebra © over F(q). If x is a non-scalar quantity of © then, 
since qx = 2q, 


xX, Wwxw- 
where X,(V ) is commutative with all of the quantities of A over F;. 
Hence, as we showed in section 2, if X, — X,(V« ), then (PV) X,(PV)> 
is a matrix whose matrix elements off the diagonal are all O(p’) while 
those on the diagonal are all the same non-scalar matrix §(«,) such that 


ae we 0 iy 
pas 0 Xi (—Ve) 





(65) P,&(a)P>* = 5 (a), 


while there exist matrices 4, and 4, with complex elements and such that 


(66) Ae = cD F(a), Age = 7F E(m)), 


when X defines a multiplication of w. Conversely, if (66) is true for non- 
scalar §(«,) satisfying (65), then a multiplication of » exists which is not 
in Mf. 

If C, is a principal matrix of 2, the Omega matrix of (41), then VC,V’ 
has as its diagonal matrices ['(a;) where I'(a,) is a skew-hermitian matrix 
with elements in F,(«,) such that 


(67) u) (P; I'(@,) Pj) x —- 
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from the principal minors of @,; C, 2; = 0. Again, from principal minors of 
the positive definite Hermitian matrices defining the property that 2 is an 
Omega matrix, 


(68) V—1 e® (Bi P(a) Pj), 

(69) V —1 c® (Pj (a;) Pi), 

are necessarily positive definite Hermitian, so that in particular the matrix 
i! Ree 

(70) 2, = \ =| 


is an Omega matrix over F,(a@,), which by (65), (66) must have no pro- 
jectivity satisfying (65) when % is the multiplication algebra of . 

Conversely when (67), (68), (69) hold then we may define C, such that 
VC,V' has I’(@;) as diagonal matrices and O(p’) elsewhere so that 2 is 
an Omega matrix over F,, a necessary and sufficient condition that » be 
a Riemann matrix over F. 

THEOREM 11. Let U be an algebra satisfying (iii) of Theorem 7 and let 
w be a matrix with p rows and 2p columns of complex elements. Then 
is a Riemann matrix over F with U as its multiplication algebra if and 
only if 

(i) The integer p is divisible by n® so that p= np' = n(tit+rs), and 
we can define p'-rowed square matrices P; with elements in F,(e,, +++, «n), 
F, = F(a), as in Theorem 2. 

(ii) The matrix w is isomorphic in F to 





| @; Ve | 
| as —a,Ve¢ ||’ 
where 
ol — —" 2 k—1 || ) f= S** 
o, = |e P, oft 1||, o, = |e P, ae | (j,k =1,---, ), 


P; is the complex conjugate matrix to P;, and t is an ri-rowed and 
p'-columned matrix of complex elements. t is an r2-rowed and p'-columned 
matrix of complex elements. 

(iii) There exists a p'-rowed skew Hermitian matrix I'(a,) with elements 
in F,() such that (67), (68), (69) are satisfied and hence, in particular, 
the matrix (70) is an Omega matrix over F,(). 

(iv) There exists no p'-rowed square matrix 9 (a) + O(p) which has 
elements in F(a) and for which 


(71) qe P; = e® P; O(aj), yy T P; = © PjO(@), (Gg =1,-++,n), 


Sor complex matrices 41j;, 42/.- 
(v) The matrix (70) has no projectivity $(«) satisfying (66). 
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In closing we shall show that while rj; and rz seem arbitrary at least 
they are both not zero when p> 1 and @ is pure. For if either is zero, 
then without loss of generality we may take r; = re = 0 and 


o = |i@, O|| W. 
But then if 7 is a matrix so chosen that 


iit. w 0 A(Ve) | 
WW 7 Vv —= |A(—Ve) 0 ly 


where 4 = A(Ve) has a single non-zero element which may be taken 
to be unity and hence has zero determinant for p>1, we have 


1 9 ae 
|| A(—Ve ) 0 | 


wi || 
9 | = 2. 





| |! 
oT'w' = ||o, O|l- | 
The matrix 7 has zero determinant and is a matrix of ». It defines 
a projectivity 7'C—! of », where C is a principal matrix of ». But TC 
is singular when 7’ is and then » is not pure. As @ is pure when a division 
algebra is its multiplication algebra we have 
THEOREM 12. When » has % as its multiplication algebra and genus 
p>1 then rire + 0. 


New York, N. Y., 
June 12, 1930. 











ON THE AVERAGE NUMBER OF SIDES OF POLYGONS 
OF A NET:! 


By W. C. GRavusrTEIN. 


A colleague in the Harvard Medical School, Professor Frederic T. Lewis, 
who is interested in quantitative problems connected with the structure 
of cells, is the instigator of this contribution to elementary topology. 

In simple epithelia, for example, in the skin of the cucumber or in the 
pigment layer of the retina, the cells are in the form of prisms with 
essentially parallel axes and are so stacked that a section by a plane 
transverse to the axes presents a net of polygons. Though their origin 
is lost in obscurity, it may be assumed that in the early stages the poly- 
gons are, in general, all hexagons. During growth, division of the cells 
gives rise to polygons which vary in the number of their sides from four 
to twelve or perhaps more. One property of the net is, however, seldom 
violated: the number of sides which issue from each (interior) vertex is 
always three; a vertex common to four or more polygons is a rare occurence 
because of its instability. 

The remarkable fact about this type of cell structure is that the average 
number of sides, per polygon, of the polygons of the net turns out always 
to be almost precisely six. It was a desire for a theoretical explanation 
of this fact that gave rise to the present investigations. 

The proposition suggested by the biological data is true. We state it, 
to begin with, in its simplest form. 

THEOREM 1. Jf in a net of regular hexagons covering the plane a finite 
number of hexagons are removed and the regions thus vacated are covered 
by polygons in any way which leaves the number of sides issuing from each 
(new or old) vertex always equal to three, the uverage number of sides, per 
polygon, of the polygons which are inserted is precisely sia. 


* Received May 10, 1930. — Presented to the American Mathematical Society, April 6, 1930. 

? Of. Frederic T. Lewis, The effect of cell division on the shape and size of hexagonal 
cells, Anatomical Record, vol. 33 (1926), pp. 331-355; The correlation between cell division 
and the shapes and sizes of prismatic cells in the epidermis oj’ Cucumis, ibid. vol. 38 (1928), 
pp. 341-376. 

In the first of these papers, Lewis cites earlier work by Georg Wetzel, in which mathe- 
matical support for the appearance in equal numbers of pentagons and heptagons — which 
with the hexagons predominate — is purported to be found in the dissertation of Rein- 
hardt, Uber die Zerlegung der Ebene in Polygone, Frankfurt a. M., 1918. The present 
writer could, however, find no comfort for the biologists in Reinhardt’s paper or elsewhere 


in the literature on topology. 
149 














150 W. C. GRAUSTEIN. 


The theorem is illustrated by the accompanying figure. 

Similar theorems hold for the other two nets of regular polygons of a 
given number of sides which cover the plane, namely for a net of squares 
and a net of equilateral triangles. For a net of squares whose alteration 
in the manner prescribed is subject to the condition that the number of 
sides issuing from each vertex remain always four, the average number 
of sides, per polygon, of the polygons inserted in the place of squares 
must be four. In the case of a net of equilateral triangles, the number of 
sides at each vertex is restricted to six, and the average number of sides 








of the polygons replacing deleted triangles is three; in other words, the 
triangles can be replaced only by triangles. 

From the three theorems concerning sets of regular polygons covering 
the plane follow immediately corresponding theorems for finite subsets of 
these polygons. These new theorems may be broadened in scope by 
replacing the demand that the polygons be regular and of a fixed number 
of sides by less restrictive conditions. We state the results to which we 
are thus led in a single theorem, restricting ourselves to the case in which 
the given set of polygons covers a simply connected finite region. 

THEOREM 2. A finite set of polygons covers a region of the plane bounded 
by a simple closed broken line and is so constituted that (a) n sides issue 
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from each interior vertex and at most n sides from each verter on the 
boundary, and (b) the average number of sides, per polygon, is m, where n 
is to be given in turn the values 3,4, 6 and the corresponding values of m 
are 6, 4, 3. Lf polygons not having a vertex on the boundary are removed 
and the regions thus vacated are covered by new polygons in any way which 
leaves the number of sides at each interior (new or old) vertex equal to n. 
then the average number of sides, per polygon, of the reconstructed net is m. 

The theorem is also true for any positive integral value of n > 3, when 
m = 2n/(n—2). But only for the values n = 3, 4, 6 associated with 
the regular polygons covering the plane is it of interest. For, it is only 
for these values of nm that m = 2n/(n— 2) is an integer. 

It is hardly necessary to remark on the generalizations of which the 
foregoing, and subsequent, theorems are capable because of their invariance 
with respect to continuous deformations. 

The Cases n = 3, 4, 6. The criteria by means of which we propose 
to establish our propositions bear on the nature of the vertices on the 
boundary of a finite set of polygons. These vertices differ in type according 
to the number of sides of the net which issue from them. To distinguish 
readily between the various types, we lay down the following definition. 

A vertex on the boundary of a finite set of polygons at which there are 
k interior sides, or k-+-2 sides in all, shall be said to be of type k. 

If the number of sides at a vertex on the boundary is restricted to be 
<n, as in the case of the net of Theorem 2, the boundary may have 
vertices of types ranging from 0 to n—2. 

The number of vertices on the boundary which are of type ¢ we shall 
denote by hi, i = 0, 1, ---, n—2. 

We are now in a position to state in simple form the proposed criteria. 
We begin with the case n = 3. 

THEOREM 3. If a finite set of polygons covers a region of the plane 
bounded by a simple closed broken line and is so constituted that n = 3 sides 
issue from each interior vertex and at most n = 3 sides from each vertex 
on the boundary, a necessary and sufficient condition that the average number 
of sides, per polygon, of the polygons of the net be equal to m = 6 is that 


(1) ho —ly = 6. 


Let F be the number of polygons in the net; # the number of distinct 
sides; V the number of distinct vertices; and 7’ the number of sides or 
the number of vertices obtained by counting each side or vertex as many 
times as there are polygons to which it belongs. 

In the total number of sides 7’ each interior side is counted twice and 
each side belonging to the boundary once; and in the total number of 
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vertices 7 each interior vertex is counted three times, each vertex of 
type 1 on the boundary twice, and each vertex of type 0 on the boundary 
once. Hence: 


: Tth+ho , T+h,+2ho 
BE — - > - J == —-——__-——-— , 


~ ‘ 3 


Substituting these values for # and V in Euler’s identity, 


F = E—V-+1, 
we get 
. T+h,—h) +6 
if panama ————_—-—__—___———_-— , 
6 
Hence 
LP — 64 w—m—6 
pr rare 6 
and 7'/F = 6 if and only if 4»—h, = 6. 
Theorem 1 and Theorem 2 (xn = 3) are now readily established. 


Theorem 2 (n == 3) follows immediately from Theorem 3, inasmuch as 
the criterion (1) is valid for the given set of polygons and is not affected 
by the process applied to transform the given set. Theorem 1 is rendered 
a consequence of Theorem 2 (n = 8) by restricting the attention to a 
finite subset of the given set of regular hexagons so chosen that it is 
bounded by a simple closed broken line which contains within its interior 
all the hexagons which are to be removed. 

The theorems dealing with the net of squares and the net of equi- 
lateral triangles and Theorems 2 (n = 4, 6) are established in the same 
way, by application of theorems analogous to Theorem 3. When n = 4, 
m = 4, the criterion which takes the place of (1) is 


(2) ho attain hes — 4, 
When » = 6, m = 3, the criterion reads 
(3) 2 ho oa hy —hs —2hy4 — 6. 


The elementary character of the criteria (1), (2), (3) is brought out by 
consideration of a finite set of regular polygons (regular hexagons, squares, 
equilateral triangles) bounded by a simple closed broken line. Trace the 
boundary once in the positive sense, rotating each directed side (produced) 
into the next directed side through the numerically smallest algebraic 
angle. In the case of squares, for example, the angle of rotation at a 
given vertex is +-1, 0, or —1 times a/2 according as the vertex is of 
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type 0, 1, or 2, and the sum of the angles of rotation is 4 times 7 2. 
Hence, (+ 1)4o + O)A, + (—1) he = 4 or go —hy = 4. 

The case n = n. In seeking generalizations of our theorems, we 
assume a finite set of polygons bounded by a simple closed broken line 
and so constituted that there are m sides at each interior vertex and at 
most » sides at each vertex on the boundary, where » is an arbitrary 
integer > 3. We have, then, on the boundary vertices of types 0, 1. 
2, --+, n—2, in numbers fy, ly, he, -+-, Ryo. 

Let F, E, V, T have the meanings already defined. In 7, as the total 
number of sides, a side of the boundary fails of being counted twice by 
unity, and in 7, as the total number of vertices, a vertex on the boun- 
dary of type 7 fails of being counted n times by n—1—/7. Consequently. 


n—2 n—2 


2E=T+ Dn, nV= T+ Dd (n—1—dM. 
i=0 t=0 


When these values of E and V are substituted in Euler’s identity, the 
average number of sides, per polygon, of the polygons of the net is found 
to be 


n—2 
r Ta 2-2) 20 


F n—2' (n—2)F 


It follows that Theorem 2 is true for nm >3 and m — 2n/(n—2). But, 
as already noted, the theorem is of importance only when n = 3, 4, or 6. 


Harvarp University, CAMBRIDGE, Mass. 

















THE UNIVERSAL QUANTIFIER IN COMBINATORY 
LOGIC. * 


By H. B. Curry. 
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1, Introduction. In a previous paper’ I have defined the term com- 
binatory logic and have carried through a preliminary investigation concerning 
it; viz. the study of substitution and related processes, in, so far as these 
processes are considered in their formal relations to one another. In the 
present paper I shall attempt to go a step further, and to consider these 
processes in their formal relations to the universal quantifier, or Allzeichen, 
or sign or prefix of generality, as it is variously called. Knowledge of 
the main definitions and of certain results of the previous paper is assumed; 
but the form of the previous paper is, like that of the present one, such 
that the reader can obtain this information without going through the details. 

Statement of the problem. The reader will recognize the truth of the 
following intuitive principle, which I shall call the principle of Substitution: 
‘if we have any expression, say X, involving variables, say 71, 22, ---, Ym, 
which represents a true statement for all values of these variables, and 
if we form a new expression, say 2), by substituting other expressions 
which may again involve variables, for one or more variables in X, or 
by performing on the variables in ¥ a transformation® or by a succession 
of these processes; then the expression will also represent a true statement 
for all values of whatever variables appear therein.” This principle lies 
at the bottom of most of the existing formal treatments of logic; but in 
spite of its fundamental character, it is nevertheless a principle of con- 


* Received March 26, 1930. Presented to the American Mathematical Society, Dec. 27, 1929. 
‘Grundlagen der kombinatorischen Logik (Gottingen, Inauguraldissertation), American 
Journal of Mathematics, vol. 52, pp. 509-536, 789-834 (1930). Reference will be made to the 
two chapters of this as I and II respectively. (Cf. below under Preliminary Conventions.) 
*T. e., what was called in my previous paper an “Umwandlung”. 
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siderable complexity.* The primary object of the present paper is to 
establish this principle on the basis of a primitive frame of the same order 
of simplicity as that of my previous paper; in fact, of one which is 
identical with the previous one except for the addition of the five axioms 
given below. 

The reader may will ask what it means to establish such an intuitive 
principle on the basis of an abstract primitive frame like that specified. 
To answer this question I shall first define the interpretation of a statement 
(or concept) about the present abstract theory to be the meaning which 
that statement (or concept) takes on, when the constituents of the primitive 
frame are given suitable meanings, specifically those set down for them 
in the formulation of the primitive frame.* Then the establishment of the 
above principle will naturally mean the demonstration of a theorem having 
that principle for its interpretation. This theorem will not, at least at 
the present stage, be a formula (i.e. statement of the form + Z, where Z 
is an entity)*, but will be a more complicated statement about the theory. 
Its demonstration will, as in the case if the previous theorems, consist in 
the exhibition of a definite process, whereby any special case arising 
under it may be abstractly proved. 

Let us now turn to the precise formulation of this theorem. For this 
purpose we shall need to make note of the following facts. 

1. The expression %, in the notation of the present theory can be put 


in the form 
(Xa, Hee°* Em). 


where X is a combination of constants, i. e. entities (Etwase). 

2. The expression 9) is, from the manner of its formation, a normal com- 
bination of X, certain constants, say wu, vs, ---, vp, and certain variables, 
which without loss of generality we may take to be 2;, 2. +++, %; hence P 
there exists a regular combinator R, such that ¥) can be expressed in 


the form 
Yu He -** Xn, 
where 
Y = RXU te --+ wy: 


3. I shall show below that it is possible to define for each value of x, 
an entity 7, such that for any entity Z the statement 


* Of. a still earlier paper by the author: “An Analysis of Logical Substitution”, 
American Journal of Mathematics, vol. 51, pp. 363-384 (July, 1929). 

*T, Abschnitt C. 

° German “ Etwas”’. 

"Of. ILD 6 Satz 7. 
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tM, Z 





has the interpretation: the expression (Za, 7: --- 2%) represents a true 
statement of arbitrary entities be substituted for 2, 7. ---, am. It will 
furthermore be shown that if 7 is an entity such that 


- IT, —p Z, 
and if w#,, #,-+-, % are also entities, then 
-- It, (Zt; Uges- Up). 


In view of these facts the formal Principle of Substitution may be stated 
as follows: If X is an entity such that 


bt Min, X 
and & is a regular combinator, then for a certain g determined by % and m. 
+ Hy (RX). 


This statement lacks precision only in that the value of gq is not stated. 
The principle is proved below for q such that 


L Ray 2% He +++ Ly = LY Yo-++ Ym; 


Where 4, Y2;+++,; Ym are combinations of 7, v2,---,%. The reader will 
readily see that this q is then equal to the p-+m of the above discussion. 
The proof of this theorem constitutes the establishing of the Principle 
of Substitution. 

In order to obtain this result it seems to be necessary to consider proper- 
ties of a different sort. These concern the relation of formal implication; 
i.e. that relation between the functions y, w which is ordinarily’ sym- 
bolized by 


(ay 9 i) y 2 € ty Xm) [y (x, ® 25 eee, an) —> w (ay ; Te y 70 Ve Lm)]. 


An important proposition concerning this relation when m = 1 is the 
following: (f, 9) [(x) (f(@) > 9(@)) > (@) f(a) > (@) g(a). The properties 
mentioned are certain generalizations of this proposition for m>1. It is 
a by-product of the present investigation that when we assume as axiom 


‘This is essentially the notation used in Hilbert-Ackermann, Grundziige der theoretischen 
Logik, 1928. These authors would, however, write the prefix (a) (az) --- (an) instead of 
(2, He. *e8, In). 
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a formula having the above proposition for its interpretation, then all the 
generalizations referred to can be established in the same sense as the 
above Principle of Substitution. For the details see § 6, below. 

In the last case, moreover, it is possible to establish the various general- 
izations as formulas, provided we make an addition to the rules at our 
disposal. This addition consists of the transitive property of certain kinds 
of formal implication. A more stringent theorem concerning the Principle 
of Substitution can also be proved if we make this same addition. Now 
this transitive property is presumably unproveabie, either as a formula or 
as a theorem, without the syllogism and perhaps other such propositions, 
and therefore lies in a certain sense outside the domain of combinatory 
logic. Nevertheless the fact that certain propositions can be proved by 
its aid is of interest even at the present stage; and consequently a few 
theorems at the close of §§ 6 and 7 below have to do with such con- 
siderations. In these cases the fact that an additional assumption is, so 
far as known, necessary for the proof, is explicitly indicated in the hypo- 
theses of the theorems mentioned. 

Preliminary conventions. The two chapters of my previous paper will 
be referred to hereafter as I and II respectively. These numerals will 
be followed by the symbols for the various subdivisions of these chapters 
as indicated in the paper itself. Thus II B4 Satz 7 means Kapitel II, 
Abschnitt B, Nummer 4, Satz 7. 

The conventions and definitions of the previous paper, which were labelled 
as such, are presupposed. In the translation from the German, the following 
words shall be equivalent. 


Definition = definition. Abbreviated Def. 
Festsetzung — convention. 
Ktwas = entity. It has been called to my attention that this 


word has a philosophical connotation which is objectionable for 
this purpose. Nevertheless I shall continue to use it, because I cannot 
find an English word which is fully satisfactory. However it shall 
be emphasized here that the word is here used in a technical sense, 
and that no connection with metaphysical Being is intended. The 
word constant will also be used to some extent in the same connection. 

Axiom = axiom.® 

Regel = rule. 


‘Objections have been raised by some writers to the use of the term axiom in this 
connection. There are nevertheless two reasons which have induced me to retain it: 
1) it agrees with the nomenclature of my German paper, in which I naturally followed 
the usage of writers in that language; 2) such information as I can find inclines me to 
the opinion that these objections are unsound. This latter point I do not wish to urge 


12 
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Other equivalents which are not self explanatory will be explained as 


they arise. 
The following additional convention shall be made: the combination of 


symbols 
rFX=t+YyYy 


shall be construed as an abbreviation for the following argument 


+X and+ X = Y. 
YX, (Rule Q,). 
2. The quantifiers //,. The entity Z,, defined below, has for its 
interpretation the prefix (a,, 72,---, 2m) in such as expressions as 


(a, He, +++, tn) f(a, Xe, -++, In); 


which means that f is true for all values of a,, 2, ---, % (ef. Theorem 1, 
below). 
DEFINITION 1. 


mh =T7, 
hh 27, 
Ny. = 1. BU,, n = 1,2,3,--- 


THEOREM 1. Lf X is an entity for which 


- IT, X: 


then for any n entities %,, Us, +++, Un, 


L/ Xt Ue +++ Up, n =060,1,2,--- 


here in detail. Suffice it to say that if we are to differentiate between these two words 
in the absolute at all, the distinction should be as far as possible invariant of changes 
in point of view or philosophic opinion—a requirement which the distinction, that an 
axiom is a self evident truth, while a postulate is an arbitrary assumption, certainly does 
not satisfy. On the other hand, if there is anything common to the various distinctions 
with which I am acquainted, it is that an axiom is an assumption of more fundamental 
aud general character than a postulate. In this respect the primitive propositions of logic 
certainly stand on a different footing from those of the special branches of mathematics; 
and it is therefore consistent to call the assumptions of logic, and mathematics in general, 
axioms, whatever the name by which those of the special branches of mathematics may be 
designated. It may be added that if we should conceive of all mathematics and logic as 
a single abstract theory then the latter statements would not be represented in the theory 
by propositions at all, but by the hypotheses of certain formal implications or by definitions; 
consequently the term postulate might well be preferred for them; but the argument would 
not apply to the primitive propositions of the theory as a whole. 
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Proof. For n = 0, the theorem is trivial. For » = 1, the theorem 
is equivalent to Rule 7. Assume the theorem for n = k > 1, then it 
follows for n = k+1 as follows. Suppose 


+ Mgt X 


—= + (BI, X) (Def. 1; IT B4 Satz 1). 
', for any entity u, 


+ Bh, Xu, (Rule /7), 
t+ My (Xu;) (Rule B). 
‘’. for any k entities ws, us, ---, wea, by this theorem for n — k, 


KE Xu ug +++ Mesa, g.e@. d. 
THEOREM 2. 
tM, = 1.Bi.BoM..... Boll. 


Proof. Follows from Definition 1 by induction on n. 
THEOREM 3. 
K Mintn — My - Bm Mn, m, @ = ©, 1,2, --- 


Proof. For m = 0 or n = 0, follows from Definition 1 and IT B2 
Satz 1, II B4 Satz 4. For m = 1, n => 1, follows immediately from 
Definition 1. Assume the theorem for m =k, n => 1, then it follows 
for m=k+1, n = 1, as follows: 


+ Myte = A. BM (this theorem, m = 1), 
= HT. B(Ih,- Be Mn) (this theorem, m = i), 
= WH. BlM,- Bris Mn (II B4 Satz 2, IT B1 Satz 5). 


= Mya Beis, (this theorem, m = 1; IT B4 Satz 3). 


THEOREM 4. If X is an entity such that 





+ Lm sn X; 
then for arbitrary entities u,, U2, +++, Um; 
L Hy (Xu Ug +++ Um). 


Proof: 
+ Hm (Bm, X)  (Hp.; Theorem 3; II B4 Satz 1; Rule Q,). 


.. for arbitrary entities uw, 2, ---, Um; 


L- Bm In Xy Us +++ Un (Theorem 1), 
—= + I, (Xu, u2--+ Um) qe. a. (IIB 1 Satz 3). 


13° 
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3. Some further theorems regarding combinators. In the course 
of the discussion we shall need various theorems on combinators in addition 
to those contained in the former paper. The proof of these theorems 


occupies the present section. Most of these theorems are not needed until / 


the last section; the earlier ones will, however, be useful directly. In the 
discussion use will be made of variables in the same manner and subject 
to the same conditions as in IIC. 

CoNVENTION 1. A regular combinator U shall be said to have the 
order m and degree n if the following equation involving variables holds: 


(1) + Ux X% t2 +++ 2m = Ho Yi Y2°-* Yn; 


where ¥;, y2,°++, Yn are combinations of 2, 2, ---,%m.° 

THEOREM 1. Jf U is a regular combinator of order m and degree n, 
then it is of order m+k and degree n+k for all k =0; furthermore 
if m and n are respectively the minimum order and degree of U, then U 
has no other order and degree than m+k, n+k, k=O. 

Proof. Clear. 

THEOREM 2. Jf U is a regular combinator, such that 


EC, Bani U0 = BU: Bry; 


then U is of order m and degree n. 
Proof. Since U is regular it corresponds to a normal sequence (Folge). 
(II D 6 Satz 2.) Hence for proper values of the integers p and q, 


(1) - U xo Uy Ler+> Xp = Moy Y2-++ Ya: 
where #1, Yz, -**, Yq are combinations of a1, v2, ---, Zp (ef. I1 C1 Fest- 


setzung 7). Without loss of generality we may suppose p > m and q = n. 
This established it follows that 


x (Bn K. U) Hy LY Ue +++ LpXpii = K(U % ie Lm) Gm+1°** Lp+l 
(II B4 Satz 1, IT B1 Satz 3), 
(2) = UX 2 Xo +++ Lm Xm+2%m+3+** Lp+t 
(Rule K), 


er a. wie oe ! 
—= Hy Yi Y2°°* Yas 


* This definition is to be understood as defining the pair of integers representing the 
order and degree respectively, and not as defining order and degree separately. It is of 
course true that to each order greater than a certain minimum there is a unique 
corresponding degree (cf. Theorem 1) and conversely. 





™ 
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where y; consists of y; with xm+; replaced by amsji1 (7 = 1, 2, ---. p—m), 
On the other hand 

aa (U- By K) x x 4) *** In Xp i= U (Bn K x) x; M+ + Xp Lp 1, (11 B4 Satz l a 
= By Kx Ys Yo +++ Yy Xp: 


= Ho Yi Y2-+* Yn Yni2+** Ya Yori: 
where Yq 1 = Lp le 


(3) 


But 
- BS U =. BE (Hp; Il D 2 Satz 1) 


ee L xo yi Ye eee Yq —= Ho Yi Yo -** Yn Yn+2*** Ya Yar: 
But since these expressions involve variables only, 
(4). y=, Yo = Ya, 0s Yn = Yn Yn = Yn Yd = Yq 


The first » of these equations show that 4%, yz,---, yn, can involve none 
of the variables 2%m+i, 2m+2, ---, Zp; hence they are combinations of 
X14, Lo, +++, Lm. On the other hand from the last equation, it follows, 
if g>n that y, =2pi1. Then, by definition of yj, if p>m, it follows 
that yy =2,. It then follows from the next to last equation (4), if 
q—1>n, that yg-1 = yq = Xp, whence, if p—1>m, yar =x-1. In 
this way we can continue, and show that 


(5) Yq-r = Lyp-r; 
as long as g—r >n, p—r>m. 

Suppose now we have reached a stage where p—r = m-+1, but 
q—r = s+1>n-+1; then we have 


Ys == m+; 
whence, since s>n, 
Ys = Yo = Im; (by (4). 
This however is impossible, because (2) does not involve 2m+1. 
Hence the equations (5) must be true down to a stage where gq—r = 1-1. 
Then let p—r—t+1, where ¢>m. Substituting the evaluations of 


the y’s thus obtained in (1) we have 


(6) t+ U 2 % g++ + Lp = Lo Ys Yo ++ Yn Lt+1Lt+2 +++ Lp. 
Suppose now t>m. Then, 

~ (Wis . U) Lo Hy He +++ Lp = U 20 2 Xe +++ Lm Lm+1 Lm Lm+2°** Lp 
(7) (IIB 4 Satz 1, I B3 Satz 4), 


= To Yi Yo -** Yn MUAM+1°** Lp; 
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also, 
tL (U- Wass) Xo 21 ++ Lp = Wrtr%o Ys Yo +++ Yn Le4+1 Lt+2 +++ Lp 


8 
(8) = Lo ys Yo ++ Yn Lt41 W411 Lt42°++ Lp. 


The expressions on the right hand sides of (7) and (8) must be identical 
(ILD 2 Satz 5b). This is impossible, since the place after y, is occupied 
in the one case by a, in the other case by 211. This contradiction 
comes from assuming ¢>m. Hence t =m. 
We now have 
aa Ux Ty Lg +++ Ly = LoYs Y2 +++ YnUm+i1 Lm+2°++* Lp- 


Let U’ be the normal form of U (I1D6 Satz 1). Then by 11 D6 Satz 6 
the expression (U’ a 2, --+ 2m) reduces to (x yi Y2--- Yn). Hence 


- Ux Hy +++ Xm = LOY Y2--* Yn; q. €. d. 


THEOREM 3. A necessary and sufficient condition that a regular com- 
binator U be of order m and degree n is that 
9 


- C1 Bmw U — B U. Bn. 


Proof. The condition is sufficient by Theorem 1. 
To show it is necessary: if (1) under Convention 1 holds, then the two 
combinators (C; Bm4ii1U0) and (BU.B,) both correspond to the sequence 


a (2 & Ze: Zn) Lm+8 Hm+4** 5 


where 4 is what y; becomes when a; is replaced by zj.2. Hence by 
IL E3 Satz 4 the two combinators are equal. 

THEOREM 4. Jf U is a regular combinator of order m and degree n; 
then B;U is of order m+k and degreen+k (k>0). 

Proof. Suppose U satisfies the equation (1) under Convention 1 for 
given m and n. Let 2; be what y; becomes when every x;, (j = 1, 2,---, m), 
is replaced by aj+x; then 


+ By Ui 2; %g +++ Imik = U (xo dy Le °° Xn) Lk+1 Lkt+2* ++ Lm+k 
(II B1 Satz 3), 
= Lo Hy He +++ Wek Sg +++ En: (Hp.). 


THEOREM 5. The combinators (By B), Cp, Wpt1, Kp+1 are respectively 
of order p+2, p+2, p+1, p+1, and degree p+1, p+2, p+2, p, but 
not of any lower order or degree (p>0). 











COMBINATORY LOGIC. 163 


Proof. The combinators B,C, W, and K, are, by Rules B, C, W, 
and K, respectively of order 2,2, 1,1, and degree 1,2,2,0. That the 
combinators (By B), Cpii, Wyii1 and Kp:; have the orders in indicated 
in the theorem then follows by Theorem 4. 

The combinators mentioned cannot have orders and degrees less than 
those stated. For let U be one of these combinators and suppose 


t Uro X, He +++ Xm = Yi Yo + Yn» 


Then since U is in the normal form (II D) the expression on the left must 
reduce to that on the right. But such a reduction cannot take place if 
m< the value stated in the theorem. 

THEoREM 6. If U and V are regular combinators of orders m and p 
and degrees n and q respectively, and if r and s are integers such that 


m, r>m+p—n, rt+n+tgq = s+tm+p;: 


INV 


then (U-V) is of order r and degree s. 
Proof. Let + Uxo 2 %2-++X%m = Lo Yi Y2-** Yn, Where yy, Ys, +++ Yn 
are combinations of 2, %2,---;%m-. If we then define 


Ynij = Lm+i; (yj = 1,3,38,--+), 

then, for an arbitrary r 2 m, 
+ Uxy 2 Xe +++ Ly = Lo Yr Yor Yt: t= r—m+n. 
Again, let / Vay a at +++ Lp = Uo & 2g+++ 2g, Where 2%, 2, °-*, 2 are 
combinations of 21, %~,-++, %p. Let 21, 22,°++,2q be what 2, 2,-°-, 2 


respectively become when every 2: is replaced by yi, and let 2% = Yp+m: 
then for arbitrary ¢ > p 


L Vio i Yor Yt = % 41 2o°°* Be, s = t—pt+y. 


From the last two formulas, if » > m and ¢ = r—m+nezp 
(i.e. r>m—n+p), 


— (U.V) xo Vy Lg +++ Ly = U( V2) XH Le+++ Lr (IL B 4 Satz 1), 
= Vion Ye Yt 
= Mp 21 2a°°* Ss. 


Hence (U-V) is of order r and degree s provided r= the values stated 
in the theorem, and ¢ satisfies the stated equation. 
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THEOREM 7. Jf U and V are regular combinators such that 
(a) the minimum order and degree of U are respectively m, n; 
(b) the minimum order and degree of V are respectively p, q; 
(c) U, V, and (U-V), are all as they stand in the normal form; 
then the minimum order, r, and degree s, of (U-V) satisfy the same con- 
ditions as in Theorem 6, viz. 


r=m, r=m—nt+Pp, r+n+q = s+m-+p. 


Proof. Suppose 
(1) fe (U-V) Lo Hy He +++ Ly = Ho & Za +++ Ss; 


then by the hypothesis of normality the expression on the left must reduce 
to that on the right (II D6 Satz6). In the course of this reduction the 
terms of U must disappear first, then those of V, so that we have an 
equation of the form 


Et (U-V) 2% % Xe +++ ty = U(V ito) % Xe -++ Ly 
(2) ae 
= VIO Yi Y2-** Yt, 


where 41, Y2,-++, yt are combinations of 2,, 2,---, 2. In this reduction 
V plays no essential role; the reduction would go through this far just 
the same if were left out, which is equivalent to saying that U has the 
order r and degree ¢. Then by Hp. (a) » > m; furthermore, since the 
degree corresponding to any order is unique, ¢ = r—m-+n. 

In the further reduction the expression on the right of (2) must reduce 
to that on the right of (1). A precisely similar reduction must go through 
if variables 2, x, ---, x be substituted for y;,, ys, ---, yt, since the latter 
expressions are left intact through out the reduction. Then V is of order 
¢ and degree s; hence, as in the previous case, ¢>p, s = t—p+q 
whence, by definition of ¢, 7 >m—n+p, rtnt+tq = s+m+p, qed. 

Remark. The foregoing theorems give a method whereby the minimum 
order and degree (and hence by Theorem I all possible orders and degrees) 
of any regular combinator may be determined without the use of variables. 
In fact let U be a regular combinator. We may suppose without loss of 
generality that U is in the normal form (IIT D6 Satz1). Then U is of 
the form 

(U,-U,.--- Uy), 


where each U; is of one of the forms (By B),'° Cpt, Wii, Kp+i, the order 
of these terms being such that U is in the normal form. Then the minimum 
order and degree of each U; is determined by Theorem 5. Furthermore let 





See definition at beginning of II D. A term of the form (B, B,) can be factored into ¢ 
terms of the form (B, B) by II B4 Satz 7. 
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V; = (U,-U, --- Uj), 
so that 
EF Vii = Vj-Upis. 


We have already found the minimum order and degree of V,. Suppose 
we have done this for Vj; then Vj,; will have an order and degree 
as given by Theorem 6, and the smallest pair of values of ry and s satis- 
fying the conditions of Theorem 6 will be the minimum order and degree of 
Vita by Theorem 7. Hence we can find the minimum order and degree 
of Vji1, hence, by induction, of Vy, and so of U. 

The significance of Theorem 7 and of the last part of Theorem 5 is 
that U cannot have any order or degree lower than any which can be 
inferred from Theorems 5 (first part) and 6. 

THEOREM 8. Let (m,n) be for each positive or zero integral value of 
mand n a property of regular combinators such that: 

(a) if U has the property %(m, n) then it has the property ¥(m+k, n+ hk) 
Sor all kk = 0; 

(b) (Bp B), Cp+i, Wy+1, Kp+s have respectively the properties ¥(p+ 2, p+-1), 
P(p+2,p+2), B(pt+1,p+2), B(p+1, p); 

(c) if U and V have respectively the properties B(m,n), B(p, q), then 
(U-V) has the property B(r, s), provided, 


r>m, r=>m—n-+p, r+n+q = stm+p. 


Then every regular combinator of order m and degree n has the property 
Bim, n). 

Proof. By the foregoing remark, if U has the order m and degree ». 
then we must be able to demonstrate this fact by the use of Theorems 1, 5. 
and 6. If throughout this demonstration we replace the three theorems 
quoted respectively by the three hypotheses of this theorem, we shall then 
have a demonstration that U has the property P$(m, n), q. e. d. 

4. The formalizing combinator. First properties of formal 
implication. 

DEFINITION 1. 


Qo = 1, 
@, = Ws -C,- By B,- B, 
0,., = @M,- Dy, = e=l1, 2, §, «+. 


Discussion. The combinator here defined I have called the formalizing 
combinator, because by means of it it is possible to define the relation of 
formal implication for functions of one or more variables in terms of 
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ordinary implication. Thus if P is ordinary implication, it follows from 
Theorem 1 (below) that (®, P) is that function of two functions of 
n variables, whose value for the given functions /(x,, a2, ---, 2») and 
g(a1, 2, +++, Xn) is the function f(m, ---, an) > g(a. +--+, %). Thus formal 
implication for functions of » variables is (BI,(®,P)). The properties 
of this formalizing combinator here deduced will be useful in the discussion 
of formal implication in the sequel; although the theorems are somewhat 
more general than is necessary for the immediate purpose. 

THEOREM 1. If X, Y, Z, um, Us,-++, Un are entities; then 


KO, XYZu Ug --+ Un = X(V UH te --+ Un) (Zy Us «++ Un). 


Proof. For n= 0, trivial. For n= 1, the theorem follows from the 
considerations of I[C and ITD. In fact the expression (@, X YZm), 
reduces (in the sense of II C 1 Festsetzung 3) to X(Yu,) (Zum). For n>1 
the theorem may be proved by induction. 

THEOREM 2. 

tt Oni, = O,-@,, m,n = 0,1,2,3.---. 


Proof. Follows from Def. 1 and the associativity of the dot product 
as in proof of ITB4Satz5. For m=O or n = 0, the theorem follows 
from II B 4 Satz 4. 


DEFINITION 2. 
yv=w,-C,-BB-B. 


THEOREM 3. If X, Y, Z, U. V, are entities, then 


(at) KWUXYZ = U(XY)(XZ). 

(b) EK (C,- Be) UVXYZ = UX(VY)(VZ). 

(c) HwxXT = X. 

(dq) -}w(HXVY)Z = WX(Y-Z). 

(e) K BmioX(#YZ) = #(Bmi2aXVY)Z, m=0,1,2,-- 


Proof. Formulas (a) and (b) follow at once because the left hand sides 
reduce to the right hand sides. 

To prove (c), we notice first the left hand side is, by Rule C, C, # 1X; 
hence it is sufficient to prove 


KOT = I. 


This however follows from II KE 3 Satz 4, since the two combinators corre- 
spond to the same sequence (Folge). In fact 
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ke C; WT x9 2 Xs == 
= x (1%) (12-2) (Formula (a)), 


= Ho Xe. 
To prove (d) it is similarly sufficient to show 
- BEE — C' (B, #) B, 


for if we write X YZ after either side of this equation, the two expressions 
reduce to those on either side of (d). That the equation just written is 
true follows from II E3 Satz 4, for the combinators appearing on either 
side both correspond to the sequence 


Lo (xy (Xe Xg)) (ar (He 4) 35 Hi * >>. 
To prove (e) it is sufficient (for similar reasons) to show 


= C; Bus yw — BY. Bus 2. 


This, however, follows from § 3 Theorem 3 and II D2 Satz 2, since ¥% is 
of order 3 and degree 2. 
THEOREM 4. If U is a regular combinator of order p and degree q, and 
X, Y, Z, are entities; then 
- U(QniqX YZ) a= O,,. pX(UY) (UZ). 


Proof. First let n = 0. Then we have 


LU(@,XYZ) = BUO,XYZ (II B 1 Satz 3). 
/ ®, X(UY)(UZ) = (C,-B¥)O,UXYZ (Theorem3 (b)). 


It is thus sufficient to show that 
+ BU®, = (Ci. BY) O,U. 


This last, however, follows from II E3 Satz 4; for as I shall show forth- 
With the combinators (BsU@,) and ((C:- B¥) ®,U) correspond to the 
same sequence of variables. In fact we have, by § 3 Convention 1, 


}- U x9 21 Xe +++ Xn = DHONYe** Ya: 
T 


-, Zp. Let & be what 


Where 1, yo,-+-, yg are combinations of 2, x2, -- 
yi becomes when every 2; is replaced by 21s. Then 
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be Bs U®, LHe +++ Mpis = U(®, Ly Le Xs) X4 Hy + * + Xp+8 (II Bl Satz 3) 


= Dy X; Xe Xg% Ze +++ Sy 
= ay (4221 2 «++ 2q) (32122 --+ 2), (Theorem 1). 
LK (CO; BY) Oya X2 +++ Xp+3 = Dp x, (U x2) (U xs) x42 +++ tpi3 (Theorem 3(b)) 
= a (Ui, 24%5 --- Lp+s) (Ux 2425 ++ Lp+s) 
(Theorem 1) 
= Wy (Hy 2 Za +++ 2q) (Hg 21 22 +++ 2q)- 
Thus the theorem is proved for n = 0. 
To prove the theorem for n>0O, it is merely necessary to substitute 
@, X for X in the above proof. The theorem follows at once since, by 
Theorem 2 and II B4 Satz 1, 


+ Dy »X = O,(M,X) and + O.,X = O,(O, X). 


DEFINITION 3. 
Py 


O,, P, n= 0,1,2,---. 
THEOREM 5. 
E Pmin = Om Pr, m,n = 0,1, 2,-:-. 


Proof. Follows at once from Theorem 2 and I] B4 Satz 1. 
THEOREM 6. If X, Y, wu, Us, +++, Un are entities; then 


E Pmin X Yuy ug +++ tn = Pm (Xu Us «++ Un) (Y my te «++ Un). 


Proof. Follows from Theorems 1 and 5. 
THEOREM 7. If X and Y are arbitrary entities and U is any regular 
combinator of order p and degree q; then 


- OU (Pr+g EY) = Prip ( UX) (UY), nm > 
in particular 
+t By (Pats X Y) = Presa (By X) (Bx Y) n, k= 0, 1, 2, - 


| 
ha 
= 
bo 


Proof. The general case follows from Theorems 4 and 5. The particular 
one then follows from since By, is of order k+1 and degree 1. 
DEFINITION 4. 


IP, = Bon Pn, n = 0,1,2,---. 


The entity IP, has then for its interpretation the relation of formal 
implication for functions of » variables. 
THEOREM 8. If X and Y are entities such that 


- IPs a  # 
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then for arbitrary entities um, Us, +--+, Un, 


-- IP.» (Xu, Us wine Un) (Yu, lg P 2 * Un). 
Proof. Suppose 


- IP mn ) ¢ @ 
=  Mgin(Pein XY), (Def. 4; IT B1 Satz 3), 
Then 
Lt Hm (Pmin XY uy ty «++ Un) (§ 2 Theorem 4), 


= Hm (Pm (Xu Ug «++ Un) (Y 4 Ug + ++ Un)) (Theorem 6), 
= F IPm (Xm tte --- Un) (Vy tg +++ ttn), Qe e. A. 


THEOREM 9. Jf X and Y are entities such that 
(1) + IPnip XY, 


and af U is a regular combinator of order q and degree p, and such further- 
more that for any entity z for which + In+pZ, it follows that + M,+q(UZ); 
then + IPnig(UX) (UY). 

Proof. By Hp. (1) and Def. 4, 


+ Mn+p (Prip XY). 
oe EE Mn+q(U(Prip XY)) (Hp. regarding U) 
= + Mnsg (Prig (UX) (UY)) (Theorem 7) 
= FIP,»i,g(UX)(UY) q.e.d. (Def. 4). 


5. The axioms (J/ Z) and their first consequences. In this section 
we shall introduce new axioms as follows: 


Ax. (7B). IP, 1, (-B). 
Ax.(7C). IP, Mz (I,-C). 
Ax. (7 W). IP, 1, (,-W). 
Ax. (1K). “IP, (1,-K). 
Ax. IP). /IP, IP, (¥ Ph). 


To obtain the interpretation of these axioms we may proceed as follows: 
replace IP;, at the beginning by its definition (§ 4 Def. 4); then remove 
the prefix 1, and place variables x,, v2, ---, xx after the resulting ex- 
pressions and reduce, with due regard for the theorems of § 4 and the 
interpretating P. The expressions so obtained must be true for all values 
Of 2%, %2, +++, a, Which may be indicated in the usual manner by writing 
a prefix (a, 22, ---, 2x) before the expression. The interpretations so ob- 
tained are: 
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(7B). (a) (I, 2, —- H,(Bx)). 
(1C). (a) (I,2, > H,(C%)). 
(IW). (a) (.x2, > ,(Wa,)). 
(1K). (x) ( a >, (Ka)). 
(7 P). (a, a) (IP; 2 22 > Uh, 2, > TN, x2)). 


These may be further translated as follows: 


(7B). (f) [(«) fa-(g, x) f(g2)]. 

(7C). (f) [@, y)f@, y)> @, y) SY, @)). 
(7W). (f) [@. y) f(a, y) > @) S@, #)). 
(7K). (p) [p>@) Kpa]. 

(TP). (f, 9) [(x) (fa > gx) > (x) fx > (a) g)). 


CONVENTION 1. An entity Z shall be said to have the property 9, (p, q) 
if the following two formulas both hold: 


(A) LIP, W,(1,-Z). 
(B) tC ByistZ = BZ-By. 


THEOREM 1. 7'he combinators B,C, W, and K have respectively the properties 
BOF (1,2), Bu (2,2), 2 OF (2,1), %, (0,1). 

Proof. Follows at once from the axioms (7B), (7C), (7W), (7K), 
and axioms B, C, W, and K. 

THEOREM 2. If Z is any entity satisfying formula (A) of the property 
%,(p, q), and if X is any entity such that + I, X; then + 1, (Z X). 

Proof. From (A) and § 4 Theorem 8" follows 


+ Py (Hy X) ((Hy-Z) X) 
=F Py (U1, X) (17,(Z7X)), (I B4 Satz 1). 


The theorem then follows by Rule P. 
CoROLLARY. If X is an entity such that + 1, X, then + 1,(BX). 
Proof. Follows from Theorems 1 and 2. 
THEOREM 3. If Zis an entity having the property ¥,(p, q), then Z also has 
the property B:(p+n,q+n), n=0, 1, 2,---. 
Proof. The part of the theorem relating to (B) follows from II D2 


'! For the case that m = 0, n = 1, u, =x. It is of course an immediate consequence of 
the definitions that 


FIP, = PB = P. 
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Satz 2 (or, if preferred, from § 3 Theorems 1 and 3). It remains to show 
that (A) is true when p and q are replaced by p+-n and q+» respectively. 
From formula (A) of %,(p, q) follows 


+ IP.(BH,) (B(M,-Z)) (Theorem 2 Cor.; § 4 Theorem 9, » — 0). 
“IP, (Bp (Bp Mn)) (B(My-Z) (By Mh) (§ 4 Theorem 8). 
But 

= BH, (Bp Hn) = M,- By My, I), n 

(I11B4 Def.1; § 2 Theorem 3). 

/ B(Iq:Z) (By Hn) = Hy-Z+ By My (IIB 4 Def. 1 and Satz 3), 

= My: ByMn-Z (Formula (B); II D 2 Satz 1), 
= Moin-Z (§ 2 Theorem 3). 


Inserting '* the last two formulas in the two preceeding them, we have 
- IP, I, nr (I, nL), q. e. d. 


THEOREM 4. If Z is an entity having the property B,(p,q), and if X 
is am entity such that + MpinX; then + Mgin(ZX). 

Proof. Follows from Theorems 2 and 3. . 

THEOREM 5. Jf X and Y are entities such that + IP, XV; then 
+ PoW, X) 1, Y). 

Proof. From Ax.(/7P) and § 4 Theorem 8 follows 


+ P, (IP, XY) (#P) ll, XY) 
+ Py (IP, XY) (P) (1, X) (1, Y)) (8 4 Theorem 3a), 


whence the theorem follows by Rule P. 
THEOREM 6. If Z is an entity having the property ¥B:(p, q), and if X 
is an entity such that + MpiniaX; n>0; then + Wgsnsi(BZX). 
Proof. By Theorem 3 Z has the property %,(p-+n, q+). But from (A) 
for Bi(p+n, q+n) follows 


+ IPs(BHp+n) (B(UMg+n:Z)) (Theorem 2 Cor.; § 4 Theorem 9) 

= IP, (BMyin) (BMqin- BZ) (II B 4 Satz 2). 
Hence 

+ IP; (Bip +n X) (BMg+n(BZX)) (§ 4 Theorem 8; II B4 Satz 1). 

“Py (IL, (B Mp inX)) (1, (BMgin(BZX))) (Theorem 5). 

Pop inssaX) Mqsn+1(BZX)) (IIB 4 Satz 1; § 2 Theorem 3). 


The theorem then follows by Rule P. 


"2 This insertion is of the kind which can be justified by the use of the properties of 
equality alone. (Cf. ID Satz 7). 
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(7B). (a) (1,2, —- M,(Ba)). 
(1C). (x) (I,7, —> Hs (C'x)). 
(IW). (a) (I,x, > T,(Wa)). 
(1K). (x) ( a >1,(Km)). 
(1 P). (a, #2) (IP; 222 > (I, x, > 1, x3)). 


These may be further translated as follows: 


(7B). (f) [(a) fa-(g, x) f(g2)]. 

(7C). (f) [@,wf@,y >, y) Sy, x). 
(IW). (f) [a, y) fla, y) > @) Se, a). 
(1K). (p) [p>(a) Kp]. 

(TP). (f, g(a) (fx > gx) > (a) fx > (w) gx)]. 


CONVENTION 1. An entity Z shall be said to have the property ¥, (p, q) 
if the following two formulas both hold: 


(A) LIP, W,(,-Z). 
(B) FC BgiZ = BZ: Bp. 


THEOREM 1. 7'he combinators B,C, W, and K have respectively the properties 
$, (1,2), Bi (2,2), DoF (2,1), ¥, (0,1). 

Proof. Follows at once from the axioms (7B), (7C), (7W), (7K), 
and axioms B, C, W, and K. 

THEOREM 2. If Z is any entity satisfying formula (A) of the property 
L,(p, 9), and if X is any entity such that + MX; then + 1, (Z X). 

Proof. From (A) and § 4 Theorem 8"! follows 


t+ Po (Hl, X) ((y-Z) X) 
= | Py) (Ml, X) (1, (ZX)), (JI B4 Satz 1). 


The theorem then follows by Rule P. 
CoROLLARY. If X is an entity such that + 11, X, then +} 1,(BX). 
Proof. Follows from Theorems 1 and 2. 
THEOREM 3. If Zis an entity having the property %,(p, q), then Z also has 
the property DO (p+n, q+n), dhicared 0, 1, 2, te 
Proof. The part of the theorem relating to (B) follows from I] D2 


'! For the case that m = 0, n = 1, u, =x. It is of course an immediate consequence of 
the definitions that 


LIP, = Rh = P. 
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Satz 2 (or, if preferred, from § 3 Theorems 1 and 3). It remains to show 
that (A) is true when p and q are replaced by p+-n and q+ n respectively. 
From formula (A) of $,(p, q) follows 


+ IP»(BH,) (B(HMy-Z)) (Theorem 2 Cor.; § 4 Theorem 9, n = 0). 


“. & IP, (BI, (By Th)) (BM, -Z) (By T,)) (§ 4 Theorem 8). 
But 
> BM, (Bp My) — IT, . By MN, = 1, n 
(11 B4 Def.1; § 2 Theorem 3). 
+ BUIy-Z)(ByMy) = My-Z- Byl, (II B4 Def. 1 and Satz 3), 
= My. By My-Z (Formula (B); II D2 Satz 1), 
= Moig-Z (§ 2 Theorem 3). 


Inserting ‘* the last two formulas in the two preceeding them, we have 
kK IP, Ty, nr (Wy ah), q. e. d. 


THEOREM 4. Jf Z is an entity having the property %(p,q), and if X 
is an entity such that + WpinX; then + Mgsn(ZX). 

Proof. Follows from Theorems 2 and 3. 

THEOREM 5. Jf X and VY are entities such that - IP, XV; thew 
+ Po, X) 1, Y). 

Proof. From Ax.(/7P) and § 4 Theorem 8 follows 


+ Py (IP; XY) (*# PM, XY) 
--/ P(IP; XY) (Po, X) UL, Y)) (§ 4 Theorem 3a), 


whence the theorem follows by Rule P. 
THEOREM 6. If Z is an entity having the property ¥:(p,q), and if X 
is an entity such that + WpiniaX; n>0; then + Mginsi(BZX). 
Proof. By Theorem 3 Z has the property $,(p-+n, q+). But from (A) 
for B,(p-+n, q+) follows 


+ IPs (By) (B(Ug+n-Z)) (Theorem 2 Cor.; § 4 Theorem 9) 

= © IPs (BMpin) (BMy-n- BZ) (II B 4 Satz 2). 
Hence 

+ IP, (BM pn X) (BMgin(BZX)) (§ 4 Theorem 8; JI B4 Satz 1). 

Py (I, (B Up nX)) (I, (BHg+n(BZX))| (Theorem 5). 

Po pinta X) Mg+n+1(BZX)) (IIB 4 Satz 1; § 2 Theorem 3). 


The theorem then follows by Rule P. 


" This insertion is of the kind which can be justified by the use of the properties of 
equality alone. (Cf. ID Satz 7). 
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THEOREM 7. Jf X is an entity such that + HyX; then 


a) ifm>1, -Mmis (BX). 
b) ifm2=2, -Mn-1(BBX). 
¢) of m 2 2, = Mn (C, X). 
d) uf m a 3, _ Tn (C,X). 
e) ifm>2, + Mn-1(WiX). 
f) ifm>3, - Mn-i(W.X). 
g) af mZ0, | Un (hX). 
h) if m>1, - Minis (KX). 
Proof. Follows from Theorems 1, 4, 6. 
THEOREM 8. If X is an entity such that |} Wn,X, m= 2; then 
= Ty n (D, XxX). 
Proof. It is sufficient to prove the theorem for the case n — 1; for 


if the theorem is proved for » = 1, it will follow for general n by 
induction, since 
am Oy. 1X — O,(®, X), 


For n = 1: in the first place, 


L/L @, = C,-W,-B-C,- BB, 


since, if the regular combinator on the right be transformed into the 
normal form by the process of II D, we shall have @,. Now suppose 


Hy X, 
Then 


m 2. 


IV 





- Mnis (BBX) 
eo Ty 1 (Cz (BBX)) =F |] Pay ((Cy 
“. F Mn+ ((B-C,- BB) X) 
 F Minsa (We: B-C,- BB) X) 
Ye EF ins (Cs- We-B-Cy-BB)X) 
=F Mnii(O,X), q. e. d. 

THEOREM 9. Jf X is an entity 
~ Mss (xX). 

Proof. As in Theorem 8, | / 


(Theorem 7b). 

-BB)X) (Theorem 7d; II B4 Satz 1). 
(Theorem 7a; II B4 Satz 1). 
(Theorem 7f; II B4 Satz 1). 
(Theorem 7d; II B4 Satz 1), 


such that + Hm X, m = 2; then 


W,-C,-B-BB. The proof of the 


theorem now follows as in Theorem 8. 
6. Further properties of formal implication. For the further de- 
velopment of the theory we shall need certain generalizations of the 


Ax. (17 P). 


These generalizations might be derived from the formula 


t+ IP, IP, “—p (WIP, (Br Hy); 
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whose interpretation for n = p = 1 is 
(A Die, Wife, y>9@, Wlr OLW Se, y) > Wa, Wl}. 


The formula in question I am, however, unable to prove on the basis of 
the primitive frame as presented up to now. Nevertheless it is possible 
to establish the principle which the formula represents as a theorem. This 
is accomplished in Theorem 2, which is all of the present section that is 
used in the next. 

The remaining theorems of this section contain a further investigation 
of this subject on its own account. In Theorems 3 and 4 some special cases 
of the above formula, and some more general formulas, are proved on the 
basis of the present primitive frame. If we be allowed to assume that 
formal implication is transitive, then it is shown in Theorem 5, that not 
only can the above formula be proved for any given values of and p, 
but that an even more general formula can also be established. The most 
general formula is that stated in Theorem 5(a). It reduces to the above 
formula for m = k = 0. 

If we denote, for the moment, the formula in Theorem 5a by [m, x, p, kl, 
then an outline of its mode of development is as follows: [0, 0,1, 0] is 
Ax.(I7P); [m, 0, 1, 0] is proved in Theorem 1; [m, m, 1, 0] in Theorem 3; 
[m,n,1,k] in Theorem 4. The induction on p is what requires the 
transitive property of IPm+2. 

The interpretation of the formula [1, 1, 1, 1] is as follows 


(Ag, 2) {y, 2 [(wfla, y,2,u> Wg, y, 2, w)] 
> (y) (2, f(x,y, 2,0 > (2, wW 9 (a, y, 2, w]}- 


The reader may find it advantageous to work out the interpretations 
of other formulas. 


THEOREM 1, 
a IPn+2(Bm+2 I, Pm+1) (¥ Pn (Bm IT; )), m=0,1,2,--: 


Proof. For m = 0, this is Ax.(7P). Let m>0. Let us define 


bo 


(1) Fy = Pro ( Broly Press) (¥ Pr(Bi hs), k=0,1, 
so that the formula to be proved becomes 


- Ty+2 F'n, 


18 
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while Ax. (J7P) is } 7, F%. I shall show that 
(2) }- F.. — OD», Fi. 


The theorem will then follow from Ax.(J7P) and § 5 Theorem 8. 
By § 4 Theorem 5 and (1) 


tr, = Dy+-2 Po (Br to IT, (D;, P,)) (4 (DO, Po) (Br 77,)). 
Let S be the normal combinator such that 
i S2Xo Ly Le Xg Vy L5 LEH, = Vos (2, X% (ae X7)) (as (ae Xs) (a4 Xe)). 


By II D6 Satze 4 and 7 this defines S essentially uniquely. Let 


Ty = SOx Bere Op ¥ By, k=0,1,2,---. 
Then, 
(3) - Fin — 'm Po Th, P,. 
-R «=e. 
(4) + Om Fy = On(T) Po, Pi) = Bs Om T. Poth Py. 


The combinators 7’, and B;®,,7) both correspond to the sequence of variables 
Xo (2 (arg (ag 5 Hq +++ Lm44) (4 M5 Xe ++ xm-+))] 

(ao (ar (oe ry re ++ ama) (ete (or a5 06 + + xm-4))) 
as may be seen by carrying out the somewhat laborious reduction. Hence 
(5) + Tm = By OnT, (II E 3 Satz 4). 


From (3), (4), (5), follows (2). The theorem is then proved. 
THEOREM 2. If X and Y are entities such that HIPm XY; then 


- IP n—n (Bm—nIIn X) (Bua IT, Y), r= 0, .. 2, eee, MM. 


Proof. If n=O the theorem is trivial. It therefore suffices to prove 
it forn 21,m2>1. If m= 1, n = 1, the theorem follows by § 5 
Theorem 5. 

Suppose now a method is available whereby we may prove the theorem 
for given entities X and Y for which m < k. Then for m = k+1 it 
may be proved as follows, X and Y being given entities. 
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F IPe+2(Br+o WM, Prt) (4 Py (Br th)) (Theorem 1), 
“. EF IPe( Briel Pri XYV) (4 P;.( By, 1,) XV), (§ 4 Theorem 8), 


=F IP; (B77, (Preis XV)) (Py (By 1, X) (BT, Y)) 
(ITB1 Satz 2; § 4 Theorem 3a). 


Now apply the theorem for m = n = k to this last expression. We have 


+ Py (Me (Beth (Prir XY))) (Me (Pe (Br th X) (Besa, ¥))). 
Now if Z, U, and V are arbitrary entities, 


+ I, (B,,Z) = (,- Be M,) Z = My. Z, (§ 2 Theorem 3). 
+ Ty. (PeUV) = IP, UV, (§ 4 Def. 4). 


Consequently, applying these last two equations to the formula next 
preceeding them, we have 


t Po (Pasa XY) (IPx (By i, X) (By 1, Y)). 


Hence if X and Y are entities satisfying the hypothesis of this theorem 
for m= k-+1, it follows from Rule P that 


+ IP; (Be ih X) (Be Ih Y), 


which is the formula to be proved for n = 1. 
To obtain the result for general » apply the theorem with m and n 
replaced by k and n—-1 respectively to the last formula. Then 


- IPk—n+s (Br—n41 Ty: (Br I, X)) (Brn My (Bx I, Y)). 
But 
- Be—n +4 Thi (Br IT, X) — (Br—n+1 | a ° Br I7,) 4 (I B 4 Satz 1), 
= Bren+-1 (MTy-1 . But I7;) X (II B 4 Satz 6), 


= By-niilln X, (§ 2 Theorem 3), 





and F By—nitWn—1 (Bei Y) = Br—n+i ln Y, (similar proof). 
ee IPp—n+1 (Br—n+1 IT, X) (Br—n+1 I, Y) ; 


which is the conclusion of the theorem for m=k+1, n=. 
Corottary. If X and Y are entities such that & IPm X Y; then 
- Po (Tn X) (Im Y). 
Proof. This is the case n = m. 


18* 











176 H. B. CURRY. 


THEOREM 3. The following formulas hold for n 20, mZO0 


IPs (Bm+2 Un+1 Pm+nts) Y (Bm+2 In Pm+n) (Bm+n th). 
b+ IP2 IP, +1 (IP, (Bn 1). 


Proof. Since the second of these formulas is derived from the first by 
putting m = 0, it will suffice to prove the first. For this purpose replace m 
in Theorem 1 by m+n, then we have 


- IP» +y+2 (Bata 2 I, Pntn+i) (4 Pun+n (Bm+n IN). 


Now apply Theorem 2, with the m of that theorem replaced by the 
present m-+n+2. Then 


(1) - IP m+e (By +-2 IT, (Bm 1-2 IT, Pm+-n+1)) (Bun+2 IT, (4 Pun (Binin IT;))) . 
But 
- Bmyn-+-2 I, (Bn {-y+2 HM, Pm-+n-+1) = (Byn+2 IT, . Bun+2 II) Pmtnti 
(II B 4 Satz 1), 
= By+2 (Tn . Bn IT) Pm+n+1 
(IIB 4 Satz 6), 


(3) = Bm-+2 I, (yi Pa n (Bm n I7;)) = (Bune IT, Pain) (Buin IT;) 
(§ 4 Theorem 3e). 


Inserting (2) and (3) in (1) we have the formula to be proved. 
THEOREM 4. The following formulas hold for n>0,k 20, mZ0: 


(a) a IPn+2 (4 (Bm-2 Tyas Pnt-n+s) (Bint IT;,)) 
(4 (Bms2 Hn Pm+n) (Bm+n Ue+s)). 
(b) a IP, (e IPs (Bra IT;,)) (4 Pr (Bn IT;41)) . 


Proof. As in Theorem 4, the second formula is obtained from the first 
by putting m= 0. Hence it suffices to prove the first. 
Introduce temporarily the abbreviation 


xX, = Bm+2 IT, Pmtn, 


then (a) becomes 
pe IPm+2 ( Xn+1 (Bntn+1 IT;,)) (4 Xn (Bn+n ITy,41)). 
To prove this we have 


/ IPm+e Xn+1 (4 Xn (Bm+n Th)) (Theorem 3). 
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Now ¥ is of order 3 and degree 2; hence from the last formula follows 


KE IPm+s( Xn+1) (4 Xn(Bm+nt))), (§ 5 Theorem 9; § 4 Theorem 9). 


oo IPm+2 (H Xns1 (Bmtnti I) (w(w x, (Bn+n IN, )) (Bytn+t I,)) ’ 
(§ 4 Theorem 8), 


= + IPmte (YW Xn+a (Bm+n+1 IT) (4 Xn (Bm+n lh: Bain +1 IT;,)), 
(§ 4 Theorem 34). 


From this the formula to be proved follows by ID Satz 7, since 


- Bmin IT, . Bmtn+i I; 7s Buin (7, ° BIi,) (II B4 Satz 6), 
= Bouin Meir (§ 2 Theorem 3). 


THEOREM 5. Jf the use of the transitivity of IPm+2(m => 0) be allowed, 
then the following can be proved for n = 0,k 20, p 21: 


(a) - IP mie (4 (Bn+2 I, n+p P, m-+-n-+p) (Bmtntp IT) 
(F(Bn+s TI, Pim+n) (Bm+n Ty+-x)) 


im particular for m = 0 
(b) a IP. (e IPr+p (Bntp IT;)) (4 IP, (Bn Ty+«)) . 


Proof. Introduce temporarily the definition 


Zn = W(Bm+2 IT, Pmin) (Bm+n IT). 
Then the formula (a) becomes 


k k- 
- IP m+o Lntp hag . 


For the case p = 1 this was proved in Theorem 4. Suppose it true for 





p =, then 
EF IPm+2 Zntjti1 Zrii; 
also : fi 
FE IPm+pe Ait tie (Theorem 4). 


“. EF IPm+s Fes jas erst (by the assumed transitive property). 


This is the formula to be proved for p=j+1. Hence the formula may 
be proved for any p. 
CoRoLLARY. Under the same circumstances the following may be proved 
forn>0,p2>1: 
(c) EK IPs IPnip (IPs (Bn Hp). 
(d) LIP: IPy(¥ Po Ty). 
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Proof. (c) is the special case of (b) where k = 0."* (d) is the special 
case of (c) where n = 0. 

7. Proof of the principle of substitution. 

THEorEM 1. If X is an entity such that + H, X; then 


- Lyim (Bm X), m = 0,1, 2,--.. 


Proof. For m = 0, trivial. For m = 1, proved in § 5 Theorem 7a. 
For m>1, it follows by induction. For suppose we have established 


+ Ty+x (Bi X), 
then 
b+ My s+a (B( By X)) = Mp+1r+2 (Beta X) 
(§ 5 Theorem 7a; II B1 Satz 5). 


THEorEM 2, If Z is an entity such that + IP; Hy (1,-Z); then 
}- IP; IT -m (1, rm °* Bn Z). 


Proof. By hypothesis |} IP; 7, (4,-Z). To this formula we apply § 4 
Theorem 9, with U=B,. The hypotheses regarding U in that theorem 
are fulfilled by Theorem 1 (since B,, is of order m-+1 and degree 1). Hence 


K+ IP mit (Bm Zp) (Bm Hy - Bm Z) (Ii B4 Satz 6). 
YE IP: (Bin (Bm Hy) (B Im (Bm Wy: Bn Z)) (§ 6 Theorem 2), 
= / IP}(UIn+ Bm Hy) (UIn+ Bm y+ Bn Z) (I1B4 Def. 1 and Satz 3), 
= F IPL Mpim (Mgim:Z), q.e d, (§ 2 Theorem 3). 


CoroLLaRY. Jf an entity Z has the property Bi (p,q); then BnZ has 
the property B, (p+ m, q+m) (m= 0, 1, 2,---). 

Proof. That part of the theorem which relates to formula (A) follows 
from what has just been proved. The corresponding property for formula (B) 
follows from § 3 Theorems 3 and 4. 

CoNVENTION 1. A regular combinator shall be said to have the property 
$.(p, g), when for every entity X and integer k >0 such that + ZpixX, 
it follows that + My+%(ZX). 

THEOREM 3. If a regular combinator has the property B;(p, q); then it 
has the property Bs(p, q). 

Proof. See §5 Theorem 4. 

THEOREM 4. The combinators (Bp B), Cp+1, Wy+1, Kpis, have respectively 
the properties PB.(p-+1, p+ 2), Bo(p+2, p+2), B(p+2, p+1), and 
Be(p, p +1). 








'S This follows by definition of //), II B2 Satz 1, and § 4 Theorem 3c. 
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Proof. Follows from § 5 Theorem 1, and Theorem 2 Corollary and 
Theorem 3 of this section. 
THEOREM 5. Jf U and V are regular combinators such that 


(a) U has the property y(n, m), 
(b) V has the property Bs(q, p); 


then (U-V) has the property $2(s, r), provided r > m, r > m—n+p, 
r+n+tq=stm+p. 
Proof. Let X be an entity and k >0,s > 0, integers such that 


(1) b+ s.4,X. 
Then, if s>q, it follows from Hp. (b) that 

+ MN+4.(VX), t= s+p—9q; 
whence, if ¢ >, we have from Hp. (a), 


+ ,i4n(U(V X)), r= t+m—n; 
(2) = + M,..((U-V)X), (JI B4 Satz 1). 


Thus the formula (2) follows from formula (1) provided that s > q, 
t=s+ p—q >n, r=t+m—n. These latter conditions are, however, 
equivalent to those stated in the theorem. 

THEOREM 6. Every regular combinator of order m and degree n has the 
property B.(n, m). 

Proof. Follows from § 3 Theorem 8. For if we identify the $(m, n) 
of that theorem with the present ¥%,(n, m), then the hypotheses (b) and (c) 
are fulfilled by Theorems 4 and 5 just proved, while the hypothesis (a) 
follows immediately from the definition of P.(n, m). 

THEOREM 7. If U and V are regular combinators having the properties 


Bi (n, m) and &,(q, p) respectively, and if 
r>m, r&m—nt+p, r+nt+q=stmrp; 


then (U-V) may be shown to have the property %1(s, 7) provided the use 
of the transitive property of IP: be allowed. 
Proof. Under the given conditions (U- V) satisfies formula (B) of ¥, (s, rv) 
by § 3 Theorems 3 and 6. It remains to show that formula (A) is satisfied. 
Let ¢=s+p—qg. Then if s>q, 


(1) + IP, 7, (I; V), (Hp.; § 5 Theorem 3). 
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Let r=t+m—n. Then if t>n, 


+ IP, %(77,-U), (same reason). 

“. E IP; (BM) (BU1,-U)), (§ 4 Theorem 9; § 5 Theorem 7a). 

“oF IP, (BM V)(B(i,-U) V) (§ 4 Theorem 8), 

(2) = IP, (%-V) (,.-U-V), (IIB 4 Def. 1). 


From (1) and (2) and the assumed transitive property the formula to be 
proved follows. The restrictions on r and s, viz.,s => q, t= s+p—q=n, 
r=t+m—vn, are the equivalent to those stated in the theorem. 
THEOREM 8. Jf U as any regular combinator of order m and degree n; then 
the formula 
+ IP; ZI, (Um -U) 


can be proved, provided the transitive property of IP, may be used. 

Proof. Tf we identify the $(m, n) in §3 Theorem 8 with the present 
%,(n, m), then the hypotheses (a), (b) and (c) of those theorems follow from 
Theorem 2 Cor., Theorem 8, and § 5 Theorems 1 and 3. The theorem then 
follows by definition of $,(m, m). 
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NOTES ON DIFFERENTIAL GEOMETRY.' 


By A. P. Me.uisx.? 


I. On ovals and curves of constant width. 


1. By an oval we mean a convex closed curve. For the sake of simplicity 
the following discussion will be restricted to curves whose curvature is 
continuous and never vanishes, although our results can be extended, with 
suitable modifications, to the general case. An extensive use will be made 
of vector-calculus notation, the bold-faced types designating vectors. Thus 
the position-vector P of a variable point on the curve will have continuous 
second derivative with respect to s, length of arc. The symbols f and a 
will designate respectively the unit tangent and unit normal vectors whose 
orientation coincides with that of the OX, OY axes. We shall consider 
simultaneously a pair of opposite points (P, P’), at which the tangents 
are parallel. The distance between these tangents and the chord PP’ 
will be called respectively the width of the curve, and the diameter at P, 
and will be designated by » and d. The width «, as well as the curvature ~, 
and the radius of curvature @ = 1/x, will be assumed >0O. Finally if 
a point P’ is opposite to P, the geometric quantities which correspond 
to P’ will be designated by the same letters as those for P, with addition of 
a prime (’). We assume 


(1) tf = —t, n = —nN. 
With this notation we have 
(2) Pr =po+pun+st. 


On differentiating with respect to s and using the well known formulas 


ap at _ dn 
8) eh ee 
we have a P 

aie? dh ae 
” Fy = (met a) talet a): 





‘Received June 6, 1930. 

? We publish here some fragments found among the papers of a young Canadian mathe- 
matician of great promise, Arthur Preston Mellish (Born June 10, 1905; died February 7, 1930). 
His death is a source of profound regret to all who had personal contact with him, and 
especially to his colleagues at Brown University. [J. Tamarkin.] 
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whence, in view of (1), 


a dd ad du 
(5) mee =, Lapa, 0 = xA4+ =e 





Let » be the angle made by f and an arbitrary fixed direction. Then 





we aa , oe are ee 
(6) ds =edy = — , ds =odg = J 
and relations (5) reduce to 
(7) ds+ds’ == wdg—dai, Adgt+du = 0, 
or, which is the same, to 
,_ ._ @h ae 58 
(8) e+e Pore lt dy’ dy — 


Elimination of 4 yields a linear differential equation of the second order 


for p, 
Oe 


(9) dg? + = f(y) where f(y) = e+e’. 


The general solution of this equation is 


(10) u(y) = sing | fro cost dt-+ o,|— COS @ [fro sin?dt+ c,| ; 


To determine the arbitrary constants C, and C, we observe that the 
functions «(y) and 4(), as well as f(g) are periodic in », of period 7, 
so that we must have 


(11) w(p+m) = u(y), A(y+n) = 2(9). 
In view of (8), (9), and of the periodicity of f(y), conditions (11) are 
equivalent to 


(12) w(x) = 2 (0), —— = ; 
(1) = (0) Nilice’” tele 


whence 
1 7 ®7 
Cy = -+f f(costdt, CG = -+{ J (é sin t dt. 
0 
On setting 
Dp 5 A 
U(g) = f I ( cos tar— 4 { J (8) cos ¢ dt, 
(13) j 


@ 1 70 
ri) = [ fein tat—4 J sin ¢t dt, 
0 
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we have the final result 
(vy) = U(g) sin p—V(g) cos g, 


(14) A(y) = —U(g) cos y—V(g) sin g. 


Let LZ be the total length of the curve. Then, by (7), 
ni P 7 
(15) L= } ee (ds+ds’) = , wdg; [rag == 0, 


Another important relation follows from (14), 
(16) a)? = w+ = [U(g)?+[V @)]?. 


2. So far we have dealt with general ovals. Let us see now what 
conclusions can be derived from the formulas above concerning the curves 
of constant width, that is the ovals for which the distance between any 
pair of parallel tangents is the same constant a. We shall prove the 
following 

THEOREM. The statements; 

(i) a curve is of constant width; 

(ii) a curve is of constant diameter ; 

(iii) all the normals of a curve (an oval) are double; 

(iv) the sum of radii of curvature at opposite points of a curve (an oval) 
is constant; 

are equivalent, in the sense that, whenever one of statements (i-iv) holds 

true, all other statements also hold. 

(v) All curves of the same (constant) width a have the same length L 

given by 
L= na. 
Proof. Let «=a be constant. Then, by (8), (9), (16), 


4 = 0, o+o =a, |d|? = a? 


which implies, respectively, (iii), (iv), (ii). 
Statement (iii) implies 40; hence, by (8), » =a so that (i), and 
consequently, (ii), (iv) hold. 


Statement (ii) implies 
! id? = +p? = a’. 


On differentiating and using (8) and (7), we have 
= Addt+twdp = 14(di—pdg) = —A(ds+ds’). 


Since ds+ds' + 0 this gives 4 = 0, that is (iii). 
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Finally, if 
o+o = a(constant) 


then, by (13) and (14), # =a, which implies (i). 

Statement (v) of the theorem follows immediately from (15). 

Remark 1. The following properties of the curves of constant width are 
easily verified: 

(vi) The evolute of a curve of constant width has one and only one tangent 
parallel to any given direction (such curves may be termed as “ curves 
of zero width’). 

(vii) The medial (that is the locus of mid-points of the iain of a curve 
of constant width is a curve of zero width. 

(viii) Any oval which is an involute of a curve of zero width or else, which 
is parallel to a curve of constant width (including those of zero width) 
is a curve of constant width. 

Remark 2. It follows at once from (8) and the periodicity of mw that 
any oval has at least two double normals, the width being an extremum 

(maximum and minimum) at the corresponding points of the curve.® 


II. On ovaloids and surfaces of constant width. 


1. By an ovaloid we mean a convex closed surface. It will be assumed 
that the principal curvatures of the surface are continuous and do not 
vanish. The notation of the preceding note will be used, mutatis mutandis 
(by replacing ‘‘tangent” by “tangent plane”). If m is the unit normal 
vector at P,* then the unit normal vector m’ at P’ will be chosen in such 
a way that 
(1) n' = —Nn, 


The lines of curvature at P will be taken as the codrdinate lines 
u = const., v = const., the corresponding priming radii of curvature and 
principal curvatures being respectively ¢,,@,° and x,,*,. The differentiations 
with respect to u,v will be designated by the subscripts 1, 2. 

With this notation we have 





*The results of this note are mostly not new. However, the elegant method of deriving 
them is new and due to Mellish. The idea of applying this method to the discussion of 
general ovals was suggested to Mellish by Professor D. J. Struik. [J. T.] 

‘ As to general facts and notation used the reader is referred to Weatherburn’s Differential 
Geometry of three dimensions, Cambridge, 1927, especially Chapters 3-5. This treatise 
will be referred to by (W.) 

5 Instead of Weatherburn’s 8, « 
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@) B= +0, F=n-r,=0, G=A +0, 
(3) L=Py-at 0, M = Py-n = 0, N = Pr: a + O, 





1 L 1 N 
(4) . = @, oe e Oi 
(5) Nn, = —*%P,, Nn, = —*P,, 
sk Es 
Pi — aE — 
E, 
(6) r,, = Sant sh 
Px. = —< mt ot ate + Na, 


together with the corresponding equations at the point P’. 

The following theorem will be important for our discussion and is inter- 
esting in itself. 

THEOREM 1. The radius of curvature R of the orthogonal section of any 
cylinder circumscribed about any surface is given by the formula 


(7) R = @, cos? 6+ @, sin? 4, 


where @,, @, are the principal radii of curvature at the corresponding point P 
of the surface and @ is the angle between the direction v = const. and the 
generators of the cylinder. 

Proof. Let T and NW be the unit tangent and normal vectors of the ortho- 
gonal section (C) of the circumscribed cylinder at P, dS the element of 
the are of (C), and dsqa, ds, the elements of the arc of the lines » = const., 


P 
wu = const. Let the corresponding unit tangent vectors be @ = = , 








h = 7 . We have then 

(8) N = 4”, 

(9) = a cos 6+4b sin 4, 
(10) dS = dsq cos 6+ds sin 6. 


1 
Differentiating (8) and denoting by K = >, the curvature of (C), 


(11) —KTdS = —xads—nhds. 
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Comparison with (9) and (10) gives now 











Kds = dsa_  _ am ~—=—_—_ dq CoS A+ ds sin 6 
iii 0a cos@ «=. Sin 8 Qa cos? 6+ go, sin® 4 
as 





0q cos® 6+ op sin® 6 
which is the desired result.® 
2. Let us now differentiate the vectors nm’ and Pr’ with respect to u, v. 
We get first from (1) 

















on , ow , ov » ae a» ov 
—_—- = a lp = —X_ Py —_ — 4% Po - — we Tae ’ 
du ary? + i Ou ~~. oe eae 
12 
02) or watt ta! ie OE ee OE a 
i "te "te UC oe On ok Raids 
On setting 
(13) P= p+ot t+yPe+2n, 


we have, the tangent plane at P’ being parallel to that at P, 

















(14) Pi. n = P-n = 0, 
and, by (6), 
an: are, | 
ou A” Ou + Fs Ou 
E, E, — 
a {ita + Le 2y — neler +{ Fret Gay +f rs 
+{La+z,}a, 
- or r, 2% 4 ps wd ) 
dv Sti‘ t (OD * Ou 
E,ax—G ; 
— {gt tant ttt SEY ee 
‘ +{Ny+z.}m. 
ence 
(16) Le+a2, = 0, Ny+é2s = Q. 


We are prepared now to investigate the properties of the surfaces of 
constant width. 





° This theorem was proved first by Blaschke, Kreis und Kugel, Leipzig, 1916, pp. 117-118. 
See also R. Mehmke, Wien. Sitzungsberichte, 1917, pp. 1317-1321. Mellish’s proof is 
different from that of Blaschke and was obtained independently. [J. T.] 
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THEOREM 2. The principal directions at the opposite points of a surface 
of constant width are parallel. 
Proof. If our surface is of constant width, then 


(17) z= ye = const, 24=—0, a2 = Od, 


and, from (16), it follows at once 











(18) r=0, y=0. 
Formulas (15) reduce then to 
, ow 3 [ae 
(19) A Ou Th =~ (1— am) Pi, 
; Ou , dv’ 
Ai +: — (1— xp mw) Pe. 
“J , ou «Ow —tisg, ——- 
Since the coefficients sa oe (19) cannot vanish simultaneously, 
the parameters w’, v’ can be chosen in such a way that, at P’, oe +0. 
J 
If now < +0, on comparing formulas (12) and (19) we get 
’ ’ — Xa 
%, = 4 == .. 
1— %q 


This implies that P’ is an umbilic, and since the position of P’ is not 
restricted, all the points of our surface will be umbilics, which is possible 
when and only when the surface is a sphere (the case of a plane ob- 
viously being excluded).’ Thus it is seen that if our surface is not 


a sphere, then necessarily se = 0, whence Pj is parallel to r,. The 


/ 


second of equations (19) shows then that a —= 0 and that r is parallel 


to f,. The case of a sphere being trivial, Theorem 2 is completely proved. 

CoroLtaRy. For a surface of constant width the parameters (u,v), (w’, v) 
can be chosen in such a way that the vectors Pi, P be parallel and opposite 
to P,, P. (and also parallel to the principal directions at P, P’), 


(20) mem — —VEF’, mrs — —VG@4, 1-h=—m-m= 0, 
while 


(21) /,Sse5. (pA ae ene 
da, ee G dv 0,” Ou Ov 


7See e. g. Blaschke, Differentialgeometrie, vol.1, 3rd edit., Berlin 1930, p. 97. [J. T.] 
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3. Other important properties of surfaces of constant width are given 
in Theorems 3, 4 below. 
THEOREM 3. A surface of constant width w has the following properties: 
(i) all its normals are double; 
(ii) the sum of principal radii of curvature that correspond to parallel 
principal directions at any pair of opposite points is constant, 


(22) C+ 0g = Oe, = #; 
(iii) the surface is of constant diameter, 
(23) \d| = pw. 


Conversely, any surface which has property (i) is of constant width, while 
if it has property (ii) 7t will be of constant width provided the principal 
directions at the opposite points are parallel. 

Proof. Property (i) and its converse are proved already, since relations 
(17) and (18) are obviously equivalent. To prove (ii) we observe that if 
our surface is of constant width, then equations (19), (21) show 


— 0q/@q id 1—/Q; or e,+2@, —= Fs 
— 0/0, = 1—p/o,, or 0, +, = pl. 


Conversely, if (22) are satisfied, and the principal directions at opposite 
points are parallel, then the angle 6 of Theorem 1 will be the same at 
the opposite points P, P’, which always are on the same circumscribed 
cylinder. If now R and RF’ are the radii of curvature of the orthogonal 
section of the cylinder at the points P, P’ respectively, then, by Theorem 1, 


R = 0a cos® 6+ g, sin? 4, R' = 02 cos? 6+ g sin? 6, 


whence R-+ R’ = w. Hence the projection of our surface on any plane 
is bounded by a curve of constant width (Theorem of the preceding note) 
which implies that the surface itself is of constant width. 

THEOREM 4. The surface integral of the mean curvature J = 4 (%a+ *») 
of a surface of constant width is equal to the double perimeter of the ortho- 
gonal section of any circumscribed cylinder. 

Proof. From (21) it is seen at once 

ds, VE’ dw oe (7 ds, V@ dv & 
ds, VEdu  @’ 4 £V@ dv’ 
so that, by (22) 








dsatdsy = bXads = [Xa dsa, 
dsp +ds, = wx dsy = wx, ds. 
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Hence 
, , ; ’ 
Asa dsp+ asa d si — ft? xq xb d sq d sy = 8a d sy a dsp, Asa. 


2 Asa dsp anaes fe (%q + xp) Sa d sy a ds dsp ~—— ds», ds). 


On the other hand, the area of the surface is given by 


1 ' ’ 1 F 
S or 9 J (48a dsy+ dS ds») == 9. <2 8a dsy. 


This gives 


° 


pe [,% x aS = [a+ m) dS = Qh sas, 


which in view of the known formula® [. x, x, dS = 42 gives the desired 


result 
[as = 2a.’ 
JN 


III. On Bertrand curves. 


We give here a simple proof of the foliowing 

THEOREM. If the curve (C\) is of constant curvature and the curve (C3) 
is af constant torsion, and if the points of these curves are in such a corre- 
spondence that the tangents at the corresponding points are parallel, then the 
locus (C) of the points which divide in a constant ratio the segments joining 
the correspondent points is a Bertrand curve." 

Proof. We shall use the subscripts 1,2 to designate the geometric 
quantities corresponding to the curves (C,), (C,) while the same letters 
without subscripts will refer to the curve (C). Then the equation of (C) is 


pri+aqrr 


(1) r= ), g constant, 
p+q og 

while by hypothesis, 

(2) t, = constant, t, = constant, f¢, t.. 


On differentiating (1) we have 


1 pds, +qds 
(3) tds = 7 (pt, ds, +qtds.) = Po a sg > ¢ 


* Blaschke, Differentialgeometrie, p. 165. [J. T.] 

*This theorem was proved, by an entirely different method, by Minkowski, Moskow 
Matem. Sbornik 25 (1904), pp. 505-508; Ges. Werke, vol. 2, pp. 277-279. [J. T.] 

'° This theorem is not new, see e. g. Tajima, On Bertrand curves, Tohoku Math. Journ. 18 
(1920), pp. 128-133. Mellish was aware of this paper and simplified considerably Tajima’s 
proof by using vector calculus notation. [J. T.] 
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which shows that f is parallel to f, and & and always can be chosen so 
that 


(4) t= t, = 6, 

(5) (p+q)ds = pds +qds. 
Differentiation of (4) gives 

(6) zNds = 2%, M, ds, = % Me dsyz, 


and if we assume that z, #,, # are positive, then 


(7) n= nh = Mh, 
(8) sda = %, dh = % da. 
From (4) and (7), ° 

(9) h ——- b, = | 


and, differentiating, 





(10) —tNhds = —t, Me ds2, tds = td 8. 


Elimination of ds, ds,, dss gives 


z= . a 
ors p+q 


which is the desired result since p, q, %. Tt: are constant. 
If instead of t, — t we were given the condition 6, = &,, the same 
result would follow in the same manner. 








UBER FUNKTIONEN VON FUNKTIONALOPERATOREN.* 


Von J. v. NEUMANN, BERLIN. 


Einleitung. 

1. Den Gegenstand der vorliegenden Arbeit bilden gewisse Sitze iiber 
die funktionelle Abhangigkeit vertauschbarer (beschrankter) Funktional- 
operatoren. Dieselben hangen mit Fragen zusammen, welche bereits in 
einer friiheren Arbeit des Verfassers angeschnitten wurden’), deren yoll- 
standige Diskussion dort aber (aus raéumlichen Riicksichten, da die genannte 
Arbeit auch anderen Gegenstinden gewidmet war) nicht erfolgte. Hier 
soll eine erschépfende Untersuchung und Erledigung erfolgen, im Verein 
mit einer (dadurch nahegelegten) vollstandigen Entwicklung des Funktions- 
begriffes fiir Funktionaloperatoren. Es handelt sich um den Beweis des 
folgenden Satzes: Zwei (oder sogar beliebig viele) vertauschbare*) Her- 
mitesche Operatoren kénnen immer als Funktionen eines einzigen dar- 
gestellt werden. In A, a.a.0O.Anm.*), wurde nimlich nur gezeigt, daf 
sie in einem gewissen Sinne Limites von Polynomen desselben sind, da 
der allgemeine Begriff einer Funktion eines Operators dort nicht entwickelt 
wurde. Der oben genannte Satz soll hier tibrigens in einer noch etwas 
verscharften und prizisierten Form bewiesen werden, auf die wir noch zu 
sprechen kommen. 

2. Unter den fiir die folgenden Betrachtungen wesentlichen Begriffs- 
bildungen stehen an erster Stelle diejenigen des Hilbertschen Raumes und 
seiner linearen Operatoren. Es ist wohl nicht nétig, dieselben des Naheren 
zu entwickeln, aber da wir bei ihrer Untersuchung eine geometrische, 
besonders fiir unsere Zwecke zugeschnittene, Terminologie verwenden 
werden, sei gesagt, daB wir uns an die diesbeziiglichen Ausfiihrungen und 
Begriffsbildungen von E und A anschliefen*). Wie dort, nennen wir den 
(abstrakten) Hilbertschen Raum §, den Ring seiner beschrankten Ope- 
ratoren B. Ferner wird von den Ringen in B immer wieder die Rede 
sein: das sind diejenigen Teilmengen von B, welche mit allen Elementen 
A, B auch aA, A**), A+B, AB enthalten, und auferdem eine gewisse 
Abgeschlossenheits-Eigenschaft besitzen®). Jede Teilmenge M von B ist 
in gewissen Ringen enthalten, u.a. in einem kleinsten: das ist der von 
ihr erzeugte Ring R(M)*). Besteht insbesondere M aus einem einzigen 
Element A, so kénnen wir aus A den Ring R(A) erzeugen. Dieser besteht 








* Received October 20, 1930. 
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iibrigens aus allen Polynomen p(A) von A (p(x) durchliuft die Polynome 
mit p(0) = 0), sowie den Limites aller sogenannten stark doppelkonver- 
genten Folgen derselben*) — wenigstens, wenn A Hermitesch oder zu- 
mindest normal ist®). 

Eine Menge M (in B) ist Abelsch, wenn alle ihre Elemente miteinander 
und mit ihren * vertauschbar sind; bei Mengen, die mit A auch A* ent- 
halten, z.B. Ringen, geniigt also die Vertauschbarkeit aller Elemente’). 
A.a.O. Anm. *) warde iibrigens gezeigt, daB M dann und nur dann Abelsch 
ist, wenn es der Ring R(M) ist, und da& ein Ring dann und nur dann 
Abelsch ist, wenn er aus lauter normalen Operatoren besteht. 

3. In A wurde nun bewiesen’’): wenn A alle normalen Operatoren durch- 
lauft, so durchliuft R(A) alle Abelschen Ringe, ja es ist zulassig, A auf 
die Hermiteschen zu beschriinken (vgl. Anm. *)). D.h. die Elemente des 
Ringes sind im weiter oben skizzierten Sinne Limites von Polynomen von A. 
Wir wiinschen sie aber direkt als Funktionen von A darzustellen. Daher 
werden wir in dieser Arbeit den allgemeinen Begriff einer Funktion eines 
Hermiteschen (oder normalen) Operators einfiihren (und die fiir diesen 
Zweck zulissige Funktionenklasse genau abgrenzen), und dann beweisen: 
R(A) ist die Menge der f(A), wobei f(x) alle zulissigen Funktionen mit 


F(0) = 0 durchliuft — iibrigens darf man f(x) auf die Funktionen der 


ersten Baireschen Klasse beschranken. 

Da jede Abelsche Menge Teil eines Abelschen Ringes ist (z. B. dessen, 
den sie aufspannt), sind ihre Elemente Funktionen eines A — und jede 
Menge von vertauschbaren Hermiteschen Operatoren ist (da in ihr B* = B 
gilt) nach Definition Abelsch, so daB auch fiir sie das obige gilt. Wir 
werden die verschiedenen Formulierungs- und Verscharfungsméglichkeiten 
dieses Satzes weiter unten noch naher analysieren. 

4. Wie aus dem bisher Gesagten hervorgeht, ist unsere Hauptaufgabe 
die Einfiihrung des allgemeinen Funktionsbegriffes fiir Operatoren. Hier- 
fiir sind zwei Wege vorhanden: einmal kann man es durch sukzessive 
Grenziibergange fiir die Funktionen aller Baireschen Klassen tun, anderer- 
seits aber durch eine Definition mit Lebesgue-Stieltjesschen Integralen auf 
einen Schlag fiir die (allgemeinere) volle Funktionenklasse, fiir welche 
es tiberhaupt méglich ist. Die beiden Methoden sind iibrigens mit zwei 
Wegen zur Kinfiihrung des allgemeinen Integralbegriffes, denen von Young 
bzw. Lebesgue'’), aufs engste verwandt. Wir werden uns der zweiten 
bedienen, die allgemeinere Resultate zu erzielen gestattet, obwohl auch 
die erste geniigen wiirde, um den in 3. genannten Satz zu sichern. 

Ehe wir iibrigens an unseren eigentlichen Gegenstand herantreten, miissen 
wir einen Hilfssatz iiber Lebesguesche Integrale beweisen, der, nebst 
einigen Folgerungen, vielleicht auch an und fiir sich nicht ganz ohne 
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Interesse ist und, soweit es dem Verfasser bekannt ist, in der Literatur 
bisher nicht vorkam. 

Die EKinteilung der Arbeit ist die folgende: Im Kapitel I werden die 
soeben erwahnten Hilfssitze iiber Lebesguesche Integrale bewiesen und 
dann das Lebesgue-Stieltjessche Integral, mitsamt seinen fiir unsere Zwecke 
wesentlichen Eigenschaften, eingefiihrt (da hierfiir ein kurzer Exkurs in 
aller Strenge ausreicht, und wir es, etwas iiber die iibliche Definitionsweise 
hinausgehend, auch fiir unstetige Differentiale brauchen, soll diese Darlegung 
erfolgen, obwohl sie nichts wesentlich Neues bietet). Im Kapitel II definieren 
wir die Funktionen von Operatoren und stellen ihre Haupteigenschaften 
auf; im Kapitel III wird der in 3. erwahnte Satz nebst einigen Folgerungen 
bewiesen. Im Kapitel IV verallgemeinern wir den Funktionsbegriff (der 
bis dahin nur fiir ein Argument, das Hermitesch sein muf, vorliegt) auf 
endlich oder abzahlbar unendlich viele Argumente, die vertauschbare 
normale Operatoren sein diirfen. 


I. Hilfssatze iber Lebesguesche und Lebesgue-Stieltjessche 
Integrale. 


1. Sei g(a) eine in einem Intervalle 0 < a < @ (a eine beliebige Zahl > 0) 
definierte, monoton nicht-fallende, nie negative, iiberall nach rechts halb- 
stetige Funktion — wir sagen kurz: eine M-Funktion. 

Sei f(x) eine in einer meBbaren Menge Mt von endlichem Mafe definierte, 
meBbare, nie negative und beschrinkte Funktion. Wir definieren die Ma6- 
funktion g(a) von f(x) folgendermafen: 

y(a) = MaB der Menge aller x (in Mt) mit f(x)< a. g(a) ist offenbar 
eine M-Funktion, als « wahlen wir dabei die obere Grenze des Werte- 
vorrats von f(z). 

Da jede M-Funktion ¢(a) auch die soeben genannten Kigenschaften der 
J (x) besitzt, kénnen wir zu g(a) ihre Maffunktion, die M-Funktion w()) 
bilden. Zwischen g(a) und w(b) besteht offenbar die folgende (auch zur 
Definition verwendbare) Relation: 

w(b) = Obere Grenze der Menge aller a(> 0, < @) mit g(a) <b. 

Das Definitionsintervall von w(b) ist 0 < b) < g(a). Aus der voran- 
gehenden Relation folgert man miihelos: Die MafSfunktion von w(b) ist 
wieder »(a), d. h. die Beziehung zwischen ¢(a) und w(b) ist wechselseitig. 
Ferner ist (wy (b)) = b, wenn 6 nicht am linken Ende oder im Inneren 
eines Konstanzintervalles von w liegt (d.h. am unteren Ende oder im 
Inneren eines Intervalles, das an einer Unstetigkeitsstelle von y durch 
dessen ,,Sprung“ ausgemacht wird); und ebenso w(y(a)) = @ mit der ent- 
sprechenden Ausnahme fiir a. Somit sind g(a), y(b) invers zueinander — 
soweit so etwas iiberhaupt méglich ist. 


14* 














Ba 1s 


| 
hey 

[es og Bo 5 
eT ee 





194 J. vy. NEUMANN. 


2. Sei f(z) wie am Anfang von 1., g(a) ihre Maffunktion, w(b) die 
MaBfunktion von g(a). Wenn f(x) eine M-Funktion ist, so ist, wie wir 
sahen, f= w (und nur dann, da w(b) ein M ist); aber auch bei beliebigem 
F(x) besteht eine recht innige Beziehung zwischen ihm und w(b). Es gilt 
namlich, wie wir zeigen wollen: 

Satz 1. Sei g(u) eine beliebige Funktion™). Dann gilt die Gleichung 


MaB von M 


fov@az= ff gwar 
M 0 


(0<b< MaB von M ist das Definitionsintervall von w(b), da das Maf 
von WM das Maximum von (a) ist) in dem Sinne, daP die linke Seite immer 
sinnvoll ist, wenn es die rechte ist (dies kommt auf die Lebesgue-Summierbarkeit 
der betreffenden Integranden heraus) und beide einander dann gleich sind. 

Beweis: Es geniigt zu zeigen: wenn alle Mengen der 6 mit g(w(b)) < m 
meBbar sind, so sind es auch alle Mengen der x mit g(/(x)) < m, und 
sie haben bzw. die gleichen Mafe. Dies steht jedenfalls fest, wenn folgendes 
fiir alle Mengen $ gilt: wenn die Menge der b mit w(b) aus % mefbar 
ist, so ist es auch diejenige der x mit f(x) aus $, und beide haben dasselbe 
Ma. (Man wiahle alsdann $% als Menge der w mit g(w) < m.) Nennen 
wir die b-Menge %, die z-Menge %,. Verwenden wir nunmehr %, als 
Ausgangspunkt. Es hat allenfalls die folgende Kigenschaft: sei J ein Kon- 
stanzintervall von ~(b)"*), dann ist J entweder Teil von 3» oder fremd zu fy. 
Die Zahl der (paarweise fremden) Konstanzintervalle von w(b) ist endlich 
oder abzahlbar, sie mégen J,, J.,--- heiBen. Wir betrachten %, nun ganz 
unabhingig von $, als beliebige Menge, nur mu jedes J, Teil von Po 
oder fremd zu sein (und ¥, Teil des Intervalles 0, MaB& von WM). 
¥.~ ist die Menge aller x (von M), fiir die f(x) = w(b) fiir ein geeignetes 
b von , ist. Es gilt also zu zeigen: wenn 9, mefbar ist, so ist es 
auch $~, und beide Mengen haben dasselbe Maf&. 

Wir wollen zeigen: es geniigt dies fiir diejenigen % zu beweisen, die 
Intervalle 0 << b6<£ oder 0 <b < B sind (und zu den J, im oben genannten 
Verhaltnis stehen). Von diesen iibertragt es sich namlich zunachst auf 
ihre Differenzen, d.h. auf alle Intervalle (mit beliebiger Endenzurechnung, 
wieder das obige Verhaltnis zu den J,,) — also insbesondere auf die offenen 
Intervalle sowie auf die Z,. Von diesen iibertragt es sich wiederum auf 
die Summen endlich oder abziéhlbar vieler solcher: also erstens auf alle 
Summen irgendwelcher J,, zweitens auf alle offenen Mengen (d.h. die in 
0<b< Mab von M relativ offenen, natiirlich mit dem obigen Verhiltnis 
zu den Jp). Insbesondere gilt sie fiir das volle Intervall 0 <b < Mab 
von M. 
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Nun geniigt es fiir alle unsere $%, Ma& $, > Auferes Mab §$, zu be- 
weisen (ohne die MeSbarkeit von $_!); denn durch Betrachtung der Kom- 
plementirmenge von }, folgt (wegen des iiber das volle Intervall 0<b< 
MaB von M gesagten) Ma& ¥, < Inneres Mab Pz, also Mak ¥, — AusGeres 
Mab ¥%. = Inneres Mab Pz. 

Sei nun Q die Vereinigungsmenge aller zu f%» fremden J,, dann gilt 
Ma8 Q = Mab Qz, also geniigt es, MaB (Q) + %,) > AuBeres Mab (Q,.+8,) 
nachzuweisen. +, umfaBt alle J,, wenn wir es wieder mit , be- 
zeichnen, so finden wir: es geniigt die obige Relation fiir diejenigen $, zu 
betrachten, die alle J, umfassen. 

Da Teil eines offenen 8 ist, dessen Maf das seine nur um < « 
iibertrifft (dies gelingt fiir jedes « >0), geniigt es, die alle J, umfassenden 
offenen %% zu betrachten: gilt unsere Relation fiir diese, so gilt sie auch 
fir %, selbst. Fiir offene $3, (die obigen haben ja zu allen J, das friiher 
verlangte Verhaltnis™*)) gilt diese Relation aber, wie wir wissen, sogar 
mit dem = -Zeichen. 

Daher geniigt es in der Tat, die Intervalle $,:0 < b6<8 bzw. 0<)<8 
zu betrachten. Aus dem Verhalten von % zu den J, folgt nun, daB es 
wirklich die b-Menge zu einem $ ist (6 gehdrt zu %, wenn w(d) zu ¥ 
gehért), und zwar ist (wegen der Monotonie von w(b)) % ein Anfangs- 
intervall des Intervalles 0,0, ebenso wie %. D.h. ¥ ist eine Menge 
0<u<a oder OXu<a. Da w(b) wie f(x) nie negativ sind, kénnen 
wir 0 << wu weglassen; da sich unsere Behauptung (%, %, beide meBbar 
und vom selben Ma8) von einer aufsteigenden Folge von $8-Mengen sofort 
auf deren Vereinigungsmenge iibertragt, geniigt es, «<a zu betrachten. 
Somit ist $, durch w(b)< a, Pz durch f(x) <a definiert. DaB beide 
Mengen meBbar sind, ist klar, und da w(b), f(x) dieselbe MaSfunktion 
y(a) haben, haben beide dasselbe Mab: (a). 

Damit sind wir am Ziele. 

3. Aus dem in Satz 1. formulierten Tatbestande wollen wir einige Fol- 
gerungen ziehen. Zu diesem Zweck fiihren wir die folgende Begriffsbildung 
ein: wenn die Funktion f(z) (definiert fiir alle reellen x, mit komplexen 
Werten) so beschaffen ist, daB f(@(a)) fiir alle monoton nichtfallenden 
und nach rechts halbstetigen ®(a) eine meBbare Funktion ist, so sagen 
wir, es ist @-meBbar"). Offenbar sind alle Polynome ®-mefbar; und 
wenn /,,f2,--- eine Folge ®-mefbarer Funktionen ist, die gegen ein / 
konvergieren (d. h. fiir jedes a gilt f,(x)>/f(x) fir n>), so ist 
auch f ®-meBbar (wegen der analogen Eigenschaft der gewéhnlichen Meé- 
barkeit). Somit sind alle Funktionen aller Baireschen Klassen @-mef- 
bar. Ferner ist es klar, daB mit f(x), g(x) auch f(x)+ g(x), af (a), 
f(x) g(x) @-mefbar sind (wieder wegen der analogen Eigenschaft der 
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gewohnlichen Mefbarkeit). Es ist aber keineswegs trivial, dai folgendes 
ilt: 

' Satz 2. Wenn g(u) D-mefbar ist und f(x) meSbar bzw. O-meSbar 
(aber reell!), so ist auch g(f(x)) mefbar bew. O-mefbar. 

Beweis: Es geniigt die MefSbarkeit zu betrachten, der Fall der 
@-MeBbarkeit wird durch Ersetzen von f(x) durch f(®(a)) darauf zuriick- 
gefiihrt. Ferner diirfen wir g(w) als beschrankt annehmen, da wir es 
sonst etwa durch Tghyp(g(u)) ersetzen kénnen. Der,Wertevorrat von 
J (x) dart als im Intervalle 0<(u<2 gelegen vorausgesetzt werden, denn 
sonst ersetzen wir f(x) durch 1+Tghyp (/(z)) und g(u) durch g(u) = g 
(Arctghyp («w—1)) (fir 0<w<2, sonst etwa g(u) = 0). SchlieBlich 
mége auch der Definitionsbereich von f(x) O0<x< 2 sein, da wir sonst 
Ff (Aretghyp (2 — 1)) betrachten. 

Also: g(u) ist beschrankt, f(x) nie negativ, beschrankt, und in einer 
Menge von endlichem Mafe definiert. Sei nun ®(a) die Maffunktion der 
MaBfunktion von f(x), dann ist g(@(a)) meBbar, also summierbar. Nach 
Satz 1. ist daher auch g(f(x)) summierbar, also mefbar. 

Eine zweite, fiir spiter wichtige Tatsache ist diese: 

Satz 3. Sei F(u) eine D-mefbare Funktion, f(x), fo(x),--- irgend- 
welche mefbare Funktionen. Dann gibt es eine Funktion G(u), die zur 
dritten Baireschen Klasse gehirt, und fiir welche die Menge + aller u mit 
F(u) + G(u) die folgende Eigenschaft hat: die Menge aller x, fiir die irgend- 
ein fn(x) zu F gehirt, ist eine Lebesquesche Nullmenge**). 

Beweis: Indem wir f, (x) durch f, (Arctghyp x) ersetzen (die Abbildung 
x— Arctghyp x bildet —1<%< 1 auf alle x ab, und fiihrt dabei Lebesguesche 
Nullmengen in ebensolche iiber), erreichen wir, daf sein Definitionsbereich 
—1<x%<1 wird; und indem wir es sodann durch /, (52. {x — — 
ersetzen (« < 8, sonst beide beliebig), machen wir « < 2 < 8 zum Definitions- 
bereich. Dies sei daher von vornherein vorausgesetzt, und zwar habe 





Jn(x) den Definitionsbereich SI << -. Alle diese Funktionen 
1 1 , ' ree 
Fn (x) (n = 4,%,---, <i <a< “] kénnen wir nun zu einer einzigen 


J (a) zusammenfassen, die dann in 0<a< 1 definiert ist (fiir = }, }, --- 
sei sie etwa = 0) und meSbar. Es handelt sich also darum, G(u) so zu 
wihlen, daf die x mit f(x) aus + eine Lebesguesche 0-Menge bilden. Sei nun 
w(b) die MaBfunktion der Maffunktion von f(«), nach Satz 1. ist die 2-Menge 
der f(x) aus # gewif eine Lebesguesche Nullmenge, wenn die b-Menge 
der w(b) aus # eine ist (man wahle g(u) — 1 fiir die u von 3, sonst = 0). 
Also dirfen wir f(x) durch w(b) ersetzen. 











UBER FUNKTIONEN VON FUNKTIONALOPERATOREN. 197 


D.h.: es genigt den Fall zu betrachten, wo nur ein einziges /, (x) 
auftritt, und dieses eine M-Funktion ist (vgl. Anm. ')). Wir nennen es 
p(x) (statt w(d)). 

Zunachst ist F’(w) O-meBbar, also F(y(x)) meBbar. Auf Grund des 
Vitalischen Satzes (vgl. Anm. '*)) existiert also eine Funktion G(x) aus 
der zweiten Baireschen Klasse, so daB bis auf eine Lebesguesche Null- 
menge immer F'(y(x)) = G(z) gilt. Hiatte nun G(x) die Form G (y(x)). 
mit einem G@(u) aus der dritten Baireschen Klasse, so wire damit der 
Beweis fertig. Er ist es aber auch, wenn es uns gelingt, G(x) durch Ab- 
inderungen in einer Lebesgueschen Nullmenge in ein solches G(x) = G (9 (x)) 
zu verwandeln. Dies soll daher geschehen. 

Dab G(x) die Form G(y(zx)) (fiir irgendein G(u)) hat, besagt blob, dab 
es in allen Konstanzintervallen von g(x) konstant ist. F'(y(z)) ist so, 
daher ist es G(x) bis auf eine Lebesguesche Nullmenge. Indem wir also 
G(x) in den Konstanzintervallen von y(x) konstant machen, verandern wir 
es bloB in einer Lebesgueschen Nullmenge. So entsteht ein G(x) = G(y(x)); 
es ist nur noch zu zeigen, daB G(u) von der dritten Baireschen Klasse 
ist. Ubrigens kénnen wir, wenn w(w) die MafSfunktion von (zx) ist, 
G(u) = G(w(u)) setzen, da W(y(x)) =~ ist, falls x nicht in einem 
Konstanzintervall von g(x) liegt, und wenn es in einem solchen liegt, so 
liegen w(p~(x)) und zim namlichen, und G(x) ist dort konstant. Also ist 
G(x) = G(y(a)). 

Zunichst ist G(x) von der zweiten Baireschen Klasse: denn es entsteht 
aus einer solchen Funktion, G(x), indem diese in endlich oder abzahlbar 
vielen Intervallen (den Konstanzintervallen von y(x)) abgeindert, und 
zwar konstant gemacht, wird. Dies ist offenbar fiir die zweite Bairesche 
Klasse allgemein richtig, wenn es bei einer endlichen Zahl von Intervallen 
fiir die erste Bairesche Klasse stimmt'’). Eine Funktion der ersten 
Baireschen Klasse ist nun ein Limes einer iiberall konvergenten Folge 
stetiger Funktionen, wird sie auf die genannte Weise geandert, so ist sie 
Limes der Folge der ebenso abgeinderten stetigen Funktionen. Diese 
sind aber auch nach dieser Anderung alle iiberall stetig — mit Ausnahme 
endlich vieler Stellen (der Enden der Anderungsintervalle). Man erkennt 
leicht, daB die Limites solcher Funktionen auch als Limites stetiger 
Funktionen darstellbar sind’*), Als Letztes miissen wir noch zeigen: da 
G(x) zur zweiten Baireschen Klasse gehért, gehért G(u) = G(w(u)) zur 
dritten. Nun entsteht G(x) durch zwei sukzessive Grenziiberginge aus 
gewissen stetigen Funktionen fm,»(x)'®), also G(u) = G(y(u)) ebenso aus 
den fin,n(w(u)), welche (wie w(u)) nach rechts halbstetig sind. Da jede 
nach rechts halbstetige Funktion zur ersten Baireschen Klasse gehdrt™), 
gehért G(u) zur dritten. 
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Damit schlieBen wir unsere aufs Lebesguesche Maf und Integral be- 
ziiglichen Betrachtungen ab. 


4. Das Lebesgue-Stieltjessche Integral J F(x) d(x) soll nun definiert 
werden, und zwar zunichst fiir den Fall, wo g(x) eine M-Funktion ist. 
Dann ist der Definitionsbereich von g(x) ein Intervall O< 2< «a, daher 
sollen auch die Integrationsgrenzen diese Zahlen sein — wir halten sie 
zunichst fest. Die Maffunktion von g(x) sei w(y), dann definieren wir 
(an Lebesgue anlehnend): 


Jr@ay@ =froway. 


wo die rechte Seite ein gewéhnliches Lebesguesches Integral ist. Sie ist 
sicher sinnvoll, wenn f(x) ®-meSbar und beschrankt ist — darum wollen 
wir dies im folgenden stets iiber f(x) voraussetzen. 

Das so definierte Integral hat die folgenden EKigenschaften: 


a) f af (x)- dg (ax) = ¢@ J JS (a)- d(x) (a eine komplexe Zahl). 
» [ £@+9@)-d9@) =f ¢@-dv@+f g@)-a9@). 
\f7@-day@) =a f f@)-dv@ (a>0). 


d [£@)-de@+2@) =JF@-dv@+fF@-dx@. 
e) Gelte f(x) > 0 in einer Menge WM, wobei die Menge der y fir die 
w(y) nicht zu M gehdrt, eine Lebesguesche Nullmenge ist?’). Dann 


ist [ f(@) .dg(a) >0. 
f) Sei f(x) = g(x), in einer Menge 2 wie in e), dann ist 


Jr@-a9@ =fo@)-ave. 


g) Sei fr(x)>f(x) fiir n>, in einer Menge M wie in e), ferner seien 
die f, (x) gleichmaSig beschrankt. Dann gilt 


Jfut2) - a(x) [7(@)-d9@). 


Da a), b) sofort aus den entsprechenden EKigenschaften des Lebesgueschen 
Integrals folgen, und auch e), f), g) durch die Definition sofort in bekannte 
Kigenschaften desselben iibergehen, sind nur c), d) zu priifen. Aber nach f) 
und nach Satz 3 geniigt es, diese fiir f(x), g(a) aus der dritten Baireschen 
Klasse zu beweisen, und wegen g) sogar fiir die der nullten, d. h. fir 
stetige f(x), g(x). Dann aber haben wir es offenbar mit gewéhnlichen 
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Riemann-Stieltjesschen Integralen zu tun (denn | S(w(y)) dy ist, da f(w(y)) 


nach rechts halbstetig ist, ein Riemannsches Integral), und fiir diese gelten 
c), d) bekanntlich. 

Ferner erkennt man: wenn eine monoton wachsende stetige, also ein- 
eindeutige, Abbildung § = w(x), x = w—1(§&) von0<2<eaunf0<F&<8 
gegeben ist, so ist 


J7@ a9@ = Jr) avo@). 


(Dab J (@(a)) ®-mebbar ist, folgt offenbar aus der ®-MefSbarkeit von S(®)- 
Ks ist namlich, wie man sofort erkennt, w~1(%(y)) die MaBfunktion von ¢ (@(2)) 


(W(y) sei diejenige von »(x)), also f(o[o—(w(y))]) = sw). 


Dies erméglicht uns nun, die Definition von f. JS (x) dg (x) auf den Fall 
zu tibertragen, wo ¢(z) fiir alle reellen Zahlen definiert ist, und entsprechend 
von —o bis +2 integriert wird (im iibrigen sei wieder f(x) ®-meBbar 
und beschrankt, y(x) monoton nichtfallend, nach rechts halbstetig, und 
beschrankt). Sei namlich § = o(x), x = e~!(&) eine monoton wachsende 
stetige, also ein-eindeutige, Abbildung von 0<a<a@ auf —n<f<om, 
Wir setzen dann 


Jr@ dg (é) =[Ae@)) dy (0 (x)). 


Von der Wahl von e(x) ist die definierende rechte Seite unabhingig: um 
dies fiir zwei 0,(%), o:(x) zu erkennen, geniigt es, im obigen Resultat 
o (x) = @,(9;1(x)) zu setzen. Auch fiir diesen Integralbegriff gelten a)—g), 
wie man ohne weiteres sieht. (Bei e)—g) ist die Forderung iiber Yt in 
der Formulierung in Anm. *') zu stellen, da wir die ,,.MaSfunktion* fiir das 
allgemeine »(x) nicht definiert haben.) Ferner sind auch bei diesem f die 
Variablentransformationen § = o(x), x = o'(§) unwirksam, wie aus 
der Definition folgt, nur miissen alle x auf alle £€ abgebildet werden. 


Mit Hilfe von f, genauer pf kénnen wir nun auch alle | definieren **): 


wenn f(x) gegeben ist, so sei fg (x) = f(x) in M und = 0 in der Kom- 
plementairmenge, und 


Jre. dy (a) =f fa (2) - dg (2). 
Aus der Giiltigkeit von a) —g) fiir f folgt sofort diejenige fiir J ferner 
folgt aus der Definition von J und aus b), g) sofort: 


h) Seien Mt,, Mts. - eam elementfremde @-meSbare Mengen (in 
endlicher oder shathibarer Zahl), dann ist (M = Mi+M-. + ---): 
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f£@)-d9@+ f A@)-d9@)+--- = J F@)-d9@). 
M M, mM 


SchlieBlich ist f mit dem eingangs definierten f im Intervalle 0, « 
Mm 

identisch, wenn Wt die Menge 0<x2<a ist. Sei namlich f(x) auferhalb 

von 0O<x2<e als O definiert und y(z) als g(0) bzw. als g(a), und 


betrachten wir J S(a—s) dg(a—e) tir 0<xr<a-+2e (e irgendeine feste 


Zahl >0). Sei w(y) die MafSfunktion von g(x) (in 0, @), dann ist die 
MaBfunktion von g(a-+e«) (in 0, «+ 2) gleich w(y)+ « fir 0< y< (ea) 
und = «+2e (nicht, wie w(y)+e, = «+¢) fir y = g(a) O< &@ < g(a) 


ist ja der Definitionsbereich). Hieraus folgt | St (a—e) - dg(a—e) 


0, @-+2e 


= { I(x) d(x). Nun ist aber die linke Seite gleich J T(x) dg (x) (von 


0,a 
—a bis +o), es geniigt dazu das 0, «+2 auf —~«, +0 abbildende 
o(x) in e<a<a+e gleich x—e zu wahlen, was méglich ist. Und dieses 


Integral ist, da f(x) auBerhalb 0< x < @ verschwindet, gleich J T(x): d(x), 
M 
wenn Wt diese Menge ist. 
Es ist noch erwahnenswert, dafi die Variablentransformationsformel auf 
Grund der Definition die folgende Form annimmt: 


Jr©-a®= Jf rFe@)- ave), 
M om 

wo @(M) das x = o(§)-Bild von M ist. Ferner kénnen wir in 

e) —g) (Anm. **)) statt der Komplementarmenge von Mt den in M liegenden 


Teil derselben nehmen: denn auferhalb von MM ist ja ohnehin fm(z) 
= g(x) = fr,m(x) = 0, also alles erfiillt. 


5. Wir gehen nun dazu iiber, f I(x) dg (x) fiir solche (x) zu definieren, 


m 
die (im ganzen Intervall —o, +o) von beschrankter Schwankung sind. 


(f(x), M seien wie friiher: ®-meBbar und beschrainkt, bzw. O-mefbar.) 
Kin solches ¢(x) kann bekanntlich immer auf diese Form gebracht werden: 


9 (x) = Y (x) — Wy (x) +2 (Ys (x) — Ys), 


WO Y%, W2, Ws, YW, M-Funktionen (d.h. reell, nie negativ [p(x) darf 
komplex sein!], monoton nichtfallend und nach rechts halbstetig) sind — 
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d. h. diese Gleichung gilt mit Ausnahme der (endlich oder abzahlbar vielen) 
Stellen x, wo (x) nicht nach rechts halbstetig ist®*). Wir definieren nun: 


Jr@a@ = J F(@) ds (2) — J Fa) die x) + 


M 


- ( J P@) ays@)- f Fla) dy, (2)). 


Daf dies von der speziellen Wahl von ,, Y, Ws, YW, unabhangig ist, er- 
kennt man, indem man beachtet, daB | f(x)d y,(x)— f ST (x) dxe(x) (1, x2 


M M 
M-Funktionen) nur von x; (x)— x2 (x) abhingt, was unmittelbar aus d) folgt. 
Daf es fiir M-Funktionen 9 (x) die alte Definition ist, folgt daraus, daB 
dann Yj =, Yo = Y;, = YW, = 0 gesetzt werden kann. 

a)—h) kénnen auch auf diesen Integralbegriff iibertragen werden, wie 
man aus der Definition sofort abliest, ebenso die Variablentransformations- 
formel am Ende von 4. Immerhin ist noch hinzuzufiigen: Ad c) Dies gilt 
fir alle komplexen a. Es geniigt ja, es fiir M-Funktionen ¢(x) zu be- 
weisen, und bei diesen, da es fiir positive a ohnehin gilt (und wegen d)) 
fir a—=-+1, +7. Dies sind Potenzen von i, also geniigt a =i, und 
das liest an an der Definition ab. Ad e)—g), die in Anm. *’) fiir M 
formulierte Bedingung. Hier sind die Y,, Ws, Ws, YW, einzusetzen, und 
nicht etwa g selbst! Immerhin ist zu beachten, dafB bei der Wahl der 
Wi, We, Ws, W, nach Anm. **) diese nur dort unstetig sind, wo y» es ist. 
Ad e) Mit > 0, <0 gilt dies nur fiir M-Funktionen (x), mit = 0 aber 
offenbar allgemein. Wenn f(x), p(x) reell sind, ist das Integral offenbar 
auch reell. 

Zum Schlu8B beweisen wir noch die folgende wichtige Relation: 

i) Seien f(x), g(x) ®-meBbar und beschrankt, y(x) von beschrankter 


Schwankung. Dann ist auch J g(y)- dey) (als Funktion von 2 be- 


x 
trachtet, f sei das Integral iiber die Menge der y < x) von beschrankter 
Schwankung, und es gilt: 


fre-a| fow-aoe] = [f@g@-a9@). 


Da sich jedes f(x) und jedes g(x) mit den Faktoren +1, +7 additiv 
aus nichtnegativen (und dabei ®-meBbaren und beschrankten) zusammen- 
setzen lat, und ebenso jedes y(x) aus nichtnegativen monoton nicht- 
fallenden und beschriankten (wegen a)—d)), diirfen wir uns von vornherein 
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x 
auf solche beschranken. Dann ist aber f g(y) - dy(y) monoton nichtfallend 


und beschrankt (> 0,< f g(y)- dey) nach e), h)}, also von beschriankter 


Schwankung — d.h. die erste Behauptung bewiesen. Es bleibt noch der 

Beweis der Integralformel zu fiihren. Nach f) und Satz 3 brauchen wir 

nur solche f(x), g(x) zu betrachten, die zur dritten Baireschen Klasse 

gehéren, und wegen der in g) zum Ausdruck kommenden_,,Stetigkeit“ 

beider Seiten in f(x), kénnen wir f(x) sogar auf die nullte Bairesche 

Klasse beschranken: d.h. es als stetig annehmen. Aber fiir stetiges f(x) 
x 


ist die linke Seite, | SI (x) dy (a) (1 (x) = f gly): dg @)). ein gewoéhnliches 
Riemann-Stieltjessches Integral, also in (a) ,stetig*. Und nach g) sind 
sowohl 4(x), als auch die rechte Seite, J ST (a) g(x)-dy(x), in g(x) ,,stetig*, 
so daf wir auch g(x) als zur nullten Baireschen Klasse gehérig, d. h. stetig, 
ansehen diirfen. Dann aber haben wir es auf beiden Seiten nur noch mit 
Riemann-Stieltjesschen Integralen zu tun, so daB beide Seiten auch in 
y(x) ,stetig“ sind. Und da es sicher eine iiberall gegen »(x%) konver- 
gierende Folge iiberall stetiger und differentiierbarer (nichtnegativer monoton 
nichtfallender) Funktionen gibt, kénnen wir g(x) als solche voraussetzen. 
Dann kénnen wir die Riemann-Stieltjesschen Integrale als Riemannsche 
Integrale schreiben: 


fre) {fow ivy) = [7@)- - fom: = ply): ay| dx 


= [7@) 9@)-F-9@)- de, 


x 


J7@ 9@)-d9@) = [7@) 9@)- 2 y@)- ae. 


x 
Aber dies setzt die Giiltigkeit der behaupteten Relation in Evidenz. 


II. Allgemeine Funktionen von Operatoren. 


1. Sei A ein beschrankter Hermitescher Operator, somit einer aus B. 
Wir schreiben A in der Hilbertschen Spektralform **): 


(Af, 9) =f2a(BOF.9) 


(4 ist die Integrationsvariable), wo E(4) die zu A gehérige Zerlegung der 
Kinheit ist. (Die Bezeichnungsweise ist die in Z und A, a. a. O. Anm. *), 
auseinandergesetzte. Unter /,g.---,y, W,--- verstehen wir von nun an 
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stets Funktionen des Hilbertschen Raumes, allgemeine [im Reellen definierte] 
Funktionen nennen wir fF’, G,---). Das Integral ist ein Riemann-Stielt- 
jessches*°), und gewi® (trotz des unbeschrinkten 4!) sinnvoll, da E(A) 
(also auch (F(A) f, 9)) auBerhalb eines endlichen Intervalles konstant ist 2°). 
so daB es geniigt, iiber dieses zu integrieren. 

Betrachten wir £(4) als Funktion von 2. Im Sinne der fiir Projektions- 
Operatoren definierten Relation < ist es monoton nichtfallend, nach rechts 


halbstetig *’), und unterhalb einer geeigneten Schranke = 0, oberhalb einer 
geeigneten Schranke = 1. Die Vereinigungsmenge seiner (offen genommenen) 
Konstanzintervalle heiBe T, die Komplementarmenge von F heiBe S. TF ist 
offen, S abgeschlossen, © ist nach dem vorhin Gesagten beschrankt. Fiir 
alle f,g ist (Z(4) f, 9) in den Konstanzintervallen von H(A) konstant, 
d.h. = durch die Konstanzintervalle dieser Funktion iiberdeckt. © ist 
bekanntlich das ,Spektrum“ von A. Ferner sei $% die Menge aller Un- 
stetigkeitsstellen von (A). Nur an diesen kann ein (Z(A) /, g) unstetig 
sein (vgl. Anm. *’)). 8 ist natiirlich Teilmenge von © und bekanntlich 
endlich oder abzadhlbar, es ist das ,,Punktspektrum“ von A. 

Sei nun F(z) eine beschrankte ®-meBbare Funktion. Wir betrachten 
die Ausdriicke 


Sra ae@s, 9. 


Da & aus lauter Konstanzintervallen der Funktion hinter dem d-Zeichen 
besteht, sind diese Ausdriicke alle vom Verhalten von F(x) in E unabhangig 
(I. 4. und 5., Eigenschaft f), zusammen mit Anm. *')). Daher kénnen wir 
z. B. F(x) in = = 0 setzen (da & offen ist, bleibt F(x) dabei ®-mefbar), 
oder, was dasselbe ist, f durch J ersetzen. Infolgedessen braucht F'(x) 


gar nicht beschrankt zu sein es geniigt, wenn es in © beschrankt ist**). 
Es gilt allgemein die folgende Abschatzung 





fraae@so| < \Vfir@)-ae@sy-fi7@)-a(£@ 9\. 


Zunichst geniigt es, dieselbe fiir die F(A) der dritten Baireschen Klasse 
zu beweisen (Satz 3 und f)), und infolgedessen sogar fiir diejenigen der 
nullten (g)), d.h. fiir die stetigen. Dann handelt es sich um Riemann- 
Stieltjessche Integrale, die somit bzw. Limites von 

N 


>" Flan) {((E(an) f, 9) — (En) Sf, 9)} 


1 


N 
= =" F (an) (E (an) — ECn—1)} fF, 9): 
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N } 7 9 
2” | F(An) | {| E(n) S|)? —| En) P|") 
N 


= >| F(xn)| |{E Qn) — E(an—1)} f |* ®), 


N 
D"| Fn) | {| E Gn) g |? — | Ens) 9 |*} 


1 
N 
= 2" | F(an) | |{E(an) — E(an—1)} g |? 2) 


(Ao af er < An, hy > —@., Ay> + oO, Max ‘i (An — An—1) > 0) 
anh, o--, 


sind. Wegen 
{BAn) — E(bna)} A, 9| SLB An) — E@n-)} fF) + LL Gn) — Bnd} 9 | *), 


und der Schwarzschen Ungleichheit 


a 


| N | /%, gibions 7 Zoey 

| 

D> an du| < |S lanl De Jal 
1 1 


1 


ist aber der erste Ausdruck absolut genommen < als die Quadratwurzel 
des Produkts der beiden letzten, und daraus folgt die Behauptung. 

Gilt nun allgemein | F(x)|< C (wir wissen iibrigens, daB es geniigt, 
wenn dies in © gilt), so ist 


JiF@|-aizwmse < fc-a\za@yse=c-(isP—los) =¢-1F8 


JiF@\-a\nag! < fc-a|E@gP=C-(1g"—|09") = C-lgl 


also | | 
J F@-ae@s9| <c-\F\\9). 


Wenn wir bei festgehaltenem f J F(x)-d(E(4) f, g) = L(g) als Funktion 
von g ansehen, so haben wir darum: 


L (a fi + ale + An Yn) oe a1 L (91) oe vie i <i Gn L (gn), L(g)! < D “19! 
(D=C.-|f\). 


Nach einem Satze von F. Rief*') existiert daher ein und nur ein f*, so 
dai stets (/*,g) = L(g) gilt. Wir nennen es A’f (es hangt ja von f 
ab), so dah 


(a'f, 9) = J FQ)-a(EWS, 9) 


definitorisch ist. 
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Wie man sofort erkennt, ist A’ ein linearer Operator, und |(A’/, 9) 
<C-|f|\|g| hat die Folge | A’f|< C-|f| (man setze g = A'f), so dab 
er auch beschrankt ist — d.h. A’ gehdért zu B. Diesen Operator A’ 
wollen wir nun F'(A) nennen. 

2. Wir zahlen die einfachsten Eigenschaften von F(A) auf: 

a) Fir F(x) = 0 baw. =1 bzw. =z ist F(A) =0 baw. = 1 bzw. = A. 

b) Fir F'(~) = G(x) (konjugiert-komplex) ist F(A) — @(A)* *%), 

c) Fir F(x) = aG(a) ist F(A) = aG(A). 

d) Fir F(x) = G(~)+ A (a) ist F(A) = G(A)+ A(A). 

e) Fir F(x) = G(z)- H(z) ist F(A) = G(A)- H(A). 

f) Fir F(a) = G(A(za)) ist F(A) = G(A(A))*). 

g) Die Giltigkeit von F'(x) = G(x) in einer Menge M zieht F(A) — G(A) 

nach sich, wenn YW die folgende Eigenschaft hat: Sei § = o(), 
x = 9 1(§) eine monoton wachsende stetige, d.h. ein-eindeutige, Ab- 
bildung eines Intervalles O0<2<e@ auf —wo <&<mw. Wie o(x) ge- 
wahlt wird, ist gleichgiiltig, denn das gleich zu definierende 0 (%;(y)) 
hangt, wie man leicht erkennt, nur scheinbar davon ab. o(¥%;(y)) ist 
namlich im am Ende von J., 1. skizzierten Sinne aufzufassende Inverse 
von | H(&) f|*. Wir bilden ®;(x) = | E(e(x)) f* und seine MaBfunktion 
wy(y), ferner o(%;(y)). Fir jedes f mu6 nun die Menge aller y, fiir 
die o(¥#;(y)) nicht zu M gehdrt, eine Lebesguesche Nullmenge sein“). 

h) Gelte F, (x) > G(x) fir n>, in einer Menge M wie in g), ferner 

seien die F, (x) (wenigstens in einer Menge Mt wie vorhin) gleichmabig 
beschrankt. Dann gilt F(A) — G(A), und zwar im Sinne der ,,starken 
Doppelkonvergenz“ in B*), d.h. esist F,(A)f—> G(A)/, F,(A)*f> G(A)* f 
(,Sstark“ im Hilbertschen Raume). 

Die Behauptungen a)—h) gehen dahin, daf sich eine Reihe von Kigen- 
schaften von den reellen Zahlen x (fiir die allein unsere Funktionen un- 
mittelbar definiert sind), auf alle Hermiteschen beschrankten Operatoren 
iibertragen. Wir wollen sie nun beweisen. 

a)—d) und g) folgen sofort aus der Definition der F(A), --- (d. h. der 
(F(A) f, 9), s+), Dabei ist bei g) zu beachten, daf die dortige Fassung 
der Bedingung fiir YM darum die richtige ist, weil die in den betreffenden 


Definitionen hinter dem d-Zeichen stehenden Funktionen von beschrankter 
- ; SH: 
Schwankung, (EZ (A),f, 9), als Linearaggregate von vier | E(A)h ? (mit h= — ; 


= . 5) 
fog und den bzw. Koeffizienten +1, + i aufzufassen sind (vgl. Anm. *°)). 


Und da die Integrale iiber das Intervall — 0 <4< © erstreckt sind, miissen 
sie dann noch durch 2 = e(x), « = e~'(4) auf ein Intervall 0<x<e 
reduziert werden (vgl. I., 4.), was genau zu unserer Dt-Bedingung fiihrt. 
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Noch eines ist erwihnenswert: Da im zu beweisenden (F(A) /, 9) = (@(A)f, 9) 
beide Seiten in / stetig sind, geniigt es, dies fir /, g aus einer itberall 
dichten Menge zu beweisen, welche (da der Hilbertsche Raum so parabel 
ist®*)) abzihlbar gewahlt werden kann. Dann bilden auch die fir h (in 
f+g9 fig 

3 2 
zihlbare Menge. Also: es geniigt, die Forderungen fiir Yt in g) fiir eine 
geeignete abzihlbare Menge von / zu stellen. 

Ebenso von selbst ergibt sich die Richtigkeit von h), wenn darin 
F,(A)—> F(A) bloB im Sinne der ,schwachen“ Konvergenz in B ausge- 
sprochen wird (vgl. a. a..0. Anm. *°)), d. h. wenn nur (F;,(A)/,9)> (F(A), 9) 
fiir n— zu beweisen ist. Um auch die vorige Zusatzbemerkung iiber g) 
zu iibertragen (d.i. die Hinreichendheit des Betrachtens einer geeigneten 
abzihlbaren Menge von f in der Bedingung fiir Mt), geniigt es, sich zu 
vergegenwiirtigen, daB die F, (x) (n = 1, 2,---) gleichmaBig beschrinkte 
Funktionen von x sind, also die F, (A) gleichmafig beschrankte Operatoren 
(vgl. 1.), also die (F,(A)/, 9) gleichmaifig stetige Funktionen von /, 9. 

In e) ist fiir alle f, g die Gleichheit von 


(FAS, — [FOUEwS, 9) = [EQ AH dEOS 9”) 
und von 
(@ (A) H(A) f. a) = (H(A) f, (@(A)* 9) = J HA) a(BQR)F, (GCA) 9) 
= | H@aGd ES, 9) 
zu beweisen. Nun ist 


(G(4) BQ) f,) = J ER) dER) BHF, 9) 





g) heift es f) in Frage kommenden Werte (aie eine ab- 


= f @@) a(eqtin(’, 4 f, 9). 


Der Ausdruck hinter dem d-Zeichen ist fir 2’ >4 konstant (Min (2’, 2) 


= 1,2 ist fest, 2’ die Variable!), so daf wir das Integral durch f ersetzen 


dirfen (vgl. I.4.,e) und Anm. *)), und in diesem Integrationsbereich ist 
(a’ <4), ist Min (2’, 2) = 4’, also gilt 


(G(4) EQ) f,9) = JR) aH) f, 9). 


Somit ist ; 
fx@ G(4)-d(E(4) f, 9) = fuw.alfoe-awears, »| 


zu beweisen, und das ist gerade die Aussage von I. 4., i). 
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Nun kénnen wir auch h) voll beweisen. Betrachten wir namlich neben 
der Folge Fy (x) und F(x) auch die Folge F,(x) F,(x) und F(x) F(x), 
auf beide ist h) im bisher bewiesenen Umfange anwendbar, d. h. F(A) 
strebt ,schwach* (in B) gegen F(A), und F,(A)* F,(A) ebenso gegen 
F(A)* F(A) (hier sind die soeben bewiesenen b), e) heranzuziehen!). 
D. h. es ist fir alle f, g (Fn (A), 9) > (F(A) f, 9) und (Fy (A)* Fy (A) f, 9) > 
> (F(A)* F(A) S, 9), (Fn (A) Ff, Fa(A) 9) > (F(A), F(A) 9). Letzteres 
besagt fir f= g |f,(A) f|>| F(A) f/f). Hieraus folgt aber bekanntlich 
F,(A) f> F(A) f im Sinne der ,starken“ Topologie (des Hilbertschen 
Raumes)*‘). Die ,,Doppelkonvergenz“ ergibt sich schlieflich, wenn wir 
die F,(~) und F(z) betrachten. 

Es bleibt noch iibrig, f) zu beweisen. Nach g) kénnen wir die darin 
vorkommenden G(x), H (x) (und mit ihnen F(x) = G(H (x))) auf gewissen 
Mengen abandern, ohne daf das Resultat beeinfluft wird, falls diese Menge 
die folgenden Eigenschaften haben: H (x) werde nicht geaindert, G(x) auf 
einer Menge +. Damit G(H(A)) invariant bleibe, muf fiir jedes f die 
Menge der y, fiir die o(w;(y)) (man bilde es nach g) zu H(A)) zu # 
gehért, eine Lebesguesche Nullmenge sein. Damit F(A) invariant bleibe, 
mu fiir jedes f die Menge der y, fiir die o(w7(y)) (man bilde es nach g) 
zu A) zur Anderungsmenge von F(z), d.h. H(w;(y)) zu +, gehdrt, eine 
Lebesguesche Nullmenge sein. Auf Grund der Bemerkung nach dem Beweise 
von g) geniigt es dabei, jedesmal eine geeignete abzihlbare Menge von / zu 
beriicksichtigen. Daher ist Satz 3 anwendbar: wir diirfen G(x) als zur 
dritten Baireschen Klasse gehérend annehmen, und wegen h) sogar als 
zur nullten gehérend — die ihrerseits als aus allen Polynomen bestehend 
angenommen werden kann. Also sei G(x) ein Polynom. 

Nun ist fir F(x) = ay(H(x))"+ a, (H(x))""+ --- +a, nach a)—d) 


F(A) = (H(A) + a (H(A)"-+4 «+» Fan 
Und wenn wir H(x) = ~ setzen, fiir G(x) = agx”+ax2""+ +--+ +a 
G(B) = ao BY +a, B+ --- + an1 (vgl. a)). 


Daher gilt f) fiir alle Polynome G(z). 

3. Wir sind nun in der Lage, den folgenden Satz iiber die Konvergenz 
von Operatoren-Funktionen-Folgen zu beweisen: 

Satz 4. Sei F, (a), Fe(x),--- eine Folge ®-mefbarer Funktionen und A 
ein Hermitescher Operator. Dann sind die folgenden Aussagen gleich- 
bedeutend: 

a) Fiir jedes f von $ konvergieren die Punkte F,(A)f, Fi(A)f. --: 

von $ gegen einen Limes, und zwar im Sinne der ,,starken“ Topologie 
von © (vgl. a. a. O. Anm. *)). 








15 
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8) a) gilt fiir die F,(A)f, F(A) f,---, und fiir die F,(A)*f, F,(A)*f, ---. 

y) Alle F,(x), F(x), --- sind in einer Menge WM, die die in 2., g) an- 
gegebene Eigenschaft hat, gleichmifig beschriinkt. Wenn my, me, --- 
und n;,2,--- zwei gegen Unendlich strebende Folgen ganzer Zahlen 
sind und f ein beliebiges Element von 9, so hat die Folge F'm, (x)— Fn, (x), 
Fn, (a)— Fn, (x), «+ eine Teilfolge F my, (2) — Fry, (2), Fn,, (x) — Fr,, (2), ah 
(p1< po<--+), fiir welche die Menge M aller x fiir die sie gegen 0 
konvergiert, fiir dieses f die in 2., g) angegebene Eigenschaft hat. 

Beweis: 8) entsteht aus «) durch Hinzufiigen derselben Forderung fiir 

',(A)*, F,(A)*,---, dh. fir F(x), F(v),---. Da _ hierfiir 7) ebenso 
lautet, geniigt es @) und y) zu vergleichen. 

Betrachten wir zunichst den ersten Fall, wo 7) zutrifft. Ware «) falsch, 
so gabe es ein f, fiir welches die F,(A)f keinen starken Limes (in $) 
haben, d. h. (wegen der topologischen Vollstandigkeit von ) das Cauchysche 
Konvergenzkriterium unerfiillt ist. Also: es gibt ein «>0O, so daB fir 
beliebig groBe m geeignete n > m existieren, fiir welche 


\(Fm (A) — Fn (A))f| = | Fin (A) f— Fn (A) f| 2 € 


ist. Daher lassen sich zwei gegen Unendlich strebende Folgen m,, me, --- und 
M1, Ng, -++ finden, so daB stets |(F'm,(A)— Fn,(A)) f| = ¢ (v = 1, 2, ---) gilt. 
Insbesondere kann fiir die p,;, po,--- aus y) nicht (F'm,(A)— Fu,(A))f—> 0 
sein, obwohl dies wegen 2., h) der Fall sein sollte **). 

Betrachten wir nun den zweiten Fall, wo «) zutrifft. Die erste Halfte 
von y) beweisen wir so: Da die Folge F,(A)/ fiir jedes f konvergiert, 
sind die Operatoren F,(A) gleichmafig beschrankt (vgl. A, Seite 382, der 
dort fir stark konvergente F,(A) skizzierte, Banach-Sakssche, Beweis 
gilt ungedindert auch hier), d.h. es gibt eine Zahl C, so daf fiir alle f 
und » |F, (A) f| <C-|f| gilt. Wenn wir also beweisen kénnen, dafB all- 
gemein dies gilt: wenn fiir alle f |@(A)/| << C-|f| ist, so gilt |@(x)| << C 
in einer Menge M% mit der in 2., g) angegebenen Eigenschaft — dann sind 
wir am Ziele (da die Durchschnittsmenge der zu F, (x), F.(x),--- derart 
gebildeten Mengen Yt offenbar wieder die Eigenschaft aus 2., g) hat). 

Fir reelles G(x), also Hermitesches G(A), folgt aus |G(A)/|<C-|/| 
(fir alle #) nach bekannten Satzen von Hilbert, daB das Spektrum von 
G(A) ganz im Intervalle —C<a2<C liegt. Wenn also eine Funktion H(z) 
in diesem Intervalle iiberall verschwindet, so ist nach II., 2., g) und Anm. *) 
H(G(A)) = 0, und daraus folgt durch Anwenden der SchluBbemerkung 
von II. auf H(G(x)), daB H(G(x)) = 0 in einer Menge It vom erwahnten 
Charakter gilt. Setzen wir nun 


H(z) = 





0 fir—C<2< 0, 
1 sonst, 
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so ist damit unsere Behauptung fiir reelle G(x) _bewiesen. Bei komplexem 
G(a) haben wir |@(A)f| <C-|f|, fir Hz) = @(w) |H(A)f| = |G(A)*f 
<C-|f| (vgl. E., Anhang II., Seite 112), also fir K(x) = R G(x) 
=4(4@)+H(@)) |K(A)f|<C-|f|. Somit gilt |RE(x)| <C in einer 
M-Menge. Betrachten wir statt G(x) @G(x) (@ konstant, |@| = 1), so 
ergibt sich ebenso: |R(@G(x))| < C in einer Mt-Menge. Wahlen wir eine 
auf |@| == 1 iiberall dichte 0-Folge, so gilt obiges sogar fiir alle 6 dieser 
Folge gleichzeitig im Durchschnitt einer It-Mengenfolge, also in einer 
M-Menge. Wo aber dies gilt, mu |R(@G(x))| < C fir alle 6 mit |@| = 1 
gelten — und dann ist |@G(x)| <C. 

Es bleibt iibrig, die zweite Halfte von y) zu beweisen. Ware sie falsch, 
so gibe es zwei Folgen m,, mz,--- und 7, %,--- sowie ein f, so dab 
fiir keine Teilfolge der Folge Fim, (x) — Fn, (x), Fm, (x) — Fn, (a), --- die 
Konvergenz gegen 0 in einer solchen Menge stattfindet, der alle e(%/;(y)) 
angehéren, bis auf eine Lebesguesche Nullmenge der y. 

Nehmen wir an, daB fir jedes « >0, 7 >0 ein 1) = »9(e, y) existiert, so 
da8 fiir jedes feste v > » die Menge W,(e) aller «, fiir die | Fin, (x) — Fn, (a)| > € 
ist, so beschaffen ist, daB alle e(/;(y)) zu ihr gehdren, bis auf eine y-Menge 
von Lebesgueschem MaBe < 7. Dann sei p, > (4, 4), pe > v(t, }) und 


> pi; Ps > ¥o(4.3) und > ps, ---. Das Zutreffen von |Fn, (a)— Fn, (a)| < s 3 
bei allen » > wu erfolgt fiir alle x der Durchschnittsmenge 


1 1 
Mn (Je) -Drnas (ase) > 


welcher alle o(%;(y)) angehéren, bis auf eine y-Menge von Lebesgueschem 
Fiir diese x konvergiert aber die 


Pa ate 
MaBe Son + oe t+ = Qe * 
Folge F'n, () — Fr, (@) offenbar gegen 0; nennen wir die Konvergenz- 
menge der x Wt, so sehen wir: alle o(¥;(y)) gehdren zu WM, bis auf eine 
y-Menge von Lebesgueschem Mafe < ae Dies gilt fiir alle ~, also 
hat diese y-Menge das Lebesguesche Ma6 0, entgegen dem friher Fest- 
gestellten. Daher existieren zwei ¢ >0, 7>>0, so da8 fiir unendlich viele 
vy die Menge M,(e) die o(4%;(y)) nur bis auf eine y-Menge von Lebesgue- 
Schem Mafe > y enthilt. 

Fiir diese » gilt aber: 

| (Fim, (A) — Fn,(A)) S|? 
= ((Fim,(A) — Fn, (A))* SS) 
oo 


de fi Fn, (8) — Fu, (8)? a|E@) SF! 


15* 
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= | (Fn,(e@) — Fa,(o@))? a B@@) f * 
fl? 


=| (Fm, (o(4#/(y))) — Fn, (o(4(y)))) ay 
pee in N, (e) 


(Fng(e(s(y))) — Fn, o(y)))) dy 
2 (p(y) in M, (e) 


a f e*.dy = &y. 


INV 


Daher ist pee 
limes sup | Fm,(A) f — Fn, (A) f| => V ey >0, 
Vvoeow 


was mit der Konvergenz der F(A) f/f, d. h. @) unvereinbar ist. — 

Zu diesem Satze bemerken wir noch: @) bzw. 8) besagen, daf fiir jedes f 
F,,(A) f einen starken Limes (in ) hat, bzw. F,(A)f und F,,(A)* f je einen 
solchen haben. In die Aussage von 7) geht dieses f auch ein. Satz 4 sagte 
nun aus, da die Giltigkeit von @) fir alle f der von §) fir alle f und der 
von 7) fiir alle f gleichwertig ist — der Beweis zeigt aber, daB «), 8) auch 
dann Folgen von 7) sind, wenn wir sie alle nur fiir ein bestimmtes / nehmen. 
Die gleichmafige Beschrinktheit der F,(x) in einer Menge Yt mit der 
Kigenschaft aus 2., g) fiir alle f sei hier durchweg vorausgesetzt.) Da 
nun die F,(A), F,(A)* gleichmafig beschrankt sind (weil es die F,(z) 
im wesentlichen sind), ist die f-Menge in §, fiir die «) bzw. A) gilt, eine 
abgeschlossene lineare Mannigfaltigkeit — daher gelten sie iiberall, wenn 
sie etwa fiir ein vollstindiges normiertes Orthogonalsystem gelten. Wegen 
der Gleichwertigkeit gilt dies auch fiir y), d.h. vy) wird nicht abgeschwacht, 
wenn seine zweite Halfte anstatt fiir alle f nur fiir die (abzihlbar vielen) 
Elemente irgendeines vollstandigen Orthogonalsystems gilt. 

Wir beweisen nun weiter: 

Satz 5. Seten die F,(x) und A wie in Satz 4. Wenn die dort erwiihnte 
Konvergenz stattfindet, so gibt es einen Operator B aus B, derart, daf die 
Fi(A)f gegen Bf und die Fn(A)*f gegen B* f konvergieren — d.h. B ist 
starker Doppellimes der F,(A) (vgl. a. a. O. Anm.**)). Dieses B ist wieder von 
der Form F(A), wobei F(x) auch beschriinkt und ®-mefbar ist. 

Damit iibrigens F(A) starker (bzw. starker Doppel-) Limes der F(A) set, 
ast folgendes notwendig und hinreichend: Alle F(x) sind in einer Menge M%, 
die die in 2., g) angegebene Eigenschaft hat, gleichmiBig beschriinkt. Wenn 
M1, M3,--- ene gegen Unendlich strebende Folge ist, und f ein beliebiges 
Element von §, so hat die Folge Fy, (x), Fn,(a), --- eine Teilfolge Fr, (&), 
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Fr,,(2); +++ (pi <pe< ---), fiir welche die Menge M aller x, fiir die sie 
gegen F(x) konvergiert, fiir dieses f die in 2., g) angegebene Eigenschaft hat. 

Beweis: Die zweite Halfte folgt sofort aus Satz 4, wenn wir die dortige 
Folge F, (x), F(x), --- durch F, (x), F(x), Fs(x), F(x), --- ersetzen. Die 
erste Halfte folgt aus der zweiten, wenn wir eine Funktion F(x) mit den 
in der zweiten Halfte genannten Eigenschaften aufweisen kénnen. Dabei 
ist aber zu bemerken, da es wieder ausreicht, sich auf ein vollstindiges 
normiertes Orthogonalsystem, d.h. eine abzihlbare f-Menge f,, f2.--- zu 
beschranken — denn dies ist fiir die zweite Halfte unseres Satzes ebenso 
mulassig, wie fiir Satz 4, vy), aus dem sie gewonnen wurde. Dabei ist unser 
Ausgangspunkt die Konvergenz der F,,(A), also die in Satz 4, y) genannten 
Kigenschaften der Fy (x). 

Sei zunichst /f beliebig, aber fest, ferner «>0O, y7>0. Es mu ein 
Y% = vo(e,4) geben, so dah fiir jedes gegebene System m, n> die 
Menge Mmn(e) aller x mit |Fin(x)—F,(x)| > alle o(%,(y)) enthalt, 
mit Ausnahme einer y-Menge von Lebesgueschem MaBe <y. Im ent- 
gegengesetzten Falle gabe es namlich zwei gegen Unendlich strebende 
Folgen m, me, +--+ und 7, mg,---, 80 dab fiir jedes Mn,,n, (€) (v= 1, 2, ---) 
die y mit nicht dazu gehérendem e(%;(y)) ein Lebesguesches Mab > y 
haben. Aus der m,, n,-Folge wihlen wir die in Satz 4, y) beschriebene 
Mp,» Np,-Teilfolge (pi:<po<---) aus. Da nun alle in Frage kommenden y 
in einer Menge endlichen Mafes (namlich O0<y<|/f'?, der Wertevorrat 


von r(x) =| E(o(2)) f |?) enthalten sind, ist der Satz von Arzela-Young*’) 
anwendbar: die Menge der y, fiir die o(%;(y)) fiir unendlich viele » dem 
Mny .n Mp, (e) nicht angehért, hat auch ein Mah > y. Fiir ein solches 


x = 0(%(y)) ist also unendlich oft | Finy, (x) - Fry, (x)| > «, also gewib 
nicht Finy (1) —Fry, (x) >0. Nach Satz 4, 7) sollten aber diejenigen y, 
deren x = 0 (%;(y)) eine nicht gegen 0 konvergente Folge Fny, (x)— Fry, (x) 
erzeugen, eine Menge vom Lebesgueschen Mafe 0 bilden. Dies ist ein 


Widerspruch. 
Nun sei ,, %,--- eine gegen Unendlich strebende Folge. Wir wahlen 


, 2 RR: = 
px mit a a) p> ps mit tp, 2 %0 (59 > » Yl > Gy]? Ps Pe 


4’ 4]’ 8’ 8 
fir alle o(%(y)), mit Ausnahme einer y-Menge vom canta MaBe 


= ° Es gilt also fiir alle » > (w gegeben) zugleich, mit ——- 
Pa ? : 


einer y-Menge vom Lebesgueschen Mafe < gat gett t= et 
Fiir diese y, baw. ihre x = o(4%;(y)), ist aber dann fiir alley = “,v<¢ 


mit ry, = vo +) % G =) ---, Daher gilt | Fn, @— yw Ol S = 














212 J. v. NEUMANN. 


ee 1 1 
| Pry, (2)—Fry, (x) | < ot oat , ‘opt S Gea: 


Also erfiillen die Fry, (x) das Cauchysche Konvergenzkriterium, d.h. die 
Folge Fn, (x) (v = 1, 2,---) konvergiert. Das Mai der Menge der y, 


- 


fiir deren x = e(%r(y)) sie divergiert, ist somit < oo age und da dies 
fiir alle mw gilt, ist sie = 0. 

Nunmehr wollen wir f variieren. Wir nehmen eine gegen Unendlich 
strebende Folge 7, mz, --- und gehen wie folgt vor: Aus Fy, (x), Fn,(a), --- 
wihlen wir nach obigem eine Teilfolge F,. (x), F,,(x), --- aus, die fiir alle 
o(; (y)) konvergiert, mit Ausnahme einer y-Menge vom Mafe 0. Aus 
F,,(), F,,(%), +++ wahlen wir eine Teilfolge F's, (x), Fs, (x), --- aus, die 
fiir alle @(%/,,(y)) konvergiert, mit Ausnahme einer y-Menge vom Mage 0. 
Aus F;,(x), Fs, (x), --- wahlen wir eine Teilfolge Z, (x), Fi,(x), --- aus, 
die fiir alle e(*/F, (y)) konvergiert, mit Ausnahme einer y-Menge vom Mafe 0, --.. 
Die Folge F,,(x), Fs,(x), Fi,(x), --- ist nun eine Teilfolge von F,, (2), 
F,,(v), +++, und fir jede der Folgen F(x), Fy, (x), ---, Fs, (x), Fs, (x), «+, 
F;, (x), Ft,(@), ---, ++ eine Teilfolge nach Wegnahme endlich vieler Glieder. 
Die Menge aller x, fiir die sie konvergiert, heiBe Mt, dann enthalt wegen 
der letzten Bemerkung WM alle e(%; (y)) mit Ausnahme einer y-Menge vom 
Mage 0, und zwar fiir jedes n. Statt F(x), Fs,(~), --- schreiben wir 
lieber Fy, (x), Fn, (@); +++ (p< po<<---), die Limesfunktion nennen wir F(x) — 
diese ist vorlaufig nur in Yt definiert, auferhalb Mt mige sie etwa 0 sein. 
Da die Fn, (x) gleichmafig beschrankt sind, ist es auch F(x); da sie 
@-mefbar sind, sind es auch Yt und F(x) (man sieht dies genau so ein, wie 
fiir die gewdhnliche Mefbarkeit). 

Auf Grund unserer Konstruktion scheint F(z) noch von der Folge 7, 
Ne, ++: abzuhangen. Seien m,, m2, --- und , m2, --- zwei solche Folgen, 
und p,,Mp,, +++ LZW. Nq,,q,,°-: die nach obigem hergestellten Teilfolgen, 
derart, dab Fm, () fiir vo gegen F’(x) konvergiert und Fy, @) fiir 
vc gegen F’’ (x) — beides fir alle x = e(#;,(y)) mit Ausnahme einer 
y-Menge vom Mafe 0, und zwar fiir jedes 7. Nach Satz 4, 7), gibt es nun, 
wenn wir / fiir den Augenblick festhalten, eine (von 7 abhangige) Folge 
tle <-+, $0 dab Fny, (2)—Fny, (x)>0 fir alle g(#;,(y)) stattfindet, 


mit Ausnahme einer y-Menge vom Mafe 0. Daher ist F’(x) = F(z), 
fiir alle ‘“;(y), mit Ausnahme einer y-Menge vom Mage 0, und dies gilt 
fiir alle 7. D.h.: F(x) ist im wesentlichen von der Folge , mg, --- Wn- 
abhangig, wenn wir es fiir eine solche Folge n,, n:, --- wahlen und fest- 
halten, wird es doch auch fiir alle anderen Folgen, die in der zweiten 








UBER FUNKTIONEN VON FUNKTIONALOPERATOREN. 2913 


Halfte unseres Satzes auseinandergesetzten Eigenschaften haben. Damit 
haben wir alles nachgeholt, was notwendig war, um auch die erste Halfte 
unseres Satzes zu beweisen. — 

Ehe wir diesen Teil abschlieBen, sei noch erwahnt, daB weder Satz 4 
noch Satz 5 fiir die ,schwache“ Topologie von B (vgl. a. a. O. Anm. *)) 
zutrifft, die einfachen diesbeziiglichen Gegenbeispiele iibergehen wir. Ferner 
bemerken wir, daB ein notwendiges und hinreichendes Kriterium fiir das 
Bestehen von F(A) = G(A) leicht aus der zweiten Hialfte von Satz 5 
ableitbar ist: es geniigt, alle F,(x) gleich G(x) zu setzen. Dann finden 
wir: F(x) = G(x) muB fir jedes f fiir alle o(4;(y)) zutreffen, mit Aus- 
nahme einer y-Menge vom Lebesgueschen Mafe 0, d.h. die hinreichende 
Bedingung in 2, g) ist auch notwendig. Ferner geniigt es, ebenso wie in 
Satz 5, dies anstatt fiir alle /, nur fiir ein vollstandiges normiertes Ortho- 
gonalsystem zu verlangen. SchlieBlich sei noch Folgendes hervorgehoben: 
In der zweiten Hialfte von Satz 4, 7) sowie von Satz 5 wird die dort auf- 
tretende Teilfolge Fin,(x)— Fn,(x) bzw. Fr,(~)—F (x) (v = 1, 2, ---) in 
Abhangigkeit von f gewahlt, und ihr Yt hat die EKigenschaft aus 2, g) nur 
fir dieses f. Wir kénnen aber an beiden Stellen ebensogut verlangen, dab 
sie von f unabhangig wahlbar sei — ihr festes Mt hat dann die Eigenschaft 
aus 2, g) allgemein. Sei nimlich f,, fe, --- ein vollstaindiges normiertes 
Orthogonalsystem, ein Hilbertsches Diagonalverfahren, genau wie beim 
Beweise von Satz 5, liefert dann eine Teilfolge, die (d. h. deren Qt) das 
Gewiinschte fiir alle f aus 7, fo, --- tut. Da aber ein solches I das 
Gewiinschte (d. i. das Erfilltsein der Eigenschaft aus 2, g) fiir alle / iiber- 
haupt leistet, folgt z.B. aus dem obigen Kriterium fiir F(A) = G(A), 
wo es auch gleichgiiltig war, ob es fiir das dortige (offenbar allgemeine) 2 
fir alle f oder nur fiir die f,, fe, --- verlangt wird. 


III. Operatorenfunktionen und -ringe. 

1. Die Satze 4, 5 erméglichen einen einfachen Beweis der in Kinleitung, 3, 
aufgestellten Behauptung. 

Satz 6. Sei A ein beschriinkter Hermitescher Operator, R(A) sein Ring. 
Dann ist R(A) die Menge aller F(A), wobei F(x) alle ®-mefSbaren Funk- 
tionen mit F(0) =0 durchliiuft. (Ob die F(x) als beschriinkt, oder, wie 
in Anm.**) blof als in jedem endlichen Intervall beschrénkt, postuliert werden, 
ist gleichgiiltig.) 

Beweis: Zunachst gehéren alle diese F(A) zu R(A). Denn es geniigt, 
wie wir mehrmals schlossen, die F(a) der dritten Baireschen Klasse zu 
beriicksichtigen, und zwar natiirlich die mit F(0)—0. Sodann geniigt 
es, wegen der Geschlossenheitseigenschaften der Ringe (und II., 2., h), oder 
Satz 5.), sogar die der nullten Baireschen Klasse zu betrachten, als welche 
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hier die Polynome p(x) mit p(0) =O fungieren dirfen. Da8 aber ein 
soleches p(A) zum Ringe von A gehdrt, wissen wir langst, z. B. aus A, 
Seite 404. 

Um die Umkehrung zu beweisen, erinnern wir daran, dafi nach der 
Bemerkung a. a. 0. jeder Operator von R(A) Limes einer stark doppel- 
konvergenten Folge p,(A), p2(A), --- (alle pn(x) Polynome, pn (0) = 0) ist. 
Aus Satz 5 folgt daher, daf er die Form F(A) hat, und aus der dort 
gegebenen Charakterisierung von F(x), daB dieses beschrankt und ®-mefbar 
ist, sowie die Méglichkeit, es mit /(0) = 0 zu wihlen. 

Damit ist alles bewiesen. 

Zwei Bemerkungen sind naheliegend: Erstens, dai es geniigt, sich auf 
die F(x) der dritten Baireschen Klasse zu beschrinken. Zweitens, dah 
die Beschrankung F'(0) = 0 fallen gelassen werden kann, falls eine Ab- 
ainderung von F(x) im Punktex=—0O F(A) nicht berihrt. D.h., wenn 
fiir jedes f o(%;(y)) =O nur fiir eine Lebesguesche Nullmenge eintritt, 
d.h. wenn 0 nicht der Wert dieser Funktion in einem Konstanzintervall 
ist. Also: e—1(0) nicht ein Konstanzintervallwert von %;(y), oder: o—1(0) 
keine Unstetigkeitstelle von ®;(x) = | E(o(x)) f|*, oder: 0 keine Unstetig- 
keitstelle von | #(§)/|*. D.h.: wenn 0 nicht zum Punktspektrum $$ von A 
gehért, oder: wenn Af=0O /=0 zur Folge hat. 

Die Hermiteschen Operatoren des Ringes R(A) erhalten wir, wenn wir 
uns auf die reellwertigen F(x) beschranken. Denn daB fiir reelles F(x) 
F(A) Hermitesch ist, ist klar; ist umgekehrt F(A) Hermitesch, so ist es 


* 
gleich F(A)*, also gleich es = G(A), wo G(x) die reelle 
F@)+F@) , 
2 





Funktion 





ist. 


Da eine Abelsche Menge M von Operatoren aus B (d.h. eine Menge, 
fir deren irgend zwei Elemente A, B A mit B und B* bei der Multipli- 
kation vertauschbar ist — daher sind alle ihre Elemente normal) stets 
Teil eines Abelschen Ringes ist (vgl. A, Seite 389), also, nach dem Haupt- 
resultat von A (Seite 401, Satz 10), eines Ringes R(A), gibt es gewif einen 
Hermiteschen Operator A, von dem alle Elemente von M Funktionen sind. 
Besteht M aus Hermiteschen Operatoren, so ist es Abelsch, wenn diese 
alle untereinander bei der Multiplikation vertauschbar sind, und dann sind 
die obengenannten Funktionen sogar reell wahlbar. 

Noch eines ist erwihnenswert: Sei A ein Hermitescher Operator, dann 
betrachten wir diejenigen Operatoren B (aus B), die mit jedem Operator 
vertauschbar sind, der mit A vertauschbar ist. In A, Seite 404, wurde 
bewiesen, daB diese B alle normal sind, und zwar sind es gerade die 
Operatoren a1+ B’, wo a alle komplexen Zahlen und B’ alle Elemente 
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von A(A) durehlauft. Nach Satz 6 sind es also alle a1+F’(A) = F(A) 
(F(x) = a+ F"(x)), wo a alle komplexen Zahlen und F’(x) die Funktionen 
mit F’(0) = O durchlauft — also F(x) alle Funktionen. Wenn wir B 
als Hermitesch voraussetzen, so geniigt es wiederum, die reellen F(x) zu 
betrachten. 

2. Sei R ein Abelscher Ring, dieser kann dann stets als R(A) geschrieben 
werden (vgl. A, Seite 401, Satz 10), A Hermitesch — aber A ist hierdurch. 
wie man leicht erkennt, noch lange nicht festgelegt. Sei also R—=AR(A) = R(B). 
welcher Zusammenhang muf dann zwischen 4A und B (beide seien Her- 
mitesch) bestehen? 

Da jedes zum Ringe des andern gehért, ist jedes Funktion, und zwar 
reelle Funktion, des anderen: B = F(A), A = @(B), und dabei F(0) = 0. 
G(0) = 0. Dies ist tibrigens offenbar auch hinreichend, damit A zum 
Ringe von B und B zum Ringe von A gehdre, d. h. damit R(A) = R(B) 
sei. Wir betrachten nun die (natiirlich in jedem endlichen Intervalle 
beschrankte und ®-meBbare) Funktion F'(x) (mit #’(0) = 0) als gegeben, 
und fragen: wie muf sie beschaffen sein, damit ein (ebenfalls in jedem 
endlichen Intervalle beschranktes und ®-mefbares) G(x) (mit G(0) = 0) 
existiert, so dah fiir den durch B = F(A) definierten Operator B 
A = G(B) gilt? 

Diese Forderung besagt G(F'(A)) = A, also, nach der SchluBbemerkung 
von Il., 3., G(F'(~)) = x in einer x-Menge Mt mit der in II., 2., g) an- 
gegebenen Eigenschaft. Wie man sieht, kommt dies darauf heraus, dah 
das @®-mefbare F(x) eine ®-meBbare Inverse G(x) haben soll — mit 
Ausnahme einer x-Menge, fiir die die Urbilder aller Abbildungen @ (*;(y)) = 
Nullmengen sind (vgl. II., 2., g)). (Die Beschranktheit von G(x) ist un- 
wesentlich: es kommt ja nur auf die x des Spektrums von A an, also in einem 
endlichen Intervalle, d. h. soweit der Wertverlauf von G(u) tiberhaupt vor- 
geschrieben ist, liegt er zwischen endlichen Schranken.) Es ware nahe- 
liegend, sich von der Annahme frei zu machen zu suchen, also etwa mit 
solchen F'(x) zu operieren, die jeden (reellen) Wert einmal und nur einmal 
annehmen. Indessen miifte dann auch noch die weitere Frage klargestellt 
werden, wann die Inverse einer ®-mefbaren Funktion (die eine Inverse 
besitzt) auch @-mefbar ist? Diese Frage scheint aber ziemlich kompliziert 
m sein*®), 


IV. Mehrvariablen-Funktionen und normale Operatoren. 


1. Zunachst fiihren wir den Begriff der ®-meSbarkeit fiir derartige 
(komplexwertige) Funktionen F(a, z2,---) ein, die von einer endlichen 
oder abzaihlbar unendlichen Zahl komplexer Variablen 2, 2, --- ab- 
hangen (auch bei einer endlichen Zahl von Variablen, wo es %, ---, % 
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heiBen sollte, schreiben wir der Einheitlichkeit halber 2, 2,---). Ein 
solches F(a, x2, ---) nennen wir ®-meBbar, wenn es die folgende Eigenschaft 
hat: Wenn f, (uw), f(u), --- ein beliebiges System fiir alle reellen uw definierter 
und nach rechts halbstetiger Funktionen ist*’), so ist F(/, (wu), fo(w), ---) 
als komplexwertige Funktion des reellen « aufgefait!) meBbar. Offenbar 
sind alle Funktionen, die nur von endlich vielen Variablen abhingen, und 
in diesen stetig sind, ®-mefbar; und wenn F;, F2, --- eine Folge ®-mef&barer 
Funktionen gilt, die iiberall gegen ein F’ konvergieren, so ist auch F 
@-meBbbar. Statt dieses letzteren beweisen wir gleich mehr: Seien F;, F; --- 
@-meBbar, und F' so definiert: 


limes F(x, x2. ---), wenn dieser Limes existiert 


F(a, %,°°:) = | ne 5 
0 sonst. 


Da naimlich ®-Mefbarkeit von F,, & die gewéhnliche MefSbarkeit von 
Fit(hi Ww, AW.--), F(A Ww, AW, ---) (bei jeder Wahl der 7, (uw), fo), ---) 
bedeutet, geniigt es, den obigen Satz fiir Funktionen einer reellen Variablen u 
und gewoéhnliche Mefbarkeit zu beweisen — dort ist er aber bekanntlich 
richtig. Somit sind alle Funktionen aller Baireschen Klassen wiederum 
®-mefbar**). Aus den analogen Eigenschaften der MefSbarkeit fiir Funk- 
tionen einer (reellen) Variablen folgt wieder unmittelbar, daf mit F', G 
auch F+G,aF, FG O-mefbar sind. Etwas tiefer liegt der folgende Satz: 

Satz 7. Wenn F(a, x, ---) O-mefbar ist und Gi (Mm, yz, --°): 
Gs(Yi, Yo, +++), +++ mefbar bzw. O-mefbar (alle Funktionen komplexwertig 
und mit komplexen Argumenten), so ist auch F(G, (m1, ye; --°); 
Go(yi- Y2, -++), +++) mefbar bzw. O-mefbar. (Man beachte, da die erste, 
die gewohnliche Mefbarkeit betreffende, Behauptung nur bei endlicher Anzahl 
der Variablen einen Sinn hat — da die gewéhnliche Mefbarkeit, im Gegen- 
satze zur O-MefSbarkeit, nur dann definiert ist.) 

Beweis: Die zweite Behauptung (®-MeBbarkeit) lauft darauf heraus, 
daB fiir alle nach rechts halbstetigen f, (wu), fo(u).--- die Funktion 


F(G(AW, AW. ++). (AW, Alu), --). +>) 


me8bar ist — da aber die G, (fi (uw), fo(u),---), (AWW, AWw.--). +: 
meSbar sind, ist das die erste Behauptung, fiir eine reelle Variable. Die 
erste Behauptung fiir endlich viele komplexe Variable y,, ---, yn (dies ist 
ihre allgemeine Form) kommt auf dasselbe heraus, wie fiir doppelt so viele 
reelle (Ry, YH, ---, Ryn, Fyn) — somit ist lediglich die erste Behauptung 
fiir endlich viele reelle Variable zu beweisen. Diese reellen Variablen 
nennen wir wieder y;,, y:, ---. Indem wir ferner die Variablen 2;, %2, --- 
von F durch R2,, Yai, Raz, Yao, --- ersetzen, und entsprechend die 
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G,, Gs, --- durch R(G,), FG), R(G@e), F(Gs), ---, erreichen wir, dab 
auch F reelle Argumente hat — auch diese nennen wir wieder 2;, 7». - - -. 
und die einzusetzenden Funktionen wieder G,, G,,---. SchlieBlich kiénnen 
wir, durch denselben Kunstgriff, wie bei Beginn des Beweises von Satz 2, 
alle Variablen 2, 22, --- und y%, ---, y, auf endliche Intervalle beschranken. 
Anstatt des dortigen Intervalles 0<.§<2 wihlen wir jetzt 0<&<1. 
daB natiirlich zu 0 < §<1 erweitert werden kann. Also: F(2,, x». ---) 
istinO< a4,<1,0<a2,<1, --- definiert, die G, (y,,---, yn), Ge (Yi.-++sYn).°° 
in 0 y%<1, ---,; OS y,<1, und die Werte der G,, G.,--- sind (da 
sie in F' substituiert werden), stets >0, <1. 

Nehmen wir nun an, der Beweis wire fiir » = 1 gefiihrt. Der all- 
gemeine Fall mit y%,---, yx wird dann folgendermafen auf denjenigen mit 
nur einem y zuriickgefiihrt: Sei y = @(y,, ---, yn), yr = Bily). ++. Yn 
= (yn) eine ein-eindeutige Abbildung des Intervalles 0 < y<1 auf den 
Wirfel OS y,< 1, ---, OS y,<1 (bei beiden darf je eine, lineare 
bzw. n-dimensionale Lebesguesche Nullmenge ausgelassen werden), die 


maBtreu ist, d. h.: y-Urbild und {y,, ---, y,}-Bild sind beide mefSbar 
oder beide unmefbar, und haben im ersteren Falle dasselbe MaB (im 
linearen bzw. im »-dimensionalen Sinne)**). Dann ist mit G,(y,,---, yn). 


Gs (m1; eo Yn); -++ auch G; (a, (y), slicks Bin (y)), Gs (a, (y), vst, By (y)). a 
meBbar, also, wenn der Satz fiir eine Variable feststeht, auch F ( G, (a; (y)). «>> 
-+, @n(y)), G(r (y), ---, @n(y)), ---), und dies bleibt mefbar, wenn 
darin y durch B(y,, ---, yn) ersetzt wird — d.h. F(Gi (ms. +--+, yn): 
Gs (yi, +++; Yn), ---) ist meBbar. Wir gehen daher zur Erledigung des 
Falles mit einer einzigen reellen Variablen y iiber. 

Seien f, (u), fo(u),--- rechts halbstetig, y(y) monoton nichtfallend und 
halbstetig. Dann sind alle f (y(y)), A(y(y)). --- rechts halbstetig, also 
ist F (A (ey), Ay), -+ +) mebbar. Da dies fir alle genannten »(y) 
gilt, ist F(fi(u), fo(u). ---) O-meBbar, also nach Satz 2 fiir jedes meb- 
bare G(y) F (A (G(y)), fo (4(y)), -- ) meBbar. Wenn nun zu jedem System 
G@,(y), @e(y), --- meBbarer Funktionen eine mefSbare Funktion @(y) und 
rechts halbstetige f,(w), fo(u). --- gefunden werden kénnen, so dab G;, (y) 
= fi(G(y)), Ge(y) = fa(G(y)), --- ist, so sind wir demnach am Ziele. 
Diese Konstruktion fiihren wir nun so durch: Sei x = @(a,, 2, ---). 
a, = B(x), xr = Ao (x). --- eine ein-eindeutige Abbildung einer Teilmenge 
des Intervalles 0 < x < 1 auf den (ganzen) Wiirfel 0 << a, <1,0<a,<1,:--. 
Dabei seien alle 4,(x), f2(x), --- nach rechts halbstetig, und sie mégen 
die folgende Eigenschaft besitzen: wenn x den in einem Intervalle 


s <a< a (q = 0,1,---, p=0, 1, ---, 22—1) gelegenen Teil der 


Bildmenge durchlauft, so durchlauft der Punkt 2, = 8,(x), 72 = Bs (x). ++ 
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einen Wiirfel (d.i. eine Menge a, < 2, <b,, a2 < 1< de, ---)**). Betrachten 


wir nun G(y) = «(G,(y), Gey), ---). = < 4GyW< prt kommt 


a, ~ Gy(y)<b, a2 < Gs(y)< be, --- gleich, findet also in einer y-Menge 
statt, die Durchschnitt abzihlbar vieler meBbarer Mengen ist (die G;, (y), 
Gz(y), --- sind ja meBbar), folglich selbst meSbar ist. Nun ist die 
y-Menge von G(y)<a@ (a beliebig) als Summe abzahlbar vieler solcher 
Mengen herstellbar, also auch mefbar — somit ist G(y) meBbar. Wenn 
wir also f, =A, fo = be, --- setzen, so sind wir am Ziele. 

Aus Satz 7 folgt sofort: ist die Zahl der 2,, z,,--- endlich, so ist ein 
@-meBbares F'(x,, x2, ---) mehbar — es geniigt, die y;,, y2,--- mit den 2, x2, --- 
zusammenfallen zu lassen, und G, (y;, y2,---) = yi, Ge(Yr, Yo, +++) = Yas 
zu setzen. Der Vergleich des neuen ®-MefSbarkeits-Begriffes mit dem alten 
(I., 3.) ist auch bei einer einzigen Variablen x unméglich, da diese jetzt 
komplex ist, und friiher reell war. Hangt aber F(x) etwa nur von R(x) 
ab, so sind beide gleichwertig: nach Definition beider folgt die alte ®- 
Mefbarkeit aus der neuen, nach Satz 2 und der Definition der neuen 
@-Mefbarkeit gilt aber auch die Umkehrung. 

Wenn F'(z,, 2,,---) im neuen Sinne ®-mebbar ist, und G;, (x), Gz(x),--- 
im alten (x reell!), so sind es, nach dem soeben Gesagten, G,(R2), 
G2(Rx), --- (« komplex!) auch im neuen Sinne. Nach Satz 7 ist es daher 
F(G, (Ra), Ge(R-x), ---) auch, und fiir reelles x ist es F'(G, (x), Gs (x), --+) 
wieder im alten Sinne. 

Auf Grund des bisher Gesagten kénnen wir nunmehr die Unterscheidung 
zwischen beiden Definitionen der ®-MefSbarkeit ohne Verwechslungsgefahr 
fallen lassen. 

2. Sei nun A;, Ag, --- eine endliche oder abzahlbar unendliche Abelsche 
Menge linear-beschrankter Operatoren (vgl. A, Seite 389), d. h. es soll jedes Am 
mit jedem A, und An vertauschbar sein — folglich sind insbesondere 
alle A, normal. F'(a,, 22, ---) sei eine @-mefbare Funktion mit so vielen 
Variablen, als die Zahl der A,, 42, --- betragt. 

Nach einer der Bemerkungen in III., 1. existieren solche (beschrankte) 
Hermitesche Operatoren, von denen alle A,, Az, --- Funktionen sind. Sei 
etwa A ein solcher, also A; = G,(A), Ag = Go(A),---, G(x), Go(x), °°: 
alle ®-meBbar (x reell). Die Funktion H(x) = F(G, (x), G(x), ---) ist 
somit auch ®-mefbar, und wenn sie in einer Menge M mit den in IL, 2., g) 
angegebenen Eigenschaften (mit dem Operator A) beschrankt ist, so kénnen 
wir H(A) bilden — dies ist ein beschrankt-linearer, normaler Operator. 
Thn wollen wir als F'(A,, Ag, - - -) definieren, miissen aber zu diesem Zwecke 
zunaichst zeigen, daB diese Definition vom hilfsweise eingefiihrten A nur 
scheinbar abhangt: d.h. da8 sie fiir alle genannten A ausfihrbar ist, oder 
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fir keines, und da sie im ersteren Falle fiir alle dasselbe Resultat 
ergibt. 

Der Ring R(A,, Az, ---) ist Abelsch, also nach A, Seite 401, Satz 10, 
ein R(B) mit Hermiteschem B; nach Satz 6 sind somit alle A,, Ay, --- 
Funktionen von B — somit ist B als ein A im Sinne von vorhin ver- 
wendbar. Wir wollen nun zeigen, da sich jedes der genannten A fiir die 
Zwecke unserer Definition genau so benimmt, wie dieses B, und zum selben 
Resultate fihrt — damit ist dann alles Erforderliche geschehen. 

Es ist G,(A) = A,, Gg(A) = Ag, --- und Gi(B) = A;, G3(B) = Ao. ---. 
R(A) enthalt alle Funktionen von A, also auch A,, As,---. also umfabt 
es R(A,, As, ---) = R(B), also enthalt es B. Daher ist B = K(A). 
Hieraus folgt Gi (A) = Gi (K(A)), Go = G2(K(A)), ---, und nach II., 2., f) 
sowie der SchluBbemerkung von II., 3. Gi(z) = Gi (K(2)) in einer Menge W 
mit den Eigenschaften II., 2., g) (fiir A), Go(a) = G2(K(2x)) in einer eben- 
solechen Menge, ---. Alle diese Gleichungen gelten gleichzeitig im Durch- 
schnitt dieser Mengenfolge, d.h. wieder in einer Menge WM nach II.,2.,g¢). Wir 
haben nun im Sinne unserer Definition bei A H(x) = F(G, (x), Gy (x). ---) zu 
bilden, bei B A'(a)—= F(Gi (x), Gs(x),---). Nach obigem ist H(x) = H’ (K(x)) 
in einer Menge Mt nach II., 2., g). Aus IL, 2., f) folgt sofort, daf 
H'(B) = H’'(K(A)) = A(A) ist, d.h. daB beide Definitionswege dasselbe 
ergeben, falls H(x) fiir A und H’(z) fiir B die gewiinschten Beschrinkt- 
heitseigenschaften haben. Es bleibt iibrig, die Gleichwertigkeit dieser zu 
beweisen; wir beweisen aber lieber mehr: die Giiltigkeit von | H(x)| < C 
in einem MW nach II., 2., g) fir A ist derjenigen von |H’(x)| < C in 
einem Mt nach II., 2., g) fiir B gleichwertig. 

Ersetzen wir F'(a,, x2, ---) durch 


Pola, m,--) = ‘eee +++) > eel < D, 
dann gehen H(z), H (x) in 
main = [89 yes? 
Hb(«) = 4 1 laa < D, 


liber. Da Hp, Hp stets beschrankt sind, konnen wir Hp(A), Hp(B) 
jedenfalls bilden, und sie sind einander gewi6 gleich. Die genannte Be- 
schranktheitseigenschaft von H(x) bzw. H’(x) besagt nun, daB Hc(z) 
= Hei:(x) in einem M nach IL, 2., g) fiir A gilt, baw. He(x) = He+ (a) 
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in einem IM nach IL, 2., g) fir B, d.h. (mach der SchluBbemerkung yon 
Il., 3.) He(A) = Hey(A) baw. He(B) = Hess(B). Und da die linken 
Seiten einander gleich sind, und die rechten auch, ist beides gleichwertig, 
wie behauptet wurde. 

Damit ist unsere Definition von F'(A,, As, ---) als einwandfrei erwiesen. 
Es ist noch zu erwahnen, da sie der alten, soweit diese anwendbar ist, 
gleichwertig ist: wenn F(x) eine Variable x = x, hat, und fiir diese ein 
Hermitesches A, einzusetzen ist, so kénnen wir A= A, setzen, G(x) = 2 
(G(A,) = A, = A), und das F'(A,) im neuen Sinne ist = F(A) = F(A) 
im alten Sinne, und auch die Beschranktheitsforderungen (d.h. die Be- 
dingungen der Sinnvollheit) sind gleichlautend. 

3. Wir verifizieren die Grundeigenschaften des neuen Funktionsbegriffes. 

a) Fir F(x, 2, ---) = G(a,, 2, ---) ist F'(A,, Ay, ---) = G(A*, AF, ---)”. 

b) Fir F(a, 2. ---} =aG (a, x, +++) ist F(Ay, Ag, ---) = aG (Ay, Ag, -**). 

ce) Fir F(a, we, ---) = G(x, a, ---)-+ A (a, %,---) ist F(Ai, Ag, ---) 
a G (Aj, As, ++) + H (Ai, Ag, +++). 

d) Fiir F(x“, Xe,°° ‘) —_ G(x, He,*° ‘) q H (x, Ie, -+*) ist F(A, Ag, “en) 
= G(A,, Ap, ---)- H(A, Ag, + +>). 

(In a)—d) steht es mit der Sinnvollheit so: immer wenn die rechte Seite 
Sinn hat, hat auch die linke Sinn.) 

e) Fir F(a, x2, ---) = G (A, (xm, 22, ---), He (a4, Xe, --:), ++) ist F'\(Aj, Ag, +++) 
= G(H, (Ai, A;,---), H(A, A,, -- ‘yrs -). 

(Nach a), d) sind namlich alle A,(A,, As,---), He(Ay, Ag, ---), «°° 
wenn sie tiberhaupt Sinn haben, normal — in diesem Falle sind dann 
beide Seiten sinnvoll, oder keine.) Man erkennt, daf alle diese Kigen- 
schaften miihelos durch Anwendung der Definition von F'(a,, x2, ---) und 
Vergegenwartigung der entsprechenden Eigenschaften des alten Funktions- 
begriffes (vgl. II., 2., b)—f)) beweisbar sind. 

Genaue Kriterien fiir die Gleichheit und Konvergenz beim neuen Funk- 
tionsbegriff anzugeben, so wie wir sie beim alten hatten (II., 2., g) und h), 
oder ausfiihrlicher in der SchluBbemerkung von II., 3. und Satz 4, 5) ist 
nicht nétig: es geniigt jeweils die definitorische Zuriickfiihrung des neuen 
Funktionsbegriffes auf den alten. Immerhin sei die folgende (roheste) 
Form des Konvergenzsatzes erwahnt: 

f) Es gelte tiberall F(a, x2,---)> F(a, x2,---), die Fn(a, x2, --:) 
seien gleichmafig beschrankt. (Dann ist auch F'(a, x2, ---) beschrankt, 
also alle F,(A;, Ag, ---), F'(A,, Ag ---) sinnvoll.) Dann ist, im Sinne 
der starken Doppelkonvergenz in B, Fy,(A,, Ag, ---) > F' (Ai, As, -*:)- 

Dies ist evident, da der alte Funktionsbegriff diese Eigenschaft auch hatte. 

4. Wir beweisen nun die folgende Verscharfung der vorletzten Behauptung 

von III, 1: 
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Satz 8. M sei eine Abelsche Menge von Operatoren aus B (d. h. ihre 
Elemente seien linear-beschriinkt, und fiir irgend zwei von ihnen, A, B, 
sei A mit B und mit B* vertauschbar — also sind insbesondere alle normal). 
Dann gibt es einen Operator R derart, daf einerseits jedes A von M Funktion 
von R ist: A = F4(R), und andererseits eine endliche oder abziihlbar un- 
endliche Teilmenge A,, As,--- von M existiert, so dag R Funktion von 
A, Ae, - ++ ist: R= G(A,, As, --:). 

Dabei kann RK Hermitesch gewiihit werden, und alle Funktionen an der 
Stelle 0 verschwindend: F'4 (0) = 0 (fiir alle A von M), G(0,0,---) = 0. 

Beweis: R(M) ist, wie M selbst, Abelsch, kann also (wie wir mehrfach 
erwaihnten) als R(2), mit Hermiteschem R, geschrieben werden. Da also 
alle A von M zu R(M) = R(R) gehoren, sind sie nach Satz 6 gleich 
F4(R), mit #4 (0) = 0. Umgekehrt gehirt R zu R(R) = R(M), ist also 
nach A, Seite 398, Satz 9, Limes einer stark doppelkonvergenten Folge 
solcher Ausdriicke, deren jeder durch endlich viele Operationen A*, aA, 
A+B, AB aus Elementen von M entsteht. Da in einen jeden dieser 
Ausdriicke nur endlich viele Elemente von M eingehen kiénnen, kommen 
fiir die gesamte Folge endlich oder abzihlbar unendlich viele in Frage, 
wir nennen sie A,, Ag,---. Jedes Element der Folge ist daher cin Poly- 
nom endlich vieler A,, As, --- und Ay, 43. ---, ohne Absolutglied — wenn 
wir A;, Ao, --- durch Variable a1, 22, --- und die Aj, Az, --- durch deren 
Konjugierte 21, %2,--- ersetzen, so heifBe das n-te pn (a1, %,.---). Nach 
Anm. **) ist pn (x1, 22, ---) O-mebbar, ferner ist, da das Absolutglied fehlt, 
yn (0,0,---) = 0. Nach IL, 2., «) sowie IV.,2.,a)—d) ist dann das 
n-te Glied unserer Operatorenfolge j,(A1, As, ---). folglich haben wir 
pn(Ai, Ao, ---)>R. Hieraus folgt py (Fa, (2), Fa, (2), ---)> R, aus 
Satz 5 folgt daher, daB es eine Teilfolge m,, m2. --- (mj <m,< ---) Von 
n=1,2,--- gibt, derart, daB pn, (Fa, (x), Fa, (x), ---) > x (fiir vy 00) in 
einer x-Menge Mt nach IL., 2., g) (fiir A) stattfindet. 


Sei nun %. 
limes pp, (21, %2.---), wenn dieser Limes existiert, 
G(a,, %e,°--) = 17>” 
0 sonst. 


Nach Anm. **) ist dieses G(a2,, 72, ---) @-meBbar, und nach dem vorhin 
Bemerkten gilt G(F, (x), F,(x),---) = « in einer Menge WM nach IL, 2., g) 


(fiir R), daher ist nach Definition G(A1, 42. --:) = R. Aus pn, (0, 0, ---) = 0 
folgt G(0, 0, ---) = 0. 
Ferner gilt: 


Satz 9. M sei wie in Satz 8. R(M) ist dann die Menge aller F(A, Az, --:). 
wobet F'(a,, %2,---) alle O-mefbaren Funktionen mit F(0,0,---) = 0 
durchliiuft, A,, Ag,--- aber jede endliche oder abzihlbar unendliche Teil- 
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menge von M sein darf. Das Resultat bleibt aber auch bestehen, wenn fiir 


A,, Ag,:-- nur eine einzige derartige Menge zugelassen wird, falls diese 
geeignet gewihlt wird (was immer méglich ist). 
Beweis: Seien R, F(x), A;, Ag. -+-, G(a, 2, ---) wie beim Beweise 


von Satz 8. Sind B,, B,,--- irgendwelche (endlich oder abzahlbar un- 
endlich viele) Elemente von M, so ist jedes F(B,, Bz,---) wegen Bi = Fp (R), 
B, = Fp,(R), --- gleich F (Fs, (R), Fs, (h), ---) = H(R) mit A(z) 
= F (Fp, (x), Fp, (x), ---), HO) = FO, 0, ---) = 0, — also gehért es zu 
R(R) = R(M). Umegekehrt ist jedes Element von R(M) eines von R(R), 
also gleich J(R) mit J(0) 0. Somit ist es gleich J(@(A,, Ag, ---)) 
ee K (A, Ag, zo) mit K(x, Le, ° -+) =JS(G(m, L2; -++)), K (0) = J (0) =0. 
Somit hat es die gewiinschte Form, sogar bei dieser einen speziellen Wahl 
der B,, Bz, --- (namlich gleich A,, As, ---). 

Die in Satz 8, 9 vorkommenden Funktionen G(a,, x2, - - -) baw. F(a, x2, ---) 
kénnen, wie aus dem Beweise von Satz 8 hervorgeht, auf die Klasse derer 
eingeschrankt werden, die durch einen einzigen Grenziibergang im Sinne 
von Anm. *”) aus Polynomen endlich vieler Variablen und ihrer konjugierten, 
p(a%, %,---), entstehen. Im Sinne von Anm.**) sind sie also von der 
ersten Baireschen Klasse, auch dann, wenn man die nullte auf die genannten 
p(a, %,-+-) beschrankt. Definiert man dagegen die Baireschen Klassen 
durch iiberall konvergente Funktionenfolgen (vgl. IV., 2., f)), so braucht 
man, um diese Funktionen zu erreichen, drei sukzessive Grenzprozesse, wie 
man leicht erkennt. In diesem (allgemein iiblichen) Sinne braucht man 
also alle Funktionen bis zur dritten Baireschen Klasse. Da also jede 
Funktion durch eine solche ersetzt werden kann, gilt dies auch fiir die 
F(x) in Satz 8. 

Schlieflich machen wir noch eine, der Schlufbemerkung von IIL, 1. 
entsprechende, Feststellung. Wenn wir in der Aussage von Satz 9 die 
Bedingung F'(0, 0, ---) = 0 fallen lassen, so erhalten wir im Allgemeinen 
nicht R(M), sondern die Gesamtheit aller a-1-+ B (a eine komplexe Zahl, 
B ein Element von R(M)), und dies ist nach A, Seite 397, Satz 7, die 
Menge M”’, das ist die Menge aller A, die mit allen C vertauschbar sind, 
welche mit B und B* fiir alle B von M vertauschbar sind. Diese A sind 
also mit samtlichen F'(A,, Ag, ---) (die A,, As, --- nach Satz 9) identisch. 














Anmerkungen. 


') Im Laufe dieser Abhandlung werden zwei friihere Arbeiten des Verfassers mehrfach 
zitiert werden, und zwar: ,, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren“, 
Math. Ann., Bd. 102/1, Seite 49-131 (1929), und Zur Algebra der Funktionaloperatoren und 
der Theorie der normalen Operatoren“, Math. Arn., Bd. 102/3, Seite 370—427 (1929). Wir 
werden sie mit E bzw. A bezeichnen. — Hier handelt es sich um A, insbesondere um 
den SchluB von Kap. III, § 2. 

Es sei noch darauf hingewiesen, daB Funktionen von Operatoren bereits von F. Rieh 
betrachtet wurden, und u. a. bei seinem Beweise des Hilbertschen Satzes iiber die Spektral- 
form beschrankter Hermitescher Operatoren eine wichtige Rolle spielten. Neuerdings 
kiindigte M. Stone eine allgemeine Definition von Funktionen von Operatoren an (Proc. 
Nat. Ac., Bd. 16/2, Seite 172—175, 1930), ferner spielen besondere Operatorenfunktionen- 
Konstruktionen in zwei Arbeiten von A. Haar eine sehr bemerkenswerte Rolle (Math. Ztschr., 
Bd. 31/5, Seite 769—798, 1930, bzw. ebenda 1931 erscheinend). 

*) Die Hermiteschen (beschriankten, vgl. hierzu A, Einleitung, 1.) Operatoren A, B heifen 
vertauschbar, wenn A B= BA gilt. 

5) Vgl. hierzu die Beschreibung des Hilbertschen Raumes in E, Kap. I (ferner Ein- 
leitung I—IV sowie AnhangI). Uber Operatoren vgl. E, Kap. II, sowie Anhang II, § 1. 
Alles Notwendige ist iibrigens in A, Einleitung, 1., nochmals zusammengestellt. Der gleich 
zu erwihnende Ring aller beschrinkten Operatoren wird in A, Einleitung 2, eingefithrt. — 
Punkte des Hilbertschen Raumes nennen wir f, g,---, ¢, /, +--+. beschrinkte Operatoren 
A, B,-+--, komplexe Zahlen a,--- (wie in E und A). 

*) A* ist in der Matrizen-Terminologie die transponiert-konjugierte zu A, vgl. K, 
Anhang II, § 1 oder A, Ende von Einleitung, 1. 

5) Die Definition steht in A, Kap. II, § 1, Definition 1. Vgl. auch A. Kap. I, § 3, Zusatz 
zu Satz 5. 

®) Vgl. A, Kap. I, § 1, Definition 2. 

*) Vgl. A, Ende von Kap. III, § 2. 

5) D. h. wenn A = A* ist, bzw. A, A* vertauschbar sind. Letzteres ist das Kriterium 
dafiir, dafB R(A) Abelsch ist, d.h. aus lauter miteinander vertauschharen Operatoren besteht. 
Vgl. A, Kap. III, Anfang von § 1 und von § 2. 

") Vgl. A, gegen Ende von Kap. II, § 1. 

'") Kap. III, § 2, Satz 10. 

") Vgl. W. H. Young, Proc. Cambridge Phil. Soc., Bd. 14, Seite 520—529, 1908; 
H. Lebesgue, Thése, Ann. di Math., Bd. 7 (3), 1902. 

2) g(u) braucht nicht mehr mefbar zu sein! 

'3) Da y(b) nach rechts halbstetig ist, nimmt es am linken Ende des Intervalles den im 
Inneren angenommenen Wert gewiS an, am rechten dagegen nur, wenn es dort stetig ist. 
D.h. wenn der Wert ~(b) = a nicht der Anfang eines Konstanzintervalles von ¢ (a) ist. 
Das genannte Intervall ist also allenfalls inkl. linkes Ende zu verstehen, inkl. rechtes 
Ende aber nur im soeben genannten Falle. 
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4) Dabei ist es wesentlich, daf $f, alle I, umfafte, also $%; auch: wire ¥ zu einigen J, 
fremd gewesen, so brauchte $j keins von beiden zu tun. 

) Da (a) =a gesetzt werden kann, folgt aus dieser ®-MeSbarkeit die gewdhnliche 
MeBbarkeit. 

16) Fiir ein einziges fi(x), wobei dieses = «x ist (aber mit der zweiten Baireschen 
Klasse an Stelle der dritten), ist dies ein bekannter Vitalischer Satz. Das Wesentliche 
ist eben die Generalisation auf beliebige mefbare fi (x), f2(x), ---. Zum Vitalischen 
Satz vgl. Rend. Lomb., Bd. 38, Seite 599 (1905). 

) Sei etwa H(x) von zweiter Klasse, also H, (x), He(x), +--+ von erster, und 
H, (x) > H(x). Wenn nun H(x) in den Intervallen J,, I2, --- konstant gemacht 
werden soll, so erreichen wir dies, indem wir H;(x) nur in J,, Hs(«) nur in J,, Js, usw. 
konstant machen. — In unserem Falle (H(x) = G(x) und nach der Anderung = G (z)) 
enthalten die J, allenfalls ihre linken Enden, ob sie die rechten auch enthalten, ist 
ungewib (vgl. Anm.’*). 

'8) Durch Zerlegung der Zahlengeraden in endlich viele Teile, deren jeder genau eine 
solche Stelle enthalt, erkennt man, dai es geniigt, sich mit einer einzigen solchen 
Stelle auseinanderzusetzen. Eine triviale Variablentransformation erlaubt noch, das 
Definitionsintervall zu —1<2<1, und die fragliche Stelle zu « = 0 zu normieren. 
Sei nunmehr die genannte Funktionenfolge f, (x), fo(x), ---. Sei dann ra (x) = fa(x) 
fir |a| = - und fiir «= 0, in — a <x=0 undinOSers 2 aber linear. Dann sind 
die fi (a), Sa (a), -++ stetig, und haben dieselben Limites wie die /; (x), fo(x), ---. 

9) finn (®) > gm(x) fiir n>, gm(x)—> G(x) fiir m—> o. 

vts 
”) Sei f(a) nach rechts halbstetig, dann sind alle fx(y) =n f F(x) dx stetig, und 
y 
Sn (x) > f @). 

*") Wenn M alle im Definitionsintervalle von g(x) gelegenen Zahlen, ausschlieBlich 
seiner Konstanzintervalle, umfaft, so ist dies erfiillt: denn es enthalt dann alle Werte 
des y(y). Ubrigens erkennt man leicht, daf die y, fiir die y(y) nicht in Mt liegt, die 
folgenden sind: man nehme fiir jedes auferhalb von MN (aber im Definitionsintervalle 
von 9 (x)) gelegene x die Zahl y = » (x), wenn x eine Stetigkeitsstelle von g(x) ist, und 
das ganze .,Sprungintervall “ limes  (x') < y = (x) = limes g(a’), wenn «# eine 

Lv’ —>x x’ —> x 
Unstetigkeitsstelle ist. Daher ist von Qt-s Komplementarmenge im Definitionsintervalle 
zu fordern: sie darf keine Unstetigkeitsstelle enthalten, und ihr durch y = ¢ (x) vermitteltes 
Bild mu eine Lebesguesche Nullmenge sein. 

2) WM soll @-mebbar sein, d. h. die Funktion, die in Mt — 1 und in der Kom- 
plementarmenge = 0 ist, soll es sein. Oder: fiir jedes monoton nichtfallende und nach 
rechts halbstetige (x) soll die Menge der x mit ¢(x) aus M im Lebesgueschen Sinne 
meBbar sein. 

3) Man kann bekanntlich die obere und die untere Grenze des Realteils sowie des 
Imaginarteils aller 9 (ai) —g (ai') + --- + 9 (ai) — p (an) mit ai <a <a an <a@ 
(a fest, alles andere variabel) bilden, und diese bzw. gleich y, (x) —Rgy(— ~), — v2 (a), 
Ws (ax) — Fp (— &), —Y4(x) setzen. Das sind dann die gewiinschten Funktionen. 

*4) Hilbert, Gétt. Nachr., 1906, insbesondere Seite 189—190, Satz II. Unsere Be- 
zeichnungen weichen etwas von den Hilbertschen ab, sie sind die in E und A ver- 
wendeten. Vgl. insbesondere E, Seite 91—92, Definition 17 und Satz 36, ferner Seite 114, 
Anhang II, Satz 9*. 
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*) Der Integrand, 4, ist ja stetig, und (E (A) f,g) von beschrinkter Schwankung. 

Das -letztere folgt daraus, dai 
REDS 9 — (HOEY, 2) _(ewa oe, He 

und $(E(4) f,g) entsprechend mit ig statt g ist, also (Z(4) /,g) ein Aggregat von vier 
(E()h, h) mit den Koeffizienten +1, +i; und (F(A, h) = | E()A|? ist in 2 monoton 
nichtfallend und beschriinkt (vgl. E, Seite 114). 

26) Vgl. A, Seite 418, Anhang I. 

*7) Vgl. E, Seite 91, Definition 17. E= F bedeutet |Ef|=|F/| fir alle f, A. > F 
bedeutet E. f— Ef fiir alle f (im Sinne der ,starken“ Konvergenz). 

*8) Da © immer beschrinkt ist, ist dies sicher der Fall, wenn F(x) in jedem endlichen 
Intervalle beschrankt ist. I’ (#) = x tut dies z. B. 

*%) Fir F< F gilt allgemein | Ef |?—| Ff |? = |(E—F) f |*, vgl. E, Seite 78. 

) E(jn) — EQu—1) = E ist ein Projektionsoperator, und fir diese gilt 


\(Ef,9)| =| Ef|-| Eg| 
allgemein (vgl. E, Seite 93). 


5!) Vgl. das Zitat und den Beweis in E, Seite 94, Anm. °”). 

2) Fiir ein reelles F(a) folgt also hieraus, daf F(A) Hermitesch ist. Auf Grund des 
in 1. Gesagten geniigt es sogar, wenn F(x) im Spektrum von A, in ©, reell ist. 

33) Da B= H(A) in @(B) Hermitesch sein mu6b, und y = H(z) in G(y) reell, mub 
H(x) stets reell sein (vgl. Anm.**)). Nach Satz 2 wird F(a) ®-mefbar sein, wenn G(2). 
H(a) es sind. 

4) Genau wie in Anm.”!) erkennt man, da®b dies mit folgendem gleichbedeutend ist: 
die Komplementirmenge von Mt (ihr allgemeines Element heife §) darf, nachdem sie der 
Abbildung x = o~'(&) unterworfen wurde, keine Unstetigkeitsstelle von ®;(a2) enthalten, 
also sie selbst keine von | H(&)f|? (was fiir alle f der Fall ist, wenn sie zum Punkt- 
spektrum $$ von A fremd ist) — ferner mu6 ihr durch x = o~'(§) und y = p(x), d.h. ihr 
durch y = | E(&) f'|? vermitteltes Bild muf eine Lebesguesche Nullmenge sein. Da diese 
Funktion in den Komplementirintervallen des Spektrums stets konstant ist, brauchen wir 
nur die im Spektrum © von A liegenden Teile der Komplementirmenge von WN zu beriick- 
sichtigen (vgl. auch 1.). Wenn also Mt ganz © umfabt, so ist alles erfillt. 

%) Vgl. A, Seite 383. 

38) Vgl. E, Seite 65, Bedingung C. 

3) Sei F(A) f = fa, F(A) f = f, dann ist zu zeigen: wenn ,schwach“ f,—>/ ist, 
und | ful>lf |, so gilt fim f stark“ (zur Terminologie vgl. z. B. A, Seite 378—379). Es 
ist namlich: “ 
Su—f P= (fu—F, fu—S-) = [Fu PA ISP AR fas Pi PHS P—2RGS) = 0, 
also wirklich ,stark“ f,—> YZ 

38) Die Primisse von 2.,h) wird durch die Pramisse von y) geliefert. Zwar erfolgt in 
2.,h) (bei gegebenem A und F,,(x), F(x)) der Schlu6 von allen f auf alle f, aber man 
erkennt miihelos, daf ebensogut von einem gegebenen f (ohne Riicksicht auf die ibrigen) 
auf dieses f geschlossen werden kann. 

5%) Er lautet so: Sei 7>0, Mt,, Mt, ---, NR nach Lebesgue mefbare Mengen, die Masse 
der M:, M,,--+ alle =, das Mab von MN endlich, Mt, Ms, --+ alle Teilmengen von NR. 
Dann hat die Menge aller Punkte, die unendlich vielen unter den Wt,, Wz, --- angehéren, 
ein Mab >7. Vegi. z. B. de la Vallée Poussin, Cours d’Analyse infinitésimale, Ausg. 1/2 
(Louvain-Paris, 1909), Seite 68—69. 

‘) Unter Voraussetzung der Richtigkeit der sog. Kontinuumhypothese (wonach jede 
unabzihlbare Zahlenmenge die Machtigkeit des Kontinuums hat) la6t sich ein Beispiel 
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einer ®-meBbaren Funktion mit einer Inversen, die nicht ®-meBbar ist, angeben. Wir 
gehen hier nicht naher darauf ein. (Wird die ®-MeBbarkeit durch gewéhnliche MeBbarkeit 
ersetzt, so existiert ein Gegenbeispiel gewiB.) 

‘') Es ist leicht beweisbar, daf man sich ebensogut auf iiberall stetige f; (wv), fa(u), --- 
beschranken kénnte. 

42) Als nullte Klasse definieren wir jetzt die Gesamtheit aller Funktionen, die nur von 
endlich vielen Variablen tatsichlich abhingen, und von diesen stetig. Den Grenzprozefh 
interpretieren wir im soeben angegebenen weiteren Sinne. So wird z. B. das durch 


2+ 2%,-+-+-, wenn diese Reihe konvergiert 
FO, 04, +) = 4 : 0 sonst at 


definierte F'(a,, 2,++-) zur ersten Klasse gehéren. 

43) Dies ist eine Art der Peanoschen Kurve, die von Steinhaus (Studia Mathematica, Bd. II, 
Seite 24—27, 1930) fiir solche Zwecke verwendet wurde. Sie beruht auf der dyadischen 
Entwicklung z= 0,&%%-+++ = >, ty = 0,1, aber unendlich oft 0, die fiir alle Zahlen 


0<z<1 eindeutig méglich ist, und wird durch 
Y, = 0, ADO). --, see, Y, = 9, YOO NY) «6, Y = 0, 7) o ++ 9) 9 «0 WO .e. 


definiert. Sie bildet den ganzen Wirfel 0 < y,< 1,---, O< ya<c1 ein-eindeutig auf alle 
Punkte y = 0, §,&--- des Intervalles 0 =< y<1 ab, fiir die jede der Folgen &, S:+n, Se+2n, +++ 
(k =1,---+,m) unendlich viele 0-en enthalt — d.h. auf alle Punkte mit Ausnahme einer 
Lebesgueschen Nullmenge. Daf nun diese Abbildung die erwahnte Maf-erhaltende Eigen- 
schaft hat, beweist man unschwer analog zu den Uberlegungen, die Steinhaus a. a. 0. 
anstellt. 

4) Auch diese Abbildung lift sich am einfachsten mit Hilfe der dyadischen Entwicklung 
angeben. Wenn die Zahl der 2,, x,,--+ endlich ist, etwa m, so sei 


a= 0,8 B..., 00, ate = 0,8... «=z, of... HOM. m..., 
ist sie aber unendlich, so sei 
1 1 (2 
a =0,878)..., oeme0, 88... --., woo, ef ef? af? ei om ot... 


Man verifiziert miihelos alle im Text formulierten Eigenschaften. 








THE FOURIER TRANSFORM IDENTITY THEOREM.' 


By Anprew OC. Berry.? 


It is known that a function f(x) of integrable square possesses a Fourier 
transform F(x) also of integrable square and that the Fourier transform 
of F(x) is precisely f(—x). The present paper establishes this identity 
under more general assumptions and makes use of the Titchmarsh theory 
only for the derivation of a corollary to the main result. The one-di- 
mensional case will be discussed in detail, and the method of extending 
the results to » dimensions indicated. 

1. Throughout this paper “region” shall mean “point-set, one-dimensional 
or n-dimensional, measurable in the sense of Lebesgue”. A function shall 
be said to be integrable if it is integrable in the sense of Lebesgue over 
all finite regions. To simplify the presentation we introduce the following 
notations. 

DEFINITION 1. An integrable function f(x) will be said to be in Lp for 


some @ such that li o<@ 7@f there exists, as a finite number, 
1 


WA ={ pez J erac!" 


DEFINITION 2. An integrable function f(x) will be said to be in La if 
there exists, as a finite number, 


lo (f') = upper measurable bound of | f(x) |, 
a. e. a number such that the sets of points x for which 
F(a) | >lo(f)+e, | f(x)| > le(f)—« 


are respectively of zero measure and of measure greater than zero for all 
e>0. 
DEFINITION 3. The notation 


fle) = 1m.) fr(@) 


shall mean that f(x) and all the functions fr(x) are in the same Le for 
some @ such that 1< oe =<, and that 


‘Received September 5, 1930. 
? National Research Fellow. 
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lim lo(f—fr) == (). 


DEFINITION 4. For any integrable f(x) we shall set 


; { f(x), —v<ua<y, 
(v) =: 
fe) | 0, otherwise. 





THEOREM la. If f(x) is in some Le where 1 <e@<@, then 
S(@) = 1.m.(@) f(a). 
v—>oo 


Proof. This theorem is an immediate consequence of the additivity of 
the Lebesgue integral as a function of the region over which it is extended. 
THEOREM 1b. If f(x) is in Le and if lim f(x) = 0, then 
|a|—>oo 


Sie) = 1 m. (oo) f(z). 


DEFINITION 5. We set 
0 





i 1<e@<@, 
eats oe, e= i, 
1, 9 =o, 


DEFINITION 6. We shall set 
Wh) = p= f _ F@)g@) az 


when this expression exists. 
We recall the following theorem from the theory of convergence in mean. 
THEOREM 2. If, for some @ such that 1<e< om, 


f(a) = 1. m. (@) fo (xz), g@) = 1. m. (@') gv (x), 


then 


QS, 9) = lim Qf, gr). 


2. We turn now to the study of a class ® whose elements are the 
functions 
g (x) oa GJa,x, (2) ee ileus pilin: Mintel ( a>0, ). 
0, otherwise. —O<KMy< Hw 


It is readily seen that 


“ - - 
Ja, x, (1) = L. fa (:—2) Pa (x— 2 —2} dt 
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where 
1, |zi<a, 


0, otherwise. 


Ga (x) = 


Noting that the functions gq differ from zero only in finite regions we 
can justify the inversion of an order of integration and the replacement 
of an iterated integral by a double integral and so find that 


ae a dada 
Q(S, Ja,x,,) -_ Von ff S(e@+y)dxrdy 


for any integrable f(z). 

THEOREM 3. If f(x) is integrable and if Q(f, g) = 0 for all functions gq 
in ®, then f(x) = 0 almost everywhere. 

Proof. Tf f(ao)+0, then f(x+y) as a function of the two variables x, y 
differs from zero along the line x+y — a2. Hence if f(x) +0 on a set 
of one-dimensional measure greater than zero, f(#+y) +0 on a set of 
two-dimensional measure greater than zero. The latter situation is im- 
possible since, under the hypotheses of the theorem the double integral 
of f(«+y) must vanish over all squares. 

THEOREM 4. If we set 


1 sa Fe 
G(u) = Ga,x, (U) = ion if Ja,x, (x) e*™ da, 
o/ eJ— 


then 


1 = ” 
—7) = —r7) = = Gao a 12 1 : 
g(—2) = Ga,x,(— ) “sp { a, (U) du 
and 


G(u) = 1. m. (e) G (w) 


v—>o 
Jor die, LSeosem. 
Proof. We readily make the calculation 
1 (? sin au ) z ira 


(On u 





Gu) = 
(w) 7 


From the trigonometric identity 


2sin? a cos2b = sin?(a+b)+sin?(a—b) —2 sin*h 


oe . 9 
sin aU \~ 
1 (saan) d | as a 
T J—x u 


and the fact that 
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we deduce the result 


1 ie) 
al teu gay 
Von f. G(u) em du 
ae a+ ft |4/q—2te —\xr+% 
ar f2a—|x+ |, x+%|\< 2a, 
I 0 , otherwise, 
—= Ja, zx, (— x) = g(—2). 
Finally we note that the hypotheses of theorems 1a and 10 are satisfied 
for G. This completes the proof of the present theorem. 


3. To establish the identity theorem it is essential to use some such 
precise definition as the following. 


DEFINITION 7. An integrable function f(x) shall be said to have a Fourier 
transform F(u) in Le for some @ such that 1<ecn, if 


F(u) = im. (e) Fy (a) 
where 


F,(u) = tia f tT (a) eda 


—o 


on Sao ™ dz. 


Von Jy 


THEOREM A. Jf f has a Fourier transform F in some Le, 1 Se ®, 
if g is an arbitrary function of ® and if g_(x) denotes g(—<x), then 


Proof. 


Q, f) = a= { ; f{eel~aae 


® e ys 
= x ax { G (uw) ec du 
+ fre xL * (uw) € u 

n wy 


= = f. G(u)d wy I(x) oe dx 
vee Q(G, F,). 





The inversion of the order of integration is justified by the absolute 
integrability of G(w) over (-- 0%, 0). On the one hand, the fact that g 
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differs from zero only on a finite interval and, on the other hand, theorems 1 a, 
1b and 4 enable us to proceed to the limit as »-oo and thus establish 
the present theorem. 

THEOREM B. Jf F is in some Io, 1 < @ < &, and has a Fourier 
transform & in some Ly, 1 Sw < x, and if g is an arbitrary function 
in @, then 

Q(G, F) = QG, 8). 

Proof. 

1 


Q(G”, F) = Von F(u) E(u) du 
% J» 


= wy 00 
sa ae oe nf 9) e~tm dz 


1 io] oy 
— f.. g(x) ar | FO etre dy 
—T Q(9, Or). 


Here the change in order of integration is justified by the fact that all 
the integrals involved are finite integrals. Again we may proceed to the 
limit and establish our theorem. 

THEOREM C. If f has a Fourier transform F in some Ip, 1~e<*%, 
and if F has a Fourier transform ¥ in some Lp, 1 <p <, then §(x) 
= f(— x) almost everywhere. 

Proof. By Theorems A and B, 


Q(9-,S) cae Q(9, &), 





i.e. 
Q(9, 3) — f_.) = 0 

for all g in ®. By Theorem 3, then, ¥(x) = f- (x) = f(—~) almost 

everywhere. 


This theorem and the known fundamental result of the Titchmarsh Fourier 
transform theory,* namely that if f is in some Le, 1<e@ <2, it auto- 
matically possesses a Fourier transform in the corresponding Lg’, establish 
the following 

CoroLLary. If F' possesses a Fourier transform f in some Lg, 1 = 9 ~ 2, 
then F is in Lg, and F_ is the Fourier transform in Lo of f. 





*E. C. Titchmarsh, A contribution to the theory of Fourier transforms, Proc. London 
Math. Soc. (2), 23 (1924), 279-289. For the case ¢ = 1 which is not discussed here see 
A. C. Berry, The Fourier transform theorem in n dimensions, which is to appear in the 
London Math. Soc. Proc. 
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4. All results stated extend immediately to m dimensions, the class @ 
now having as its elements the functions 


g(a, ce es Xn) — Ja, L195° ++; Lng (a1, ee eo, Xn) 


_ II ‘die: tj — Xjo| << 2a, | 





5 ae 0 , otherwise, j 
4) 1 
= a ee 
"ia ee: ie 1 2 ; s 'n 9 
x x 
*< Ga (m1 — SP thy +5 ate — 0 ty) dt = dt 
where 
’ + all |aj|<a, 
Pa (1, +++, Xn) = 0, otherwise. 


After the analogues of Theorems 3 and 4 are established all reference to 
any Cartesian coérdinates may be dropped and vectorial methods employed. 


Brown UNIVERSITY. 











A NOTE ON THE THEORY OF INFINITE SERIES.’ 


By M. H. Stoner. 


Among the theorems which deal with the behavior of general trigono- 
metric series, some of the most interesting are the elementary ones con- 
necting convergence properties of the series with asymptotic properties of 
the coefficients. The four theorems which suggested the results embodied 
in this note read as follows: 


iv.) 
THEOREM A. (Cantor).? Jf the series >’ (dp, cos na + dy sin nx) converges 
n=1 


everywhere on the interval O< 2% <2, then a, and b, tend to zero with 1/n. 
THEOREM B. (Lebesgue).* Jf an and bn do not both tend to zero with 


[2.2] 
1/n, then the series > (an cos nx+b, sin nx) diverges almost everywhere 
n=1 


on the interval OS x< 2a. 
v2) 
THEOREM C, (Fatou).4 Jf the series > \a,cosna+bysinnx converges 


n=1 


oo 
on any closed interval, then the series > (an + \by') converges. 
n=1 


ie,2) 
THEOREM D. (Denjoy-Lusin).° Jf the series > ( an + dn) diverges, 
1 


— 

then the series > a, cosna-+b, sinnx diverges almost everywhere on the 
n=1 

interval OS x 2a. 

It is evident that Theorem A follows from Theorem B, Theorem C from 
Theorem D. In those discussions of Theorems B and D which I have 
consulted, the method of proof consists in the application of a suitable 
elementary property of the trigonometric functions selected ad hoc. 
Theorem B is ordinarily established on the basis of a property summarized 


in its sharpest form by the equation lim sup |, cos nx 4- b, sin ne 
nu—-> 2 


= lim sup Va2-+02, which holds almost everywhere on the interval 
n—-> oo 
0<x2<2a.° The demonstration of Theorem D is made to depend upon 
"Received October 30, 1930. 
* Georg Cantor, Journal fiir Mathematik, 57 (1870), pp. 130-138. 
* Lebesgue, Lecons sur les séries trigonométriques, p. 110. 
‘Fatou, Acta Mathematica, 30 (1906), pp. 335-400, especially pp. 399-400. ; 
* Denjoy, Comptes rendus, 155 (1912), pp. 185-136; Lusin, 155 (1912), pp. 580-582. Lusin 
had published his results in an earlier Russian paper antedating Denjoy’s. 
° Steinhaus, Wiadomosci Matematyczne, 24 (1920), pp. 197-201. 
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an appraisal of the integral J cos nx dx taken over a measurable set e. 
e 


As a matter of fact, this integral behaves in such a manner that it can 
be used in constructing a proof of Theorem B as well. In view of the 
fact that both Theorems B and D thus have the same source, it seemed 
desirable to examine more carefully the logical relations connecting all 
four theorems. The four theorems in the theory of infinite series which 
resulted from this examination are the subject-matter of the present note. 

Let FE be a bounded Lebesgue-measurable set of real numbers and let 
‘un (x)} be a uniformly bounded sequence of Lebesgue-measurable functions 
defined on the set L. We shall denote by M the least upper bound of 
the set of numbers | w,(7) ; by e an arbitrary Lebesgue- measurable 
subset of EL; by «(e) the measure of the set e; and by 4(e) the number 
lim inf | un(x)|dx = 0. In order to state our theorems in simple form it 
n> 
will be convenient for us to introduce certain preliminary definitions. With 
a view to their immediate usefulness we express the first and third “efinitions 
in terms of an arbitrary set e, the second and fourth in terms of the 
given set #. This differentiation in form is superficial rather than sub- 
stantial. 

DEFINITION 1. The sequence {uy} is said to have the Cantor property 
on a set e if, whenever the series D4 AnU, converges almost everywhere on 

n= 

e, the coefficient a, tends to zero with 1/n. 

DEFINITION 2. The sequence {tn} is said to have the Lebesgue property 
on the set E if, whenever {a} is a sequence for which lim sup | a,| differs 


n> oo 


i°2) 
Srom zero, the series >) anu, diverges almost everywhere on E. 
n=1 


DEFINITION 3. The sequence {uy} is said to have the Fatou property on 
3 

a set e, if whenever the series > | anitn| converges almost everywhere on e, 
n=1 


Ra | 
the series > | an| converges. 
n=1 


DEFINITION 4. The sequence {un} is said to have the Denjoy-Lusin pro- 
hd . . 90 | . e 
perty on the set E, if, whenever the series > | a,| diverges, the series 
n=1 


v2] 

a | ° 

> | anttn| diverges almost everywhere on the set E. 
n=1 


We shall now discuss necessary and sufficient conditions for each of 
these four properties in as many corresponding theorems. 

THEOREM 1. A necessary and sufficient condition that the sequence {tn} 
have the Cantor property on a set e of positive measure is that 4(e) be positive. 
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2) 
The condition is sufficient. In order that the series } a,» converge 


n=1 
almost everywhere on the set e it is necessary that the sequence { a, u | 


| 
An 
and hence also the sequence fishin nlf should converge almost every- 


1 -t hy | 


where on the set e to the limit zero. By virtue of the inequality 
0<> cat Un) < \Un| < M the second sequence can be integrated term- 
| ar} 
by-term with the result that lim eal Un| dx =O. In view of 
1+ | ay| Je 


nu > eo 


a : ai a 
our assumption that 4(e) is positive, we must have lim sup 7 ——- == (), 
n>o An 


This relation implies that a, tends to zero with 1/n. 
The condition is necessary. If 4(e) vanishes, there exists a sequence 


of integers {n(7)} such that 
nrtiI)>n0r), [run de<i/¥, r= 1,2,8, 06. 


The set of points e, contained in e such that |w,¢)| > 1/2” is a measur- 
able set; by a familiar argument its measure cannot exceed 1/2’. We 
define the set e* = b er; it is measurable and its measure satisfies the 
V+ 
inequality w(e*) < z (e,) << 1/2”. Finally we denote by e* the limiting 
Vv 
set of the sequence {e—e*}; since e*,, is a subset of e*, the set e* exists 
and is a measurable set whose measure is determined from the relations 
w(e*) = lim w(e—e*) = w(e)— lim w(e*) = ee). If @ is an arbitrary 
vo vo 
point in e*, then there exists an integer vy = y(x) such that x belongs 
to e—e* and is therefore in none of the sets ey+41, év+2, @v+s, °°. Conse- 
quently, for this value of x and for r = v+1,v+2,v+3,---, the 
function lunw) (a)| is less than 1/2”. It is now clear that the series 


> unm (x) converges at every point x of the set e*, in spite of the fact 
r=1 


that its coefficients do not tend to zero with 1/n. Since mw(e*) is equal 
to w(e), the sequence {wp} does not have the Cantor property on the set e. 

THEOREM 2. A necessary and sufficient condition that the sequence {tn} 
have the Lebesgue property on the set E is that A(e) be positive whenever 
1(e) is positive. 

This theorem can be restated in the form: a necessary and sufficient 
condition that the sequence {w»} have the Lebesgue property on the set £ 
is that it have the Cantor property on every set e of positive measure. 
When the theorem is viewed in this light, its truth is evident. 

THEOREM 3. A necessary and sufficient condition that the sequence {un} 
have the Fatou property on a set e of positive measure is that A (e) be positive. 
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Pe) 
The condition is sufficient. Let the series >’ | a, w,| converge almost 


n=1 


ed ! . 
everywhere on e and suppose that the series >» |a,| diverges. Then there 
1 


r= 


exists an integer / such that a >0, Jin dx>A(e)/2 for n=l. We 
um n=m 


form the sequence of functions {vm} where vm(x) = 2, |an|| ttn |/ 2, On|. 
a= n= 


Since v» is a weighted mean of the functions |w_,---, | tn), none of which 
exceeds / in value, it must satisfy the inequality 0< v,< M. Our 


hypotheses concerning the two sums which appear in the definition of 
Um require that v,, should tend to zero with 1/m almost everywhere on e. 


In consequence the integral fn dx tends to zero with 1/m. On the 


other hand, this integral is evidently a weighted average of the integrals 


[ ‘ttn! dx, n==1,---,m, each of which exceeds A4(e)/2, and must itself 
Je 
have a value greater than A(e)/2. If 2(e) is positive we have a contra- 


oo 
diction and are compelled to discard our assumption that the series > | a, | 
n=1 


is divergent. 
The condition is necessary. In the proof of Theorem 1 we showed 
that whenever /(e) vanishes it is possible to construct a series of the form 


v2) 
> uno) Which converges absolutely at almost every point of e. This 
ry=1 


series obviously does not have the behavior required by the Fatou property. 

THEOREM 4. A necessary and sufficient condition that the sequence {u,} 
have the Denjoy-Lusin property on the set E is that 2(e) be positive when- 
ever ju(e) ts positive. 

This theorem can be restated in a form in which it is evident: a necessary 
and sufficient condition that the sequence {u»} have the Denjoy-Lusin property 
on the set # is that it have the Fatou property on every set e of positive 
measure. 

By observing the manner in which the number /(e) enters into each of 
these four theorems we can ascertain at once the logical relations between 
them. If we use the notation «> 8, where « and 8 are any two distinct 
integers chosen from the set 1, 2, 3, 4, to signify that when the sequence {tp} 
has the property of Definition « on the set E it necessarily has the property 
of Definition 8 on the set LH, we can represent these relations by the 
scheme 


tN 


= — 


1 
t 
2 


ty 
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The further relations between 1 and 2 and those between 3 and 4 are 
stated explicitly above; they do not lend themselves to such a diagrammatic 
representation. 

Among various modifications and generalisations of these four theorems 
which can be formulated, there is one which is of sufficient interest to 
require some comment. It is evident that the réle played by the number 2 (e) 
can be assigned quite as well to any other number 2*(e) which has the 
property that the equations 4(e) = 0 and 4*(e) = 0 are equivalent. For 
example, if O(z) is a continuous convex function defined on the interval 
0<z< M which vanishes for z = 0 and assumes positive values else- 


where, then the number A* (e) = lim inf I O(\u,|)dx has the property in 
n> 
question: for the well-known inequalities’ 


Livel az) i J.C r0a\) de 


re) /= Ke) 





0<0~@< os, o| 


enable us to write 





i*(e) — O(M)2(0) 


1e(e) Mu(e) 


In practice the special case ©(z) = z* is particularly important. 

The application of our four theorems to the theory of trigonometric 
series is now obvious. By writing a, cos nxa+b, sinna = A, cos n(x— a@,), 
we see that every trigonometric series can be treated as a series of 
functions of the type cos n(a—«@,) and conversely. Thus the study of 
trigonometric series reduces to the study of all sequences {cos n(a— &,)} 
and leads therefore to special instances of the general results given in 
Theorems 1, 2,3, 4: these results are stated in Theorems A, B, C, D respectively ; 
their logical relations must conform to the remarks made above. The actual 
proof of Theorems A, B, C, D must rest upon an appraisal of the number 4(e) 
associated with the sequence {cos n(a— «,)} and an arbitrary measurable 
subset of the interval 0 < 2 < 2a. It is not difficult to establish the 
following exact result: if {a,} is an arbitrary sequence of real numbers, 
{An} a sequence of positive real numbers such that 1/A, tends to zero with 1/n, 
and e an arbitrary set of finite measure, then 





IA 


“(ro 


lim [C08 An (a — &n)| dx = 2yu(e)/2. 


nu—-> 


It is still easier, however, to apply the remarks of the preceding paragraph, 
for we can show at once that 





‘Jensen, Acta Mathematica, 30 (1906), pp. 175-193. 
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lim Jicos? hn(a — ey) dx 


n> @ 


= lim fa — cos24,(x% — @,)) da/2 = p(e)/2 
n—>an ve 

by means of the theorem of Riemann-Lebesgue.® 
Another specialization of our general theorems which is of some interest 
is the following result: if the sequence {u,} is a wniformly bounded normal 
orthogonal set of functions on the set E then it has the Cantor property 
and the Fatou property on the set FE. This result is an immediate con- 


° 


sequence of the equation f, 
e 


examples that such a sequence does not need to possess the Lebesgue and 
Denjoy-Lusin properties. 


uedx = 1. It is clear from very simple 


‘Lebesgue, Lecons sur les séries trigonométriques, pp. 60-61. 








THE UNIFORM APPROXIMATION 
OF A SUMMABLE FUNCTION BY STEP FUNCTIONS. ' 


By R. L. Jerrery. 


1. Introduction. Let R& be a closed and bounded domain in n dimensions, 
and Dj = Li (a1, +++, 2-1, Vist, +++, Xn) the linear section of R for each 
fixed (a1, +--+, %i-1, Vita, +++, Xn). Let the function f be summable on R, 
and a summable function for each Z;(¢ = 1, 2,---, n). It is of some interest 
to know when there exists a step function K such that for a given ¢>0 
we have 


(A) | \f—K\ax<e (¢ = 1, 2, -->, 2) 


uniformly in Lj.” If for every ¢ there exists K satisfying (A), then for 
a given ¢ there exists K such that (A) holds, and at the same time 


2K day vtiine dityn<&. 


This follows from the fact that the multiple integral can be computed by 
repeated integration. In this paper some sufficient conditions for the 
existence of K are determined, and for a certain class of functions conditions 
which are both necessary and sufficient. Incidental to these results the 
necessary and sufficient conditions for the uniform approximation of a 
summable function by means of a bounded function are obtained. 

2. Approximation of a bounded function. Let / be bounded and 
measurable on R, and a measurable function of 2; on each Lj. We prove 

THEOREM I. Let q be an arbitrary positive number and Ey the part 
of R at which the saltus of f is greater than or equal to 4. It is then 
sufficient for (A) that on each L; m(L; Ey) = 0 (¢ = 1, 2,---, ). 

We note that since Ey is closed the part of this set on each Lj can 
be put in a finite number of cells® c; so that m(Zicj) is arbitrarily small. 
It is not immediately evident, however, that there is a finite set of cells ¢ 
containing Ey for which m(Zic) is arbitrarily small uniformly in Z;. In 
this connection we prove the following lemma concerning closed sets in general. 


‘Received August 2, 1930. — Presented to the American Mathematical Society, April 18, 
1930 (Abstract No. 36-5-226). 

? This question came up in a paper on Integral Equations by Hille and Tamarkin, read 
before the society Dec. 27, 1929. See also these Annals, (2) 31, pp. 479-528. 

>Here, and elsewhere, we shall understand by cell a rectangular domain with sides 


parallel to the codrdinate axes. 
239 
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LemMaA I. Let E be any closed set on an n-dimensional domain R.. If 
the measure of the part of E on each I; is zero, then for a given « the 
set E can be put in a finite set of open cells ¢ such that m(Iic)<e uni- 


formly in L; (i = 1, 2,---, n). 


Suppose the lemma is false. Then there exists a number 4>0 such 
that for every possible enclosure ¢ there is some L; for which m(Zjc)> A. 
Let 6,, d2,--- be a sequence of positive numbers tending to zero. Put 
E in cj where dj, the greatest diameter of any cell of cj is less than 4;. 
For each 7 there is some line Li for which m (Lic))>4. From the infinite 
sequence of lines Li thus defined there is at least one sub-sequence for 
which 7 does not change. This sub-sequence has a limit line Z;, and from 
this sequence with a fixed 7 it is possible to select a sub-sequence Li with 
a single limit £;. Let A;* be the intervals defined on Li by the corre- 
sponding sub-sequence cx, of cj, and By the projection of Bi" on L;. Then 
mB; > for each k, and there exists on Z; a set of points 8 with mf ><A 
each of which belongs to an infinite number of the sets of intervals Bi! 
The line Li approaches L;, the diameter of cx, approaches zero, and each 
ce contains at least one point of #. From these it follows that each 
point of # is a limit point of E and consequently a point of H. Thus 
the part of EL on ZL; has measure not less than 4. But this is a contra- 
diction, and the lemma follows. 

We can now employ Lemma 1 to enclose the set Hy in a finite number 
of open cells c where m(Zjc)<y (@ = 1, 2,---, ) uniformly in Z;. Let 
== R—c. Then & is closed, and at each point of = the saltus of / 
is less than 7. Consequently about each point p of = there exists a cell o 
with p as midpoint for which 


Sy) — FP) <4 


provided p’ is a point of on this cell. From the infinite set of cells 
thus defined it is possible to choose, by means of the Heine-Borel theorem, 
a finite set 6 = 6,, 6,,---, 6» containing the points of =. Let p; be the 
mid-point of o;. On o, let K(p) = f(,), and on the part of o; not on 
01, %, +++, Gj-1 let K(p) = S (pj) (j = 2,3,---,m). On R—o let 
kK=0. If then M is the least upper bound of |f— K| on R, it easily 
follows that 


Jf Ki da<qmlitoM (z ne 1,2,---,”) 


uniformly in Z;. 





*'W.H. Young, Proceedings of the London Mathematical Society, (2), vol. 2, p. 26. Also 
Borel, Comptes Rendus, December, 1903. 
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A simple example shows that the conditions of Theorem I are not 
necessary. Let f(a, y) = 0 on the unit square except on the line y = }. 
On this line let f(a, y) = 1 for x rational, and f(x, y) = 0 for ~ irrational. 
For 7<1 every point on the line y = } is a point of Hy. Nevertheless 
the step function K = 0 satisfies (A). 

As a consequence of a known theorem’ there exists a perfect sub-set P 
of R with measure arbitrarily near to that of R relatively to which / is 
continuous. Since # is closed and P is perfect it follows that ZL; P is 
closed, and consequently measurable. Making use of these facts we prove 

THEOREM II. Jf for an arbitrary 4>0 the perfect set P can be so 
chosen that mL; —m(Li P)<4 uniformly in L; then there exists a step 
function K satisfying (A). 

Since f is continuous at each point of P relatively to this set, there 
exists for each point p of P a cell with p as mid-point such that 


(1) IP) —F(P) <4 


for p’ any other point of P on this cell. Since P is perfect we can, by 
virtue of the Heine-Borel theorem, select from this infinite set of cells 
containing P a finite set o = 0,, 02, ---, 6» containing all the points of P. 
On o, let K have the value of f at the mid-point of o,, and on the part 
of o; not on o,---, oj, let K have the value of / at the mid-point of o; 
(j = 2,3,---,m) On R—o let K=O. It then follows from (1) that 
at every point of P we have 


S(p) — K(p)| <4. 
This, and the fact that m(Z;C P)<y gives 


4 S—K\dx = ap \f— K!| dat Lop f—K da<ymli+yM, 


where M is the least upper bound of |f—K'. Since 4 is arbitrary and 
mI; is uniformly bounded, the theorem is established. 


We now state 

Lemma II. Let f be bounded and measurable on the bounded domain R. 
Let p be a point of R, and let wR be a sequence of cells with equal sides 
each of which contains p, and such that mo tends to zero. Let E be the 
part of R for which the ratio 


° 
-, k 
Jo, f dae/mo' 


converges to f(p). Then mE = mR. 
* See e. g. Hobson, Real Variable, second ed., vol. II, § 179. 
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This lemma follows immediately from a known theorem.® The cell w? 
containing p and the smallest cell with p as center containing ? can be 
taken as Caratheodory’s set o(p; ax) and cell q(p; ax) respectively. Then 
for every k we have mo(p; ax)/mq(p; ax) => 1/2”-1, and our lemma and 
the theorem referred to are then identical. 

With the existence of the set # mentioned in Lemma II established, it 
is possible to prove 

THEOREM III]. Let f be bounded and measurable on the closed domain R, 
and such that at each point of R the saltus of f relatively to E is zero. 
It is then necessary and sufficient for the existence of K satisfying (A) 
that for each I; m(L;CE) = 0. 

Since the saltus of f relatively to the set HF is zero at each point of 
R, there exists about each point of R a cell such that for p and p’ any 
two points of EF on this cell we have 


(1) f (P)—f(y')| <4. 

Since RF is closed there exists a finite number of these cells containing 
all the points of A, and consequently all the points of EZ. Since mE = mR 
a cell of this finite set that contains no points of F contains at most a 
part of R the measure of which is zero. We can, therefore, select from 
this finite set of cells a set o = o,, 02, -**, Gm Such that o contains all 
of EL, and all of R except a set of zero measure, and such that each cell 
o; contains at least one point p; of E. On o let K — f(p,), and on 
the part of o; not on 0%, 0, °--, oj+ let K = f(pj). On R—o let 
K = 0. Then at each point p of H we have from (1) 


Sf (p)— K(p) | <4, 
and since m(LiCE) = 0, this gives 


J, S—K \ dx; = fi ilf-K da <yml;. 


Since mJ; is uniformly bounded and 7 is arbitrary, it follows that the 
conditions of the theorem are sufficient. 

As a first step in proving that the conditions are necessary we show 
that a point of CE is a point of discontinuity of f relatively to H. Let 
w? be any sequence of cells with equal sides containing a point p of CE 
for which mw converges to zero. Since mE = mR we can find on 
w? two points px and px of E for which 


mao? f (pr) < J faa < mok f (pe). 
k 


®See e.g. Carathéodory, Vorlesungen iiber Reelle Funktionen, Berlin. 1927, § 446, 
Theorem III. 
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Divide the members of this inequality by mo?. If p is a point of con- 
tinuity of f relatively to & it follows that the first and third members 
of the inequality thus obtained converge to f(p). Consequently the second 
member converges to f(p). But this makes p a point of EF, which is a 
contradiction. 

If then for some L; = Li m(L;CE)>0, it easily follows that there 
exists a number d>0O, a number 4>0, and on Lj a part C/ of CE such 
that m(L} C/) >4, and for p’ a point of C/ we have 


(1) S(p')—f(p) >a 


for all points p of E sufficiently near to p’. Let K be any step function 
on R. For every point p’ of C; there is a cell c on which K is constant 
and for points p of which we have 


(2) K(p) = K(7’). 


Since the cells on which KA is defined have their sides parallel to the 
coérdinate axes, it is not difficult to show that we can choose from these 
cells c a set c’ containing a part C; of C/ with m(LjC))>4/2"—, and a 
sequence of lines Lj approaching Lj such that every line Lj is on each 
cell of c. For a given q the set of lines Z; for which m(L;CE)>, 
has zero measure on the space of x1, ---, ®i-1, Zij1,-++,%n. If this were not 
the case it would then be true that mCE>0O on R. It follows from 
this observation that we can choose the sequence Lj so that m(L{/ CE) < y. 
Let e/ be the projection of C; on Ej, the part of E on Lj. Then 


med >4/2"-1 9, Let ef be the part of e;/ for which 


(3) I (p) —f (pd) | >a —9 


where 7’ is arbitrary. Since e/ belongs to L, and pj; to Cj, it follows 
from (1) and the fact that at each p; the saltus of f relatively to F is 
zero, that for 7 sufficiently large and y” arbitrary we have 


(4) me) > me) —4" > Sar 9 1" 
It is also evident that we have 

(5) Jg\f — Klan = Jy|f—K\ dav, 
and 


(6) f, \f— K| dx = f f[- K dx. 
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But from (2) K(p/) = K(pi). It then follows from (3) and (4) that for 
e sufficiently small the right hand side of (5) and (6) cannot both be less 
than « for all j sufficiently large. 

It is desirable to obtain results which do not require that the saltus 
of f relatively to H be zero at each point of &. However, the following 
example seems to indicate that nothing very general in the shape of 
necessary conditions can be obtained without this or a similar requirement. 

On 0<2<1, OS y<1/2 let f=0. OnOKSe<l, 1/2<y<1 
let f= 1. In this case / is itself a step function. But every point on 
the line y = 1/2 is a point of CL. 

3. Approximation of unbounded functions. Let f be summable 
on R, and summable in «x; for each L;(¢@ = 1,2,---, mn). Then for every 
f there is a bounded function g such that for a given «>0O we have 


fr—rleece 


But unless » can be determined in such a way that we have 
(B) J, S— gi dai <e (¢ = 1, 2,---, m) 


uniformly in L,; there will exist for this function f no step function K 
satisfying (A) of § 1. We are thus led to seek the necessary and sufficient 
conditions for the existence of a bounded function g satisfying (B). 

Let a; be the smallest value of x; on R for a fixed L;. Let 


Fa) = & tdzx. 


It is well known that F(a) is an absolutely continuous function of 2;. 
We now prove 

THEOREM IV. It is necessary and sufficient for the existence of a bounded 
Junction g satisfying (B) that F(aj) be absolutely continuous uniformly in Lj 
(4 = 1,2,---,m). 

Suppose the condition does not hold. Then there exists a number 4 > 0 
such that for every d>0 it is possible to find 7;, a measurable part of 
some L;, with m/;< 6, for which we have 


(1) | faa ed, 

Let » be any bounded function on R. Then there exists 6’>0 for which 
| d 

(2) J pan < = (¢- = §, 8, -«+,@) 


— 


when ml;< 0’. But 


Jur—9 dx; > J faai—J ani z J faor —| gaa. 
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From (1) and (2) the last member, and consequently the first member, of 
this inequality is greater than or equal to 4/2. We conclude, therefore, 
that the condition is necessary. 

For N a positive integer let Hy denote the part of R for which 
—N<f<N. Suppose there exists a number 2>0 and some L; = L; 
for which 
(1) m(Li C Ey) > 4 
for all VN. We show that this cannot be true if / satisfies the conditions 
of the theorem. Let y be arbitrarily fixed, and choose a positive number 
6 <4/2 and such that when m1;<6 we have 


(2) J tanl <9 (@@ = 1,2,---.n) 


uniformly in L;. Let Cj (N) be the part of (ZjC Ey) at which / > 0, 
and Cj(N) the part at which f<0. Then from (1) either mCj(N) > 4/2 
or mCi(N)>4/2. Suppose the first is the case. If 7’ is arbitrary it is 
then possible to choose for each N a part C/(N) of C/(N) for which we 
have 
(3) 6 — y< mCi (N)<o. 
But on CEy f >wN. Hence 
fda > NmCG(N), 
YCi(N) 
and for N sufficiently large this, with (3), contradicts (2). We conclude, 
therefore, that if / satisfies the conditions of the theorem it is possible 
for a given ¢ to find N such that 
m(li CEy) <6 (¢ = 1,9, -+-, 2) 


independent of L;. Let » —f on Ey and » = 0 elsewhere on &. Then 


J, \t—olda =f fold tf og olan = fi faa 
We thus see that the conditions of the theorem are sufficient. 
If f is summable in 2; for each Z; then for Z; fixed 


eh 
[ taxi 
e 


x; 


converges to zero with / independent of z;. If the conditions of Theorem IV 
are satisfied this convergence is uniform in Z;. We give an example to 
show that the converse of this is not true, and thus establish the fact 
that the uniformity of this convergence is not sufficient to insure the 
possibility of the uniform approximation of # by a bounded function gy in 
the sense of (B). 
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Let R be the unit square. Let x, ye,--- be a sequence of values of 
tending monotonically to y—1. Let each y, be the mid-point of an 
interval 6, on the interval 0 < y < 1 where the intervals 6, have no points 
in common. Let f(x, y) = 0 on R&R except when y is on an interval of 
the set 6,. For y on an interval of this set let f(a, y) = n when 
k/n—1/n?<a<k/n (k = 1,2,---,n), and f(w, y) = 0 for the remaining 
values of c on O<a2<1. For y on 0, let ey be the set of x-points for 
which f(z, y) =n. Then me, = 1/n, and 


Ire. y) dx = 1. 


But for such values of y 


rth 
[. Sa, y) da <h+2/n, 
independent of x. 
Let f be summable on #. Let « be a point in the space of the coér- 
dinates 71, +++, %i—1, Vita,+++, Xn. Let 


Ape, t) =f \ fle, +h) —S(e, «)| dar. 


Lebesgue shows‘ that for a fixed a Af(a@, h) converges to zero with h. 
Hille and Tamarkin have shown® that a necessary condition for the uniform 
approximation of f in the sense of (B) by a continuous function is that 
A;(e@, h) converge to zero with h uniformly in «. An analogous method 
can be applied to the problem of approximation by step functions. We 
state the result without proof: 

THEOREM V. Let f be summable on R. It is then necessary for the 
uniform approximation of f in the sense of (A) by a step function K that 
Ay(@, h) converge to zero with h uniformly in a. 

A simple example shows that this condition is not sufficient. Let 
J (x, y) = 9 on the unit square except on the line y= 3. On this line 
let f(x, y) = 0 for x rational, and f(x,y) = 1 for x irrational. Exterior 
to the unit square let f(2, y) = 0. 

It is easily verified that the condition of Theorem V is satisfied. But 
it is evident that no step function exists which approximates f(z, y) in 
the sense of (A). 

An example has been exhibited by Hille and Tamarkin® which establishes 
the existence of bounded functions for which Ay(@, h) does not converge 
to zero with h uniformly in «. 


7 Lecons sur les séries trigonométriques, p. 15, 
‘loc. cit., pp. 511-512. 
* loc. cit., p. 512. 
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ON THE INVERSE FUNCTION OF AN ANALYTIC 
ALMOST PERIODIC FUNCTION.' 


By Haratp Bonr. 


In the present paper I shall prove a general theorem stating that under 
certain general conditions the inverse function of an analytic almost periodic 
function will again be almost periodic. 

I have divided the paper into five sections. In § 1 I give a short resumé, 
omitting proofs, of that part of the theory of almost periodic functions 
which underlies the present investigation. In §2 I give the exact formulation 
of the inversion theorem, and in § 3 I give another version of this theorem 
which is better adapted to the proof. §4 deals with a lemma which is 
closely connected with our inversion theorem and which is of special interest 
in itself. Finally in §5 I give the proof of the inversion theorem; after 
establishing the lemma in § 4 this proof presents no further difficulty. 

1. I shall begin the resumé of the theory of almost periodic functions 
by considering functions of a real variable ¢. Here the definition of 
almost periodicity runs as follows: 

A function f(é) = u(é+iv(t), continuous for —o<t<o, is called 
an almost periodic function if to any given «> 0 there exists a length 
1 = /(e) such that every interval ,<t<¢,+/ of this length contains at 
least one translation number t =.r(e), i. e. a number rc satisfying for 
—an<t<+o the inequality 


ISt+n—f@| Se. 


A main theorem in the theory of almost periodic functions states that 
the class of these functions, characterised in the above definition by 
“translation properties”, can also be characterised in a quite other way, 
namely by “oscillation properties”. Infact, denoting as an “exponential 
polynomial” every finite sum of pure oscillations, i. e. every sum of the form 


N . 
P(t) = > ane" 
n=1 


with real exponents 2, and complex coefficients a,, we have the following 
proposition, the so called approximation theorem: 
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~~ 


The necessary and sufficient condition that a function /(¢), defined for 
all values of ¢, may be approached uniformly for —0o <t<o by ex- 
ponential polynomials is that f(¢) is almost periodic. 

That the condition of almost periodicity is a necessary condition for 
the approximation in question is fairly easy to prove; the real difficulty 
involved in the approximation theorem is to prove, that the condition is 
also a sufficient one, i. e. that every almost periodic function can be 
uniformly approached by exponential polynomials. The key to the proof 
of this latter fact is the theory of Fourier series of almost periodic 
functions: 

With each almost periodic function /(é) is associated a certain infinite 
series of the form > A, e’4"* called its Fourier series; we may write 


f(t)~> An At, 


Here the numbers 7%, occurring as exponents are real numbers (which may 
for instance lie everywhere dense on the real axis). These numbers 4, 
are called the Fourier exponents of the function f(t). In several 
investigations it is not just the set of Fourier exponents -7, but the larger 
set consisting of all numbers of the form 


nA + J2 Ay + sets + 9nAn, 


where the coefficients g,, gz, --- are integers, which is of importance. This 
latter set we call the module of the Fourier exponents of the function /(?), 
or more shortly the module M; of the function /(é) itself. 

There exist interesting relations between the translation numbers r(é) 
of an almost periodic function and its Fourier exponents 4,. We shall 
here only mention a single consequence of these relations which we have 
to use later on: The necessary and sufficient condition, that the module M, 
of a given almost periodic function g(t) is contained in the module WM; of 
another given almost periodic function f(¢), is that the almost periodicity 
of g(t) is “majorised” by the almost periodicity of f(¢) in the following 
sense: to each «>0O there exists a d>0O such that every translation 
number ¢ of f(t) belonging to d is at the same time a translation number 
of g(t) belonging to «. 

Many simple operations with almost periodic functions lead again to 
almost periodic functions and run parallel to the corresponding formal 
operations with the Fourier series of the functions; for instance the sum 
and the product of two or more almost periodic functions are again almost 
periodic functions and their Fourier series are obtained from the Fourier 
series of the given functions by formal addition and multiplication. Further 
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the limit function /(¢) of a sequence of almost periodic functions /, (¢). 
uniformly convergent in —o <¢< ©, is again an almost periodic function 
and its Fourier series can be deduced from the Fourier series of f,(¢) by 
a formal limiting process; in particular we observe that f(t) cannot have 
any number as its Fourier exponent which is not also a Fourier exponent 
of one of the functions /, (¢) (in fact of all the functions 7,,() from a certain 
stage onward). 

We now consider analytic almost periodic functions of a complex 
variable z= r-e®%. We denote by S, the Riemann surface of the function 
logz, i. e. the surface with infinitely many sheets characterised by 0<r<, 
—x<60<-+o, and (when 0< 7 <7; <@) we shall denote by (7;, 72) 
the part of the Riemann surface S, determined by 7 <r< rz, —w<O0< +a, 

A function f(z) analytic in (7, rz) is called almost periodic in (7, rs) 
if to any ¢>O there exists a length 7 = J(«) such that every interval 
0,<6<6,+1 contains at least one translation number + = r(e), i. e. 
a number t satisfying for all z in (7;, 72) the inequality 

IS(@-e*) —f@| < «. 
In other words: for every fixed 7 in the interval 7,<7 <7, the function 
F, (6) = f(re®) shall be an almost periodic function of the real variable 4, 
and the almost periodicity shall hold “uniformly” in 7,<r< 7. 

For the sake of abbreviation we shall say about a function /(z) that it 
has a certain property (for instance almost periodicity) “in [r,, 72]” if for 
every choice of r’, r” satisfying the inequalities r,<7’<r"< 7, it has the 
mentioned property in (7’, 7”). Similarly we shall say that f(z) has a 
certain property in [7,, 72) or in (7, 72] if for every choice of 7’ in the 
interval r,;<7’< rz it has the property in question in (7’, 72) or in (rm, 7") 
respectively. 

In the case of a complex variable the approximation theorem runs 
as follows: 

The necessary and sufficient condition for an analytic function /(z) to 
be almost periodic in [7,, 72] is that f(¢) can be approached uniformly in 
(1, 72] by means of “irregular polynomials”, i. e. finite sums of the form 


N q 
\’ A 
a ane 


n=1 
with real exponents 2,. 

In the proof of this approximation theorem the notion of the “irregular 
Laurent series” — or, as it is usually called by the author, the Dirichlet 
series — of an almost periodic function f(z), plays a fundamental role. 
With each analytic function f(z), almost periodic in [7, re], is associated 
a certain irregular Laurent series 


18* 
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Po An gAn 


with real exponents 4, which series (just as in the special case of an 
ordinary Laurent series z A, 2") for any fixed r in 1,><r<ry gives us 


the Fourier series of the function JF (ré®) regarded as an almost periodic 
function of the real variable 4: 


f (ré®) sel Zz An pAn : et Ane 


Thus the exponents 4, of the function f(z) are completely known if we 
only know the Fourier exponents of the function (re) for one single 
value of » in 1,><r<‘rz. In the case of an almost periodic function /(z) 
of a complex variable we shall still denote the module of the exponents 
Ay by M;. 

For our present purpose we are only interested in the case r, = 0 (or 
in the analogous case r, = 0). Here we have, as proved by the author, 
the following theorem completely analogous to a fundamental theorem of 
Weierstrass on ordinary Laurent series. 

For analytic functions f(z) almost periodic in [0, 72] there are just 
three possibilities: 

1°. As r>O the function f(z) will tend to a finite limit c, uniformly 
in —0o<0<o,. This case will occur if and only if the exponents 4, 
of the function f(z) are all > 0, the limit c will then, as might be expected, 
be the constant term in the Dirichlet series of f(z) (this means of course 
the number 0 if there is no constant term, i.e. if all the exponents 7, 
are >0O). Furthermore f(z) will then be almost periodic not only in 
0, v2] but even in (0, 79]. 

2°. The function 
—«o<@<0. This case will occur if and only if there are negative 
numbers among the exponents 4, and among these a numerically greatest one. 

3°. For every arbitrary small r*>0 the values of the function /(z) in 
(0, r*) lie everywhere dense in the whole complex plane. This case will 
occur if there exist negative exponents -/, but among these no numerically 
greatest (i.e. if either the lower bound of the exponents is —, or this 
lower bound is a finite negative number which however does not itself 
belong to the exponents). In this case we have the analogue of Picard’s 
theorem; in every domain (0, 7*) the function f(z) takes every complex 
value with at most one exception. 

2. It is with case 1° of the theorem mentioned above that our inversion 
theorem deals. In order to state the content of our theorem as clearly 
as possible we shall introduce the following notation: 
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If f(z) is an analytic almost periodic function in (0, 72] whose exponents A,, 
are all positive (i.e. >O and not merely >0) and which has a smallest 
exponent 4>0, we shall say that it has a “normal” almost periodic 
singularity in the pont z==0Q. In this case f(z) can be written in the 
form f(z) = 24. f,(¢)(4>0), where the function f,(z) is almost periodic 
in (0, 2], has all its exponents > 0 and possesses a constant term + 0. 

Furthermore — in contrast to what is generally done in the theory of 
analytic functions -— we shall attach the branch point z = 0 itself to the 
Riemann surface S, where (as in the simple case of an algebraic singularity) 
it shall count as just one point; and, in case of a function f(z) which 
has a normal almost periodic singularity at z= 0, we shall say that /(z) 
in this point z = 0 has the value 0 (i. e. the limit value of f(z) for z>0). 

Finally, for any r* >0, we shall mean by the neighbourhood E,« of the 
point g = 0 the domain obtained from (0, r*) by adding to it the point 
z=. Similarly, when in our theorem below we denote another complex 
variable by ¢ = ee and its logaritmic Riemann surface by S¢, we shall 
mean by the neighbourhood E+ (e* > 0) of the point £ = 0 the set of 
points on S¢ consisting of all points 0< @ < e*, —w << om together 
with the branch point ¢ = 0 itself. 

With the help of these notations we can express the proposition, whose 
proof is the purpose of the present paper, in the following way: 

Inversion theorem. Let ¢ = f(z) be an analytic almost periodic 
Junction in a domain (0, rz] which has a normal almost periodic singula- 
rity at the point z= 0. Then for sufficiently small r* >0 the function 
¢ = f(z) will represent the neighbourhood E,« of 2 = 0 on a simply covered 
(“schlicht”) domain D of the Riemann surface Sz, which domain D_ will 
contain a complete neighbourhood Eg of the point £ = 0. Hence inside 
this latter neighbourhood E+, we can speak of the function 2 = g(f) in- 
verse to the given function ¢ = f(z). 

This inverse function z = g(f) will (at any rate for sufficiently small 
e*) be analytic and almost periodic in (0, @*] and have a normal almost 
periodic singularity at ¢ = 0. 

Furthermore, if 4 > 0 denotes the smallest exponent of f(z) and M > 0 
the smallest exponent of g(t), then 


u=—2 


A? 

and if we write f(z) in the form f(z) = z4. #.(z) and g(t) in the form 
g(t) = C9, (0), the modules of f,(2) and of g:(S) will be connected by 
the equation 


My 


1 


s° 
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3. In investigations on almost periodic functions of a complex variable 
— and in particular in the proof which follows of the inversion theorem 
just stated — it is convenient, in order to get the independent variable 
to vary in a “schlicht” plane instead of on a Riemann surface, to apply 
the transformation z = e° (or log z = s = o+if#) by which the Rie- 
mann surface S; will be represented on the simply covered s-plane (the 
two points z = 0 and z = © corresponding to the “points” « = —x 
and o = +c respectively). If we regard our functions in this way as 
functions of s instead of as functions of z the notion of almost periodicity 
will of course be slightly changed. The definition in the new form (which 
is, by the way, the definition usually adopted by the author) runs as 
follows: 

Let —»< 0, << o,~-+o and let f(s) = f(@+7t) be an analytical 
function of s in (o,, 2) i.e. in the strip 6, <o<o,. Then f(s) is said 
to be almost periodic in (0,, 6) if to any ¢ >O corresponds a length 
7 = I(e) such that each interval t,< ¢< ¢,+/ on the ¢-axis contains at 
least one translation number + = r(e), i.e. a number ¢ which for all s 
in (6,, 62) satisfies the inequality 


f(etin—f@)\<«. 


Furthermore, if for every (o, <)o’’ <o, the function f(s) is almost 
periodic in (o,, o’’) we shall say that f(s) is almost periodic in (6,, 63]. 
To every function f(s), almost periodic in a certain strip, belongs a Dirichlet 
series 


I (s) oe pa An eAns 


In complete analogy with the notation introduced in § 2 we shall say that 
a function /(s), analytical and almost periodic in a certain halfplane (— ©, os], 
has a “normal almost periodic singularity at o = —oc” if all the ex- 
ponents 4, are positive and there exists a smallest exponent 4>0, in 
other words, if f(s) can be written in the form e4°. Ji(s) (4>0) where 
Ai (s) is again almost periodic in (— 2%, oy], has all its exponents >0 and 
one exponent just equal to 0. Then we have the following alternative 
version of the theorem stated in § 2, which is in fact the same theorem 
expressed in other terms, as the reader will immediately see by replacing 
s by logz and w by log¢. 

Alternative form of the inversion theorem. Let £ = f(s) be almost 
periodic in (—, 63] and have a normal almost periodic singularity at = — ©. 
Then for a sufficiently large negative o* the function f(s) will be +0 in the 
halfplane (—, o*), and the function w = log f(s) (t.e. an arbitrarily chosen 
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regular branch) will represent this haifplane «<o* on a non overlapping 
domain in the plane of the variable w = u+iv which will contain a certain 
halfplane u< u*, such that for u<u* we can speak of the inverse function 
s = h(w) of the function w = log f(s) and hence also of the function 
z= = eo) = g(w). 

This latter function z = g(w) will (at any rate for sufficiently large negative u*) 
be an analytic almost periodic function of win (—«, u*] with a normal almost 
periodic singularity at u == — oo, 

Furthermore, if 4>0 and M>0 denote the smallest exponents of f(s) and 
q(w) respectively, and f(s) = e48 . £(s), g(w) = e.g, (w), we shall have 


: My, . 


1 
M = — and My, = 7 


A 

We conclude this section by mentioning some wellknown facts concerning 
analytic almost periodic functions f(s) which we shall have to use in the 
following proofs. Some of these facts are in themselves of minor importance 
and some are implicitly contained in the short general resumé given in § 1. 
It may however be convenient for the reader to have these facts stated 
in the form in which we have to apply them later on. 

If f(s) is almost periodic in (—, o,] and its exponents are all > 0, 
then f(s) is uniformly continuous and bounded in (—, o,] and its derivative 
J’ (s) will tend to 0, uniformly in ¢, as o>—o. On the other hand, if 
a function f(s), almost periodic in (—, o,|, is known to be bounded in 
(—, 63], all its exponents must be > 0. Moreover, if f(s) is analytic 
and bounded in (—oo, o,] and for some value o/< o; is almost periodic 
in (—, oy], it must necessarily be almost periodic in the whole half 
plane (— ©, og]. 

If f(s) is almost periodic in (—, o,] and all its exponents are = 0, 
then the function g(s) = e/® will also be almost periodic in (—%, 93], 
have all its exponents > 0 and have one exponent equal to 0; further- 
more, the module M, will coincide with the module My. On the other hand, 
if f(s) is almost periodic in (—, 0], has all exponents = 0 and one 
exponent = 0, then for sufficiently large negative o* the function /(s) 
will be +0 in the halfplane (—oo, o*) and the function h(s) = log f(s) 
(i. e. an arbitrary regular branch) will be almost periodic in (—%, o*], 
have all exponents > 0 and M, = My. 

Let f(s) be an almost periodic function in the halfplane (— ©, «+ 4) and 
let g(s) be an analytic function given in some other halfplane (—, 8). 
Then g(s) will certainly be almost periodic in (—o, 4) and its module M, 
contained in the module My, if g(s) is “majorised” by f(s) in the sense 
that to any « >0 corresponds a d>0 such that every translation number 
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of f(s) (c<«) belonging to 6 is at the same time a translation number 
of g(s) (<8) belonging to «. 

Finally, if a sequence of analytic functions fn(s) (n = 1, 2, ---), each 
of which is almost periodic in (—©%, 02), tends to a limit-function f(s), 
uniformly in (— ©, 62), then this latter function f(s) will again be almost 
periodic in (—, o,), and every module M, which contains all the modules 
My, will also contain the module My. 

4. In this section we shall prove a lemma from which our main theorem 
easily follows. 

Lemma. Let a be a finite real number, and g(s) an analytic function 
in the half plane «<a which is almost periodic in (—®, a] and whose 
exponents are all 20. For every a<a, let k(a) denote the upper bound 
of |y(s)| in ox a@. We consider the function 


¢ = f(s) = s+ 9(s) (o<a). 


Then for each a<a the following assertions will be true: 

1° The values z= ax-+iy which the function z = f(s) takes in the half 
plane o<a@ all lie in the half plane x<.a+k(a), and every value z in 
the smaller half plane «<a —k(a@) is taken by the function z = f(s) in 
one and only one point s of the halfplane o<.a. Hence for z varying 
in the half plane x<a—k(a@) we can speak of the inverse function 
s=g(z) to z= f(s), which we write in the form 


s = g() = z—Y) (a <a —k(q)). 


2° This latter function wW(z), which eo ipso is analytic in x< «a—k(a), 
will be almost periodic in (—%, «—k(«)] and have all its exponents > 0. 

3° The module My of the function w(z) will be identical with the module 
Mg of the given function 9(s). 

Proof. The statements in 1. are very easily proved. In the first place, 
since | y(s)|<k(e«) in o<e, it is clear that the value of the function 
ze = f(s) =s+ 9(s) at an arbitrary point s in o<a@ liesinn<a+k(qa). 
Secondly it follows at once from a well known theorem of Rouché that 
the equation 


(1) s+ (s) = %, 


for an arbitrary given point z = a+iy in x<a—k(a), has just one 
root s in <a. In fact, since |g(s)|<k(e) in o<a, it is clear that 
any point s = in o<«@ which satisfies (1) must lie inside the circle 
|s — %| = @ — x (>k(a)) which touches the line o— ca. But at each 
point s on this circle | s— z| = a — a we have | 9(s)| < k(«)<|s—2o|. 
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Hence by Rouché’s theorem the function (s — z)-+ 9(s) has just as many 
roots inside |s—%|—«@— a as has the function s— zg, namely one. 

Before proving the remainder of the lemma, I shall make some pre- 
liminary remarks. 

1) When 1° is once proved—and thus the existence of the inverse 
function s = g(z) (t<(«@—k(a@)) established—we may in our proof of 2° 
confine ourselves without loss of generality to considering arbitrary large 
negative values of @ instead of considering all values «<a. In fact, 
when we have proved that w(z) is almost periodic in the half plane 
(—, d) for one (arbitrary large) negative d we can conclude that y(z), 
for every «<a, must be almost periodic in the whole half plane 
(— «0, a —k(a)] because we know that w(z) (= (s)) is bounded in this 
latter half plane, namely absolutely < k(a). In our proof it will be con- 
venient to take a < a@ (< a) where a has been chosen so near to — © that 


1 
9 (s) <-> for «<a; 


this is possible since g’(s) tends uniformly to zero as c>—@, 

2) Further, we need not bother about the part of the assertion in 2° 
stating that the function w(z) has all its exponents >0. For when we 
have proved that w(z) is almost periodic in (—®, a—k(a)] it is clear 
that its exponents must be > 0 since w(z) is bounded in (— ©, « —k(a@)}. 

3) Finally, as regards 3°, we need only to prove that My is contained 
in My (instead of proving that M, is identical with My); in fact if we 
can show that M, contains My, it follows by symmetry that My must 
also contain My, and hence that My = Mg. 

And now back to the proof! After the foregoing remarks all that we 
have to prove is that, for every fixed a< a, wW(z) is almost periodic 
in (— ©, a—k(a)], and My is contained in My. 

To establish these properties of w(z) we shall first give an explicit 
determination (by a limiting process) of the function s = g(z) = z—wW(2) 
inverse to the given function z= f(s) = s+ (s). In fact we shall solve 


the equation 
z= s+ (s) (x< a—k(a); a < Go) 


for s by means of the method of successive approximation. To this pur- 
pose we write our equation z = s+ (s) in the form 


s = z—g(s) 
and, starting from the function 
8 = go(2) = ¢ = e— We) 
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where W%(z) is identically zero, we construct the sequence of functions 


nz) = 2— e(go@)) = z—g¢ {z—Wo)} = -—W ©), 
gi = 2— 9G: )) “5  — ole = z—Y,2(ez), 


Gui @) = 2—9(0n(0) = z Shik -— Ye (0 = 2— Wai(2), 


It is clear that, for an arbitrary fixed point z in the half plane 2 < « — k(a), 
the successive determination of the numbers go(z) =z, gi (2), ge(2), -- 
can be carried out. In fact, the function g(s) is defined in the whole 
half plane o<a@, and if for some nm the number g, (z) lies in this half 
plane o<@ so that we can build the next number gn+1 (2) = z— 9 (gn(e)), 
this latter number gn+1 (z) will again lie in o< @ because (2))|<k(e). 

Furthermore it is easy to see that the sequence of analytic functions 
W,(z) (and hence also the sequence g»(z)) converges uniformly in the 
whole half plane «<< «—k(e). In fact for an arbitrary point z in 
a<a—k(a) we find 

Wn (2)— Yn) = | 9 {2@— Yun 2} — 9 {2z— Yn ()} 
S | Yn @)— Yn (|. Upper bound y' (s)| 


< |W (2) — Wns (2) > 





and hence 
Wnts (2) — Wn (2) | 


W/\ 


Wy (z) — Wn—2 (2) ® 58 | Wy—e2 (z)— Wn—s (2) 


ya 
pet ig 


WOW)! = HIWO| = sl 


IA 


— +s 


such that for every n > 0 


Writ (z)— Wy, (z)| < a So -k 


where k = k(a@) denotes the upper bound of |g(s)| in o<a@. 

Since the value g,(z), for every nm and every z in x<a—k(a), lies 
in the half plane o<e, it is clear that the limit g(z) = lim g, (z) must 
certainly lie in the closed half plane o< «. 

The limit function s = g(z) = limg, gn (2) thus obtained satisfies our 


equation 
z= s+ 9(s) 


for every z in x<a—k(a@); to see this we have only to let n> in 


2 = Gr (z) + si (gn (z)). 


the identity 
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Further, for any point z in «<a—k(a), the above solution s = g(z) 
= limgn(z) of our equation z= s-+g(s) must be the “right” solution, 
i.e. the unique one which lies in the halfplane o<e@. For we know 
already that g(z) lies in the closed halfplane o < @, and it certainly can- 
not lie on the line = «@, because no point s on this line can satisfy 
the equation z = s+ 9(s) since |y(@+7t)| < k(a). 

It remains to show that ~#(z) really fulfills our assertions, i.e. that 
w(z) is almost periodic in (— «, «—k(«)] and that My is contained in Mg. 

We first observe that it suffices to prove that, for each fixed n, the 
function W,(z) has these properties—i.e. that w,(z) is almost periodic 
in (—«, «—k(«)] and that M,, is contained in M,—because, from the 
theorems stated at the end of § 3, it follows that w(z), being the uniform- 
limit function of w,(z) in the whole half plane x< e—k(e), will then 
also have the properties in question. 

Again, to prove that w,(z), for a fixed m, has the mentioned properties, 
it suffices—also by the theorems stated in §3—to prove that y,(z) is 
almost periodic in (—o, «—k(e«)) in such a way that its almost periodicity 
is “majorised’’ by the almost periodicity of the given function ¢(s) in 
(—o, a). 

And that this is the case we prove by induction. It is certainly true 
for n= 0, since the function Y(z) is identically zero. Assume our 
assertion to be true for w,(z); we have to show that it will then also 
be true for W,11(z), i.e. that to any given ¢>O there exists ad = d(e) 
(which may of course depend on x» also) such that every real number 7 
satisfying the inequality 


@) g(s+it)—g(s)| <9 (for «< «@) 
will also satisfy the inequality 
(3) | Wats (2 + it) ii Wy, +1 (z) < é (for rs &— k(@)). 





To this end we first determine (as we can by the uniform continuity of 
y(s) in o<a@) a number ¢,>0 so small that the inequality 


ly (s')— v(s'")| Se 


‘ a P oan , fT 
holds for any pair of points s’ and s” in o<@ whose difference s —s 
can be written in the form 
gf J’ <= w+ U7] 


, é 
where ¢ is a translation number of y(s) (o<«) belonging to 9? and 


Ln 
VO &. 
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Next, from the assumption made on w,(z) (namely that it is almost 
periodic and that its almost periodicity is “majorised” by the almost 
periodicity of y(s)), we determine to the above number ¢, a number 6, >0 
such that any + satisfying the inequality 


(4) g(s +ir)—9(s)| < 9 (for o<«@) 
will also satisfy the inequality 
(5) lun (e+ ir) — Wn(e)| < & (for c<a—k(a)). 


Then the number 
‘a é | 
5 = Min 14; 4 


will have the desired property; if « is an arbitrary number satisfying (2) 
it will also satisfy (3). In fact let + be an arbitrary number satisfying (2) 
and let z be an arbitrary chosen point in the half plane x< a—k(a); 
we shall show that 
| Wnit(e + it) — Wr4il)| < «. 
We have 
Waits (e+ it) — Wnir(e) = yp {ze+icr— Wpret+in)} — 9 {z— Wn} 


where the two arguments on the right hand side s) = z+ic—w,(z+72) 
and s” = z— wy, (z) both lie in the halfplane o<_@ and where their 
difference s’— s” is equal to 


s'— 3" = it — {W, (e+ ir) — yy, (2)} = itr+y. 


Here t is, by assumption, a translation number of ¢(s) belonging to 0 and 


hence a fortiori to = and ¥ satisfies the inequality 


= Wn (2 + it) — Wp (2) < & 


because t, being a translation number of ¢(s) belonging to 6, is a fortiori 
a translation number of ¢(s) belonging to 6,, and we know that every 
number t satisfying (4) will also satisfy (5). Hence we conclude that 


» (s') — (s")| 


I/\ 


i. €., 


Wnts (2+ it) — Wasi (2)| < «€ 


q. e. d. 
5. By means of the lemma in § 4 we can now easily prove our inversion 
theorem in the form stated in § 3. 








INVERSION AND ALMOST PERIODIC FUNCTIONS. 259 


Let £ = f(s) be the given function of the theorem in § 3, almost periodic 
in (—©, 62] and with a normal almost periodic singularity at o = — o. 
As in the enunciation we denote by .4>0 the smallest exponent of f(s) 
and write f(s) in the form 


f= fe) = 4 -f0), 


where f,(s) is again almost periodic in (— ©, o.], has all its exponents 
= 0 and has one exponent equal to 0. 

By theorems stated in the end of § 3 we know that f(s) and /(s), for 
a sufficiently large negative a, will be + 0 in the halfplane o< a, such 
that for «<a we can speak of the function 


w = logl = log f(s) = As+log f(s) = 4-(s+9(s)) 


where log f, (s) denotes an arbitrarily chosen regular branch of the logarithm. 
Here, again by the theorems in § 3, the function y(s) = 4 log fi (s) will 


be almost periodic in (—*, a], its exponents will all be = O and its 
module AM, will be equal to the module M;. Let us for a moment denote 


, by z, so that we have an equation of the type considered in our lemma 
in § 4 
¢ = s+ (s). 


Then the lemma tells us that, for a sufficiently large negative o*, the 
function z = s+ (s) will represent the half plane «<o* on a simply 
covered domain in the plane of the variable z = x+y containing a certain 
half plane x < x*, inside of which the (analytic) inverse function will have 
the form 

oo wz), 


where w(z) is almost periodic in (— ©, x*], has all its exponents > 0 and 
has its module My, = My. Hence, writing again = for z and denoting 


Ax* by u*, we have 
s= we -~ w vi = = —xz(w), 
A 
where x(w) is almost periodic in (— , u*], has all its exponents > 0 and 


has its module given by 


1 
My — + My = ee iy — A My. 
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The inversion theorem deals with the function 


g(w) = & = e4 gt) = 0A .g (w). 


From the expression on the right hand side we can now immediately 
deduce the properties of this function g(w) as asserted in the theorem. 
In fact, by the theorems of § 3, the function g,(w) = e~%™ is almost 
periodic in (—@, w*], has all its exponents > 0 and one exponent — 0 


w 


and has its module M, — My. Hence g(w) = eA -g:(w) is itself almost 
periodic in (—2, w*], has a normal almost periodic singularity at « = —, 


has its smallest exponent WM = —, and the module M, is given by 


“ 


M, = My = r My, 


which completes the proof. 


STANFORD UNIVERSITY, CALIFORNIA. 
November 1930. 














ON A PROBLEM IN THE ADDITIVE THEORY OF 
NUMBERS. 
(FOURTH PAPER.) 





By C. J. A. Evetyn anp E. H. Linroor. 


1. Introductory. In three recent papers’ we considered the represen- 
tation of a large number as the sum of the M-numbers defined as follows: 


The integer 
n = pi pr... pA 
F,*?, pe 


is said to be a number of class N or an “M-number” when 4;, 42,---,49 << N—1. 
In (I) we stated the following theorem: 
THEOREM 1.1. The number of M-numbers which do not exceed x is 


; x “ 
asymptotic to =-~>- as r> 2H; more precisely, if 


FN) 
4 
l= —-— +26 
Pm > Fay tk@ 
7en 
R(x) = O(a" een" Viog wlogiog = )_ 


where «>0O is an absolute constant. 


Proof. Following Landau’, let « =1 and 


M (t) \"* 
y(x) = max (402) 
teat! t 
t 
where M(t) = > w(m) and «(m) is Mébius’s function. Since* 
m=1 


M(t) = 0 (t ee Viogtloglogt ) 


as t>oo, it is clear that the decreasing function 





y (x) = ~0 (e-eN** Vlog « log log x ). 


Let 
1 
0 (x) = max (ar | () 


* Received September 20, 1930. 
‘Math. Zeitschrift 30 (1929) 4383-448; Journal fiir Math. 164 (1931), Math. Zeitschrift 
(1931), referred to throughout as (I), (II) and (IID). 
?In (1) the factor « N-*? was wrongly given as «/2N’. 
* Handbuch II, p. 306, § 162. 
*“Vorlesungen iiber Zahlentheorie” II, p. 157. 
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so that d(a)>0 and d(x) = O(e-eN ““Viogrloglgr) Tet x be so big 
that d< 1. We have 


m,n 





Zi= 2 vin) 
Msxr nw msax 
dc'/N arin® UD (ar/m)"! JxtIN 1d" 
= 2 wm) 21+ 2 x w(n)— 2 wn) D1 
JxlN - 1/d% 1/N 1 
4 aii tile [N\| + _ 
2 H(n) ar] - +euM(2 “| | M (6x )| bX |. 
In this sum 
bx IN e dx /N 
2, p(n) Fa = 2, je (n) — + O(6 at/%) 


dx /N 


— 9 te a) + O(d2 AN) 


n=1 


IVA + 0(d8x"¥) — x > M (n) — M(n — 4) 














C Fay 7 uw nN 
1 
ar BIN occ. Scena 
Fay + 062") = 2, MO) (—y es 
“ M (62) 
(6a"5} 1° 
Since in the sum on the right 
n>dgls > gan, 
we have there | 
| M(n)| = jo |, < (a) n < On; 
in the last term 
| M(Ox¥¥)| < dX. dgiN = GX+1 gl, 
Thus 
dxilN 1 
—_ 1/N N «nia 
p w(n) | eayy +082") +0 (x 3 2," sal 
N41 »1/N 
+0(x : ia 
(1.11) 1 
= 1/N ee See aN 
Tan += i wer) + 002 ) 
jN-1y N 
= + O0(b2'%), 


Fw) 
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1/d% 1/N 
Secondly, in >; M (=) each argument 


and thus each term 


u((2)") . aw (2) 
| m = m/} °* 


Whence 
at | 1/0 
1/N ' 
M (=) b ( — 
r | ‘ \ 2, mun 
(1.12) pase 
= 0(a yN , in) 
=F O(b 2%), 
Finally 
F 3 ee ee 
(1.13) M (62) FS = 0(a" 1 pli , _ 
= O(da%), 
From (1.11), (1.12), (1.13) we have 
&! = FUN) + 0(6z"%) 


and since 6 = O(e-@ *" Viegxloglogz) the theorem follows. 

The determination of a lower bound for R(x) is of interest. We first 
prove 

THEOREM 1.2. As w7>®, 


ee 
R(x) +O (_.2% 
Jor any 0>0. 


Proof. We may suppose 0<d0<1. Let 


e(n) = 1 +» an M-number, 


= 0 otherwise 
and suppose 


E(x) ee D e(n) = —, tw) sola aS 
n=1 
Then will 








> a(n) Pe > E(n) — E(n—1) 


n=1 n=1 ns 


BY nme e3 ae pie 
2, — ( ns (n 4- iy) ode (m ; n-+1)° ay) 
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— n 1 1 1 m 
fs (n+ iF) * (m+1)° CCN) 





m 1 sy me 1 oy-? 
+ A ean v4) 4 (mn +1 olmes~") 


n=1 














7 1 m Se ee. St ~é n-+-1 1 adpce 
¥ t(y) 23 ns =, | v4) [v2 vt . Tr + 1)8 Om ) 
am e(n) > 1 m oe is m — es zits 
2 ns C(N) Pee = 8 0 14 o-5y ) + olm2s ~“) 
n 
tf) 





= 2 
the right side converges uniformly near every s as m>o und so repre- 
sents an analytic function. The left hand side has for o >1 the limit 


_£(s) o(s) a 
E(Ns) CN)’ ; this function must therefore be regular in o > 2 oN O° 


It follows that 


where the terms on the right are all analytic functions of s. If «= 





Cerne nes 
Es) is likewise regular in this half-plane except for a 


pole at s = 1. This is only possible if all the zeros of (Ns) in r half- 
a > 5] withO<e<* : t(Ns) 
has more zeros than ¢(s).° Thus we have a contradiction and the theorem 
is proved. 

Using a slightly deeper result about the distribution of the zeros of 
¢(s) we can prove the sharper 








plane are zeros of ¢(s). But in any strip 


THEOREM 1.3. 


1 
R(x) +0 (29 ). 
Proof. 1. There is a zero of (Ns) on o = sy which is not a zero 
of ¢(s). For® the number of zeros of €(Ns) on o = : with ordinates 


2N 
lying in (0,7') is greater than c, 7. While’ the number of zeros of ¢(s) 


: 1 ‘ : — 
in 0<o<->—e with ordinates lying in (0,7') is 0(7) as T>x. A 


JSortiort this is true on 6 = ——., 
2A 





°H. Bohr and E. Landau, C. R. Paris 158 (1914) 106-110. 
°Hardy and Littlewood, Math. Zeitschrift 10 (1921), 283-817. 
7 Bohr and Landau, l.c. °. 
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1 
2. Now suppose R(x) = o (x24), for ¢ > 1 


C(s) C(s) . — Fam = > Bn)—R(n- 1) 





C(Ns) t(N) £1. ~~ 2 a, n’ 
ic.2) el ) = ie) gion 1 
= Z2O Ge — wrap) = Zo 
This series converges uniformly for o > 0 > sy Hence iy — aay 
is regular in o > oy and in this region 


C(s) = S(s) = Xo (, —1- +39) 


(Ns) C(N) 





as o> ~ by an easy argument. This holds for every ¢; taking ¢ to 


i 
2N’ ; 
be the ordinate of a zero of ¢(Ns) on o = ome} which is not a zero of 
C(s), we have a contradiction. 

2. In our first three papers we attacked the problem of the representation 
of a large number as the sum of s M-numbers and proved in (I) that for 
s = 3 the number of representations 

ns} 1 if estate 

° Vg\n) = —- _ Ss O 2 '2N 
(2.11) s(n) Gp! Bay + (, ) 
as noo, for every ¢ > 0, where 


—1)t4 (—1) 
(2.12 ta) <a ( ( | (1 ‘ i); 
) 8) = [+ Garp IN (+ Grepa 
in (II) and (III) we extended this to the cases s > 2 and sharpened the 
error term to 

“oe 
(2.13) o (not), 


The later treatment of the problem was quite different from that of (1), 
being purely elementary, while (I) was an application of the analytic 
method of Hardy and Littlewood, which consisted in studying the function 


. M 
f(x) 2 x 


8 Compare E. C. Titchmarsh, “The Zeta Function of Riemann”, Cambridge Tract No. 26 
(1930), p. 80. 
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in the neighbourhood of its barrier of singularities |~| == 1. In this section 
we show how, by a refinement of the argument of (I), we can obtain the 
error term 


1, 1 Be 
$6 eS eee 
(2.2) 7) b, 7 = ; 


which is a sharpening of (2.13) when s 2 N+3. We assume that the 
reader is already familiar with the notation and argument of (I) and indicate 
briefly the modifications to be made. 

Our new Farey dissection will ultimately be taken to be of order [n*], 
where 





(2.31) K s—2 si = 

; s—1 N(s—1)’ 
major arcs WN being those for which 

k< a*, 
where 
(2.32) H=1-—K: jee Repaere. See 
s—] N(s—1)’ 
minor ares m those for which 
s"<k = w*. 


For the present, however, we consider quite general H = H(s, N), 
K = K(s, N) subject only to 


O0O< Hi K=1-H< 1. 
Then § 3 of (1) holds with one modification; Lemma 3.3 must be replaced by 
LEMMA A. On «@ mayor arc 


oe 
S@— Wo (x)| << Agy " wre 
Proof. As before 
| a ae oa Ey (k) a_i 2 o 
S(@) (1— X) C(N) I] 1 2 vtx 


, 
pik P 








1 
<Q Ay, ken N -b 8 Ag kirs —_— 


u 


= 
< (Ay: + 8 Ag) n wes : 
That is 





J (zx) — - En(t) I] aa oe Ags <7 . 


1—X ¢(N) 


| po 
plik P 
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Proceeding to the main argument, we have 





va(n) = 5 — aah fe) ar 





(2.41) 
gat l uot > +4 (n) 
where 
‘k(@)) < a POR) tert sed f rer ae 
CP = SZ fro—4@l a+  f ir@oras 
= A? (n)+42(n). 

Since 

Ift— P| < sl|f—vl (FPO +l yey, 
we have 


a(n) SJ max | f— Yo| > J, S@) et dd+ >I, (Welw) | ay 
(2.43) cu m \Rr Jax M JM 


< Pe Pa aad 
by Lemma A and (3.22), (3.4) of (I). And by (3.7) of (J) 
WP (n) < ymax |fa)|* D [| f@)|tas 
(2.44) < on a Ae*s sini {. f(a) Fad 


- —P)(1— 1.4-1- 
& din n8 2)(1—H)-+-1+-€ 


Age ne—D-6-2. € 


(2.43) and (2.44) together give us an upper bound for the error on 





(x) 42 For the error 


gti 





replacing vs(n) by <j 


dy(n) = vse) 


tai mM 2 J. mM 


on replacing each Sa by the integral over the whole circle C we have 
as before the inequality 
(2.45) | ds (n) | <5 n8—-)-G—2H , 


We have now replaced »,(n) by 


1 . dx 
2, 2Qni {“%@ gntt * 
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The error on replacing this by the complete series 


2, oni =z. We (a )- pao 





is less than 4.,n*!~S-?4** by an easy calculation. Since for 
1 1 
adie s—1 M(s—1) 
1 1 1 N—1 
—_ 2 pte teh la 
er gene ee ee 


(s—2)(1—H)+1 = s—2+—+ i T 





we obtain on inserting our special values of H and K 











s—1 i+ i N-1 
(2.5) v3s(n) = ria DI es 7 Ss wall N's-1 N bas 
Since 
a. 1 N—1 — 2N(s—1)—(N+1)(s—1)—(N—1)(N+1) 
N+1 N s—1 N N(N-+1) (s—1) 


(N— 1)(s—N—2) 
N(N+1)(s—1) ’ 


this error term is sharper than (2.13) when s > N+3. 





3. Finally we prove some identities which, though not directly concerned 
in the solution of the main problem, seem curious and interesting enough 
to deserve mention. The first is a recurrence formula for the function 
Ey(n). We observe that the asymptotic equality 


—* 
(s—1)! & cw ) 


which has been established for s > 2, reduces to an identity when s = 1. 
For, setting s = 1 in us of (I), 


Si(n) = It (i+— 7) II i-a = ¢(N) » an M-number, 
p hn Pp Yin — - 0 otherwise. 
This can be written 


(3.1) Ey (n) = a > Ey(k) [] > eee De 


pik e@) 





Vs (n)~ Ss (n), 


which is our recurrence formula. 
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Now suppose ag <1 and consider the a 


Fe Ol] aay FS 





v7 


pik otk) aad - 
4 
oO 
a abs (K) [le 2 Be , 


it is wa by 


me) Aue x: Wai S, a 


o (k) 


et im, > eve [] > a PR 


p\k 


~ 
> 








~ 
: 





A 
iMs IMs Me 
8 
s . we ™ 
-_- 
3 — 
as 
& 
a 
= 
> 
— 
ss 


~ 


and so can be written as 








oo s > 
Ey (k el 

m* FN g - TT oe py = me 

2 E haat (v) Ly 
by (3.1), 

=f). 
Thus for |7|<1 we have the — 
l 

f@) = san > ave Toy eck _@ 

(3.2) . Y 
_ . Wo (x), 





which shows that f(x) is, so to speak, merely the sum of its singularities. 
In the same sad 


x 
[Un p ond 4 i re 7 ile) 
a —M 

- eh FUT $a ie: a ae 


re 
M 


pik . 
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so that f(x) satisfies the functional identity 


(3.3) fe) = za > Ext) [I> ro 2 ys (=). 


Next let 
to(x) —= f(a) — Wo(z). 
Then will 














(3.4) t, (x) = say > Ext) [I oy —% “1 ey To(x@). 
For the ii hand side is 
- say po Ex(k) I oe = (f (a9) — We (xe) 
yp 
Fay > Bx an ye - 
: Ey(k) k 
~ Fa T= sie “4 I] (ar 7) 9@ 
a e—i te —st--- "9" * 
a) T= LI ee tee 





5 ee oe 
= f'(x)— a a I] pr—] 
” we 
= f@)— ca “pean 
= 1% (x). 
An exactly parallel argument shows that if 


. En(k) I]; |] 
\9 = a — = 
Rk, os Po 0 I C(N) 


MSy mie py—1 





is the error term in lemma 2.8 (the “crucial lemma” of (I)), then FR satisfies 
the identity 


(3.5) Bs 


¢ 


; a DF: Ey(k) [Ty D 7 “TX Pre. 


p\k 








THE MINIMA OF INDEFINITE QUATERNARY 
QUADRATIC FORMS.'! 


By ALEXANDER OPPENHEIM. 


1. Introduction. Let f = > axzxixn (dix = ai) be a real quadratic 
form with real coefficients in m variables z,, 72, -:-. x,. The variables 
assume integral values only, the set 0, 0, ---, 0 excepted. One of the 
many problems associated with quadratic forms is that of finding the 
upper bound of L(f), the absolute lower bound of f/, when / runs over 
the set of forms which have a given hessian a = || ax |, a not zero.® 

If f is a positive definite binary form, it is well known that L?<4a/3, 
and that, if equality holds, f is equivalent to the form L(x? + a2y-+ y’). 
Further we can find a form / of hessian a with 4a/3 > L* > 4a/3—e, for 
any positive e, however small. 

In sharp contradistinction to the last result is the behavior of indefinite 
forms. Thus, if f is an indefinite binary quadratic form, then L?< —4a/5. 
Equality implies that f ~ L(z*+a2y—y’). If equality does not hold, 
then necessarily L?< —a, a much stronger inequality. Equality here 
implies f~ L(x? + 22y—y?). And so on. The complete theorem is due 
to Markoff.* It is Theorem 1 in § 2. 

Similar results hold for indefinite ternary and quaternary quadratic forms. 
The first three minima for the former were obtained by Markoff* for forms 
with commensurable coefficients, and extended to the fourth minimum by 
Dickson® for forms which attain their lower bound. The extension to 
forms which do not necessarily attain their lower bound was made by the 
writer.© The results are given in Theorem 2 in § 3. 

In the case of quaternary forms, the problem splits up naturally into 
two parts, for indefinite quaternary forms can have signature zero or + 2. 
One difference between quaternary forms on the one hand and ternary 
and binary forms on the other hand may be noted. In the latter case 
corresponding, say, to L* = —-a, we have just one class of indefinite 
binary forms with this value of Z. For indefinite quaternary forms of 


‘Received May 26, 1930.—Doctoral Dissertation, University of Chicago, 1930. 
“If a is zero, it is easy to see that L = 0. 

“A. Markoff, 1, 2. For an exposition see L. E. Dickson, 2. 

‘Markoff, 3; exposition in Dickson, 2. 

* Dickson, 2. 

®See Dickson, 2. 
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signature +2 with L* = — ‘ a, on the contrary, we obtain two non- 
equivalent classes of forms (Theorem B below). 

My results are contained in two theorems which follow. 

TreorEM A. Let f be an indefinite quaternary quadratic form of signature 
zero, so that a >0. Let L*(f)> pam a. Then necessarily® 


(A 1) | a or [f= = a, 
and + f/L is equivalent to 
e+tert+P—2y?—2yz—22* or 


(A2) » 24+P+at+tyt+2Qzet+32er+2xey+yz 


x —%7 





respectively. 
THEOREM B. Let f be an indefinite quaternary quadratic form of 
signature +2, so thata<0. Let [*(f) =— =a. Then necessarily 


(B1) —L/a = : oo = >. 
In the first case, +f/L is equivalent to the form 

(B2) P@—o?—Y—FV+ert+yite2, —L/a = 
In the second case, + f/L is equivalent to one of the forms 

(B3) a®+art—#+42(y2+yz+2%), 2? +at—f)+y+ye+2, —L/a=-. 
In the third case, + f/L is equivalent to the form 


(B4) *+ay+y?—62+#, —Lt/a = . 


We have immediately the 

JOROLLARY. Let f be an indefinite quaternary quadratic form. Lf f does 
not represent both L and —L (in particular, if L is not attained), or if 
the coefficients of f are incommensurable, then L* <=lal. 

In an earlier (unpublished) paper I obtained the first minima and forms 
in Theorems A and B. An account of this paper appears in Dickson, 2, 
Ch. IX. To this treatise and to Dickson, 1, I refer for expositions of the 
results given in §§ 2 and 3 on indefinite binary and ternary quadratic forms. 

In the case of indefinite forms in five or more variables, no such theorems 
hold, for it is known that all indefinite quadratic forms in five or more 
variables with commensurable coefficients are nul, so that L(f) is necessarily 
zero. Very likely L(f) is zero also when the coefficients of f are in- 
commensurable, but as yet this has not been proved. 


7 Another deduction of (A 1.1) is given in Oppenheim, 1. 
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Method of proof. Since L is the absolute lower bound of f, we have 
f\|2L for all sets of values of a, z,,---, 2, other than 0,0,---,0. 
By means of this condition, we can derive various inequalities between 
the coefficients of f and so determine a relation between Z and a. Since 
aand Z are homogeneous of degrees m and 1 respectively in the coefficients 
of f, such a relation, it is clear, will be of the form LZ” < K(n,s) \a 
where K is a number depending only on nm and s, the signature of the 
set of forms under consideration. 

In practice it is better to take linear combinations of the variables and 
so obtain binary or ternary forms, which are sections of f. Evidently any 
such section, g, will have a lower bound > ZL, since every value of g is 
a value of f. To these sections g we can apply the known results con- 
cerning the lower bounds of binary and ternary quadratic forms. By proper 
choice of these sections, we derive information sufficient to prove 
Theorems A and B. 

To avoid stretching this paper to inordinate length, I assume throughout 
that Z(f) is attained. I have shown elsewhere® in the case of indefinite 
ternary forms how this restriction may be removed. Precisely the same 
type of argument will serve in the present case. 

Sections 2 and 3 are devoted to the results and notions required from 
the theory of binary and ternary forms. 

Section 4 deals with notation and the reduction of the quaternary form 
to a standard form, convenient for the analysis. 

Section 5 is devoted to the proof of Theorem A. The proof of 
Theorem B occupies §§ 6 and 7. 

2. Properties of binary quadratic forms.'® Let g(z#, y) = 
ax*+bay+cy*, which we also denote by [a, b, cl or (a, +b, c). The 
hessian or determinant of q we denote by 4 (q). The discriminant is 
defined by 
(2.1) d = b*—4ac — —4A(q). 


2.1. Definite forms. q = [a, b, ¢] is definite if 4 > 0 being positive 
definite if a >0, negative definite if a <0. 

Lema 1. Jf q is definite, then q has a non-zero minimum which is 
properly represented. 

We say that the positive form q is reduced if 


(2.11) —a<b<a<ec and D>0 if c= a. 


“It f is definite, the lower bound is always attained. 
* Dickson, 2. 
For proofs of the results in §2, see Dickson, 1 and 2. 
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We shall say that qg is reduced in the wide sense if the last condition 
is omitted. 

LemMA 2. Let q = |a, b, c] be positive definite. Let a be the minimum 
of q. There is a unique integer k such that the parallel transformation 
x= X+kY, y = Y carries q into Q = [A, B,C], where Q is reduced 
in the wide sense. 

Plainly A = a, B = 2ak-+b. There is a unique integer */ such that 
—a = —-A< B<a. Since a is the minimum of q and so of Q, we 
have C> A= a. The lemma follows. 

LemMa 3. very positive definite binary form is equivalent to a reduced 
form [a, b, el}. 

LemMaA 4. The least value taken by a positive reduced form |a, b, c] is 
a. Any other value, v, of q, with the possible exceptions of 4a, 9a, --- 
is greater than or equal to c. In particilar, if v/a is not the square of an 
integer, then v>c. Further, in a reduced form, 


a8) a <ac<4 AB, 3acSa(4e—a) <4, 
If y +0, we have 
ax? +bayteyr—ce>axr*—airy +a(y?—1) = ala®— ry +y?—1)>0. 


If y = 0, the values of g are a, 4a, 9a, ---. The first three state- 
ments of the lemma follow at once. The last follows from (2.01) and 
(2.111). 

LEMMA 5. Lquivalent positive reduced forms are identical. 

Similar results hold for negative definite forms. 

2.2. Indefinite forms. == [a, b, c] is indefinite if d > 0 (or 4 <0). 
Let R®? = d, R>O. We say that q is reduced if 


(2.21) 0< R—b< 2a <R+). 
Since R? —b? — —4ac, these inequalities are equivalent to 
(2.22) 0< R—b<2\iec:' < R+D. 


In a reduced form g, a and c have opposite signs. 

Df. Right neighboring form. If the proper transformation x = J, 
y = —X-+KkY where k is an integer not zero, carries q into 7, we say 
that + is a right hand neighbor of q. 

q is called a left hand neighbor of r. 

LemMA 6. Any indefinite binary form is equivalent to a reduced form. 

LemMA 7. Every reduced form has a unique reduced right (or left) 
neighbor. 
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To any indefinite form g = [a, b, c] of discriminant d corresponds a chain 
(yi), extending to infinity in both directions (if the numbers (R-+ b)/2a 
are irrational), of equivalent reduced forms, each form being the right 
(left) hand neighbor of its predecessor (successor). 

LemMA 8. Equivalent reduced forms belong to the same chain. 

Consequently the same chain is determined by any one of its links. 

Notation for chain (gi). We write 


(2.31) yi — [(—)' Ai, Bi, (—) At], Ai >0, By >O (all 4), 


(2.32) Bist Bi = 2gi-1 Ai, gi a positive integer, 

(2.33) Fi = (Gi; gisa,+:), Si = (0, Yi-r, gi-2, «+ *), 

(2.34) Ki = Fi+S; = R/Aitus, Fi —Si = Bi/Aisa, FiS; = Aj/Aiss, 
(2.35) d= FR = Bi+4A;Ai1, R>O. 


The roots of g;(t,1) = 0 are (—)‘/F, and (—)*"/S;. The trans- 
formation « = Y, y = —X+khY, ki = (—)'gi, carries g; into gi+41. 

We suppose that the numbers (R+ B,)/2 A; are irrational. Otherwise 
the chain would terminate. In other words we suppose that neither root 
of the quadratic in ¢, g(t, 1) = 0, is rational. 

LemMA 9. (Lagrange.) The numbers (—)' Aj include all those numbers 
numerically < Rk which are properly represented by q. 

Lemma 9 follows from Lemma 8 and 

Lemma 10. Let q = [a, b, c] be indefinite. Let ja| < +R. There is 
a unique parallel transformation «= X+kY, y= Y, k integral, which 
makes q reduced. 

The transformation x — X+kY, y = Y carries [a, b, c] into [A, B, C} 
where A = a, B = 2ak+b. There is a unique integer k such that 


0<R—B = R—22ak—b<2\A| = 2a). 


Since 2|A|< R, R—B< R, B>O and therefore 2)}A|)< R< R+B. 
The form [A, B, C] is reduced. 

Let L(g) denote the lower bound of |q| for all integral values of z, y, 
the pair (0, 0) excepted. Let (g;) be the corresponding chain. 

Lemma 11. L(q) is the lower bound of the numbers Ai, and is therefore 
equal to R divided by the upper bound of the numbers Ki. 

2.5. Markoff’s Theorem on the minima of indefinite binary quadratic 
Jorms. We consider all indefinite binary quadratic forms f of discriminant 
d= RR, R>0. 
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THEOREM 1. We have the following possibilities: 
" ae : de 
Lif) =VE,  faxf = V 2 (t+ xy —y’); 
, va : : a 
Lif) =VE, feof, =VEC@+2ay—y)); 
, 25d : -_— = 
Lif) = Vai. Sete =" wr Sa*+ lay — dy’); 

- The set fo, fi, +++ continues indefinitely: each fi has discriminant d and 
L(fi) > ; R. Each is proportional to an integral form. Further, if 
L(f)> -R, then f is equivalent properly or improperly to one of the fi. 

Each fi represents both L( fi) and — L(fi). 

Lemma 12. Jf the coefficients of f are incommensurable or if f does not 
represent both L(f) and —L(f), then L(f) < +R. 

3. Ternary quadratic forms. 

3.1. Indefinite ternary quadratic forms. 

THEOREM 2. (Markoff)"’. Let © be an indefinite ternary quadratic form 
of non-zero hessian A and absolute lower bound L(®). We have the following 
possibilities: 


(3.11) D> = = \A| and O~ Q, = (2.4)? (2? —y?— 22+ x2y+ 22); 

(3.12) > = = |A and O~ M, = (2. A) (22?@— y—22*+ y2+22x+2y); 
(3.13) >’ = +/|A| and O~ @, = (2.4) (22? —y?— 22+ 2Qry+22x2); 
(3.14) LF = = {Al and Ow @, = 4 a) (2@—y—224y24+2en+zy); 
or else 

(3.15) TL’ < .30033 | A}. 


Lemma 13. If the coefficients of © are incommensurable or if O does 
not represent both L and —L, then I? < .30033 | A}. 

For @,,---, ®, have commensurable coefficients and represent both L 
and —L. 

Suppose now that @® attains its lower bound Z(®). We may take 


(3.21) ®= ax®tbyYt+c2+2fyzt+2Qgzx+2hay, 
aD = (ax+hy+gz)?+9ly, 2), 
(3.22) gly, 2) = Cy?—2Fyz+ Bz’, BC—F? = aA, 


where |a| = L. Let L>0O. The binary form g is negative definite if 
a4>0 and indefinite if aA4<0. We may suppose that C and aA have 
opposite signs and that » is reduced. By a parallel transformation on 2, 
we can reduce (Lemmas 2 and 10) both the binaries (a, h, b) and (a, 9, ©) 
without altering y. Reduction here may be in the wide sense. 





Markoff, 2 for ®,, ®, and ®;; Dickson, 2 for (3.14) and (3.15). Exposition of 
Theorem 2 in Dickson, 2. 
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Under these conditions we shall say that ® is in standard form. The 
standard form is not necessarily unique. 
Lemma 14. Let ® be in standard form witha>0. Then, if a® = ; A, 


O/a is equal to 
(3.31) (at+sytser—py—sye— Ge: 
and, if a = —A, @/a is equal to 


(3.32) (@e@+fytserPt+iytsye—f2 or (wtiePtyt+ye—2e. 


We may take a= 2 so that d = +12. Since ® is equivalent to ®, 
of Theorem 2, the coefficients of which are integral multiples of | L=}.a—1, 
the coefficients a,---,h and therefore the cofactors B, C, F of ® are 
integers. 

If 4 = 12, » is a reduced negative definite binary form so that 


(3.33) |2F|<(iCl, |2F|<|Bi, BC—F* = aA = 24. 


The indefinite binary forms (a,h,b) and (a,g,c) have minimum a. 
Theorem 1 yields therefore 


(3.34) —C=5o0r—Ce= 8; —B=>5o0r-—B2=8. 


From (3.33) and (3.34) we find B= C=—5, F=1. Since (a, h, b) 
is reduced indefinite, of minimum a, we have 


(3.35) 0<V5—h<a< —b<V5+h, —5 = ab—h®? = 26-2’, 


whence h = 1, b= —2. Similarly g = 1, c= —2. We obtain (3.31). 

If 4 = —12, g is reduced indefinite with C>0 so that B<O and 
(3.36) 0<V12+F<C<Vi12—F, BC—F* = —24. 

The indefinite binary (a, g, c) gives (3.342). The definite binary (a, h, b) 
of minimum a gives C > 3. Using (3.36), we obtain C= 4, F= —3, 
B=—5 or C=4, F=—2, B=-— 5. 

As before, g = 1,c =—2. Since (a, h, b) is reduced positive definite 


and 2b—# = C= 8 or 4, we must have ) = 2,¢=1 orb =2,t=0. 
We obtain the two cases of (3.32). 

Observe that if C is the minimum of g(y, z) then the first case must 
hold. 

LemMA 15. Let ® be in standard form, a>0. Then, 


(3.41) iff a = 24, Oa = (an+ty+e%—Py?— 22’; 
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THEOREM 1. We have the following possibilities: 
xr 


L(f) = Ve, I~ho = V 2 @24+ xy —y); 
L(f) = Vi fap, =VE@P+ 2ry—y’); 


Lif) = VE. fx fe =VE Gat lay —5y); 
-++ The set fo, fi, +++ continues indefinitely: each fi has discriminant d and 


L(fi> ;R . Each is proportional to an integral form. Further, if 
L(f)> + R, then f is equivalent properly or improperly to one of the f;. 

Each fi represents both L(fi) and — L(fi). 

Lemma 12. Jf the coefficients of f are incommensurable or if f does not 
represent both L(f) and — L(f), then L(f) < =R. 

3. Ternary quadratic forms. 

3.1. Indefinite ternary quadratic forms. 

THEOREM 2. (Markoff). Let © be an indefinite ternary quadratic form 
of non-zero hessian A and absolute lower bound L(®). We have the following 
possibilities : 


» 


(3.11) = 7 \4| and O~G, = (2.4)! (22? —y?’— 22+ 2y+ 22); 

(3.12) D> = 2 |Al and D~ My = (2.4)! (2? —y—2+y2e+22x+ xy); 
(3.18) FF = = |A| and O~ @O, = (2.4)* ( 2 Pr — 22+ 2ary+2-2x2); 
(3.14) D> = = \Al and Ow O, = 4 4) (2@—y—224-y242en+2y); 
or else 

(3.15) L? < .30033 | A|. 


Lemma 13. If the coefficients of ® are incommensurable or if ® does 
not represent both L and —L, then L’< .30033 | Al. 

For @,,---, ®, have commensurable coefficients and represent both L 
and —L. 

Suppose now that @® attains its lower bound Z(®). We may take 


(3.21) oO = axv?+byt+c2+2fyz+2gzr+2hzy, 
aD = (ax+hy+gz2)?+9ly, 2), 
(3.22) gly, 2) = Cy’ —2Fyz+ Bz’, BC—F?® = aA, 


where |a| = JL. Let L>0O. The binary form g is negative definite if 
a4>0O and indefinite if aA<0. We may suppose that C and aA have 
opposite signs and that » is reduced. By a parallel transformation on 2, 
we can reduce (Lemmas 2 and 10) both the binaries (a, h, b) and (a, 9, ©) 
without altering y. Reduction here may be in the wide sense. 





Markoff, 2 for ®,, ®, and ®;; Dickson, 2 for (3.14) and (3.15). Exposition of 
Theorem 2 in Dickson, 2. 
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Under these conditions we shall say that ® is in standard form. The 
standard form is not necessarily unique. 
Lemma 14. Let ® be in standard form witha>0. Then, if a = - A, 


O/a is equal to 
(3.31) (e@+syt+ser—ty—sye— 


and, if a = —A, ®/a is equal to 


2"; 


m| or 


(3.32) (ettytsePtiyteye—f2 or (wt+teP+ytye—ie. 


We may take a= 2 so that A = +12. Since @ is equivalent to ®, 
of Theorem 2, the coefficients of which are integral multiples of 5 L= : a=1, 
the coefficients a,---,h and therefore the cofactors B, C, F of ® are 


integers. 
If 4 = 12, » is a reduced negative definite binary form so that 


(3.33) 2F\/<(C|, |\2F|<|Bi, BC—F* = a4 = 24. 


The indefinite binary forms (a,h,b) and (a,g,c) have minimum a. 
Theorem 1 yields therefore 


(3.34) —C=5or—Ce= 8; —B=>ior—B= 8. 


From (3.33) and (3.34) we find B= C= —5, F=—1. Since (a,h, b) 
is reduced indefinite, of minimum a, we have 
a 


(3.35) 0<V5—h<a<—b<V5+h, —5 = adb—h®? = 26-2’, 


whence h = 1, b= —2. Similarly g = 1, c= —2. We obtain (3.31). 

If 4 = —12, g is reduced indefinite with C>0O so that B<O and 
(3.36) 0<V124+F<C<V12—F, BC—F* = —24. 

The indefinite binary (a, g, c) gives (3.342). The definite binary (a, h, b) 
of minimum a gives C > 8. Using (3.36), we obtain C= 4, F=—3, 
B=—5 or C=4, F=—2, B=—5. | 

As before, y= 1,c =—2. Since (a, h, b) is reduced positive definite 


and 2b—¢#2 = C= 8 or 4, we must have b= 2,t=—1orb=2,t=0. 
We obtain the two cases of (3.32). 

Observe that if C is the minimum of ¢(y, 2) then the first case must 
hold. 

Lemma 15. Let ® be in standard form, a>0. Then, 


G41) f a= Fd, Oa = + zyta—qy— 20; 
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(3.42) ff a = +A, O/a = (xt+y+z2)?—2y?—2yz—22’; 
(3.43) if a = =A, O/a = (29+ tyt22—2y—F2?; 
if a& = —2A, Q/a is equal to 

(et eytsytiytsye—fe 


51 

—_ or (w+ Fytettpy?+2yz— 22%; 

(3.52) if a@& = — FA, Oa = (e+e? +y*?+2yz2—22'; 

(3.53) ff a= —yZ4, Pa = @t+zyteeytiytsye—7e. 


In (3.41) and (3.43) we may interchange y and z. The proof of these 
results is similar to the proof of Lemma 14 and may therefore be omitted. 

Lemma 16. Let A>0O and suppose that ® represents L but not — L. 
Then LD? < a A. 

We may take a = ZL and suppose that g is reduced negative definite 
so that BC< <a, 

The binary forms (a, h, 6), (a, g, c) have minimum a, are indefinite and 
do not represent —a. Therefore by Lemma 12, a? < —4B/9, a? < —4C/9. 
These inequalities yield Lemma 16. 

Lemma 16 holds also if ® does not represent numbers arbitrarily close 
to —L. 

3.6. Definite ternary quadratic forms. Let ® be a positive definite ter- 
nary quadratic form. We may suppose that a is the minimum of ® and 
that C is the minimum of the positive definite binary form ¢(y, z). 

Then” 


(3.61) a <= <¢, aC <A, a® < 2A, 





4, Indefinite quaternary quadratic forms. Notation and stan- 
dard form. Let 


(4.1) “= W(x, y, 2,1) = (a,b,c, d,f,9,h, u, v, w) (a, y, 2, 0 


be an indefinite quaternary quadratic form of absolute lower bound m = 0. 
We shall suppose that m>0O, so that necessarily 4(y)+0, and that 
m or —m is attained. Considering if necessary — 4 we may therefore 
suppose that m is represented and plainly properly represented by “/. 
We may take d == m and write 


(4.21) dy == (ux+vy+wz+dt)?+ O(a, y, 2), 


 Korkine and Zolotareff, 1. 
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Oo = (a, B, 7,0, 6, 7) (x, y, 2)’, 
a = ad—vu',.--,e = fd—vw.,---, 


(4.3) n=— L(), n>0.'8 


(4.22) 


We suppose that n is attained’* by @ and we take 


(4.31) a = —n if ® represents — n, 
(4.32) a— nif @ represents » but not —»n. 
Write now 


(4.33) «@ = (axr+ryt+oz)P>+dg(yz), 9g = CyY—2Fyz+ Be, 
where B, C, --- are the cofactors of b, c,---in 4. It is easily verified that 
(4.4) A, = A(O) = aA, A, = A(g) = BC—F* = eA, 


A proper transformation on y and z and a parallel transformation on «x 
puts the ternary form ® into standard form (§ 3). 

By a parallel transformation on ¢, which plainly does not disturb ®, we 
can reduce the three binary forms obtained from ‘/ by putting two of 2, y, z 
equal to zero, in virtue of Lemmas 2 and 10 since d is evidently the 
minimum of any section of 4 when that section represents d. 

In the case of g the reduction is in the strict sense. For other binary 
sections, when definite, the reduction must be interpreted occasionally in 
the wide sense. 

When this reduction has been performed we shall say that % is in 
standard form. The standard form is not necessarily unique. 

Signature. Let S denote the signature of #. Our discussion falls into 
two essentially distinct parts: 


(4.5) § = 0 so that d>O0, © is indefinite of signature —1: 
(4.6) * = —2, A<0, ©® is negative definite; 
S = +2, A<0, © is indefinite of signature +1. 


5. The case S= 0, 4>0, ® indefinite of signature —1. 
(5.1) «a = —n, The binary (a, u, d) has positive discriminant —-4« = 4n 
and minimum d so that by Theorem 1, 


(5.12) ff = =n or a =n. 





‘If m =0, then we can make |d‘#|<}d?+e for any e>0. But d +0 and is the 
lower bound of | ¥|. 
“This restriction will be removed later. 
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Since @ is indefinite of minimum and hessian d?A by (4.4), Theorem 2 yields 


~ 2 2 1 
(5.14) n?/aA = 375 oO 3° 


o 


IA 


Case (5.121) with (5.141) or (5.142). Here, by Theorem 2, we may take 
O(r, y,2) = n(—#—¥t+244+yz2+Azr4+urcy), 


the precise values of 4 and w being irrelevant, and so with an obvious 
change of notation, 


w/d = (uatoytwet+ t+ 2(—at—y+et+tyctizretpry). 


Herein take x =1,y=2z=0. Since | %/d|>1, (w+ o?— =| >1 
for any integer ¢, so that 2u is an odd integer. We may take 2u—1. 
Similarly, by taking x=—=2z=—0,y=1, we obtain 2v—1. Now put 
x=0,y=—1,2=1. We find that 2w~—1 must be an odd integer 
and sow = 0. But now (0, 3, 1, 1) = 0, whereas % has minimum d + 0. 

From (5.121) and (5.143) and from (5.122) and (5.14) we obtain 
respectively 

b<(id@A, &< Zia@A. 

We conclude that, if S=0 and ® represents —n, then 


(5.15) f< S4™ 


= 875 


(5.2) Case a = n. Here @ is indefinite and does not represent —7. 
We suppose that 4% is in standard form. Then g is negative definite 
reduced so that we may suppose 


(5.23) 0<—C < —B, +BC < —C(—B+C) < @A by (2.122). 


The binary forms (@, t, 8), («, o, v) have hessians dC, dB and minimum «. 
They do not represent —«. By Lemma 12 therefore 


(5.24) a << —ldC, a? < —<aB. 


Consider now the ternary form #,~». It has hessian B< 0 and minimum 
d>0O. Therefore it is indefinite and Theorem 2 gives 


(5.26) —@/B = +,2,5, ¢ or <.30033, ’ 


Improvement is possible but not worth while. 
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and similarly from %,—o 
(5,27) —#/C = =, 2=,=,= or <.30088. 


8° 5? 89 25 
Number the cases of (5.26) and (5.27) B,, ---, Bs, Cy, ---, Cs, respectively. 
Case B;C;. Employing (5.23) and (5.24) we obtain 


y 18 —/ 8\6 ¢4\3 64 2A4 4 73 «4 - @& 
(Bs Cs) <x GS y* (3) 2438 PA , d< 2? 59 4< 375 A. 
Case BsC; (i = 1, 2,3, 4). Since % is in standard form, the ternary 
section %,—» is also in standard form. The second parts of Lemmas 14 
and 15 are applicable and yield in the respective cases *® 


(5.28) a/d* = 7(4,,C,), «/d = 1(G), «/d = >-(C,). 


From (5.26), (5.27), (5.23) and (5.28), we obtain 


a/A<(B,, B), dt/A<<(B;), at/A< (By) 
and consequently ‘ 
(Bs Ci) dt < 35 4. 


Case BiC; (i,j = 1, 2, 3,4). In addition to (5.28) we have 
(5.29) a/d? —S + (Bi, Bs), a/d* — 1(Bs), a/d* P ; (By). 


Inspection of (5.26) and (5.27) shows that the only possible combinations 
are B; OC; (i, 7 = 1, 2), BsCs and B,C,. For B,C; and B,C, we have 
respectively 

mas 7 aja s a 

Case B,C,. By the second part of Lemma 14 and the footnote above, 

we have 


(5.31) YP, 9 d(?+a?—z?+2a2+2t+2t), 


(5.32) 9 = da(®+a*—y?+2ry+yt+xb, 
whence 
(5.33) w/d = P+e®—y—2+art+ytt+et+2ary+2x2+2fyz, 
and 
(5.34) A — ; dt [4 “Ss —- 1)?]. 
But 
(5.35) oa = BC<+taA=d@A, ad < 5A, 


! 


‘6 The second case in Lemma 14 is excluded since y?+ yz — }2” represents } fory = 7= 1. 
But by hypothesis « is the minimum of («, ¢, 7). 
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so that 
(5.36) os 7 = §. 
For x = 0,t = —1, y = z= 1, we have #/d = 2f—3 so that 


either 2f—3 > 1, f = 2 (and so f = 2) or else 2f—3 < —1, f<1. 

In the latter case take x —=t—0, y= z=—1. Then W/d = 2f—2 
so that 2f—2< —1,2f<1. 

Put «= 0, t= yin &/d. We obtain the binary form y?+ (2/+ 1l)yz—z* 
indefinite, of minimum unity and discriminant (2/—1)’+4<8. By 
Theorem 1 therefore, this discriminant must be either 8 or 5 whence 
f= + or0. The former value is excluded since #(1, —1, 1, 1) 
= (1—2f)d. 

We are left with f= 0 and f= 2. The form in the latter case trans- 
forms improperly into the form from #—0O when we replace z by —: 
and x by «+2z. But interchange of y and z, an improper transformation, 
does not alter (5.33). It follows that (B,C,) yields the form 


(5.37) W, = d(P+2*- yi — e+ 22x+ Qay+at+yt+et), d‘'=-A 


by (5.34). This is the first form in Theorem A. 
It remains to show that this form actually has minimum d. But 


4ii,/d = (Qa+2y+22+0?+3f —2(2y+2)?— 62", 


and the form X°+ 3 7*— 2 Y*— 6 Z? is not null, as is easily shown by descent. 
Case B,C,. We have (5.32), and by Lemma 15, %,—~o/d is equal to 


(¢+- ; r+z)jP+ ; a®?+2e2—222 or (t+ ; a+ =e)P+ <at+ 2 re — ; 2” 
so that either 

(5.42) @/d (¢-+ ; a+ ; y+z)?+ <a ry? — 2227+ $ xyt2a2+ 2oyz 
or 

(5.43) W/d (t+ ; a+ ; yr : z)?+ ‘ a? — > y* — ° 2+ ryt 2 xz +2oyz. 


Replace in (5.43) x by —.x —2y —3z and t by — tf, a proper transformation. 
We obtain (5.42) with o- i in place of e. Our transformation leaves 


the binary form g = (C, —F, B) unaltered and so still reduced negative 
definite. We may thus confine ourselves to the case (5.42). Now apart 
from a multiplier, g is (24, 12-129, 40) so that 


(5.44) —24<24—249< 24, 0<9<2, 1<2f<5 if 2f = 2041. 


Since #(0,0,1,1) = (2f—2) d, we have either 2f-—2 < —1. 
2f<1 and so 2f= 1, or else 2f—2 >1,2f>3. Now #(0, 1,1, —1) 
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= (2f—4)d. If 2f—4 21, then 2f=> 5 contradicting (5.44). Therefore 
2f—4< —1,2f<3 andso2f=—3. But #(—1,1,1, 1) — (2f—3)d 
so that 2f+ 3. 

The only remaining possibility, 2/— 1, yields the form 


(5.45) UW, = d(2?—y’?—22?+ #4+rt+yt+22t+32r+22y+22), 


the second form in Theorem A. 
To show that #, has minimum d, it is sufficient to show that ¥,/d is 


not null. Now 12 4%,/d is equal to 
(5.46) 3(2t+a+y+22)?+ (82+ 3y-+ 42)? —6 (2y+ 2)? — 342’, 


and the form 37°+ X*—6 Y*—34Z? is not null. If it is null, we may 
suppose that 37°+ X* = 6Y*+34Z* where X, Y, Z, T are not all even. 
Since 37°-+X? cannot be congruent to 2 or 6 modulo 8, we see that 
Y and Z are both even or both odd. If Y and Z are even, then 
3 7*-+ X* = 0 (mod 8), X and 7 are even, whereas X, Y, Z, T are not 
all even. Hence Y and Z are odd, 37°+ X¥* = 8 (mod 16) which is 
impossible. Our assertion follows. 

Case By, C;. We obtain B,C, from B,C, by interchanging }' and 7 
and so obtain (5.45) with Y and Z interchanged, an improper transformation. 
But from (5.46) the improper transformation «= —X, y= —Y, z= —Z, 
t= T+ X+Y+2Z leaves %, unaltered. Thus ¥, is improperly equivalent 
to itself and the cases B,C,, B.C, both yield the form (5.45). 

Case B,C,. Here we have 


(5.51) d@= BC, BC<taed=dd, dbs ¥4. 


Actually by using Lemma 15 and the arguments of B,C,, B,C,, we can 
show that B.C, leads to the form 


(5.52) M%; = d[a*§—y*—2?+ +438 a2y+38ar2+4ye+art+yt+el], dt = 44/33. 


Summing up the various cases we obtain Theorem A in the case when 


|| represents n. 
(5.6) |®| does not represent n. Then for an infinity of values « of @ 


we have either 
(5.61) —n—en<ac<—n or n<acnten 


where ¢ is an arbitrarily small positive number. If (5.611) is satisfied 
for arbitrarily many «’s, then Theorem 1 and Lemma 12 applied to the 
indefinite binary form (a, u, d), give for some @, 


@&<—({+d)a, 5>0. 
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Also by Theorem 2 we have certainly n*< 8d*4/25. We obtain 
(5.62) a<(4+o Fite, doe ZA, 


since e and 6 are arbitrary. 

If however (5.611) is not satisfied for an infinity of @’s, then (5.612) 
must hold for arbitrarily many @’s. There exists therefore an « satisfying 
(5.612) and such that both 
(5.63) —@P/B<— and —d/C<=. 


Also (corresponding to (5.24)) we have 
(5.64) n<—dB, n?< —ide. 
From (5.23), (5.612), (5.63) and (5.64) we obtain 


d'8< (=)* BC < (=)* (=) ot§ B= (=r) (3) (1+ «) ()* = a? At, ‘ 


for any positive ¢, so that d*/A<—. 
Summing up, we obtain Theorem A on the sole assumption that | 7) 
represents m. As in the case of indefinite ternary forms,'’ this restriction 


may be removed. 





6. The case S = —2; ® negative definite, 4<(. We may take 
A=—1. 

LEMMA 17. ‘ represents both d and —d if 
(6.01) dt >=. 


For if 4 does not represent both d and —d, the indefinite binary form 
(a, u, ad) of minimum d and hessian «, does not represent —d so that 
by Lemma 12, d? < —4a/9. 

But the ternary form —® is definite of hessian d? and minimum —« 
so that by (3.613), 


(6.02) —a> < 2d’, 


Hence d°® < (=) 7 = a contradicting (6.01). 

LEMMA 17 follows. Assuming (6.01), we may turn the discussion of 
S == —2 into the case S = +2, since — & has signature 2 and repre- 
sents d. However, a preliminary discussion of S -= —2 will be of service 


in the case S — 2. 





Dickson, 2. 
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Lemma 18. If d‘ >, then d®? = —4a/5. 

For if d? + —4e/5, then d? << — >a by Theorem 1. From (6.02) we 
obtain d*<+. 

THEOREM 3. If S(¥#) = —2 and & represents m, the minimum of 
Ww, then m*'<—4A/7. If equality holds, then 


Pwo, = m(?P—2?—y?—2+ert+yt+e2." 


If & is not equivalent to #,, then m* <—104/33. 
In proving Theorem 3, we may suppose that 


(6.11) d= a‘ > Ps ><, 
so that by Lemma 18, 
(6.12) ’?= — ~ tt, 


The binary form y = (C, —F, B) is positive definite reduced so that 
we may take 
(6.13) 0< C<B, C(B—7ZC)<—« = 5 
by (2.122). 

By Theorem 2, Lemmas 14 and 15, and (6.12) applied to the indefinite 
ternary forms 4,—o, W,—9, we have 


(6.14) @/C = +, 2, = or < + 30033, 
(6.15) ad/B = +, 2, = or < - 30033. 


Denote the cases of (6.14), (6.15) by Q,, --°, Ci, Bi, °°, Ba. 
Case B,C; (j>2). Here by (6.13), 


6.21) #<oAG=3); $R-—Pd <F@, P< Fj = 2. 





Case BiC, (23). Here 


= 3 / 2 5 5 M 
(6.22) BH a Sid, MSs. 


Case B,C,. By Lemma 14, we have 
(6.31) B,_ old = (t+ 4+ 1y)t— 5 yt Lny oe 


and a similar expression for 4,—» on interchanging y and z. Hence 


‘SH, is improperly equivalent to itself by interchange of y and z. 
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(6.32) @#/d=(t+ Sa+ syt+ +2) — soto y—2 et — sf ary—taet Qoyz, 


the coefficient of yz being 2f = 20+ 5. 

Apart from a multiplier, the reduced binary form gy is (24, 4—20/f, 24) 
so that 
(6.33) —24<8—40f<24, —2<5f<4. 


In (6.32) put zx = t= 0. We obtain the form —y’+ 2 fyz—z*, definite 
by (6.33), and of absolute ninimum 1 so that 


(6.34) $< 4~+4f,.  —t- 5 es 


Put now x = 0, t= y in (6.32). We obtain the indefinite binary form 
y+(2f+1)yz—z*? of minimum 1 and discriminant (2f+1)?+4<8 
by (6.34). Theorem 1 yields therefore 


(6.35) (2f+1)?+4 = 8 or 5, f=} @ 0. 


But w#(—1,1,1,1) = (2f—1)d which rules out f= > The only 
possibility is f= 0 and we obtain the form #, of Theorem 3. 

It remains to show that ¥%, has the minimum d. Since 4%#,/d 
= 7°—(2x”—1t)® —(2y— t)?—(2z—2)” and 7¢ where ¢+0, is not the 
sum of three squares, %, is not null and so has minimum d. The form ¥, 
is the first form of Theorem B. 

Case B,C,. In addition to (6.31) we have by Lemma 15, 


(6.41) By —o/d = (t+ Fa+2)*—Fa*— 22%, 
and therefore : 
(6.42) #/d = (t+fa+syt22—tae—sy—2e2—lay+2oyz, 


the coefficient of yz being 2f—2e+1. 
Apart from a multiplier, the reduced binary form ¢ is (24, 10—20/, 24) 
so that 


(6.43) —24<20—40f < 24, —1 < 10f<11. 


In (6.42) put —t—0. We obtain the form —y?+2/fyz—z2* of 
absolute minimum 1. If /? 1, the form is null. If f£?>1, the form is 
indefinite and therefore (Theorem 1), 5<4f%—4, 9 < 4/?, which contra- 
dicts (6.43). Hence f?<1, the form is definite and 


(6.44) $<4—47", -1<2f <1. 


Put now in (6.42) 7=0, =—y. We obtain the form y*+2(1—/)yz+2*=¥, 
of minimum 1. If (1—/f)?>1, then f<0, the form is indefinite and 
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5 <(2—2/f)*—4, which contradicts (6.43). Hence (1—/f)*'<1, w is 


definite and 
3 < 4—4(1—/)*, i < 27 < &, of = 1, 


by (6.44). Since 4(—1, 1,1, 1) = (2f—1)d, 2f+1. 

Hence no forms can arise in B,C,. The combination B,C, is not 
possible. 

Case B,C,’*. We have (6.41) and the result obtained by interchanging 
y and z so that 


(6.51) #/d = (t+tetyteP—fer—2y—2 224 Qoyz, 2f = 20+2. 
From the reduced definite form ¢, 
(6.52) —2<2—2f< 2, 0< f<2. 


Since W(1,1,1,0)=(2f—1)d and |¥#/d| >1, we have 2f—1<—1 
and so f= 0, or else 2f—1>1, f21. But #(1,1,—1,2)=—(3—2/)d. 
If 3—2f<—1, then f=2, which contradicts (6.52). Hence 3—2f>1, 
f<1 and sof=1. But W(2,1,1,0) = (2f—2)d, which rules out 
f=1. We are left with f= 0 and the form 


(6.53) #, = d(#—2?—y?—2*@+2t+2yt+22t+a2y+exz2), d*=— 4/15. 


It remains to show that %, has the minimum d. Now 4 ¥4/d is equal to 
(2t-+-2y+22+-x)*— 5a*— 2(2y+2)*— 62? and the form 7*—5X*—2Y*—6Z? 
is not null. For if 7?—5X* —2Y*+62Z*, we may suppose that 7’, X, 
Y, Z are not all even. Since 7*—5X®* cannot be congruent to 2 or 6 
modulo 8, Y and Z are both even or both odd. If Y and Z are even, then 
T*—5X* = 0 (mod 8), whence 7 and X are even. Hence Y and Z 
are odd, and 7*— 5 X* = 8 (mod 16), which is impossible. Our assertion 
follows. 

Case Bs Cy.*° We have (6.41) with y and z interchanged and, by Lemma 15, 


(6.61) Wy —o/d = (¢+ta+2)?—4a*— 5 2 

so that 

(6.62) W/d = (t+ ga+y+e)— fat 2y— set 2oye 
where 

(6.63) —j] < e<l 


from the negative definite reduced binary form —y. We may plainly 
Suppose that 9 > 0. 
We have immediately here d* = (4 Bc/25), d*< 4% <4§. The present discussion is 


required in the sequel. 
*0 We have immediately here d‘ < } by (6.18). 
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Now 
(6.64) #(4,—1,2,3) = (4—40)d, #(1,—1,1,2) = (5 —2e)d. 


Since ,#/d| > 1, (6.64) and O0<e <1 yield 49 = 3. But #(0, 1, 2,0) 
= (49o—3)d. The case B,C, cannot therefore arise. 

From the results of (6.2)-(6.6) we derive Theorem 3. The discussion 
of § 7 will enable us to improve (6.22) and also to discuss the case 


a — —2d*, We shall in fact derive two more minima. 
7. The case § = 2; @ indefinite, 4<0. We may take 4 = —1, 
LemMA 19, Jf d*> =, then ® cannot represent —n. 
Let ® represent —n. Then ¢ = —n. Theorem 1 applied to the 


indefinite binary form (a, w, d) of minimum d and hessian « yields 


(7.01) a= sn or #< ~ 


~ 


Theorem 2 applied to the indefinite ternary form ® of minimum » and 
hessian — d? yields 
(7.02) iP = =; «Ss 


co] 
é 


If (7.011) and (7.021) or (7.022), then, by Theorem 2, we may take 


(7.03) W/d = (uetovytwe+tP+ *(— e+yt 2—axy—exz—dyz), 


the precise values of ¢ and 0 being irrelevant. 

We observe that |#/ai >1. Take x —1, y=z=0. We see 
that 2% is an odd integer. Take « = y = 1, 2 = 0. We see that 
2v—2u is an odd integer. But now % vanishes for «= 3, y= -—1, 
2=0, t=v— 3u+2, which is an integer. The cases under discussion 
cannot therefore arise. 

The remaining cases of (7.01) and (7.02) yield 

P<f-i8; Mo Sid ats, 
contradicting the hypothesis of the lemma. 
Lemma 19 may be much improved, but the improvement does not serve us. 
Let now «=n. Then ® does not represent —n, and Theorem 2 gives 


(7.11) oe = vf’, v < + 30033. 


The form ¢ is now indefinite reduced. We may identify it with any 
member, 2, of the chain of equivalent reduced forms to which it belongs. 
In the notation of § 3, we have 


(7.12) C = Ay> 0, —B = Agyiir> 0, k= 2 Vea. 
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The form (@,7, 4) is definite, of minimum @ and hessian d(C. The 
form (a, 0, 7) is indefinite, of minimum « and hessian dB, and does not 
represent —«. Hence 


ne 


(7.13) a? SidAn; 0 <A d Asis: (all 4). 


The ternary form “#,— is definite and satisfies the conditions of (3.6). 


Hence 
(7.14) @=pa, pit; ad <fAyi (all 4). 


For the indefinite ternary form %,— of minimum d and hessian — Ao;+1, 
Theorem 2 yields the following possibilities: 


(7.15) @/Azir = 4i, 4 = 3,555) OF <- 30083. 
From (7.11) and (7. 141) we deduce 
(7.16) d* = py (uw <=, v<- 30038). 


Since Ki = R/Aiss, (7.14) gives 


(7.17) dU < 9p/ Koi (all 2), 

while (7.141) and (7.15) give 

(7.18) d' < Adj/w Ki; (all 7). 
From (7.15) and (7.132) 

(7.19) d* < 8143/3 K2 (all ). 


We observe that w and » are independent of 7, while 4; depends on 7. 
Let us note that for 
(7.22) d =—: hi = =, 





So 
> OF o> 


o| to 


we have by Lemmas 14 and 15 in the respective cases, 


4 
» i wz. 


co] 


(7.25) p= da = 4, 


If therefore, for some i, 4; <, then » = > and (7.16) gives 


64 S @ 
(7.24) O < 35° <5" 
We assume from now on that 
(7.25) 27> a 
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From (7,.22)-(7.25) we obtain the three cases below: 


. awe for some i; w = L: 
i &= = = for some 27; mn = <; 
III. 4; < -30033 for all 7; west. 


These cases are exhaustive and do not overlap. We observe that in I. 
2 , 1 
we cannot have 4; = or = nor, in II. 4; = 5. 


(7.3) Case I. divides into 
I,. For some j, 4 earns 
I,. For all 7, aa = = 


Case I,. From (7.17) and (7.25), 

(7.311) Kya < 83V5<7 (all 4). 
From (7.18), (7.25) 

(7.312) Ku <?V5 (= 2), Ky<24V5<14+4424. 
From (7.312) and (7.311) we deduce 

(7.313) gi = 1 (alld), gin <5 (all d), 


since K;j>gi and (6,1,---)+ (0,1, ---) >(6, 2)+ (0, 2) = 7. 
The useful inequality 
1 1 


7.32 Ki> 4 
( ) i git itn + 14+ gis 





(all 2) 


applied to (7.3122) yields, in virtue of (7.313), goj—1 = go = 
But now Ky, > (5, 2)+ (0, 2) = 6 and (7.131) gives, on saneninn, 


1 


(am) cS, ycBcd daptyct, 


from (7.16), which contradicts (7.25). 
Remains therefore only 


I. a4; = =, Ko = Ky (all a). 


LemMA 20. Jf the Koi are all equal, then 


(7.33) Ju = Jo, Hiti = HM, Gites = gs (all 2). 
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Write X = (go, g-1, g—2,..-), Y = (g2, gs,...). The equation Fy + S = K, 
= K, = F, +8, may be written 


(0, Ji; Y) +X —_ (0,1, X)+Y. 


Since X and Y are positive, we deduce X — Y and so 


Go = 92; g-1 = 9; J—2 = 94,.+-- 


The lemma follows since Ky and Kz, may be any two consecutive 
Koi, Koi+2. 

In J;, therefore, the sequence of g’s is (1*,g,,1, g*). An easy calculation 
gives 
(7.34) Go = 2V a/E (Ap y*? + Bo yz — A; 2”) 


where 
(7.341) F = (919s +29, +29, +2)?—4 
: = G+ 2)Gs+ 2) 99 +29 + 298), 


(7.342) Ay = fi +2, BR = 93 (G1 + 2), A; = Nn Ys +H + 9s; 
and 
(7.343) Ko = §/Aj, Ks = &/As. 


We may suppose that 1 < g, <g3 < 5 (7.313). If g, = 1, then (7.32) 
gives Ky >1+ 4 > -V5, contradicting (7.3121). Thus 9,22. If gs; =5, 
then K;>6 and we obtain (7.321). Thus gs; < 4. 

Now from (7.18), d* = (4/9K?). The condition d* > $ leaves us the 
two cases ae 


(7.35) d& = = (gq, = gy = 4), dt = for (a = 3, ms = 4). 
In (7.351) we find from (7.34) and « == 1 that « — d? = V2/3, and 
Ola = (xte'yto'2)?+2(y*+4yz—42’), 
the form ®/e having minimum 1. Take y = 0, z= 1. Then |(v+0')’—3| 2 1, 
whence o’ is an integer. Taking 2 = 0, y = 1, we see that 2’ is an 


odd integer. We may take o’ = 0, cr’ = +, and we obtain 


Wid = (t+uat vyt+wet+ etsy t+ zy tsye—4e), |Wid) 2 1. 


We find that w is an integer by taking x = y = 0, z= 1; that wu is 
an integer by taking y = 0, « = z = 1; and that v is an integer by 
taking x= 2, y=1, z=2. We may take uw, v, w all zero. Replacing 
y by y—2z and x by x+z, we obtain the equivalent form 
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(7.36) w, = d(P—62+a%*+ayt+y), dt = =. 
This form has minimum d. For 44%;/d is equal to 
(2#)? —6(22)?+ (22+y)?+3y? 


which cannot be zero, by congruential arguments, unless x, y, z, ¢ are 
all zero. 

Further, 4%, is improperly equivalent to itself, since it is unaltered by 
interchange of x and y. aA, 

In (7.352) however we obtain « = d? = (19/3V 195), 


O/au = (att yt+oz)?+ (by +20yz—192*), @O/a\ > 1. 
Take y = 0, z= 1. We obtain o’ an integer, o = 0. Take y = — 
z==1. We see that 4c’ is an integer. We may suppose that —i< <= 
Take 2 = 0, 2=0, y=1. Then c+ 2. >1. Hence cr = > But for 
x=2,y =—1, 2 = —1, we have 


0< Olu = BK, 
a contradiction. Thus (7.352) cannot arise. 
Hence (7.25) in Case I. leads only to the form #, of (7.36) with d* = >. 
(7.4) Case Tl. Here « == +, a = 3d°/4. From (7.17) and (7.25) 


8? 


(7.41) Kya <V60<7-75, gia <7 (alli). 


But now (7.32) gives Ky >1+ 5+ > = 1+, and (7.18) yields 
d' << 4847/25 <= if 4;<V 15/12. Since V15/12 > .30033, we have in 
Case II. 

(7.42) 4; = = or = (alld). 


ce 


The discussion of (7.42) falls into two parts: 


2 
I, 7 h; — 3 
> 


~ (all 2), 


Il,. 4; = = for some iz. 


o 


(7.5) Case I],. From (7.18) and (7.25) 


(7.51) d* = (4/3 Kei), Kei < 20/8, Ky <2Vi6<4, gi =1 or 2. 


By Lemma 20, 
(7.52) gai = 1 (alla) or go = 2 (all 2). 
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The sequence of g’s is (95,91, 9:93)» If g,= 1, then (7.34)-(7.343) 
give with (7.51) 
(7.53) - dé = (93g: t+9s + 9,)?/ {(gs + 2) (g + 2) (9s Gi + 293+ 24:)}; 


and we may suppose that gy < g;. 
From (7.17), (7.18), (7.343) we obtain 


(7.54) A, 5 BAn, HG tmtgys S 3n+6 
by (7.342). A fortiori g? +29, = 3g,+6, g,< 3; and (7.54) gives 
(7.55) Ni —— l, Is < 4: I — 2 < Ys < 3; i = 3 —= Ys. 


From (7.53) we obtain the following set of values for d‘, 


4 49 


n=1; (9 =1), Flo =2), F- i ( = 3), F (os = 4): 
n=2; +(gs=2), sr (ys = 3): 


n=8; + (g=8). 


With the exception of the first and last of these numbers, all these 
4 : 

values of d* exceed => and are less than +. Also in each of these cases 

% represents —d. Hence, in each case, —¥ has signature —2, 


represents d and has 


But this contradicts Theorem 3. 
In the case g,=g3;=3, dt‘=-<, it is easily verified that we arrive 


at the form 
alt+satsyt zeit eet sy tet sy’ t 38y2—32)], 





which is equivalent to — 4%, of Theorem 3. 
In the case of g, = gs; = 1, d*=- =, we arrive at the form 


Ww = aftt+zat+zett+qetert2ytye—)] 
which is not equivalent to — 4%, of (6.53). For plainly, 
W,/d~ + ta + a? + 2(y?+ ye — 2") 


and the adjoint of 24/d is 


— 20(2# — 2 ta + 22%) + 3(—4y?—4y2+42*) = —10(2x—1)* (mod 3) 
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and is therefore never congruent to +1 modulo 3 but is congruent to 0 
or —1. 
On the other hand, replacing t by t—y—z in (6.53) we see that 


— H,/qd ~ —#—tr+o?+2(y?+y2+2"), 
and the adjoint of —24%,/d is 
12(#+ ta — a”) — 5(4y?— 4yz+42*) = —5(2z—y)* (mod 8) 


and therefore never congruent to —1 modulo3 but is congruent to 0 
or +1. 

It follows that the adjoints of 4 and — ¥ are not equivalent, whence 
yw, and —¥#, cannot be equivalent. They are the forms in (B38) of 
Theorem B. 

If go: = 2, we find that 


(7.561) 12d*= (29, 9s+-gstg1)*/{(g: +1) (gst1) (gigstatgs)}, «= Fa’, 


(7.562) O/a=(x+r'y+o'z)?+ {8/3(29, 9, ++ 9s)} 
< {4(g. +1) y?+ 498 (91 +1) y2— (291. 93+ 9: + 9s) 2"}, 


(7.563) #/d = (¢t+w'x2+0'y+w’z)?+(30/4e). 

The first condition of (7.54) gives 
(7.564) 2n9stmtgs < 12(9,+1). 

We may suppose that g; < gs. The condition d* = + rules out 
9 = 1 and m = 2, 9 <5. 

From (7.564) we have therefore the following possibilities, 


(7.565) fn = 2, gs = 6; 8M Sos SE. 


In (7.563) put y= 0. We obtain an indefinite ternary form of 
minimum 1 and hessian —+. By Theorem 2, therefore, 2u’, w?-+ +, 2w'w’, 


w' + +0’ are integers, whence we may take w’ = - w = 0, o = 0 by 
means of appropriate transformations of the type ¢ = ¢+4a'+uz, 
z=a+ye. 

In (7.563) put y = —gsz. We obtain an indefinite ternary form of 
minimum 1 and hessian —és, We find that 2v’g, and t’gs are integers, 
both even or both odd. 

Similarly, taking y = —g, Y, 2 = —(1+2g,) Y, we obtain an indefinite 
ternary form of minimum 1 and hessian —, whence 2vg, and tg are 
integers, both even or both odd. 
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Let 0 be the greatest common divisor of g, and gs. Then 2v’d and r'd 


are both integers. 

The only case in (7.565) which leads to a form with the properties 
desired is given by g, = gs = 4 and the form arising is equivalent to the 
form %#, of (7.36). The other cases of (7.565) lead to contradictions. 

The case g, = 93; = 4. Here 


O/a = (x>tr'yPr+ : (y*® + 4y2— 22?) 


: poe P . 4 = . ’ , 1 : 1 
and 4r’ is an integer. We may suppose that 7 o, tz @ =- 
y=1,2=—1. Take x=2 if eo —5;2= 78 if? =++. We 
obtain a number numerically less than 1, whereas |@/a' > 1 

U 
+ =0 and 


e/d = (t+ Fa+o'yPttattyt4ye—22, v = 0,44 or 5. 
Take « = 2X, y= X, 2 = -—X. We obtain the indefinite binary form 


(t+X+v'X)*— 2X? of minimum 1 and discriminant 8, whence (Theorem 1) v’ 
is an integer and so v’ = 0. We obtain the form 


HW, = d(P+tata?ty+4yz—22"), dt 77 


which is equivalent to 4%; of (7.36) on replacing y by y—2z. 

The remaining cases of (7.565). We treat in detail the case y, = 3, 
9s = 6, the analysis in the other cases being of the same nature. For 
hi = 3, 93 = 6, we obtain 


O/a = (w+r'y)?+ J (16y*+-96y2—21e4), or = 0,45. 


Take y=1, z=—1. Ife’ =+i take x= +4. We obtain | O/a|<1 
whereas |@/a|>1. Hence z’ = 0 and so 


w/a = (t+tet+oy?+sart 2 (16y?+96yz—212), o — 0,45. 


If »' = +3, take x =2, y=1,2= —1 and t= —4 or 2 respectively. 
We obtain | u#/d|<1 whereas | #/d|>1. Hence v’ = 0, which is ruled 
out by #0, 1, —1, 3) = —. 

The discussion of Case II,. is complete. 

(7.6) Case II,. For some i, 4; = z, d* = —=B. By a proper trans- 


formation on x, z, ¢ we can, by Theorem 2, take 


By—9 = d(2e*?—22+8—axt—2z2x—2t). 
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Take now, in #, z in place of ¢ as the leading variable and write 
cH = (7+0,(7,y, 0, c= —d, 


The form @, is negative definite, for the signature of c¥% is —2. The 
coefficient of 2* in ®, is «, = —5d*/4 and —a, is the minimum of 
—@,. For if the minimum of — ®, is n, < 5d?/4 we can make | cl! < qd? 
whereas | #| > d. 

We obtain now, as in § 6, from ®, the negative definite binary form 


yy, t) = Dy’—2Vyt+ BP. 


Let us observe that we can find indefinite ternary sections of ¥ having 
minimum d and for hessian any value represented by ¢,. 

Let (D’,—V’, B’) be the equivalent reduced form to » withO<— B’< —D’. 
Then —B’ < —B. 

If —B > —B’, then 2? > — > B’, By the preceding paragraph and 


Theorem 2 we must have d* — —=B’. But now B = 2B so that, by 
Lemma 4, —B>—D’. By the preceding paragraph and Theorem 2 we 
have either d? = —=D! or d® = —2D’. The first case falls under B, C, 


of § 6 and leads to the form —#, of Theorem 3. The second case falls 
under B,C, of § 6, there shown to be impossible. 
Remains the case B = B’, so that —B< —D’, 


a? = —=B’; @& — —2D' or — 5D’ or < —-30033D, 
by Theorem 2, the value d? — — =D’ being incompatible with «, = —5d?/4. 


The first case leads to B,C, and the form — 4, of § 6. The second 
case falls under B,C, of § 6 and is therefore ruled out. Finally the third 
case falls under B,C; of § 6 and leads to d*< =. The discussion of Il:. 
is complete. 

(7.7) Case III. For all 2, 


(7.71) Ai << .30038, wes ‘ ; 
From (7.16) and (7.25), 
(7.72) wy>t, » < .30083. 


” 


From (7.18), (7.25) and (7.72), 


(7.73) Ky <i <4, gi =1 (all 4). 
From (7.17) and (7.25), 
(7.74) Kxi+<60, gir<7 (all 2). 
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If g-1 = 7 for some 7, then (7.32) gives Ko;-, > 8, contradicting 
(7.73). Hence ga—1 < 6 (all 2). 
If ga—1 = 6 for some z, then Ky -; > 7, and (7.13) yields 


> 
- 3 - 64 d* a 64 
(7.75) wits oa * S Ga 
2i~1 


whence a stronger inequality for # in (7.72). But now (7.731) gives 


Koi <1.28<1+ 5+ 7. 
But by (7.32) since gor-1 <6 (all 1), Ko >1+ 2-4-2. Henee gi <5 
for all 7. 
If gxi-1 = 5 for some 7, then Ky-1>6 and (7.751) yields »< ~°: and 
(7.72) gives a stronger inequality for ju. 
From (7.73) and (7.72) we deduce therefore 


(7.76) Ku <s/Vi<14144. 


The conditions gas <5 (all 7), (7.32) and (7.76) show that go1 = 5 
for all 7. But now Ko; — 3/V5 contradicting (7.76). Hence gos < 4 
for all 7. 

Now (7.72) and (7.731) give 


(7.77) Ku<1i+ 7+: 


If for some 7, ga#—-1 < 3, then (7.32) and goj+ < 4 (all 7) yield 


0 > 1+ ++, contradicting (7.77). Hence gi — 4 for all 7, We 
obtain 





(7.78) Ko: = (1, 4,---)+(0,4,1,--) = V2, Koa = 4V2 (alld). 
From (7.75) and (7.781) 
Lam "Ss 


This value of » increases the value of w in (7.72) and we deduce from 
(7.731) that Ko;< 1.4, which contradicts (7.781). 

Thus, if d‘ >, no forms arise in Case III. 

Summing up the results of §§ 6 and 7, we obtain Theorem B, provided 
that |%) represents m and that |@| represents ». The case “|@! does 
not represent n” may be discussed as in (5.6). 

Finally we may remove the restriction that |%#) represents m as in the 


case of indefinite ternary forms*’. 


*! Dickson, 2. 
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ON THE REPRESENTATION OF INTEGERS AS SUMS 
OF AN EVEN NUMBER OF SQUARES OR 
OF TRIANGULAR NUMBERS.' 


By R. D. CARMICHAEL. 


1. Introduction. Ramanujan (Collected Papers, pp. 179-199) has 
employed the remarkable trigonometric sums 








An ; 
(1.1) Cy(n) = > cos nt ? aE > eriuig, q= 1, 2,3, -- 
A d 
A-)) , A 
(1.2) Sq(n) = sy sin as “, q = 1, 2,3, 


where the sums are taken “a the » (q) positive integers which are prime 
to gq and do not exceed g. It is convenient to employ also (with Rama- 
nujan, 1. c., p. 190) a combination of these sums, namely, 


(1.3) 74 (1) = ¢q(n) €085-7¢8(q—1) — — $,(n) sin— . 9 *8(a— 1), ¢g=1,32,8,- 


where s is any positive integer. For a given pair of (integral) values 
of qg and s the function y,(m) becomes + c,(n) or +8,(n). 

If s and m» are positive integers and 725(m) denotes the number of 
representations of m as a sum of 2s squares then the principal result here 
given relating to squares is contained in the following formula: 


= s 

A) Fy Zi relm) w+ rl) = Ge FO( Fe) m8 
where @ is any positive integer and éo(s) is 1,0 or 2° according as ¢@ is 
odd, 9 = 2 mod 4 or ge = 0 mod 4. For o = 1 this says that the 
function n!—8 7o.(m) is in the mean (on the average) equal to 7*/(s—1)! 
if s>3. For other values of @ the formula implies a weighted asymptotic 
average of the same function, the weight factors being y(n) for varying n. 
These are therefore suitable functions to smooth out on the average the 
irregularities of the function n!—%rog(n). What is proved is that the 
irregularity is smoothed out in the limit as m becomes infinite; some 
empirical evidence (not recorded in the paper) indicates that the smoothing 
effect probably is generally in evidence for rather small values of m. 

The paper also contains results similar to (1.4) concerning representations 
of integers as sums of an even number of triangular numbers and also 
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concerning Ramanujan’s functions >+,s(m) which he (I. ¢., pp. 136-162) 
associates with the problem of representing integers as sums of squares. 

2. Properties of Ramanujan’s Trigonometric Sums. We need 
certain properties of the trigonometric sums c,(m) and s,(x) which are 
proved or implied in an unpublished paper of the author. These are 
readily verified and are as follows: 


49 


(2.1) 2 c(n)co(n) = 0 if e +4, 
n=1 


> ln) = av 
qe 


(2.2) 2) sq(n) s(n) = 0 if e +4, 


n=1 
1 


( ae a eet 
> 2(n) a Fadi?" * tine A a: 2 
A 


n=1 
qe * 
(2.3) > Cq(n) So (n) = O if e+ ¢q. 
n=1 
As a special case of the second equation in (2.2), we have 
4q 
(2.4) > Sig) = 499 (49). 
n=1 
By means of these relations it is easy to show that 
q 
(2.5) 7 ¥q(n)¥o(n) = 0 if e+¢@ 
and that 
: qg¢(q) if s is even or q is odd, 
(2.6) Dar (n) = \q(q) if s is odd and gq = Omod4, 
a 0 ifs is odd and g = 2mod4. 


From the definitions of c,(m) and s,(n) it follows that neither of them 
exceeds y(q) in absolute value. Since g and s are integers it follows 
readily that |y,(n)! <@(q). Now g(q)<q, the sign of equality holding 
only when gq = 1. Then, by aid of (2.5), we readily show that 


m | 


> a(n) vo (n) 


|n=1 
3. The functions 72,(m) and d,(n). Let s be a positive integer and 


let 2s(m) denote the number of ways of representing the positive integer 
as a sum of 2s squares. If 6o,(m) denotes the function 


(2.7) <q’*o if o+4@. 





U8 4 ps1 


(3.1) dos (n) = G—pi% (n) 
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where (n) (n) . 
_ niin), ram) | x(n) | x8(n) 
Ys (n) Ps - i Qs + 38 ' 4s 





(3.2) 
+ 75 (n) rt 7i19(n) 4 77 (n) _ 


- s>l, 
5s 68 13 





and g,(m) denotes half of what the second member of (3.2) becomes for 
s = 1, then Ramanujan (I. c., pp. 187-190, 194, 159) has shown that 
OP oe == 6o,(n) for s = 1, 2, '3, 4 and in general that 


(3.3) eter dicen ob. 


4, Asymptotic relations involving 0.;(n). In deriving asymptotic 
relations involving gs (mn) it is convenient to treat three cases separately. 

In the first place, let @ be any odd positive integer. Multiply both 
members of (3.2) by 7 (m), sum as to » from 1 to m, divide by m and 
so obtain the relation 


m m 


(4.1) a Fe (n) 950) = o~ < VAM+S+T, s>1, 


m fo 
where 


UG 


Sa Iai ee ~ > Yo (n) ¥oj_, (n), 


m 


T= Luiz ie = = Dror, 


and where the sums are taken for 4 ranging over the set 1, 2,3,--- 
except that in the former case 22-——1 must avoid the value ge. From 
(2.6) it follows that 


o> SAM) = er9@+o/(_), 


F mM n=1 
Using (2.7) we see that 
ISl< Dea —1)-*e(2 —1)?, 
f= o(] if s>3. 
™m 


Likewise it may be shown that 


Hence 


T= o(—) if s>3. 


2 | 


Combining these results we have the case when ¢ is odd of the following 
general relation: 
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42) 1 Srimmm = eW@erv@+O(=), 5>3, 
where é9(s) is 1,0 or 2° according as @ is odd, g@ = 2 mod 4 or g = 0 mod 4. 

In completing the proof of this formula it is convenient to treat separately 
the two cases when 0 = 2 mod4 and 9 =O mod4. Since no novelty of 
argument is involved the proofs are omitted. 

The result contained in (4.2) may be expressed in terms of 02,(m) in the 
form 

ne 


(4.3) L$, re(n) n'-* deg(n) = = cel) 90) + (2), ot 


met (s—1)! 0° m 





5. Asymptotic relations involving 7,(n). If we employ (3.3) and 
the fact that 725(n) = 6o,(n) for s = 1, 2, 3, 4, we readily show that 


ss ~> 7e(n) m8 rae(n) = — D yon) wt =* dos(n) +0 (— -). 


Mn=1 tn=1 


Thence from (4.3) it follows that we have 


(5.1) i¥ ¥o(n) n'~8 r2(n) = 7. ‘ele’ +0 (-), s>8. 


n= nm 





The weight factors yp(m) are suitable for smoothing out (in the limit) 
the irregularities of the function n!~*72s(n). In order to give an indication 
of the character of this irregularity let us consider the case when s = 4. 
It is well known that 7r,(m) is equal to sixteen times the sum of the cubes 
of the divisors of m when m is odd and is equal to sixteen times the 
difference of the sum of the cubes of the even divisors of n and that of 
the odd divisors when » is even. Then, if » = 2p where p is an odd 
prime, we have 

1 1 1 


—S« — 14 
n> rg(n) = 161-5 + aap) artes ii 


As p increases this comes as near 14 as we please. We have 2-* 7,(2) = 14. 


To get values of n—*rs(m) greater than the average, let m be a multiple 
of ¢! where ¢ is large. Then n-* rg(m) may be made as nearly equal to 


16 (1+55+3e+--)>19 


as we please by taking ¢ sufficiently large. Thus n—* rg (n) oscillates rather 
widely. But if we take 9 = 1 in (5.1) we have the average of the m 
values of the function for nm —1,2,---.m; and this average approaches 
the limit 7*/6 (= 16-23...), 
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By taking @ = 1 in (5.1) and (4.3) we have the following general theorem: 

The functions n'~§ ros(n) and n'8 bo5(n) are each in the mean (on the 
average) equal to m*/(s—1)! if s>3, the error term of the average of the 
values for n = 1, 2, ---, m being O(1/m). 

6. On the representation of integers as sums of triangular 
numbers. Let R2s(m) denote the number of ways of representing n as 
a sum of 2s triangular numbers, where s is any positive integer, and write 





(6.1) Ros(n) = Dos(n) + Eos(n) 

where “ 4 
= — $(_] )\(4—-Ds /., dus > 

(6.2) Dos(n) i -s) de 1)-8(—1)@-¥8¢ an-a(- he s>1, 


where 4(s) is 1, 2 or 4 according as s is odd, is twice an odd number 
or is a multiple of 4, while D.(n) is half of what the second member 
of (6.2) becomes when s == 1. Then Ramanujan (Il. ¢., pp. 190-192) has 
shown that F2s(n) = 0 for s = 1, 2, 3, 4 while in general 


(6.3) Rog (n) ~ Dos (n). 


By a slight modification of the methods of the preceding section we shall 
prove a 


= Me Coit (se (n +4 \" Das (n) 








a= (s) 
(6.4) : 
— (14s (hg (24—1) ma 
a ein tO (m) 8 
and 
~ 4n+s 1 \t-s i =_ _ 
(6.5) ea 1 7(8) (n+ Dos (n) = o(=, s>3,s = 0 mod 4, 


where in each case 4 ranges over the set 1, 2, 3, 

When s = 0 mod 4 no essential modification is needed for proving either 
(6.4) or (6.5). Let us next consider the case when s is twice an odd number. 
Then the infinite series in the second member of (6.2) defines the function hs(n) 
where 


(6.6) hs (n) — 
Therefore we have 


on Coh—1 (2n+5 s) he(n) = == (2A 1)*= ca > a2 (2n+59)+8, 








SY Con—1(2n+ $8) 
p> (2Qu—1) — 


n=1 


where 
m 


S= 2 ari = 2, Con 12n+55 CoA—1 (2n+5 ‘) 


Mm n=1 
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the prime in >” denoting that the sum is taken for « ranging over the set 


1, 2, 3, --- exclusive of the value w = 2. 
Now if ¢4(24—1) < m<(t+1) (24—1), we have 
m l t(2A—1) 


L $3 (ont > ( 1 (2 
; >) 1 127 — os + a — 4. 
m 2% : \ ai 2° t(24—1) p> sti 2n-+ 9° +0 im 

1 “SI. 1 | 1 

ee = 

spay 2, Pato) +0(5) 


v=1 


, 1 
= y@4—1)+0 (=) 
on account of the second equation in (2.1) and the fact that co,-1(n) has 
the period 24-——1 and the fact that 2x%-+-4s runs over a complete set of 
residues modulo 24—1 when » runs over such a set. 
A similar argument will show that S = O(1/m) when s>3. 
Then we have 


mb 


: = Coa—~1 (20 Sa 53) hs(n) = (24--1)-* g(24—1)+ 0 (-), s>3. 
mM n=1 2 m 
From this result and (6.2) we conclude to (6.4) for the case when s is 
twice an odd number. 

The case when s is odd may be treated similarly; thus the proof of (6.4) 
is completed. 

By means of more precise information concerning the asymptotic character 
of Exs(n) it would be possible to translate relations (6.4) and (6.5) into 
corresponding relations involving Res(n); but these results will not now 
be given. 

7. On Ramanujan’s function %,.,(n). Let o,(n) denote the sum of 
the sth powers of the divisors of the positive integer m and let ;(0) = 4£(—s) 
where ¢(s) is the Riemann Zeta-function, and form the function 


(7.1) =;,s(n) = 6,(0)03(n) + 6,(1) ¢s(n—1) + 6, (2) 03(n—2)+ +--+ 6, (1) o5(0). 


Then Ramanujan (1. ¢., p. 136) has shown that 


y — FOANL (+1) Sr +1)E(8+1) 
(7.2) er r(r+s+ 2) C(r+s+2) Oy+s+1 () 


+> e(l — ons a i 1 Oy+-s—y (n) + O Larne 








whenever ry and s are positive odd integers; moreover he has shown that 
the error term is absent when ry = 1, s = 1, 3, 5, 7, 11; r= 3, s=83, 5,9; 
r=65,s-==7. He has also shown (l.¢., p. 184) that 
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(7.3)  d3(n) = n8S(s-++ n{aev 7 oi) ss si) 7 4 s>0. 





By the methods employed in the preceding sections of this paper it may 
be shown that 
~ 2, to (n)n~* a5 (nm) = S(s-+1)e-* + w(e) + o(2 -), s>?2. 


n=1 


si we see that 


(7. 5) 5 — >> Co (n)n—* as(n) == - £6-+1)— > = + +0(-). s>2. 


Mn=1 


Since |¢o(n)| <@ it follows that 


" Co (n) 1 1 1 log m 
aS 2 _—_—_— oo ees — —_ ied — 
ma, on =¢ = (t+-5+ a log m) +e mm 
Therefore 
1 Co (2) = and 
a 0 m | 
Then from (7.5) it follows that 
(7.6) eee = 2, Co (n) —e Os (n) = 0 (8) . 


tn=1 


From (7.2), (7.4) and ci we find that 


— Lp Co(n)n—*$~* &,, s(n) 


(7.7 n=1 
‘ ” Pe+)F@+D (0) S(r+ NEC+) 4 6 o (05%) 
r(r+s+2) "ith m 


whenever r and s are positive odd integers. 

















ON CH. JORDAN’S SERIES FOR PROBABILITY.! 


By J. V. UspENsKY. 


An interesting article by Ch. Jordan, “Sur le théoreme de Bernoulli et 
son inverse”,? contains a remarkable series capable of representing a given 
infinite sequence of numbers under rather general conditions. The formal 
structure of this series is obviously suggested by Tshebysheff’s least squares 
interpolation method, as one sees from Ch. Jordan’s analysis. But questions 
pertaining to the conditions of validity of that series are not considered 
by Ch. Jordan himself, and we hope that necessary complements contained 
in the present paper will be welcomed by those students of probability 
and statistics who care for rigorous and solid foundations. for their methods. 

Let v be an integer > 0, x a positive parameter, and w(x, v) a function 
defined by 


w(e, ») = = 5 





y! 





The derivatives of this function can be presented thus: 


« ae *) | Ge(v) Wa, v), 


where G;,(v) is a polynomial in » and 1/x whose expression is 


" 
G(v) = kt ak > is, 
Now, if 
Yor Yi» Y2x° °° 


is a given sequence of numbers, we can define constants a, by the series 





(1) a = zs Sy vy G(r) 
and form another series 
(2) to VCE, ») +a SPE”) 4 g, PU) 


which was suggested by Ch. Jordan as fitted to represent for » = 0, 1, 2, --- 
the numbers y, y:, y2,--- of a given sequence. However, it is important 
to investigate the conditions which secure the validity of this heuristically 
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obtained conclusion. The following analysis is based on the assumption 
that the power series 


Yor metyse?+ --- 


possesses the convergence radius R>2. Under such circumstances it is 

possible to prove: i. that all the series (1) are convergent and represent 

definite constants ax, ii. that the series (2) is convergent for every positive 
value of x and for vy = 0,1, 2,--- represents y, y:, ye. - 

’ , . 00 dk a” enr 

1. Discussion of the series ») s-"—- ——_-, 

k=0 dak y! 
viously the residue of the function e** s~’—! with respect to the pole s = 0 


As x”/yv! is ob- 








we have 

a oa 

ue oe seen ye [ie -1) g-’—1 Je 

v! 277 JC 
the path of integration being a closed curve surrounding the point s = 0. 
Hence 
Ce va ae 

3 . = a . er (s—)) (s es K gv! ds. 
(8) dx* yy! Qi JC ) 


This expression will be of great use in the discussion of the infinite series 


e- 4 Fe 

2, dx vy! 
which, as we shall presently see, is convergent for § >1. To prove this 
let C be a circle having its center at the point 1, containing 0 inside and 


leaving the point 1+ € outside. As on this circle 


oO ke V ox 
k d*® wx ¢ 








\(s —1)§- 


remains constant and <1 the series 


2) 


ioe ey Tae 
> (s 1)" & ae. 


k=0 
is uniformly convergent, and, being multiplied by ¢”‘*~! s~”~? can be inte- 
grated term by term. By virtue of (3) we obtain 
Sex dk a rl 4 | ev g-v—l 1 
Py a oD Q2ni Jo s—§—1 
Now let C’ be an arbitrary circle concentric to C and containing the point 


1+ inside. By Cauchy’s residue theorem applied to the ring between C 
and C’ we have 


* GB g-v—1 * gt g—¥—l * ot (1-+- ~_Je- 
= ee er(i+8) 1 Eg ? .. 
i a = gti 
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whence 
2] Ne Vv >-2# Spx Le on—Vv—1 
~2+1 & we i pl ge eS” g 
>, s+ -== §e(1+8)"7— i} p-h ey 
Cc 


is da vy! 27 »g—éE—1 








As the radius of C’ can be taken arbitrarily large it is clear that 


Ee-v et g—-¥—1 oer 
——- = ls = &(E 
212 f. <a 9 (§) 





is an entire function of §. Thus finally 


~  #e* euis . 
PO ess cae —v—1__ ’ 
(4) 2 Pe Sy = Fett — 8) 
The right-hand member gives the analytical continuation of the left-hand 
member represented by a series which is convergent only for |§|>1. 
2. Convergence of series (1). By Cauchy’s formula 


fic 
dak 








rc 
J e~? 2” (¢ — a)" dz, 
LP 


— Qn 


the path of integration being a closed curve surrounding the point z= x 
and otherwise arbitrary. Hence 


Ke 1 —zZ -—1)\v k 
(5) 77%) = = f ee (ae. 


207i Zz—2 2—-27 





We assume that the radius of convergence of the series 
Sf) = wtnetyse+ --- 
is Rk >2. We can take for F a circle of radius 
r= cx, where l<c< R—1, 


described with the point x as center. This circle will contain the point 0 
inside. Moreover if z is any point of I’ we have 


|ga| 


< oe =e+1<R 


and consequently the series 
i) 

Ty & 

2 yw (eo) r(2) 


is uniformly convergent on I so that by (5) 


wer 
(6) @ = = {- (5) ( 2)" ae. 
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This proves the convergence of the series (1) and at the same time gives 
an appropriate analytic expression of ax. 

3. Sum of the series (2). Multiplying the preceding expression of a; by 
d& W(x, v) 


dak 





and taking into account that 
>> ( x ) d* W(x, v) 
k=0 \2—2 dak 





converges uniformly since 





|eg—z a 

| = = c> 1 
we find 
do (2, 9) + a, SPE”) 4g SPE) 1... 








Qi dak 


or, using (4) 
2 
ly W(x, v) + ay, ———- aes ~ | + as ve . 


— x j & —v—1 _ ate ‘ —z (=) é—a 
 Qret ery ” 207 sie t x v| x 
Z z—x 
ees) 
is regular in I the second integral vanishes and the first integral reduces to 


Yr f de _ 
wef zg Yr. 


ve) v) ai awa, BG») 4... 
da* 


e” f ef (Z) > (—=)" dk h(a, v) de 
r 











Since 





Thus 





Yr = a W(x, v) + a — 


for every vy > 0 as we intended to prove. 
If we set w(x, v) =O when » is a negative integer it is easy to see 
that the preceding series can also be exhibited in the form 


Yr = aW(a, v)—a, A(z, yv—1)+a,4? w(x, pone + 


It is remarkable that x can be left entirely arbitrary and we possess 
an advantage to dispose of it so as to obtain better convergence. The 
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second form of Ch. Jordan’s series shows clearly that an analogous series 
can represent the sum 


m 


bor 


v=0 
In fact we have 
wb a rie4) 
2, y= wf = 2™dz—a, W(x, m) + a,4¥(x, m—1)—--. 
v=0 


4, Application to Probability. If the sequence yo, y;, yz, --- represents 
the probabilities of 0, 1, 2,--- successes in m independent trials with 
constant probability p, so that in general 


yy = Crp’ah”, g=1—p 
the generating function of y, will be 
Sf) = (erg). 


The corresponding expression for a; in this case is 


Z n k 
(7) a, = 2" a fe ran | = e~* dz. 
mi 


2—2z ra 








Expression of a, in a finite form can be obtained by evaluating the residue 
of the integrand at the pole z= a. Taking « = np we find 


& = 1, ay = ai ae 
a = 0, a’ = —(5n—6)~—,; =o 7) 
2" x 
a, - ey — (3n® — 26 n + 24) ———— Jaan’ 
a 
la > Bn? 


With these values adopted for a, a, d2,--- the probability Q of the 
number of successes not exceeding a given limit m can be expressed by 
the series 


ge 

eae toe ; e~*2™dz-+ a,Aw(x, m— 1)— a3 42? W(x, m—2)4+ --- 
This series is surely convergent, but for practical use it is not enough to 
know that the series is convergent, and it is of the utmost importance 
to have an idea of the rapidity of the convergence. To this end we shall 
estimate the upper limit of |a,|. Taking in (7) 
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e=2+Re', 


and leaving # arbitrary at first, we have 
an| < < wm (Z) e—Rcos@ dg, 


or, if we substitute z = mp and set R = nf, 


Aa 1 P | ip ng - 
cae | iP |X p—NS COS (J 
(8) |a@n| < 9 (z) i 11+ Fe? \"e dy. 
Now, setting 





= [14+ Fel®| eSeose, 





we have 
dlogu _ &* sin 9 
dp  1+2€cosg+# Gong tf. 
Hence, if §< 2 the maximum of w is attained when 
cos g = —= with u = e?, 
It follows from (8) : 
(9) an | < (Z) enti 


provided §< 2. From now on we distinguish two cases. 
Case 1. kK<4n. The right-hand member of (9) attains its minimum 
when 


— 


& % <4 
_ = 


Hence we have 


| ax <( onp\" p?, k<4n. 


Case 2. k > 4n. In this case we simply take § = 2 and then it follows 
from (8) 


/2 
| ae| < apemm < (pS). 
As to 
ak (a, v) 
dak 


Wwe confine ourselves not to the best but to the simplest estimations of 
its upper limit. To this end we resort to the expression (3). Taking for 
C the unit circle |s| = 1 we find 


| 2 eG, v) I< << | enre—s cos 9)? dg. 
0 


23 





2x 
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If k <4 the maximum of the integrand corresponds to 
hk 


22 





cos gy = 1— 


and is 


so that 
a W(x, v) ( k \" —k/2 
dak | < ee 


if k< 4a. If, on the contrary, k > 4a that maximum is 


Qk er 
and correspondingly 


oye < Oe-™. 


Combining this with the limits obtained for | a,| we have 


\ 1/2 
| a. AF-* (a2, m—k+1) < (24?) “ph? if ke < 4np, 


ay A w (a, m—k +1)| < dep)" if dnp << k < 4n, 
ay, AF w (a2, m—k+1)| < (8? pe” if k>4n. 


Hence, we see that the convergence of Ch. Jordan’s series for probability 
is very rapid if p is small. If nm is large and p so small that np is a 
moderate number, the sum of the series differs but little from its first 
term representing the so-called “Poisson’s approximate formula”. The 
same series may be used even if p is not very small, but then the con- 
vergence is naturally slow, and the use of ordinary approximate formulas 
is preferable. 








A FUNCTIONAL EQUATION IN DIFFERENTIAL 
3 GEOMETRY .' 


By T. H. GRonwa.t. 


1. Introduction. It is proposed to determine all surfaces of constant 
curvature having an equation of the form 


X(x) + Yy)+ Ze) = 


the functional equation corresponding to this geometrical problem is obtained 
as follows. Writing X(x) = u, Y(y) = v, Ze) = w, so that 


(1) utv+tw = 0, 


we may express z, y and z as functions of w, v and w in the form 





> dw 
Va ta . \ vor 7 Ok wih Vitae) ’ 
and the condition for constant curvature = K/4 +40 is readily seen to be 


S(u) gv) h'(w) +. g(r) h'(w) fu) + hw) fw) g(r) 
—K[f(w+g(v) +h(w)]? = 0. 


It will be shown that this functional equation (where the three variables 
are connected by (1)) has no solutions other than the trivial ones obtained 
in paragraph 2 and corresponding to surfaces of revolution about one of 
the codrdinate axes. Although the result is thus essentially negative, the 
function theoretic method of proof may claim some interest, since it is 
connected with the process for determining all functions having an algebraic 
addition theorem, as well as with the theory of entire functions of finite order.” 


(3) 


‘Received September 22, 1930. — Presented to the American Mathematical Society, 
December 28, 1918. 

? The elementary method of differentiation and elimination leads to inextricable calculations. 
However, the corresponding equation for minimal surfaces, 


(gth)f'+htf\)g'+(f+gh' = 0 


yields readily to this method, as was shown by J. Weingarten, Ueber die durch eine Gleichung 
von der Form X¥+ Y+Z= 0 darstellbaren Minimalflachen, Géttinger Nachrichten, 1887, 
p. 272-275. He obtains as solutions the surfaces of revolution and also a class of surfaces 
discovered by H. A. Schwarz, Fortgesetzte Untersuchungen iiber specielle Minimalflachen, 
Sitzungsber. Akad. Berlin, 1872, p. 3-27 = Gesammelte Mathematische Abhandlungen, 
Berlin 1892, vol. 1, p. 126-148. 
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2. The exceptional case, leading to surfaces of revolution. 
Differentiate (3) with respect to « and v, and subtract the results, whence 


(4) (gf’—fo'")h'+(g'f'—f'g h—2K(f+g+h) (f'—g’') = 0. 
Eliminating /’ between this and (3), we find 
6) (gf”" —f9") (hf'9'—K(f+g+h)"] 

(fo +9f AGP’ —f'f h—2K(f+gth) f'—-9)) = 


and the exceptional case in A arises when this equation reduces to an 
identity in h, which requires that gf’ — fg” = 0 and either fg’+9/’ = 0 
or f’—g'=0. In the first case, f’/f = —g’/g = const. = @, so that 


f= hg =e“ or by an obvious change of variables, f = ¢, 
g=e, Substituting in (4), we find 
a® } (eeu + 1)8 








K (peut) + Kew (6 (u-+-v) +1) ’ 


which is not a function of w= —u—v alone unless K=O and h=0, 
which is impossible. The assumption a — 0 is seen from (3) also to give 
K= 0 contrary to our hypothesis. In the second case, f’ = g’ = const.= «, 
so that f= a(u—w), g = a@(v— vv), or by the same change of variables 
as before, f= au, g = ev, and substituting in (3), we find «?(w+v)h’ 
+ ah —K(au+av+h)? = 0 which becomes by (1), 

a*(h — aw)’ ope, 

a*(h—aw)—K(h—aw) ow’ 

with the general solution 


h= 





aw(l+ec+Kew) 
1+ Kew , 





c being the integration constant. The surface is one of revolution about 
an axis parallel to the z-axis, since by (2) «— a = 2(u/a)'?, y—yo 
= 2(v/a)"*, so that (1) gives —4w/a = (x—ay)?+ (y—y)?. 

Equation (1) is symmetrical in u,v, w, and (3) in f,g,h; by cyclic 
permutation, we obtain from (5) two equations which, when identical in 
Jf and g respectively, constitute exceptional cases in which the solutions 
give surfaces of revolution about the x- and y-axis. 

From now on, we shall deal with the non-exceptional case, where none 
of the three equations of the type (5) is an identity in h, f and y 
respectively. Assuming these functions to possess third derivatives, they 
are analytic, for differentiate (5) with respect to w and v, subtract and 
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eliminate the quadratic term in f+ g-+h between the equation thus obtained 
and (5); suppressing the factor f9’+4/’, we obtain 


of" +f9"—9f"—F'9' NGS" —S 9 h—2K (f+ 9+) (F—9)) 
—(9f"—f9' NGS" +S9" —2f"9'h—2K (Ft g+h (f+ 9") 
= 0. 


Eliminating h between this and (5), we find an equation involving /, g, 
of’, g'” and giving v a constant value, we have a third order dif- 
ferential equation in f, the solution of which is obviously analytic. By 
symmetry, g and h are also analytic.° 

We shall now investigate the properties of these analytic functions 
with the aid of (3) and (4). 

3. The functions f, y, h are meromorphic, and their poles of 
the first order. Let f, g and h be holomorphic at uw, v and wy 
respectively, where wp + % + wo = 0 according to (1). Then there exists 
an 7 >0O such that the three functions have algebraic singularities only for 
lu—wo |<, |u—v9 |<, |w—wo|<r. Make u—ty = v—v9 = —(w—wy)/2, 
then (5) becomes an algebraic equation in A with coefficients which have 
algebraic singularities only for |w—w)!<2r, so that h has only such 
singularities in this circle. By symmetry, it follows that /, g and h have 
algebraic singularities only for |uw— uw|<2r, |u—w!<2r, |\w—wo <2r. 
Repeating this process, we may replace r successively by 2r,4r,---,2"7r,---, 
so that our three functions have none but algebraic singularities at finite 
distance. Let «=a be an algebraic singular point of f(u); replacing u 
by u-+a, we may evidently assume a = 0, and in the vicinity of u = 0, 
we have the expansion 


(6) S(w—fo = HuPotauPTVa+.--; o + 0, 





where we have placed the constant term fo to the left. By (1) we also 
have, for any v where g(v) and h(—v) are holomorphic, 
ad —* 
h(w) = h(—u—v) = hA(—v)—h' (—v)ut-— = . 


h'(w) = h'(—v)- n(—r)up wet. dx. 
We now substitute (6) and (7) in (3) and distinguish several cases: 
Case I, p/g<—1. Then the term of lowest order in u occurs in Kf”, 


and we must have K = 0. 





(7) 





*When the equation in f,---, g’’” reduces to an identity in f and its derivatives, we 
get one or more third order differential equations in g, and arrive at the same conclusion. 
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Case II, p/g = —1. The terms containing u~? in (3) give 


(8) gv) h' (—v) +A(— vo) + Koo = 


Let cu?*/4 be the lowest term with non-integer exponent in (7), then 
the lowest terms with such an exponent in (3) give 


PEA Ig(o)h (—0) +h(—e)g @]—2K ea = 0, 
and by comparison with the preceding equation, (p++ 4)/¢ = —2 contrary 
to hypothesis. Hence in case II, f has a pole of the first order. 
Case II], —1<p/q<1. Then (gh’+hg’)f’ contains the term of 
lowest order p/q—1, and setting its coefficient equal to zero, we find 
g(v)h' (v) +h(—v)9' (v) = 0, whence h(—v) = cg(v), c = constant, 


Gh = —clg@P+---, 
gh' thd = clg’ (v)?—gv)g’W]ut+--:-:. 
Case IIIa, —1<p/q<0. The term of next lowest order in (3) is 
—Kew?t, so that K = 0 contrary to hypothesis. 


Case IIb, O<p/q<1. (the case p/qg=—O cannot occur, since the 
constant term stands to the left in (7)). The terms of orders 0 and p/q 


in (3) give 
—efog v?—K[f++og))? = 0, 
— ef (+ “eld (90) 9 O—2E+A+99@] = 0. 
When g is constant, then = cg is constant, and also f by (3); our 


surface is a plane, and K = 0 contrary to hypothesis. When g is not 
a constant, the differentiation of the first equation above gives 


ehog' (v) + KU+¢0 [fo+(+o gv] = 0, 


and the elimination of y’” and g” from the second equation yields 


[f+(+e) g@) [(4+0 gw%)—A+p/a)f] = 


which again implies g(v) = const., unless c = —1 and fo = 0. In this 
case, the second equation above reduces to (1—q/p) g” = gg” with the 
general solution g = const.(v—v)?!%. 

Let u be such that f(«) and h(—vp—u) are holomorphic, and let v 
turn around vp; then g(v) is multiplied by a constant factor 2741, while 
J and h are unchanged, and (3) becomes 


IL fg’ hgh! f' +hf'g|—KUf tug +ay — 0, 
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whence by (3), with a proper determination of the sign of 2, 
ftgth = 4[f+g+hA]. Turning once more about w, this becomes 
ftagth = A[f+4%g+h], whence (4?—1) (42—2)g = 0 or 2? = 1, 
contrary to our assumption. 

CaseIV, p/g>1. Let c,u'?+/4 be the lowest term with non-integer 
exponent, the lowest such term in (3) occurs in (gh’+-hg’)f' and yields 
h(—v) = const.g(v) as in Case III. The further discussion is similar to 
that in Case IIIb, and leads to the same conclusion. 

Thus / is uniform, its only singularities at finite distance are poles of the 
first order, and by symmetry, this is also true of g and h. 

4, The functions f/, g and h have no zeros. Suppose that / has 
a zero, Which we may assume to be at « = 0, so that for «| sufficiently 


small 
S(u) = cru" tent +---, n$O and n > 1, 


and for any v which is not a pole of g(v) or h(—v), we have the ex- 
pansion (7). First assume n > 2, then the constant term in (3) gives 


h(—v) = —gl, 
and substituting this in (7) the expansion of (3) is 


(Cn te” + Criu* + +++) (9° +9 g/ut+-:-) 
+(nenu" + (n+ Deng’ +--) (gg’—g)uthgg”—7 9" )u +: 
—K(— gu— gg’ wtenu'+ )? = 0. 


When n > 3, the term in u? gives g’ = 0, so that g, and consequently 
also h, is a constant, contrary to the assumption. When » = 2, the terms 
in u® and u® give 
2099" —(e+K)g” = 0, 
99" +3039" —2esg" + Kg (2c. —g") = 9, 


whence by differentiation and elimination 
¢,(3K—c,)9'+4GqK = 0, 


so that g(v) is a linear function = «(v—vw), and h(w) = —g(—w) = a(w+vo), 
and we are in the exceptional case of paragraph 2. 

Thus there remains only the case n = 1; since we shall have to consider 
all the zeros of f, g and h, let wu = a be a zero of f, so that in its 
Vicinity 


(9) flu) = f'(a) u—a thf" @ u—a?+-, f(a) $9. 
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Replacing w by u—a and —v by --v—a in (7), introducing in (3) and 
equating the coefficients of (w—a)” to zero for » =O and 1, we find 


f'(a) [gh (—v— a) +h(— 0 — a) f &) — Kg) +h(—v—a)J*= 0, 
(10) —f'(a)g(v) h"(—v—a) + f” (a) [9 @&) h' (—v— a) +h(— va) gv) 
—2K[f' (a) —h' (—v—a)] [g) +h(— v—a)] = 0. 

When g(v)+h(—v—a) = 0, then h”(—v—a) = 0, so that we are 


again in the exceptional case. 
The first equation (10) may be written 











d h(—v—a) K n(—_ v—a) P _" 

dv go) + Fa) b+ = 

and assuming g(v)+h(—v--a) +0, this is integrated at once in the form 
k(--v—a) __ ve 

= yo) sv’ 

where 

(12) K(a—£) = f(a). 


Using (11) and (12), the second equation (10) reduces to 


a®h(—v—a) 4 2 adah(—v—a) 
(13) y dv? v—B dv 
(a) / 1 2f' (a) 
+g ea oe) 
When /f”’ (a) = 0, (13) gives 


h(—v—a) = 











v—B —f'(a) (v—)+ Cc’, 
and (11) 


gv) = — SFE CA 1 ea ~—a)—€ 


so that g(v) and h(w) have zeros v = b and wc. If g"(b) =h’ (0) = 0, 
then C = C’ = 0, and we have the exceptional case, so that, by a suitable 
permutation of /, g and h, we may assume that f’’(a)+0. Then (13) 
shows immediately that h(—v—a) has no pole at v=, and vanishes 
at v= «a. Since hd is uniform, and v = o is a regular singular point 
of (13), it follows that h is a polynomial. Let the degree of this polynomial 
be m; when n = 1, (11) shows that we have the exceptional case, and 
when n> 1, (13) gives 


n(n—1)+2n+(a—8) f" (a)/f'(a) = 0, 





or by (12) 


ft" (a) = —n(n+1) K. 
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Since h(—a—a) = 0, it follows that g(v) is also a polynomial of 
degree n. 

Permuting f, g and h, the preceeding discussion shows that, except in 
the case of paragraph 2, f, g and / are polynomials of degree n > 1, and 
St’ (w+n(n+1)K = 0 at every zero of f(u), and similarly for g(v) 
and h(w). Since f, g and h have no double zeros, it follows that 
f' (wy +n(n+1)K ete. vanish identically, so that f, g and h are polynomials 
of the second degree, the coefficient of the highest term in each being 
—3K. On account of K+0, the limit as v>o to the left in (11) is 
therefore +1, while the right hand member tends to —1. This contra- 
diction shows that, except in the case of paragraph 2, f, g and h have 


no zeros. 
5. Proof that g and hf cannot be exponentials. To simplify some 


details in subsequent paragraphs, it will now be shown that there is no 
solution of (3) in which 
g(v) = Ber, h(w) = Cer”, 


except the case where /, g and h are constants, which would require the 
surface to be a plane and K=0Q. Permuting f and h in (4), and sub- 
stituting the expressions above, we find 


BC(Vy—A)[(B+nf+8rfl erm 
—2K (f+ Be + Ce-1-1) (Cye-7’-7* — B Be”) = 0. 


Multiplying out, we see that each term contains a factor e*’, where 2 has 


the following values 
0, B, oy &—y, 28, — 27, 


and in order that the expression above shall vanish, two or more of these 
exponents must be equal. It is seen at once that the following cases 
only are possible: 
y= 0, er). 2K BB = 0, 8 = 0; 
—y = 8, ef. 2K f8(Ce&“+ B) = 0, 8 = 0; 
—y=f-y B=0, evew.2KC?y7=0, x» = 09; 
—y = 28, epwrw. KC2y = 0, y = 0. 





Hence g and h are constants, and substitution in (3) gives = —g—h = const. 
when K +0. 

6. Distribution of the poles of f, g and h. Let u=—a be a pole 
of f(u) (which is simple according to paragraph 3) with the residue do; 
then the equation corresponding to (8) is 
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(14) gv) h' (—v—a) +h(—v—a) 9 (ve) + Kay = 0. 
This may be rewritten in the two forms 


an 4. Boe * Se Se oe 
dv g(v) g(v)? > dv h(—v—a) h(—v—a)*’ 





and since g(v) and h(—v—a) have no zeros, it follows that h(— v— a)/g(v) 
and its reciprocal are entire functions, so that 





h(—v—a) __ To) 
(16) g(v) oe ae ? 
where I’(v) is an entire function. From (16) it is seen that either g(v) 
and h(w) both lack poles, or g(v) has a pole v = b, h(w) a pole w = c, where 


(17) atb+e = 0. 


It is therefore possible that f, g and h may have one pole each, so that 
(u—a) f(u), (v—b) g(v), (w—c) h(w) have neither zeros nor poles. 

Next, assume that one of /, g, h has more than one pole; let, for 
instance, f have the poles a and a’, the latter with the residue ao. Then, 
in analogy to (15), 











(18) a h(—v—e) at Ka a g(v) sad oe Ka 
dv g(v) giv)?’ dv h(—v—a) h(—v—a'??’ 
and 
(19) h (—v—a) ia el, 
g(v) 


Multiplying (15) by ao, (18) by ao, subtracting and integrating, we find 
(20) ape! — ay elie) — A, 


When the constant A does not vanish, (20) shows that the entire function J 
takes neither of the values 0 and A/a, hence it reduces to a constant 
by Picard’s theorem, and (15) gives a) = 0 contrary to hypothesis. There- 
fore A == 0, and (16), (19) and (20) give aph(—v—a)—ajh(—v—a’) = 0, 
or replacing —v—da’ by w 


h(w+a’— a) = Ah(w), where 4 = ao/ao. 
Permuting g and h in (14), we have similarly 


gvta—a) = Agr). 
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By (1) we may replace v and w in (3) by v+ a’—a and w+a—a’, thus 
changing g(v) into 4g(v) and h(w) into 4-h(w) so that 


[f(u) +Ag(ve) +41 h(w)? = [Fw +9(e) +h). 
Hence either 
Ag(v) +471 h(w) = g(v) + hw), 


so that 4 = 1, or 2f(w+(4+1) g(v)4+ (474 1) hw) = 0. 


where obviously 4+ 1+ 0, and differentiating with respect to vr, 
(A+ 1)9(vr) —(7+1) h'(w) = 0, 


which would make g’ and h’ constants and lead to the exceptional case. 
Therefore 4 = 1, so that 


(21) gw+a’'—a) = gv), h(w+a'—a) = h(w). 


Since we are not in the exceptional case, the quadratic equation in f(x) 
obtained by permuting f and h/ in (3) is not an identity; by (21) it is 
satisfied by f(w), f(u+a’—a) and f(u+2(a’—a)), two of which must 
consequently be equal, so that 


(22) F(ut2(a—a)) = flu). 


The case where both g and / are constants having been settled in paragraph 5, 
we may assume that g is not constant. Being meromorphic, and having 
the period a’—a, g is either simply or doubly periodic. First suppose 
that g (and hence also h, by (16)) has no poles; then the doubly periodic 
case would require g to be a constant, contrary to our assumption. In 
the simply periodic case, let a’ be chosen so that there is no other pole a” of 
J such that |a”—a|<|a’—a|. Write a’— a = o, then a”—a is an integral 
multiple of » for any pole a” of f, and consequently /(w) sin(a(u—a)/o) 
is an entire function (which may have zeros). Finally assume that g has 
a pole b (and consequently # a pole c satisfying (17)), and therefore more 
than one (adding a period to b). Let b’ be any pole of g(v) different 
from b; then the argument leading to (21) shows that b’— b is a period 
of f and h; so that a” = a+b’—bisa pole of f. By (21), a”—a=b'—b 
is a period of g, and consequently f, g and h all have the same periods, 
a primitive period parallelogram (or strip) containing exactly one pole of each. 
Here again the doubly periodic case is ruled out, since such a function 
with simple poles only must have at least two in a primitive period 
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parallelogram. Passing to the simply periodic case, it is now seen at 
once that 





Ff (u) sin Boni 2 ==. g(v) sin atone ees | : 
h(w) sin _ ¢) 


are entire functions without zeros, and /, g and hf have the period o. 

On account of (17), we may take 7(w—a)/m etc. as new variables in 
(3), whereby K is replaced by Ka/m. Then the preceding discussion 
shows that the following four cases are the only ones possible (except for 
a permutation of f, g and / in cases I and II). 

Case I: uf(u), g(v), h(w) are entire functions, g and h having no zeros. 

Case II: f(u) sin u, g(v), h(w) are entire functions of period 27, g and 
h have no zeros. 

Case III: uf(u), vg(v), wh(w) are entire functions without zeros. 

Case IV: f(u) sin u, g(v) sin v, h(w) sin w are entire functions of period 
2a without zeros. 

7. Upper bounds for the absolute values of the entire functions 
in cases I to IV. In cases I and III, write 


(23) Fi) = uf(u), Gv) = vg(v), Mw) = whlw), 
and in Cases IJ and IV 
(24) Fi(u) = flu) sinu, Gs(v) = g(v) sinv, He(w) = h(w) sin w. 


Introducing these in (3), and making v = w = —u/2, we obtain 


7 E (u)—2 (@ (-3) +4 -2))] 


~ of -a)-3) +S) 





(25) 








* na) (3) (5) 
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and ; 
x[p remy (oe(-$) +3) 
= 2780 |(%(—3}o4(—3) + {3} 26 (-5}) omg 
tees) sows 
mk OF) Ee (—) as (—) cot 
mb se(-$) +03) m9) 
2 sin® : 


4G (—$) Hy (— 4 cot * |. 


We shall now use some well known properties of M(r), the maximum 


absolute value of an entire function F'(u) for |u| = vr. This M(r) is 
continuous and non-decreasing as 7 increases, and is either analytic or 
composed of analytic pieces joined at the points 7,, 72, ---, where r,>« 


as noo, so that M’(r) = dM(r)/dr exists everywhere except possibly 
at "1, 2, ++ 4 

Moreover, when | F(u’)| = M(r), where wo = r+, re, ---, the 
Cauchy-Riemann equations in polar codérdinates show that 


(27) é | F’ (w’)| = M'(r). 


Let M,(r), Me(r), Mg(r) be the M-functions for the three entire functions 
F(u), G(u), H(u), and write 


(28) M(r) = max. (M,(r), Mz(r), Ms(r)). 


Then M(r) is evidently continuous and non-decreasing, and the only points 
where its derivative may not exist are the points 1, 72,--- belonging to 
either of M,, Mz, and Mz, as well as the points where two of M,, M., Ms 
are equal. Since the values of r for which M/,(r) = Mz(r) cannot have 
a limit point on an interval where M, and M, are both analytic unless 
M,(r) = Mg(r) identically on the interval, the values r, for which M ‘(r) 
does not exist are such that r,>0 as n>o. For r¢ry, (27) holds 





‘0. Blumenthal, Sur le mode de croissance des fonctions entitres, Bulletin de la société 
mathématique de France vol. 35 (1907) p. 97-109. 
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for at least one of F, G and H. We note finally that by Cauchy’s 
formula 





ay 2. [ FOa 
F (u) a Qi | (v —u)?* ’ 
v—u|=1 
and since | F(v)| << M(\u|+1), 
(29) F'(u)| S M(ju| +1). 


Now let us apply this to the functions (23) for r + rn; by a permutation 
of F,, G:, H,, we may assume that it is , that satisfies (27), and for 
uw, the absolute value of the expression to the left in (25) is not 


less than 
a,(-$) + (-4)|| 


[aco 8M(r) M (5 4 |. 


LEM Rw)|—2 








= KI 
ie 


The right hand member in (25) has an absolute value not greater than 


17) (2.4 4 r , elif r : 
Mo) (| +49) M(g +4) +300) (5+ a) aes +1), 
and consequently we have, for r+/rn and sufficiently large, 


(30) Mr)? < & [M'() +M@)] M (= * y 


Turning to (24), we observe that when the imaginary part of «’ is bounded 
as +0, then, since the functions (24) have the period 27, M(r) is 
bounded and (30) holds. When, however, the imaginary part of u’ becomes 
infinite with r, then 


u’ 


1 
cot > and = 
2 





$s 
j 
1 


are bounded as 7 >; since ‘cos | <e' we find, treating (26) in the 


same manner as (25), that (30) is valid in this case also. 
Now write 





(31) u(r) = & M(r) 
which transforms (30) into 
Kr) me e2—2r 
u(r)? — 


(+1) 
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and integrate® from r to 2a7—2, where 
1 1 


“ 


32 — <_a<. -=. 
7 2 V2 
Then, for all + sufficiently large, 


1 rm 1 " - de 
we) wRar—3)~ J, (£41) 


1 2Qar—2 e—2r 
a 88 Bg en nten 
F ar J, de- e(ar)®’ 











whence 

u(r) < & war)’. 
Writing 
(33) v(r) = erie wir), 
the preceding inequality becomes 

v(r)<v(ar)’, 

whence by iteration 
(34) v(r)<v(a" ry”. 


For r >? sufficiently large, we may determine n so that 
atyr<ro < ar; 


consequently, by (32), a” r<ro/a<2ro and nloga-+ logr = logr > 0, 








n< wer , B<cr, 1<2=— wee <2, 
log—~ log —~ 


and by (34) 
v(r)<v(2 ry) 


For any fixed 6 between # and 2, (31) and (33) now give 


(35) Min)<e", 6<2, 
for all r sufficiently large. 

8. Conclusion of the proof. In cases I and II, it follows that, for 
lu] =r, since |sinw| is greater than some constant c for an indefinitely 
increasing sequence of values of r, 


'g(u)| and In| <+e 





d 


>The presence of some of the points r». on the interval does not disturb the integration 
of the expression to the left, as is seen by subdividing the interval at these points and 
observing that «(r) is continuous. 
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for these r, and since g and / are entire functions without zeros, and 
d<2, we have 
g(u) = Beh, h(u) = Ce, 


but this gives no solution of (3) as shown in paragraph 5. In case III, 
the same argument gives 














Be Cerv 
gv) = v ’ h(w) angel w ? 
and in case IV 
Be Cerv 
g(o) = sin v ’ h(w) = sin w * 


Substitution in (14) with a = 0 yields 


BC(B+y)e?-P*/v +Ka = 0 
and 


BC (B+ 7) &8&-/*/sinv + Kay = 0 


respectively, so that in both cases 8+y—0O, and a =O contrary to 
hypothesis. 
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THE REPRESENTATION OF PROJECTIVE SPACES.' 


By J. H. C. WHITEHEAD. 


Introduction. The projective geometry of paths originated in a paper 
by H. Weyl,? who showed that any two affine connections whose compo- 
nents are related by equations of the form® 


(0.1) Ti, = Vig + 65 Wy + Ob Wy 


give the same paths. The change over from I to I is called a projective 
change of connection, and the study of those properties which are invariant 
under such changes of connection, the projective geometry of paths. 

The problem of determining the conditions under which two affine con- 
nections give the same paths was considered independently (a copy of 
Weyl’s paper not being available) by L. P. Eisenhart,* who obtained the 
conditions (0.1), and gave their significance in terms of a change of para- 
meter on the paths. 

The relation between changes of parameter and projective changes of 
parameter was discussed by O. Veblen® in the light of Weyl’s work. These 
two papers, by Eisenhart and Veblen, show how the projective geometry 
of paths may be formulated in terms of the parametrization. This point 
of view was adopted some years later by J. Douglas,® who took for the 
paths a system of parameterized curves, and showed that they determine 
an affine connection, whose components are, in general, functions of po- 
sitions and direction. Any change of parameter, assuming analyticity 
throughout, gives rise to a projective change of connection of the form 
(0.1), where y; are functions of x and dz’, homogeneous of degree zero 
in the latter. The projective geometry of paths is now seen to consist 
of those theorems about a system of paths which are independent of the 
parameterization. Douglas renames it, on this account, the descriptive 
geometry of paths, and in § 10 of this paper, we have followed him in 
this respect. 

*Received June 9, 1930. 


? Zur Infinitesimalgeometrie; Einordnung der projektiven und der konformen Auffassung. 
Gott. Nach. (1921), pp. 99-112. 

* Levi-Civita — Annali di Math. (1896), in connection with a dynamical problem, estab- 
lished these conditions for Riemannian spaces with corresponding geodesics. 

* Spaces with corresponding paths, Proc. Nat. Acad. of Sciences (1922); vol. 8, pp. 233-238. 

*Projective and affine geometry of paths. Proc. Nat. Acad. 1922, vol. 8, pp. 347-350. 

°The general geometry of paths. Annals of Math. (1928), vol. 29, pp. 143-168. 
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The idea of a projective connection is due to E. Cartan,’ who asgo- 
ciated with each point of his original manifold a flat projective tangent 
space. He defined a projective connection by means of the differential 
equations relating the tangent spaces at different points. He also discussed 
the problem of attaching a projective connection to the system of curves 
in a space of two dimensions, given by a differential equation of the second 
degree. There does not, however, seem to be any way of building up 
a complete theory without reinforcing the foundations laid down in this 
paper, as the relation between the tangent spaces and the underlying 
manifold was too indefinite. This point was discussed by Weyl in a paper 
(1929) to which we refer below. 

This was closely followed by a paper by T. Y. Thomas® who defined a 
projective connection using the methods of tensor analysis. The compo- 
nents of the projective connection associated with the paths defined by 
an affine connection I are given by 


i i 1 
(0.2) Dye = Vjxr— one wg (Oj) Pax + Ox Taj), 


and are unaltered by projective changes of the affine connection. The 
transformation law of the projective connection Z is easily deduced from 
that of 7, and to T. Y. Thomas is due the formulation of the projective 
geometry of paths as the theory of an invariant with a given trans- 
formation law. 

In a paper which appeared simultaneously with that of T. Y. Thomas, 
O. Veblen and J. M. Thomas® discussed non-homogeneous projective normal 
coérdinates. A projective normal codrdinate system, z, is uniquely defined 
by a given point g, a given codrdinate system x, and the relation 


(0.3) Px zk == 0, 


where Pj, are the components of the projective connection in z. A necessary 
convergence proof was, however, lacking in their argument that such 
codrdinates exist. 

J. A. Schouten’? showed how Cartan’s ideas can be developed with the 





7Sur les variétés & connexion projective, Bulletin de la Soc. Math. de France (1924), 
vol. 52, pp. 205-241. 

°On the projective and equi-projective geometry of paths. Proc. Nat. Acad. of Sciences 
(1925), vol. 11, pp. 199-203. 

* Projective normal coérdinates for the geometry of paths, Proc. Nat. Acad. (1925), vol. 11, 
pp. 204-207. 

10On the place of conformal and projective geometry in the theory of linear displacement, 
Proc. Akad. van Wetenschappen te Amsterdam (1924), vol. 27, pp. 405-429. See also Erlanger 
Programm und Ubertragungslehre, Rend. di. Palermo (1926), vol. 50, pp. 142-169. 
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help of Kénig connections. These papers are valuable for their bearing 
on the foundations of differential geometry, and for their presentation 
of the projective and conformal geometries as special cases of the more 
general theory of Kénig connections. But the Kénig connection, in its present 
stage of development, does not seem to be a suitable weapon for attacking 
many problems of projective geometry—the equivalence problem, for instance. 

The idea of introducing the affine theory with one extra dimension is 
due to T. Y. Thomas** who defined an affine connection for an associated 
manifold of (x-+1) dimensions’® by means of the relations 


(Te = We 
1 
* — as Pe en a 
(0.4) op n+1 03, 
1-+n 
“rg = 14" my, 





1—~n 
where 17, are the components of a projective connection, and 


OM ola 
Bat Bark 





Ty, = + Hj oa — Wa Mies 

Thomas defined as projective normal codrdinates for 7 the affine normal 
coérdinates for *I, and showed that the necessary and sufficient conditions 
for two projective connections to be equivalent can be expressed in terms 
of the normal tensors for *Z7, which constitute a complete set of invariants. 
In proving this he showed that a transformation of the form 


(0.5) g* == g*(?, ---, 2°), 


which carries *I into the affine connection *T, associated with a projective 
connection 7, is necessarily of the form 


= | az | 
oa fu 
(0.6) os = ¢ + log, oa |? 
xt — a*(a", soo, a), 
ya 
provided that (| = do, when evaluated at some particular point q. 
q 


In a later paper, T. Y. Thomas considered the extent to which the 
form of the transformation (0.5) is determined by the condition that it 








"! A projective theory of affinely connected manifolds, Math. Zeit. (1926), vol. 25, pp. 723-733. 
2 Greek letters, used as indices, will take the valués 0, ---,, and Roman indices 1,---,n. 
‘3 Concerning the G group of transformations, Proc. Nat. Acad. (1928), vol. 14, pp. 728-734. 
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carries *I into *7. He showed that when m = 2 and *J' is not flat, 
then (0.5) is necessarily of the form (0.6), and when n = 3, it must be of 
this form unless 77 is subject to certain restrictions. 

In the same year O. Veblen and J. M. Thomas* gave an alternative 
solution of the equivalence problem. If this paper is compared with that 
of T. Y. Thomas and with a later paper by O. Veblen,’ it is seen that 
their method gives a solution in terms of the successive projective deri- 
vatives of the projective curvature tensor. 

In this last paper Veblen gave a systematic account of projective in- 
variants, which brought the projective nature of the theory into evidence. 
The transformations of a projective tensor were seen to give a repre- 
sentation of the sub-group of projective transformations which leave a 
given point invariant. 

In a lecture to the London Mathematical Society Veblen’* reformulated 
the subject in a way which extended its range, and at the same time 
brought it closer to classical projective geometry. He gave an account 
of projective displacement in which the relation between the tangent 
spaces and the underlying manifold was sharply defined. The scheme put 
forward by Cartan could thus be included in the theory of a projective 
connection. 

Weyl,*” on the other hand, gave a review of the subject in which he 
took Cartan’s scheme as fundamental, and by adding three postulates, re- 
lating the tangent spaces to the underlying manifold, showed how this and 
the theory of T. Y. Thomas could be fitted together. 

It seems to us that the simplest approach is obtained by emphasizing 
the invariant theory, and regarding infinitesimal displacement as a con- 
sequence. This point of view underlies the present paper. 

A detailed discussion of the tangent spaces was given by Veblen’® in 
a paper concerned with projective connections of an essentially different 
nature from those introduced by T. Y. Thomas. These were derived from 
a quadratic differential form, and may be regarded as the basis of a 
generalized non-Euclidean geometry. 

In this paper we shall confine our attention to projective connections 





‘* Projective invariants of the affine geometry of paths, Annals of Math. (1926), vol. 27, 
pp. 279-296. 

© Projective tensors and connections, Proc. Nat. Acad. (1928), vol. 14, pp. 154-166. 

© Generalized Projective Geometry, Journal of the London Math. Soc. (1929), vol. 4, 
pp. 140-160. This paper will be referred to as G. P. 

“On the foundations of general infinitesimal geometry, Bulletin American Math. Soc. 
(1929), pp. 716-725. 

8A generalization of the quadratic differential form, Quarterly Journal, Oxford series 
(1930), vol. 1, pp. 60-76. 
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for which the conditions (1.1) of the text are satisfied, and it is to be 
understood that they are satisfied when we use the term projective con- 
nection. Projective connections, in this sense, differ from the associated 


affine connections of T. Y. Thomas in that, writing 73, for *I"3,, Uj are 
arbitrary, and not one, but an infinity of components are determined in 
each coordinate system. 

In a recent paper’ we studied flat projective connections by means of 
the ray representation, in which points of n-dimensional flat projective 
space are represented by means of straight lines through some fixed point 
in a flat affine space of (n+1) dimensions. In the present paper we 
shall extend this method to spaces which are not flat, and shall be able 
to make points in the projective space, P,, correspond to paths through 
a fixed point in the affine space, Ani:. This gives a clear geometrical 
explanation of the treatment originated by T. Y. Thomas. 

Relying only on the analysis involved in the affine theory, we give, in 
§ 2, a geometrical method of finding non-homogeneous projective normal 
codrdinates, and in § 4 we show how these are related to the affine normal 
coérdinates for the affine space, Ani:. In §8 we show that if two 
projective connections are equivalent under transformations of the form 
(0.5), then they are equivalent under transformations of the form (1.3) 
of the text, which take the place of the transformations (0.6) used by 
T. Y. Thomas; and we give the geometrical reason for this. 

In § 9 we make a generalization, suggested by Veblen in G.P., which 
is useful in § 10, where we show how projective connections may be 
normalized to obtain projective connections in the sense of T. Y. Thomas. 
The latter we call normalized projective connections, and in § 11 we show 
that the non-homogeneous projective normal codrdinates for a normalized 
projective connection are those defined by Veblen and J. M. Thomas. The 
missing convergence proof is thus indirectly supplied. There is no essential 
difference in the equivalence problem, and our methods may be applied 
without modification to normalized projective connections. The question 
raised by T. Y. Thomas as to how far the transformation (0.5) is characterized 
by the fact that it carries *f into *F is completely answered in §§ 8 and 11. 
This transformation must be of the form (0.6) if the connection admits 
only one radius vector (see § 1), but otherwise need not be of this form. 

When we refer to a function without further qualification, we shall 
mean an analytic function regular at all points under consideration. We 





8On a class of projectively flat affine connections. Proc. London Math. Society (1931), 
vol. 32, pp. 93-114. We shall use the same notation and terminology as in this paper, 
which will be referred to as P. F. 
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shall be consistent in using Ay», and P, to denote, respectively, an affine 
space of (n+ 1) dimensions and a projective space of m dimensions. We 
shall use a comma and a semi colon to denote, respectively, ordinary 
partial differentiation and covariant differentiation, thus 


0Tp 
Tay = dur 


Tp:y = Tp,y—TaHpy. 


I owe a great deal to Professor Veblen and wish to thank him for 


his criticism and advice. 
1. The representation. The projective connections which we are 
considering are symmetric, and satisfy the following conditions 


(a) | Lop = 93 


1.1 
( ) (b) TT5y,0 See 0. 


Let Ryd be the components of the projective curvature tensor corre- 
sponding to 7g, (see G. P.). Then, 


Rpyo mit I y,0— $0, + py Mio — M po Wi, 
= IT$y,0, in virtue of (1.1a). 


Hence (1.1), taken together, are equivalent to 


a yg = 09 
(1.2) (a) ri ” 
(b) | Rgyo = 0. 

Projective geometry was defined in G. P. as the invariant theory of 7 
under transformations of the form 


{ z° ies a + log e(a", oe, am) 
(1.3) | nt = x* (a1, tee, x”). 


The conditions (1.2) are invariant under these transformations. 

Let Z be an affine connection for an affine space Anti. If there 
exists a coérdinate system in which the components, 173,, of this connection 
satisfy the conditions (1.2), then A,4+,, referred to this cotrdinate system, 
may be taken to represent a projective space P,. We shall use Kn+: to 
denote any coérdinate system for Anji. A Knsi which is a representation 
for P,, will be denoted by R,. In an Ra, x+2°, a point of Py is 
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determined by the codrdinates (x! --- 2”) and any value of the factor x°. 
The points of P, are, therefore, represented in an R, by the curves of 
parameter x°. These curves will be called rays. Any Ky, obtained from 
an R,» by a transformation of the form (1.3) is itself an R,. The question 
arises whether two Ky+.:’s, in which the conditions (1.2) are satisfied, are 
necessarily related by a transformation of the form (1.3). We shall see 
that the answer to this question is in the negative, but that A,,, referred 
to either Kn4:1, may be taken to represent the same P,. An R,, there- 
fore, will mean any Kn+: in which the conditions (1.2) are satisfied. 
What are the special properties, enjoyed by an A,4:, in virtue of which 
it may be taken to represent a P,? To answer this question we shall 
translate (1.2) into invariant conditions and find their geometrical significance. 
Let x+2° be any Ry. Then the conditions (1.2) may be written 


> ae Hig = 43, 
(b) Réyh Ph = 0. 


Let §* be the components, in any Kn+1(z%), of the vector which is defined 
in x+z2° by 09. Then in (%*) the equations (1.4) will become 


= Es = 95, 
(b) | Rg s* = 0. 


Conversely let 2 be any affine connection, such that there exists a vector 
satisfying (1.5). Then we can find a codrdinate system in which the com- 
ponents of this vector are do, and in which, therefore, (1.5) have the 
form (1.2). So we have: 

THEOREM I. A necessary and sufficient condition that a given An+1 may 
be taken to represent a Pn, is that a vector should exist which satisfies (1.5). 

It will be seen, in § 6, that the rays all pass through a fixed point in 
An+i1, Which may have to be introduced as an ideal element. The vector 
which defines this congruence of curves will, therefore, be called a radius 
vector. We can now define an R, as a Kn+1 in which 6) are the com- 
ponents of a radius vector. Notice that the form of equations (1.3) is 
completely characterised by the relations 


a 0x* ra oe ad 
oo oe oe. 
9 6x° ba 
Two Ky+1’s, therefore, in which the components of the same radius vector 
are do, are related by a transformation of the form ( 1.3). 
Let py be the components of connection in any Rn, x+2°. 
since ITpy,0 = 0, the continuous group of transformations given by 


(1.4) 


(1.5) 


Then, 
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wi = g°+ ft, 
(1.6) a he 
will transform 77 into itself. This is the group generated by the vector 
do. A radius vector, therefore, generates a continuous group of affine 
collineations. 

This property, as Professor M. S. Knebelman pointed out to me, can 
easily be deduced from the invariant conditions (1.5). A necessary and 
sufficient condition that a vector € generates a continuous group of affine 
collineations is that® 


(1.7) Er B:y + Roy gf — 


If & satisfies (1.5a) we have eresy = 0, and so the conditions (1.5a) 
and (1.7) are together equivalent to (1.5). It may happen that more than 
one radius vector exist, in which case, as we shall see later, there will 
be representations which are not related by equations of the form (1.3). 

Let §* be the components, in any Kn4ii, of a radius vector and let 


por 
Then we have 
d? x « ax dat dx® 
aT ia a a 





= Fis 8? — 8". 


From these equations and from (1.5a), it follows that the rays are paths. 
We shall in the next section be concerned with hypersurfaces defined 
in any Rn, x+2°, by the equations 


(1.8) x® = const. 


Since the radius vector defines a group of affine collineations, the affine 
properties of all the hypersurfaces defined by (1.8) will be the same. Two 
factors which differ by a constant, or two representations composed of 
two such factors and the same codrdinate system, 2‘, will be called 
equivalent. The components of connection will be unaltered by a change 
from any representation to an equivalent representation. 

We can now explain the nature of a representation, 2+ 2°, in descriptive 
terms. The factor, x°, picks out a family of hypersurfaces given by (1.8), 
of which, as we have just shown, only one need be considered. We may, 





20. P. Eisenhart, Non-Riemannian geometry, p. 126. This book will be referred to as 
N.R.G. Eisenhart uses Rju where we use Riu. 
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therefore, suppose the constant in (1.8) to be zero. The codrdinates x* 
will determine a point in P, and, at the same time, a point on 2° = 0 
and so, as in the case where J/ is flat (P. F. §$ 4 and 5), P, is represented 
on a hypersurface in Ayi1. The components of Z7 will define two invariants 
on x’ = 0, an affine connection and a tensor, whose components are JZ}, 
and Ij, respectively (P.F. §1). Then a change of representation which 
leaves the factor unaltered is equivalent to a change of codrdinates on 
x°=0, while a different factor selects a new hypersurface for the re- 
presentation of P,. Any hypersurface which is not generated by rays 
may be used to represent P,. For if, in an Rn, 


Fi(x®,--+, 2”) = 0 


is the equation to a hypersurface, 25 will vanish identically if and only 


if F is generated by rays. If this is not the case we may solve this 
equation to obtain 


ax + p(x", “++, a") = 0, 
and the change of factor defined by 
2° = a® + g(x’, cher x") 


will give the required representation. 
The equations to the paths in Aji: are given by 








ad? x a ax? dah 
(1.9) “a Te ae ie la 
or 
d? x! i ax) dak ‘if af 
ia (a) tea at a a * 
d? x o dx dak Al ” 
(b) ade ~ +H it dt dt +|( at ~ 


From (1.10a) we see that the projection of any path, by means of the 
rays, on the hypersurface x° = 0 is one of the paths defined on the latter 
by Z7j,. In particular let C be any path in A,+: which is not a ray, and 
let S, be a hypersurface which contains C and is not generated by rays. 
Then, as we have remarked, we can arrange that, in some R,, «° = 0 
shall be the equation to S,. Let 2, be the surface generated by the 
rays which intersect C, let P and Q be any two points** on 2, not on 





‘In this argument it will be assumed that we are dealing with a region in which 
one and only one path passes through any two points. 
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the same ray, and PQ the path joining them. We shall show that PQ 
is contained in 23. 

Let the rays through P and Q meet C in Py and Q respectively. Then 
Py Qo, the projection of PQ onto S,, is the path of S, which joins P, 
and Q. But from (1.10), or from the general theory of sub-spaces, it. 
follows that C is a path of S,, and, since it joins Py and Qo, coincides 
with P)Q. The projection of PQ onto S,, and therefore PQ itself, are 
contained in 3,. If P and Q were on the same ray, PQ would be this 
ray and would lie in 2,. We have, therefore: 

THEOREM II. The surface generated by the rays which intersect any path 
of Anti is a plane*. 

It follows at once that if a plane p-space exists which does not contain 
a ray, then the rays which meet it generate a plane (p+ 1)-space. Plane 
p-spaces in P, are, therefore, represented by plane (p-+-1)-spaces in An41, 
and, in particular, paths by planes. 

2. Non-homogeneous normal coérdinates. Let q* be any point 
of Ans: and let S, be the hypersurface generated by the paths which 
touch the hypersurface «°—q°® = 0 at q*. If «+<° is any Rp the equations 
to S, may, as we explained in § 1, be written 


2° —g° + 9° (2", +++, a") = 0, 


since S, is not generated by rays. Apply the change of representation 
defined by 


. a ee yo 
(2.1) ’ x° — g° + p°(x', ---, 2”) 


at= zg. 


Then «+2° will be an R,. Let 0, da!--- da", be the components of 
the tangent vector at any point of a path through g%, and lying in the 
hypersurface 2? 0. Then, if ITpy are the components of connection in 
a+ 2°, we shall have, replacing 1s, by 1, in (1.10), and putting dz° = 0, 

ry dxi dak s 
a “at a * 
The factor 2° is determined by the factor ~°, and the ray qg’. We shall 


call it the normal factor corresponding to x° and this ray. From (2.1) 
we see that the normal factors for two equivalent factors, and the same 





2 4 sub-space will be described as plane if any path which meets it twice is contained 
in it. In particular, a plane surface will be called a plane. See E. Cartan—Legons sur 
la géométrie des espaces de Riemann (1928) ch. V. 
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ray, are themselves equivalent. If we transform from one R, to another 
with the same factor, the components IT} will obey the transformation 
law for affine tensors. The equations (2.2) hold, therefore, in all represen- 
tations with the factor 2°. 

Now treat Jj, as an affine connection for the hypersurface 2° = 0, and 
let (¢1--- 2") be affine normal codrdinates for 7, and the point q'. Then, 
we shall have an R,, z+2°, given by 

(a) 2 = 2 —¢+9"(z',---, 2%), 
om (b) (a = g(a", ---, 2%). 


Since z* are normal codérdinates for g*, the paths through q“ which lie 


in 2° = 0 will satisfy 
{* = Q, 


gi = pid, 

where p* ay constants. Hence on these paths we shall have dz = 0, 
dg = a and so, from (2.2) 

Pyreick = 0, 
where P3, are the components of connection z+ 2°’. We also have 
(2.4) Pi.zizk = 0, 
since 2 are normal codrdinates for W},. Hence 
(2.5) Pied ek == 0, 


and Pj = 0 at the origin of normal coordinates. We shall call z+ 2° 
and z' --- 2”, respectively, the normal representation and non-homogeneous 
projective normal coordinates for x-+ x° and the point q*. 

Since the transformation given by 


i = 2°+4, 


e* o= 


for any value of a, is an affine collineation, the equations 
f2e—a=0, 
g§ = pid 


will define a path through the point g“, whose codrdinates in x+ 2° are 
(q°+a, q', ---, g”). Hence the normal representations for g* and q“ are 
equivalent. 
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According to our definition, the factor, 2°, in a normal representation, 
has the property that the hypersurface z° = 0 is generated by the paths 
which touch a given hypersurface at a given point. The codrdinates 
are affine normal codrdinates on this hypersurface and for this point. 
From these properties and the affine theory we deduced the relations 
(2.5). From the affine theory we know that (2.4), are sufficient to ensure 
that z shall be affine normal codrdinates for Pj,. The properties given 
above may, therefore, be deduced from the relations (2.5) and we shall 
give as a definition: A normal representation is one in which (2.5) are 
satisfied. 

3. The projective parameter. Let 

a? z i dzi dz& dz® dz 


a@ t+ ear t ara = ° 


d* 2° 0 dz de€ ry. 
ae + ar ai +(} am 





(3.1) 





be the equations to the paths in the normal representation for «+ ° and 
q*. Then for the paths through g* which lie in z° = 0 we shall have 
ce dz dz aS 
ot ar | in 
This will be true of all paths through g*%, since the projection of any one 
of these by the rays on the hyper-surface z° = 0 will be a path lying 
in the latter. For the paths through g%, therefore, (3.1) reduce to 


d? z dz® dz 
dt? +2 dt at 


d? 2° dz \? 
dt? a as 





= 0, 
(3.2) 





which give us 


e = ptt+¢’. 


The solution such that z* = 0 when ¢ — 0 is 


“9 = pit+qi, 





Fae ee sal 
(3.3) vil pt, 

ee = pt+1, 
whence 

. it 
3.4 _——s Oe 
(3.4) Z Pitt” 


or 
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(3.5) ef = ge, 
where 

: wig t 
(3.6) ¢ = iti +1" 


Since 2 are affine normal codrdinates on the hypersurfaces 2° = const. they 
will undergo an affine transformation®® when we change the codrdinates 2 
in the R,, x+2°, without changing the factor. The parameter o defined 
by (3.6) is, therefore, the same for all representations which have the 
same factor. 

We shall see in §§ 10 and 11 that the results so far obtained are imme- 
diately applicable to the theory of T. Y. Thomas. In this application 
zi... zg” will be the projective normal coérdinates obtained by O. Veblen 
and J. M. Thomas, to which we have referred in the introduction, and ¢ 
will be the parameter obtained by T. Y. Thomas*‘ and called by him the 
projective parameter. Whether J/ is normalized (see § 10) or not, it would, 
therefore, be consistent to call o the projective parameter for the factor x°; 
but, for the following reasons, we venture to suggest a revision of the 
terminology. 

In flat affine geometry an affine parameter is defined as a parameter for 
which the differential equations to the straight lines in cartesian codrdinates, 
have the form 


(3.7) ey 


do? 


Similarly in flat projective geometry a projective parameter is most 
naturally defined as a parameter for which the equations to the straight 
lines, in non-homogeneous projective codrdinates, have the form 


(3.8) 2 dz dz ( d?z* 


2 
a ae? =) = 0, not summed. 
The equations (3.7) and (3.8), respectively, are obtained by eliminating the 
constants from the equations 


(a) (y = ao+b, 


(3.9) ; _ pitt+¢ 
(b) Ja = tt 


Any parameters obtained from o and ¢, by the equations 


*3 For a discussion of the transformation laws see § 4. ; 
*4T. Y. Thomas on the projective and equiprojective geometry of paths. Loc. cit. See 
also L. P. Kisenhart, N. R. G. p. 106. 
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(a) ¢= aog+B, 
(3.10) 7. stt8 


where @, £, y and 6 are constants, are also affine and projective para- 
meters respectively *°. 

If we use normal codrdinates and confine our attention to the paths 
through the origin this definition may be extended to the generalized 
geometries. For affine parameters this definition is equivalent to that given 
in N. R. G., p. 57. In the generalized projective geometries we define 
a projective parameter as follows: If, 7n a projective space, the equations to 
a path, in any projective normal codrdinate system for a point on this path 
have the form (3.9b), then t is a projective parameter on this path. 

The parameter ¢ which occurs in (3.4) is, according to this definition, 
a projective parameter. In the next section (4.6) we shall see that the 
form of equations (3.4) is unaltered by a change of representation. 

The parameter o which appears in (3.5) is an affine parameter defined 
on 2° = 0 by the affine connection P;. This hypersurface is uniquely 
determined by the factor x° and the point g‘. We shall, therefore, call o 
an affine parameter for the factor x° and the point q. 

Let (1.9) be the equations, in any R,, to the paths of Api;:. Then 
it ¢ is any parameter given by 


we shall have 





_ dt a ii, 
where 
(3.11) Ix, = Igy + 6 w, + 6% 
: by by 1 9B Wy - Oy We, 
an 

dat d?t| dt 
3.12 SS ae 
(8.12) 2 Wa dt dt?| dt ° 


If we require that 17g — 63 we must have, from (3.11) 
03 = 86+ ds Wot oo Ye. 
From this it follows that w= 0 and so, from (3.12), 


t= at+B. 





J. Douglas, The general geometry of paths, Annals of Mathematics (1928), vol. 29, 
pp. 143-168. 
6 J. Douglas, Loc. cit. 
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At first sight, therefore, it would appear that ¢ lacks the property of being 
indeterminate up to linear fractional transformations. This confusion arises, 
however, from the fact that in the argument we have just given we are 
treating 7 as an affine connection for A,:;, and as we see from (1.9), 
tis an affine parameter for the paths in A,1;. The additional arbitrariness 
contained in the transformations of the form (3.10b) is provided by the 
fact that, since the equations (3.4) give the same path in P, for all values 
of p®, a single path of P, is represented by an infinity of paths in Ap... 
From the point of view of P,, therefore, the projective parameter, ¢, is 
indeterminate up to transformations of the form (3.10b), but ¢ and ¢ will, 
in general, be affine parameters on two different paths in A,;, both of 
which represent the same path in P,. Without appealing to the (n+ 1) 
dimensional representation this amounts to saying that the same path is 
given by an infinity of solutions to (1.9), any two of which, in suitable 
normal codrdinates, are related by the equations 
oe pit 
ptti — pti’ 
whence 
t 
~ (hp t+1° 





4, Homogeneous normal coérdinates and the laws of trans- 
formation. By analogy with the flat case we are led to consider the 
codrdinate system, Kn+1, obtained from z+ 2° by the equations 


(4.1) ee 


Zz? ae e, 


where z+" is the normal representation for 2-+2° and some point g*. 
We can take Z as a homogeneous codérdinate system for Pp, since there 


is a one to one correspondence between the sets of codrdinates 2’, ---, 2” 
and sets of ratios Z°:---:Z". From (2.3) we see that 

(4.2) Zt = ex a oe (x, eaity x"), 

where 6° = e?, 61 = 6° gi. If 'Z* are the corresponding codrdinates for 
the point whose codrdinates (Kn+1) in x+ 2° are (’g°, g’, ---, 9") we shall 
have 


‘ge —_ ee” p@ (z', it. x”), 
Hence from (4.2) we have 
(4.3) ee ' Ze = ot Ze, 
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If we are thinking of Z* as homogeneous coérdinates we need not 
distinguish between ‘Z* and Z%, and shall, therefore, define Z as the 
homogeneous projective normal codrdinate system for x+<x° and the ray, 
or in terms of Py, the point, g’. From (3.3) and (4.1) we see that the 
equations in Z, treated as a Ky+41, to the paths of An+i which pass through 
any point g* on q*, are 

Z*—bo = p't. 
It follows, therefore, that 
(4.4) Y* = Z°—d 


are affine normal coérdinates (K,+1:) for «+2° and g“. We have, therefore: 
THEOREM III. The normal representation, z+ 2°, and the affine normal 
cobrdinates Y“, for any Rn and any point, are related by the equations 
(4.1) and (4.4). 
If 'Y@ are the affine normal coérdinates for x-++2° and the point whose 
coérdinates are (‘g°, q', ---, 9”), it follows from (4.3) that 


(4.5) et ('Y" +65) = & (Y" +0). 


Let Z* and Y* be homogeneous projective normal codrdinates and affine 
normal codrdinates (Kn+1), respectively, for g* and the representation 
x+ax°, where x+2z° and x+2° are related for each other by equations 
of the form (1.3). Then we shali have 





ye — ag Y?, 
ya pt 
where ag = (5a = Since So == 09 we shall also have 
(4.6) Z* = a2’, 


and this will be true at all points of the ray g‘. Let z-+z° be the normal 
representation for g* and x-+z°. Then, from (4.1) we have 





‘<2. 
& Zo ay ZY ? 
or 
ai zd 
4.7 pe ey 
7) , ale*+-1 


From (4.7) it follows that the form of the equations (3.4) is unaltered by 
all changes of representation. If ¢ is the affine parameter for x°, and 
the same point g‘, we shall have 
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zi = pia, 


where p’ = a} p/, and from (4.7) it follows that 
hentia 
yot+l1’ 


where y = ap’. We also have from (4.1) 


‘= 


2° = log Z° = log (Z°+ a9 Z‘) = 2°+ log (a®z+1), 


since Z° = e&. 
Combining these results we have 





Zt = as ZP, 

_ aie 

zi = - ee 
as+1’ 


(4.8) Stile. | 
z° = 2°+ log (afz'+ 1), 
o 





yot+1- 


5. Power-series expansions. Let «+2° be any R, and z+ 2° the 
normal representation for x-+-2° and any point g. We shall give the 
expressions for x* as functions of 2. 

Let Y® be affine normal codrdinates (Kni:) for «+2° and g. Then 
we shall have 


Cc 
(5.1) mm — ye— Dot Mh -aena y": eee y*, 
p= . 
where ** 
Hj....2, = HG, +4, 94, — (p —1) Me,-+-h, 4 Mi,_,A,- 


From (2.3) we obtain equations of the form 


(a) fai'—qi = B (e',---, 2”), 
(5.2) ; 
(b) x— q° wir 2+ B® @’, ic 2"), 
and from (4.1) and (4.4) it follows that 
_ om 
(5.3) eee oF i 


2° = log(Y°+1). 


77N.R.G., p.58. We follow J. A. Schouten in writing p! Aq... i,) to stand for the sum 


of all quantities obtained by permuting the subscripts in all possible ways. 
25 
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Putting Y° = 0 in (5.1) we have, therefore, 


‘ oO 
(5.4) (a#—q")yrg = 9; yi 2 (ai. ong Y"... Ye, 


p=2 


From (5.3) we have (¢"),-o_, = 6; Y", and so from (5.2) it follows that 


(5.5) (x*— q“) y=) = Be (Y}, ey Y*). 
From (5.4) and (5.5) it follows, therefore, that 
oo 
Be a. -- u') = a = ““— > =. ~ (M,.. nex ao et u'r, 
p=2 p! 


where w are any n variables, and so, from (5.2), we have the relations 
Ss 1 « I k 
(5.6) vw = me ie pt (I, ...%,)a=q 2 Pea 


The coefficients Ik, ..-k, can be derived, by a recurrence formula, from 


the components 7%, alone, that is without using the (-+ 1)-dimensional 
representation. We have 


i 
Ipyo ae I gy,oy— 2 Hip I) — — 2 IIp,. 
Assume Jj....i,_,0 = —(p—1) Mi....1,_, where p is any positive integer 


greater than two. Then 
a a 
IN, cn -A,0 = Mi,,.. ‘A,,0 — P Mga,-+-2,_, IT, 0) 





ee 0 
: pti {sa Ay dy — (p—1) Mooi,.- a Mm 4 i — 2Mj..4 i,} 


, a 


_ jp(»—1) 2) | ne 
pt+1 * p+il 


using the assumption and the formula for Ij. ...4,. So we have 





(5.7) — ae —piMj....1,. 


positive os: values of p>>2. We have therefore 


a 
Mk, ---k, = Hq... ky vk, 


a (p a 1) Hac, Ky» Tt» yk P ——¥j IN... ‘ky —2 Mi, kph ; 
From (5.7) we have 


(5.9) TM. ..0k,+- 1, a= (jt pti a Mi, 


where the subscripts on the left hand side contain (s —1) zeros. 


(5.8) 
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We shall indicate a method of deriving (5.6) from the relations (5.9) 
by a straight-forward calculation. If we express (5.1) in the form 


oo 
at — gt = 2 Yn 6"(Y"), 


p=0 

where Yo = 66, Yi‘ = 6/ Y’ and, for m>1, Yn = (i, ...%,.)a ¥" --- ¥"™, 
it will be found that 

{6° = log (¥°+1), 
(5.10) 2 ae ad 

lor — (¥°+1)” for p>0, 

ri 

from which, and the relation 2° = PL 


6. Properties of the normal codérdinate system. Let 2+ 2° be 
any R,. The components of the radius vector in the affine normal codrdinate 
system (Ky+1), Y, for x«+2° and any point q, will be given by 


oY 
8 xh 


we have the equations (5.6). 


= Zz 





(6.1) df 


from (4.2) and (4.4). The equations to the rays will, therefore, be 
aY* 


(6.2) “a. = Age 
which give 
(6.3) ¥*+0) = p*e, 


where p* are constant on each ray. If we put p® = 1, p' = 2 and4= 2" 


the equations (6.3) may be identified with (4.1), since Z“ = Y“+ 4). Let 
a point, which will be called the centre, be defined in Ani: by means of 
the equations 

y* = —d. 


The centre is not represented in any Rn, and so, unless we have further 
knowledge about A,+; than is provided by its representation in an Ry, 
must be introduced as an ideal element. From (6.3) we see that the centre 
is contained, possibly as an ideal point, in each ray and we have: 

THEOREM IV. The rays all meet in a single point, which may be an 
ideal element in An+1. 

Let Cg, be the components in Y of the connection 7. From (6.1) and 
the invariant conditions (1.5a) we have 





aZ* a 0 
syr + 2 Cop — 02, 
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which reduce to 7 
(6.4) Cop Z° = 0. 


Since Y are normal coérdinates we have the following conditions: 


(a) {cu Y' y* = 0, 


_ (b) |CopZ° =0, 


which are necessary in order that C3, should be the components, in an 
affine normal coérdinate system (Kn+1), of an affine connection for which 
there exists a vector satisfying (1.5). We shall obtain sufficient conditions 
that (1.5) are satisfied, if to (6.5) we add (1.5b) in the following form 


(6.6) (Cf,,6— Cha,y + Chy Cle — Ch Chy) Z° = 0. 
From (6.4) we have 
(6.7) Cho,y Z° + Coy = 0. 


From (6.4) and (6.7) the equations (6.6) reduce to 
(6.8) Chy,« Z° + Cay = 0. 


The extra condition is, therefore, that Cy be homogeneous of degree minus 
one in the variables Z“. Let Y be the normal coérdinate system for 
the Kn+1 (x), and the point g*, and let § be the components of the radius 
vector in (2*). Then at the origin we shall have 


0x 0a 
ge — (a 4 = ( = .. 
‘ ( 0 y? - Y=0 0Y° Y=0 0 


There will, therefore, be an Rny+y°, say, whose parametric curves are 
tangent at q to those of (x“). Hence Y will also be the normal codrdinate 
system for y+y° and qg, and we have 

THEOREM V. The conditions (6.5), together with the condition that Czy be 
homogeneous of degree minus one in Z*, are necessary and sufficient that (1.5) 
shall be satisfied for Cry, and that Z® shall be homogeneous projective normal 
coordinates for some Ry. 

Let Agya,...4, for p = 1, 2,--- be the components of the normal tensors 
at the origin of the codrdinate system Y. From (6.4) and (6.8) we have 





(y°+ 5) 2 or A, y:... y+ = 0, 


ca | ; : 
p> pt P+ 80) Apyoi,...4, + Asya, 4) yi: sone y* = 0. 
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Equating the coefficients in these identities to zero we have 


(a) | Aogi,...4, +p Aga,-.-a, == 0, 


(6.9) e a 
(b) Apyoi,-..4, + (p+ 1) Agyi,...4, = 0. 


We shall need the following relations which follow from (6.5). Multiply 
(6.5b) by Y* and, summing over 0,---,, we have, from (6.5a), 
C%.Y" = 6, 
and so, from (6.5b), when 8 = 0, we have 
Co = 0, 
and hence 
% ¥° Y° = 0. 


Collecting these relations and (6.5) for referencc, we have 





(a) (CU YY’ y" =0, 
(b) Cop Z = Q, 
(6.10) (c) {Cn Y’ Y° =—0, 
@) ic Yr’ =0, 
(e) | Coo = 0. 


Finally, let Phy be the components of connection in the normal represen- 
tation z+ 2°, related to Y by the equations 
{7 = eA, 
Yul] = Z = e’, 
From (6.10) it quickly follows that 
(6.11) ) [Bh = (chs ch, 





wi (b) (Pe = ZC, 

(a) [ Ok = fo (Pate Ph, 
(6.12) (b) } Ck = a Ph 

() | C= — peop’, 





the relation (6.12c) being derived from (6.10b). Observe that the centre 
Is a singularity for the functions C%,. 
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7. Plane hypersurfaces. In § 2 we saw that a normal factor corre- 
sponds to a hypersurface generated by paths through some point of 4,4. 
If this hypersurface is plane the corresponding normal factor will be the 
same at each point. Let 2° be the normal factor for a plane hypersurface. 
Since the radius vector defines a group of affine collineations for A,+., it 
follows that all hypersurfaces defined by z° = const. will be plane. Let 
M3 be the components of connection in any representation with the factor z’. 
Under changes of representation, which leave the factor unaltered, the 
components Jj, transform like those of an affine tensor. Then, since in 
any normal representation these components vanish at the origin, and 
since z° is the normal factor for each point of the plane hypersurfaces 
defined by 2° = const., we shall have 


(7.1) ay. = 0. 


If we write » = e¢, we shall have, writing x° for 2°, 


ay oe : a” 90 50 
Ore OaX ° d, d, 


9 
= & My 


from (7.1) and (1.1). These equations may be written in invariant form as 


‘ a*w OW a | 
(7.2) dab bar dat ler = 





Hence** We are the components of a parallel vector field in An41. 
Conversely, if the equations (7.2) admit a solution w, we shall have, for 
y= 0, 


ay oy _y 
0x9 dxP = ag? 
from which it follows that 
y= ee, 


where @ depends only on z',---, 2”. If we apply the change of factor 
defined by 


2° = x°+loge 


we shall have e = w and, from (7.2), Mj, = 0, where M$, are the 
components of connection in x+z°. The hypersurfaces 2° = const. will 





*® This result is a consequence of the special nature of Anti. 
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therefore be plane. Veblen, in G. P., described (7.2) as the differential 
equations of projective geometry, so we have: 

THEOREM VI. In order that a function W(x, ---, x”) satisfy the differential 
equations of projective geometry it is necessary and sufficient that Ww = const. 


define plane hypersurfaces in Ay+i. 
8. The equivalence problem. Let 3, and 1/3, be functions of 


(x1, ---, 2”) and (a1, ---, %”) respectively, which satisfy the conditions 
To = Mbp = 95, 
(8.1) IT py, — 150 = 0, 


a 4 — mtd 
Wy —Hy3 = Mp,—Uy3 = 0. 


Then we shall take Ty and T;,, as the components of two projective con- 
nections in the same representation, but possibly at different points. If 
there exists any analytic point transformation of the (~-+-1) variables 
(x°, ---, 2”) which carries 7 into Z the latter will be called affinely equi- 
valent. If there exists a transformation defined by equations of the form 
(1.3), which carries 17 into 1, they will be called projectively equivalent. 
We shall, in this section, prove the following: 

THEOREM VII. Jf two projective connections are affinely equivalent then 
they are projectively equivalent. 

Let 7 and J be affinely equivalent, and first suppose that there is only 
one radius vector for Z. Then the same will be true of Z/, and, from 
(8.1), this will be the vector d9- Then, if 


(8.2) met = et (x, hoe x”) 


: , , ze dx° 
is any transformation carrying 7 into 7, we shall have 7 = do, and 


so (8.2) is of the form (1.3). In this case, therefore, the theorem is 
established. 

To prove the theorem in its general form we shall need the following 
lemma. Let W be an affine connection such that there are two distinct 
vectors satisfying (1.5). Then we can transform one of these into the other 


and, at the same time, IT into itself. 
Let a continuous group of transformations be defined by the equations 


a 
dt 


If any transformation of this group carries a contravariant vector V into V 
we shall have 


= X*. 
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(8.3) V"@) = V*@)+ 2 —— Vp, 
p=1 Pp: 


where ¢ is the value of the parameter which determines the transformation, 
x—->z, and V, are given by” 
Vi = V% xX’_x4v? 

(8.4) , , ge ges a 

Vpt+1 = Vp,pX'—X,~ Vp. 
Since 7 is symmetric, these equations will be unaltered if we use co- 
variant differentiation with respect to ZZ, and this we shall do. 

Now let € and 7 be two vectors each of which satisfies (1.5). Then 


Farias = Pf —®, 


and so these vectors generate a two-parameter continuous group of trans- 
formations which, as we remarked in § 1, are affine collineations for 7. 
Therefore the one-parameter group defined by 


ee... 
(8.5) 7 9 g 
will carry 77 into itself. 
Let x+2° be an R, in which the components of the vector § are 


69. From (1.1a), and the fact that 7 satisfies (1.5a), we have 





ra] a 
= + = 0, 


and it follows that 
q* = 6% + e-* gt (a, .--, 2%), 
Hence the equations (8.5) become 


dax® 0 
8.6 i. ee 
(8.6) Tt e® of (x, ---, a), 


Bianchi gives the first two terms of this expansion in “Lezioni sulla teoria dei gruppi 
céntinui”, p. 194. To obtain the remaining terms we observe that V% and so, by in- 
duction, Vp are the components of contra-variant vectors. Let us take a codrdinate system 
in which the components of X are do. Then we shall have 


V"(z) = V* (w°—#, a, ..., 2) 


iv.2) — ft) 
— V+ 2, ( = 7. 





where Vp = V°Q, +--+ dp day... ody, Since do, = 0 it follows that V> are given in this, 
and therefore in every coordinate system, by (8.4). 
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and it is easily verified that 
dP a& 
dtP 
where y“(x) are functions of z',---, 2” only. It follows that the set of 
solutions, x“ (x, #), to (8.6), which reduce to «“ for ¢ = 0, may be expanded 
about ¢ = 0 in the power series 





=P" g@(x), 


oo —x° 4\P 
(8.7) 2% = x + > EO ge car, oo, Oy, 
=] Pp: 

Any coérdinate system, Kn+1, is a correspondence between a region in 
the affine space, Ani1, and some region, Xn41, in the arithmetic space of 
n-+1 dimensions. An R, has the property that if the region X,+4; con- 
tains the arithmetic point (a°, a’,---, a”) it will also contain the points 
(x°, a’, ---, a”) for all values of x°. Let (a°, ---, a”) bein a point in Xn+, 
at which y*(a) are not all zero, and for which the series (8.7) converge 
for some value of ¢ other than zero. Let ¢, be any number and 0, any 
positive number. Then it follows from the special form of the series (8.7), 
and from the properties of an Rn, that there is a region X,+1 contained 
in Xn41, Which is given by inequalities of the form 


lat§— ai|<, 
x > #(t,, 9,) 


for some value of x? depending on ¢, and 4,, such that: 
(1) The series (8.7) converge for ¢ = ¢, and for all values of x in Xn+1; 
(2) If 2* is any point in Xn41, and if z* is given by (8.7) with t= ¢,, 


then 
2% — xe | <4. 


We can choose 6 and 6, so small that the point z, corresponding to each 
point x in Xn+1; will be contained in X,;1. It follows that for each value 
of ¢, the equations (8.7) define a point transformation in An+1. Such a point 
transformation necessarily carries 1 into itself. 

In (8.3) and (8.4) let us take y—£& and & for X and V respectively. 
Then we shall have 


gf om i 
e&=0 if p>, 
whence 
ge am ge ____¢ (4% — Ee), 
and the transformation given by ¢ = —1 will carry § into 7 and 7/7 into 


itself, 
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We can now prove Theorem VII. Let Ip, and ITpy be the components, 
in any R,, of two affinely equivalent projective connections. Let T be 
any transformation of the form (8.2) which carries into WZ and let & be 
the components of that vector which is carried into 0). From (8.1) it 
follows that 06> is a radius vector for Z, and so, therefore, is & for Z. 
By our lemma, therefore, there exists a transformation, S, which carries 
do into § and 77 into itself, and the transformation 7'S, where S is applied 
first, will carry Z into 7 and-d¢ into 45. It is therefore defined by 
equations of the form (1.3) and so Z is projectively equivalent to 7. 

With the help of the lemma which we have proved in this section we 
can elucidate a point raised in §1. Let ZW be an affine connection for 
an Ansi, such that there are two distinct vectors &, and § satisfying the 
conditions (1.5). Then there will be two centres, O, and O,, each with 
a bundle of rays radiating out from it. Let the rays with O,, as centre 
be put into a one to one correspondence with the points of a P,. Then, 
from our lemma, there will be a simple isomorphism between theorems 
about the rays through O, and theorems about the rays through O,. The 
projective space may, therefore, be represented by either system. The 
extreme case occurs when P, is flat,*° and any point of A,+: may be 
taken as centre. 

9. Non holonomic representation.. It will help us to introduce 
normalized projective connections if we make the generalization suggested 
by Veblen (G. P. footnote on p.145). A projective connection will be 
defined as in G.P., except that we no longer require 


0 0 
Dix = Mj. 


We shall consider the extended set of transformations, defined by equations 
of the form 


(9.1) (a) Pe = da? + v dai, 


(b) 


where vf dz’ is any Pfaffian form in the variables x‘. In case v° is 
a gradient the equations (9.1a) will be said to define an integrable change 
of factor. We define u? by the equation 


at = #* (2, a x"), 


Tt is worth giving an example of a case where there is more than one radius vector 
without the connection being flat. The connection whose components satisfy (1.1), and 
at the same time the conditions 

Il} = ji, = Myx = 0, 


will admit the radius vectors do’ and do’ +e¢ ” d%, and the components Too; 0,06 = Qn, 
may be chosen so that the connection is not flat. 
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uo dz'+ ve dz = 0. 


If we apply the change of factor defined by (9.1a), without changing 
coérdinates we shall have 
(a) Hix. = Wr Oj up + OK uj, 
(b) 


where 173, are the components of 7 in «+z°. From these equations 
we see that the symmetry*' of 17}, is preserved, and that 


(9.2) 


= 0 ae ° wf 0 4,0 
Dj = Wyx—vjn+vi Wn — vj x, 


1 { 
(9.3) oy = Fy a OG] My)» 
where 1, = 4 (1x — xj). We require that there shall exist a factor 
for which 7j,==0. From (9.3) it follows that this will be the case if, 
and only if, the equations 

(9.4) Up Oy = 2H, 

are integrable. The necessary and sufficient conditions that this should 


be the case are 
(9.5) jk, t+ An,j + Wyk = O, 


and, in referring to a projective connection we shall always suppose this 
condition satisfied. A representation, or factor, in which 2, — 0 will 
be called holonomic. From (9.3) we see that all holonomic factors are 
related by integrable transformations, and that any factor obtained from 
a holonomic factor by such a transformation is itself holonomic. Any 
projective connection will, therefore, determine in each holonomic represen- 
tation, a set of components, which define a unique projective connection 
in the sense of G. P. 

In order to define the normal representation for a given representation 
we shall show that we need only consider holonomic representations, and 
refer to sections 2,3 and 4. At the end of § 1 we remarked that a factor 
determines a family of hypersurfaces in Anj1:. The equations to such a 
family in any holonomic R, may be written 


(9.6) x? ws x + (2, a x”), 


from which it follows that these hypersurfaces are enveloped by a projective 
gradient of index*®*® zero, whose null component is unity. Since any two 





*'For a definition of projective connections, based on that given by T. Y. Thomas, but 
in which this symmetry is discarded, see V. Hlavaty, Math. Zeit. (1928), vol. 28, 142-146. 
0. Veblen, A generalization of the quadratic differential form, loc. cit. 
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factors which differ by a constant are equivalent, we may, instead of 


(9.6), write 
(9.7) dx® = gadx* 


as the equation giving x°, where yo = 1 and gj = g,:. If we remove 
the restriction that ga be a gradient we can derive any factor by an 
equation of the form (9.7). 

If at any point q the vectors corresponding to two factors are coincident, 
we shall say that these factors are tangent at q. 

We now define the normal factor for x°® and the point qg, as the normal 
factor at q, according to $2, for any holonomic factor tangent to x° at 
this point. Any normal factor is, therefore, holonomic and we can apply 
the results of sections 2, 3 and 4. 

We shall show that the problem of determining when two projective 
connections are equivalent is essentially the same whether we require the 
transformations defined by (9.1) to be integrable or not. 

Let U and U be any two transformations of the form (9.1) such that, if* 


(9.8) H=UM ad H= UA 


then the components Hj, and Hj, are symmetric. By § 8, and the affine 
theory we have a criterion for determining whether or not H and H are 
equivalent under integrable changes of representation. If they are equivalent, 
there will be an integrable transformation, 7’, of the form (9.1) such that 


H = TH. 
From (9.8) we have, therefore, 


(9.9) H = (U“TU)H. 
Conversely, if there is a transformation, S, of the form (9.1) such that 


1 = sn 
we shall have, from (9.8) 
(9.10) H = (USU>)H. 


The equivalence problem for 7 and 7 under all changes of representation 
is, therefore, the same as that for H and H under holonomic transformations. 





3 1f the components Toy are transformed by a change of representation, U, into Hpy, we 
write 


H=UIi, 
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10. Normalized projective connections. In this section we shall 
show how projective connections in the sense of § 9 are related to those 
first considered by T. Y. Thomas, to which we referred in the introduction. 
The latter give a method of handling the descriptive ** geometry of paths. 
By this we mean theorems which are independent of the parameterization. 
We shall not appeal to the (n-+ 1) dimensional representation except when 
we refer to previous results, and all the terms which we use will refer to P,,. 

We start with a system of paths which are given in any codrdinate 
system, x, by the equations 


Pat 4 dw dak 
a ae tea a 


where 1}, are analytic functions of position. By adding arbitrary sets 
of components Wj, and MZgo = Mog = 53, we can define an infinite class of 
projective connections, each of which defines the same system of paths*® 
as the equations (10.1). 

From this class of projective connections we select one by requiring 


that, in a given representation, 2+ 2°, 


1 


where é ; . 
‘ Bra = Wea — Wj,x + Wie Waa — Wit Mix, 
an 


a 
Bre = Bia. 


Let Rays be the components, in z+ 2°, of the projective curvature tensor 
for this connection. Then we have (P. F. § 1) 


(10.3) Ri = Bia + 6} Mj. — 6; Mj, 
and, from (10.2), 
Rin, = 0. 


Since Rao o= Roy g = 0, from the symmetry of II5y, this condition is equi- 
valent to 
(10.4) Ray = 0. 
where 
Rsy = Rpay- 


J, Douglas, loc. cit. We shall not consider the geometry of paths in its full generality, 
but shall confine ourselves to these systems of paths which determine an affine connection 
whose components are functions of position only. 

*This follows from (1.10a). See also G. P. (21). 











a lle 





354 J. H. C. WHITEHEAD. 


factors which differ by a constant are equivalent, we may, instead of 


(9.6), write 
(9.7) dx® = a dx 


as the equation giving ~°, where yo = 1 and gj = 9,:. If we remove 
the restriction that gz be a gradient we can derive any factor by an 
equation of the form (9.7). 

If at any point q the vectors corresponding to two factors are coincident, 
we shall say that these factors are tangent at q. 

We now define the normal factor for x° and the point q, as the normal 
factor at q, according to § 2, for any holonomic factor tangent to x° at 
this point. Any normal factor is, therefore, holonomic and we can apply 
the results of sections 2, 3 and 4. 

We shall show that the problem of determining when two projective 
connections are equivalent is essentially the same whether we require the 
transformations defined by (9.1) to be integrable or not. 

Let U and U be any two transformations of the form (9.1) such that, if* 


(9.8) H=UM ad H= UZ 


then the components Hj, and Hj, are symmetric. By § 8, and the affine 
theory we have a criterion for determining whether or not H and H are 
equivalent under integrable changes of representation. If they are equivalent, 
there will be an integrable transformation, 7’, of the form (9.1) such that 


q = TH. 
From (9.8) we have, therefore, 


(9.9) H = (U“ TU). 
Conversely, if there is a transformation, S, of the form (9.1) such that 


| = Sn 
we shall have, from (9.8) 
(9.10) H = (USU-)H. 


The equivalence problem for 7 and 17 under all changes of representation 
is, therefore, the same as that for H and A under holonomic transformations. 





If the components Uy are transformed by a change of representation, U, into Hpy, we 
write 


H=UIi, 
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10. Normalized projective connections. In this section we shall 
show how projective connections in the sense of § 9 are related to those 
first considered by T. Y. Thomas, to which we referred in the introduction. 
The latter give a method of handling the descriptive ** geometry of paths. 
By this we mean theorems which are independent of the parameterization. 
We shall not appeal to the (n-++ 1) dimensional representation except when 
we refer to previous results, and all the terms which we use will refer to P,,. 

We start with a system of paths which are given in any codrdinate 
system, x, by the equations 


a at i dx dk 
(10.1) dat + I > i moy = Q, 


where Tx. are analytic functions of position. By adding arbitrary sets 
of components Wj, and Wo = Mog = 43, we can define an infinite class of 
projective connections, each of which defines the same system of paths*® 
as the equations (10.1). 

From this class of projective connections we select one by requiring 
that, in a given representation, 2 + 2°, 


1 
(10.2) jx — i By, 
where . . . . 
d Bia = jx,t — Wjr,x + Wir Hu — Wj Tax, 
an 


a 
Bre = Byax- 


Let Raya be the components, in x-+-°, of the projective curvature tensor 
for this connection. Then we have (P. F. § 1) 


(10.3) Rin = = Bia + 6} 0 ic — 94 iy 
and, from (10.2), 
Ria = 0. 


Since Rgoy = Roys = 0, from the symmetry of Wy, this condition is equi- 
valent to 

(10.4) Ray = 0. 

where 

— Ray = Repay. 


**J. Douglas, loc. cit. We shall not consider the geometry of paths in its full generality, 
but shall confine ourselves to these systems of paths which determine an affine connection 
whose components are functions of position. only. 

* This follows from (1.10a). See also G. P. (21). 
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Conversely, given (10.4), we can deduce (10.2) from (10.3). Since Rg, 
is a projective tensor the conditions (10.2) are satisfied in all representations, 
and by this means a unique projective connection is defined. This will be 
called the normalized projective connection determined by a given system 
of paths. Since (10.2) are equivalent to (10.4) we have: 

THEOREM VIII. Jn order that an affine connection of (n+ 1) dimensions 
may be taken as a normalized projective connection for a space of n dimensions, 
it is necessary and sufficient that (1.5) and (10.4) be satisfied. 

From (10.2) it follows that By is symmetric in any holonomic represen- 
tation, and so, corresponding to any holonomic factor there will be 
representations*® in which 
(10.5) Mg; — 0. 


A representation in which (10.5) is satisfied will be called a selected 
representation. If HWaj,x — Hoax; then By will be symmetric, and so all 
selected representations are holonomic. Let «+2° and x+2z° be two 
selected representations, related by the equations 


3 = a°+loge, 
xt = x*(a). 

Then _ . 
(10.6) Hj, = (Ue uj whe + fsx) va + 05 ue + bi 1. 


Contracting 7 and 7, we have 
vi UE ct (a +1) uy == @, 


or 
r) Ox 
ex {log| 22 |—(n-+1) loge} = 0, 
whence 
1 
(10.7) e=>-* ad nae! 
| Ox 


where c is an arbitrary constant other than zero. The transformation (10.6) 
agrees, therefore, with the transformation law for projective connections, 
in the sense of T.Y.Thomas. Conversely, if z-+x° is a selected representation, 
then so is any representation x+2° related to «-+2° by equations of 
the form 

(10.8) x° — 2° + loge : 


zi = Ri(q), 





s 
Ox 


%7N,R.G. p. 105. 
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Instead of considering, as the basis of an invariant theory, all changes 
of representation, we shall confine our attention to transformations from 
one selected representation to another. From (10.7) we see that any two 
selected representations with the same codrdinate system x‘ are equivalent, 
and so the components of connection will be the same in both. We are 
left, therefore, with the theory of an invariant which determines, in each 
codrdinate system, a unique system of components 77j;,, such that 77;=0, 
and whose transformation law is given by (10.6), subject to the con- 
dition (10.7). This is precisely the theory of a projective connection in 
the sense of T. Y. Thomas. Following J. Douglas we shall call this theory 
the descriptive geometry of paths. 

The steps taken to normalize the components 77, have a simple inter- 
pretation in terms of volume. Consider the parallel displacement of an 
n-uple by means of the equations 


a @ yt k 
duj —ui TI,dx = 0, 


Where wu? are the components of m independent co-variant vectors. These 


equations give 
va du; = jx, 


where v2 uf = 6;. Contracting i and j, we have 
dlogu = Tix dx", 


where u =|u%|. In order that u shall be a uniform function of position 


it is necessary and sufficient that Wzj,x == Wax,j. In this case the scalar 
density « may be taken to define a volume integral*’ 


fu dz... da". 


Selected representations for a normalized projective connection are those 
in which the volume density is constant. 

11. The equivalence problem and normal codrdinates for 
normalized connections. In order to apply the results obtained in 
the first eight sections to the descriptive geometry of paths we shall need 
two theorems, which we shall prove in this section. 

THEOREM IX. Any normal representation for a normalized projective con- 
nection is a selected representation. 


"0. Veblen, Equiaffine geometry of paths. Proc. Nat. Ac. of Sc. (1923), vol. 9, pp. 3-4. 
See also N.R.G., p.10 and p. 26. 
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THEOREM X. Two affinely equivalent normalized projective connections, 
referred to a selected representation, are equivalent under transformations 
of the form (10.8). 

Once these theorems have been established we can pass on to the descrip- 
tive geometry of paths by adding to (1.5) the condition Rg, = 0. 

Theorem X follows at once from Theorem VII and (10.7). 

To prove Theorem IX it is necessary and sufficient to show that Pj; = 0, 
where P3, are the components of connection in any normal representation 
z+2°. Let Y°,---, Y” be affine normal coérdinates (Kn+:) related to 
z+ 2° by the equations 

Yi = &#, 


Y°+1 &, 


! 


and let Cy be the components of connection Y. Then from (6.12) we have 





G= sip Tq (Pay +2” Paj — Y* Cy) 
1 


— Pay Paj, 


. a 
Coo = Cy, since Co = 0, 


— ¢g@ 
me pop y Poa. 


Collecting these results we have 


Cai — aT Pui; 
(11.1) “ua 
Coo — YH Pp. 


To show that z+ 2° is a selected representation it is, therefore, necessary 
and sufficient to show that 


(11.2) Gy = @ 


in each affine normal codrdinate system (Kn+1), where Cz = Cap: 
Let Bays be the components in Y, of the curvature tensor formed out 
ot Cz, y+ Then 
A A ry 


From these equations it follows that 


Cay = Crp, 
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and so there exists some uniform function g, say, such that 


) 
oF = & 


The value of g at any point, Y,, is given by 


t, 
9— go -{ a vat 


0 


where the integral is taken along the path joining Y, and the origin of 
normal codrdinates. To show that g is a constant, in which case (11.2) 
will be satisfied, it is, therefore, sufficient to show that 


Gj ¥4 = @. 


or, as follows from (6.10b), that 
Cy = 0. 


To prove Theorem IX it is, therefore, sufficient to show that this last 
condition is satisfied in each affine normal codrdinate system (Kn+1), which 
we shall proceed to do. 

From (11.3) we have 


" A L A A 
Bo = Co,0— Coo,a + C%, Cro ee Coo Ch 


or, since Coo — 0, 

(11.4) Oy CE + Coo = 0. 

From (6.10b) we have Che y? — — ch, from which, and from (11.4), it 
follows that 

(11.5) Cp, Cf, YP YT = —Cyo. 


Also, since Cyn y4 y# — 0, we have 
(11.6) Ca ¥' Y" +c, Y4 = 0. 


So, from (11.3), (11.5), (11.6) and the condition Cj Y* Y“ — 0, we have 


(11.7) Cap Y4 Y“+C, YA—Coo = 9. 
From (6.10b) we have 

. 0 ra 
(11.8) Can Yat Cut Con = sop CAV +O) 


= 0, 


26 
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and so 
Cin YAY" + Cu ¥#+ Con YH == 0, 
or, from (11.7) 
10, Y"*+ Coo = 0. 


From (11.8), with « = 0, and the condition Cj, = Cy,,, we have, therefore, 


CG = 0, 
and so Theorem IX is established **. 
We have, incidentally, the result that, in projective normal codérdinates 
for a normalized projective connection, 


(11.9) Phy F = (n—1) Phe’ * = 0. 


%> We have two observations to make about this proof. 

1. That we have used the full force of the condition By = 0. For we have assumed 
that B,, y4 y#=0, from which it follows that Bi, = at the origin. But this is 
to be true in all normal coérdinate systems, and so Bj, must vanish at all points. 


2. That the centre is a singularity for the components Cys We cannot, therefore, 


from the condition 0,(¥4+4 04) = 0, argue that oi = 0. 


(ADDED IN PROOF, Marcu 1931.) Attention should be drawn to a recent publication: 
J. A. Schouten and St. Golab, Uber projektive Ubertragungen und Ableitungen, Math. Zeit., 
vol. 32 (1930), pp. 192-214. Prof. Schouten has told me about a paper by St. Golab called 
Uber verallgemeinerte projektive Geometrie, which has recently appeared in a Polish journal. 








DIFFERENTIAL INVARIANTS OF DIRECTION 
AND POINT DISPLACEMENTS.' 


By Enga Borro.uortt. 


1. Introduction. The principal object of this note is to indicate how 
it is possible to reduce the theory of the differential invariants of a (linear, 
or non-linear) displacement of directions — that is, the invariant theory of 
the transformations of a vector displacement which preserve the directions 
of all displaced vectors -—- to the theory of a uniquely determined dis- 
placement of vectors yielding the same parallelism. The linear case has 
been studied in some detail (but in a somewhat different way) in my Memoir: 
Sulla geometria delle varieti a connessione affine. Teoria invariantiva 
delle trasformazioni che conservano il parallelismo.* The present paper also 
contains, beside some further developments of this theory, the foundations 
of the theory of the non-linear displacements of directions; further it gives 
an account of an analogous treatment for the theory of the (linear, or 
non-linear) point displacements. It is known that the last theory, in the 
linear case (projective connection) can be considered, following T. Y. Thomas 
and Veblen, as the theory of an affine connection (linear vector displace- 
ment);* which is not, however, wholly determined by the given point 
displacement. But we can, on the contrary, interpret in all cases a point 
displacement in an X, (n-dimensional manifold) as being a direction dis- 
placement in an Xn41; and thus, associate also to a point displacement, 
as will be shown in this paper, a single vector displacement. 


‘Received February 21, and June 16, 1930. 

*This Memoir will appear in the Annali di Matematica (serie IV, tomo VIII, 1930, 
pp. 53-101). Some results on the same subject have been established by H. Friesecke ( Vektor- 
iibertragung, Richtungsiibertragung, Metrik. Mathem. Annalen, B. 94, 1925, pp. 101-118; 
esp. pp. 105-109) and by J. M. Thomas (Asymmetric displacement of a vector. Trans- 
actions Amer. Mathem. Society, vol. 28, 1926, pp. 658-670). See also L. P. Eisenhart: Non- 
Riemannian Geometry. New York, 1927, pp. 29-38. However, a complete and satisfactory 
theory of the linear displacements of directions has hitherto been lacking. For the non- 
linear case only a short account has been given by H. Friesecke (loc. cit.). For brevity 
I shall refer to my Memoir as T.C.P., and to the papers cited above as V.R.M., A.D., 
N.R.G., respectively. 

*See T. Y. Thomas: A projective theory of af finely connected manifolds; Mathem. Zeit- 
schrift, B. 25, 1926, pp. 723-733; Veblen, Projective tensors and connections. Proceedings 
Nation. Acad., vol. 14, 1928, pp. 154-166, and Generalized projective Geometry, Journal 
London Mathem. Society, vol. 4, 1929, pp. 140-160. I shall refer to these papers as A. M., 
P.T., G.P.G., respectively. 
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92, Linear vector displacements (affine connections). I shall 
first recall that a complete set of affine differential invariants for an affine 
connection Ij, that is, for a linear vector displacement* 


ee ee 
B= VB dat — (7 +15,8)) det = 0 


(2.1) 3 
é, j, &, &, Looe = 1,2,---,n) 
consists of the torsion tensor? 
: . 1 . é 

(2.2) Sie = Ming = > Cin — Tr) 
and the curvature tensor® 

i Oly ole 
(2.3) Ra = Oty otk pp ri.—reri, 


Oak Ox 


together with their successive (V)-derivatives. Another complete set of 
affine differential invariants for the connection Tj. in the — ical case 
(= =f, i) consists, as is well known, of the normal tensors’. But Veblen’s 
definition®, for the symmetric connections, of the affine normal codrdinates, 


‘We denote, following J. A. Schouten, by 7, the symbol of the covariant derivative, and 
(following R. Lagrange) by d the symbol of absolute (or cogredient) differentiation. Let 
us recall that d& is cogredient to &, provided we have, under an arbitrary change of the 
curvilinear coérdinates 2’, 


aise oe ; 
(2.a) Pic == [je ub We Vi + Ure Vi, 
where 
a 2 ot mt® 
(2.b) ‘= ag ee ee . 
Oa'* he da” da" ’ i 0 ai 


* By the square or the round brackets we denote (following J. A. Schouten) the alternating, 
or mixing, with respect to the indices enclosed in the brackets. Then we have 


1 ddes sd 1 ida oJ 
(2.c) Ar = = ot ae de Oe ; er .= oo! ge Tes 
Ai iG) p! Cit, +, A 5 igi? AG, tg +t) p! *4, t,-++t, $Aji iy 
where the Jj Ried, are generalized Kronecker deltas, and o; ala” are also the compo- 
? . . . y 
nents of a tensor, symmetric both in the subscripts and seeedinn ‘If both the permutations 
jiJae*+ Jv, tr te+++ty contain v,. times the element 7, v, times the element re, - ry My, times 
2 
the element 7, 1; 12 +++ 1 being distinct from each other, (¥,, it, Lpreeeey, a = n), the 


Ch | rs 2 F 
value of 6; ciel is equal to the product v,.!y, !... vy, 1; im ot other cases its value is 0. 
= 1 2 * ie 
We have 
od go! is mY ‘dp —_ ! i Jy — i bs Je sas ‘he —— ' Jy is L. 
(2.d) i, ig ssi p! do J*. c. 4 = p! og df). 


t, aie it ty ty)’ i, a, E p 


* Kisenhart writes Lx, 2x, Lug instead of our Px, Sji', Rj’ (N. B. G. pp. 3, 5, 6). 
’ See, e. g., T. Y. Thomas and A. D. Michal, Differential invariants of af finely connected 
manifolds. (These Annals, series 2, vol. 28, 1927, pp. 196-236.) 


*See, e. g., Invariants of quadratic differential forms, Cambridge 1927, p. 85. 
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of the affine normal tensors and of the affine extensions of an arbitrary 
tensor, preserve their significance (as I have observed in my cited Memoir) 
also in the general (asymmetric) case. However, the series of the affine 
normal tensors contains, in this case, a first term, which vanishes in the 
symmetric case: the torsion tensor Sj;° itself, whose components S*j' in 
any affine normal codrdinate system x*’, evaluated at the origin of this 
system, are equal to the quantities (I'*j,)o. 

Also in the asymmetric case, the affine normal tensors constitute a complete 
set of differential invariants for the affine connection. 

3. Non-linear vector displacements. Many results of the theory 
of linear vector displacements can be extended to the non-linear case, or, 
more precisely, to the displacements represented by the equations 


(3.1) d+ Ap (ax, §) da = 0, 

where the functions .4%,(x, §) of the a’, §' are homogeneous functions of 
zero degree in the &. These displacements have been first considered 
by H. Friesecke®. By putting 


: i i OAK . 
(3.2) U(x, &) — Aj (x, &)+ Tl gl 





we may also write the (3.1) in the equivalent form 
(3.3) dé’ +I}.(a, §) Fda" = 0. 


Among all systems of functions Aj, (2, &) yielding the same vector dis- 
ploce rent, the Ijx(a, €) are characterized by the conditions 


z 
orm et — 0. 





pu 


The components Ijx(x, §), I’’%-(a’, §’) in two codrdinate systems 2‘, « 
are related by the law of transformation 


(3.5) r's(a', #) = Tha, &) uf ul vf + he 
where (as in (2.b)) 

; dxt , 0* xt aa’ oa Bi 
(3.6) un = bal?” Ube a on” axl?’ vt = Sat? and é ons Uj &g 3 


*Friesecke writes 71 (a, ) instead of our An (x, §)§. Since his 7: (z, §) are supposed 
to be homogeneous of the first degree in the #, that assumption is no more general than 
the one we have chosen. 
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Since the (3.5) do not differ, for each value of §’, from the corresponding 
transformation formulas (2.a) for the coefficients of an affine connection 
I(x), the developments of the corresponding theories must present some 
notable analogies. We may consider, also in the present case, the two 
fundamental tensors Sji' (x, €) and Rjii' (w, §) (the torsion and curvature 
tensors), obtained from Ij,(”, €) by the formulas (2.2) and (2.3); another 
fundamental tensor, that I shall name the alinearity tensor, is the tensor . 
Fiji:, symmetric in the subscripts 7, 7, given by the following formula 


’ i alse Ly é 
(3.7) Fixx = fee) 5 


The vanishing of Fiji is a necessary and sufficient condition that the 
displacement defined by the Ijx(z, §) be a linear displacement. The 
vanishing of Rji‘(x, §) is a condition that it be an integrable displace- 
ment; but the vanishing of Sji is a condition for the symmetry (or com- 
mutability) of the same displacement only when we have also Fijx = 0. 
(A generalized vector displacement (3.1) cannot be symmetrical, unless it 
is a linear one.) 

It is easily seen that the notions of normal codrdinates, normal tensors, 
etc. can be directly applied also to the present theory, under this condition 
alone: that the Ij, (2, §) and their derivatives with respect to the 2? for 
§' = oa’ and e0 have finite limits, for each value of the a‘. The dif- 
ferential invariants of the displacement Ij,(x, §) are in general functions 
of the a and also of the &; a complete set of differential invariants con- 
sists of the torsion and curvature tensors and their covariant (V)-derivatives 
(obtained, as in the linear case, by means of the Ij, (x, §))—for which 
we may also substitute the series of the normal tensors—and besides, of 
the tensors Fiji, Fiijc, ---, obtained from r*, (x, §) by means of suc- 
cessive derivations with respect to the &. 

The development of this theory will not be expounded here. 

4, Linear displacements of directions. The normalized affine 
connection P;,. Let us now consider a totality of vector displacements 
(2.1) or (3.1) yielding the same displaced directions. It defines what we 
may call a (linear, or non-linear) direction displacement. 

We begin with the linear case. In this case, as H. Friesecke has 
shown,” the transformations of the vector displacement which preserve 
the directions of all the displaced vectors are represented by the formulas 


(4) Phe = Th+-28 mn, 





V.R.M., p. 106. See also A.D., p. 662; N.R. G., p. 30. 
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where y is an arbitrary covariant vector. The invariant theory of these 
transformations (4.1) can be based upon the following remark: 

We may obtain in a very simple way, from a given linear vector dis- 
placement (affine connection) I" ‘ik @ uniquely determined covariant vector ®; 
by contracting the torsion tensor Sjj:: 


wad Daa 
(4.2) O, = Sid = Tig = auf ik) « 


Let us call this vector @; the Einstein vector for the connection Ij." 
From the (4.1), (4.2) we obtain 


(4.3) ®;, = D;, — (n — 1) 9. 


Then it is possible to reduce, by a suitable (uniquely determined) choice 
of gx, the vector ®, for the transformed affine connection Ij, to the zero 
vector: for that we must assume 


(4.4) ek = 


We may conclude: 
Among all affine connections yielding the same displaced directions there 
exists a preferred one, the connection 


1 
n—1 





D,,. 


(4.5) Pi, = int; irene Ox, 


characterized by the condition 
(4.6) Pica == § (or on Ph = 0); 


that is by the vanishing of the Einstein vector ®, == Sj’. 

This consequence is to be observed: that to any given linear displacement 
of directions a uniquely determined linear displacement of vectors (that is, 
an affine connection) can be associated, so that the arising displacement of 
directions be the given one. In a like manner, as is well known, to any 
system of paths a uniquely determined linear displacement of points (that 
is, a projective connection) can be associated, so that the paths of this 
connection shall be the given ones (Cartan). 

5. Representation of a linear displacement of directions by 
means of the Zf%,. As Prof. Eisenhart has observed (compare N. R. G., 
p. 13, form. (7.5)) the direction displacement arising from a vector dis- 
placement Tj; can be represented by the equations 


"A. Einstein makes use of this vector in a recent research (Neue Méglichkeit fiir eine 
einheitliche Feldtheorie von Gravitation und Elektrizitat. Sitzungsberichte Preub. Akad. 
Berlin, 1928, pp. 224-227) for the representation of the elektromagnetic potential vector. 
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(5.1) os" de + hh 8 & da = 0, 
where we have put 

m y Z 1 i i 
(5.2) Tht aC, = ry PA. + O74 Tix). 


Conversely, it will be easily shown that an arbitrarily given system of 
differential equations of the form (5.1), only subject to the condition that 
it must be an algebraically consistent system for the variables d& (for all 
values of the x’, da’, §*) always represents a linear displacement of directions: 
that is, there exist sets of functions 7, such that the equations (5.2) are 
satisfied. 

In fact, if (5.1) are to be compatible, for all values of the variables 
a, dx’ and §' the quantities 4, &” © da" me be (as 62/8" dé are) the 
components of a bivector parallel to the vector §'. From an analytical point 
of view the functions Zh%, are first to be inecunaa in the super- 
scripts p,q. (Besides, we may suppose, without loss of generality, that 
these functions are symmetric in the subscripts h,j.) Then, since we have 
identically 


(5.3) ame om eh ast — oom Fe ae — 0, 
we must have also 
(5.4) dpar Lik & & F da* = 0 


for all values of the variables & and dz‘, and therefore 


(5.5) pate Di t= 0, (or of, ee Phi — 0) 
that is’ 
(5.6) apne LR + Ogeh Tfte + Ose? LP. = 0. 


On setting v = h in (5.6) and summing we obtain 


(5.7) Lirk — Te Lyx, 
where we have put 
(5.8) Lx = = 1. 


Then by putting 7, = Li, the (5.2) are satisfied. However the Lix do 
not have the law of transformation (2.a) characteristic for the coefficients 





“It is superfluous in our case to make use of the conditions that a skew-symmetric 
tensor v4 be a bivector: 


(5.a) vio = bh yt y®, 
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of an affine connection. But that is true, on the contrary, for the quan- 
tities’® 


(5.9) Phe = Lx ra 7 oi Lin 
and also for : 
(5.10) ‘i —= Pip — 24; W;,, 


i, being an arbitrary covariant vector. Moreover, we have also 
bs lt 
(5.11) Livrk =— te Phx PS OT Pp. 


We may conclude that the direction displacements represented by any 
consistent differential system (5.1) are the linear direction displacements, 
and these alone, q.e. d. 

It is immediately seen, by means of (5.8), (5.9), (5.10), that the affine 
connection Pj, given by the (5.9) does not differ from the above obtained 
normalized connection (4.5). Thus we have obtained also the expressions 
of this connection in terms of the Li}. 

From (4.5), (5.8), a we obtain easily 


i = i 5 aa i 
(612) Lx = Ve The = Pe— 0} Pus Lin = 0. 


6. The paths of a linear displacement of directions. The auto- 
parallel or geodesic lines, that is, the paths of a linear displacement of 
directions (5.1) are the lines represented by the differential system 





'’We must suppose, of course, that the displacement 6. 1) be invariant under an 
arbitrary change of codrdinates. Then the components L;',, Lin two codrdinate 
systems x, a'* must be related by the following law of transformation: 


(5.b) = = Ly, ub ud ut vs vi + oe ut rut, vv 


From (5.b) by contracting for b and c we obtain: 











: 1 ., Ou 
6.) Li, = Lyuhut eet us, op — dg, 
where the Lj, are given by (5.8), and we have 
| 1 es ” 

(6.4) as ae fag | ee SP 

O(a", aw’, +++, x") 
Then by contracting again for a and e we have 
(5.e) Li. —_ Lip ua + = = 

n 02’ 





Eliminating ~~. from (5.c) by means of (5.e) we obtain at least, Pj: being given by (5.9): 
x 


(6.f) Pe = PP, wd ul ve + wh, vy. 


de 











368 E. BORTOLOTTI. 


(6.1) 6M @ x! da + 1%, da’ da" dx" = 0, 
where i 
(6.2) Wh = Lenny = 3 (L the + Likj + Lin). 


Conversely, any system of lines represented by a differential system of 
the form (6.1) (where the 77/;, are skew-symmetric in the superscripts, 
symmetric in the subscripts), provided we assume that this system, for 
all values of the x’, da, be a consistent system for the d?a’, can always 
be considered as being the system of paths of a linear displacement of 
directions (and also, of an affine connection). In fact, O. Veblen and 
J. M. Thomas, who first considered‘ systems of the type (6.1), have pointed 
out that the quantities 
(6.3) QF rk ae Worn — ciT (O;> Tin + ov 1. + oy I’. 
are the components of a tensor, and that the vanishing of this tensor 
is a necessary and sufficient condition that the lines represented by (6.1) 
be the paths of an affine connection. But from (6.2), (5.7), or, more 
directly, by expressing the conditions that the system (6.1) be a consistent 
system’ we obtain easily that the tensor Qf, 7s a zero tensor. Then the 
geometry of paths based upon a differential system (6.1) is no more 
general than the affine geometry of paths, that is “‘a system of differential 
equations of the form (6.1) cannot be used to determine a system of paths 
which does not have an affine connection” as A. Church has observed (in 
the paper quoted in foot note **). 

7. The differential invariants of a linear displacement of 
directions: a fundamental property of the normalized connection 
P,. Let us return to the normalized affine connection Pi. We shall 
now demonstrate the following theorem, fundamental for the present theory *® 

The differential invariants of a linear displacement of directions are the 
differential invariants of the corresponding normalized affine connection Pjx. 

Such a result is e easily anticipated, since the conditions (4.1) that two 
affine connections T%j., Tj, have the same parallelism can be written also 


‘In the paper: Projective invariants of the affine geometry of paths. (These Annals; 
2nd series, vol. 27, 1926, pp. 279-296) p.295. See also A. Church: On the form of 
differential equations of a system of paths. (Ibid., vol. 28, 1927, pp. 629-630.) 

Only under this assumption can (6.1) represent a system of paths, according to 
Veblen; for it is an essential property of what we call paths that we have one path 
from an arbitrary point, in an arbitrary direction. 

°T have indicated another demonstration of this theorem in my Memoir: T.C. P., No. 8. 
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In fact, any differential invariant of the mth order’ of the connection 
rj, can be expressed as follows, in terms of the Ij, and their derivatives: 


4° 845° +8 al te Byre Sy { re] I}. gt rk 
(7.2) Ey,.+-rg tats Gyo (Ii, Bal? se aa. ; se } : 


By means of the (4.5) we may also express the differential invariant 








E,,.‘r, in terms of the Pi,, ®, and their derivatives: 
Spee, ee Bee 3 . re) 2 @,. 
Ss, * = G.-, " (Pi —— aT —] dj D., LL a at Ris 
(7.3) ieee 
ae Sg 
a ee dam a—1 ° Ba wee Bapimt]? 
whence 
nie cil . a Pt gm—1 pt 
ge (ie ee c.g 
(7.4) On Omi--- Oxr™'! 
| o,, 2% aa) 
ky dat? 9 pit 9 tnt ; 


eee See ef ‘a . i » . 
Let us now suppose that E,....¢, ’ is also invariant under any transformation 
(4.1) of the connection 7}. Since such a transformation leaves Pj, invariant, 
while it changes, under a suitable choice of y;,, the vector ®; into yerened 


arbitrary covariant vector, or also into the zero vector, the functions x... 
6 M;; om 1 @,, 


must be ¢ndependent of the arguments ®,, —>~, ---, -~y———;— and then, 
Ox ae a ie an 


1 i 
; , : 9 Pi. aa ~ Pix 
these functions must contain the arguments Pj, —~“~,---, - 

bat aa... Baim 


alone. But a differential invariant of the connection F “he uiseeniite in 
terms of the connection P}, is a differential invariant of this connection Pjx. 
Conversely, anyone of these invariants is obviously also a differential 
invariant of the connection Ij, under the transformations (4.1), that is, 
of the direction displacement, q.e.d. 

All the differential invariants of a linear displacement of directions 
which have been found by J. M. Thomas and Eisenhart (loc. cit.) may 
easily be expressed in terms of Py. In my cited memoir (T.C.P.) I have 
given the expressions and some properties of these and other tensors, all 
of which will be omitted here. 





" By some authors such an invariant would be said to be of the (m—1)th order. But 
it seems to be more suitable, according to the geometrical meaning, to consider the torsion 
tensor, for instance, as being a differential invariant of the first order and so on. 
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8, Affinely connected manifolds which admit a field of vectors 
parallel to an arbitrary vector. In the present paper, I shall only 
indicate a result concerning a single invariant, the tensor 
oli 6 Lx 


=e h yi ee eo 
— + Djt Lie — Lx Lu = Rikj ae Rigi." 


(8.1) Li’ = =o —su 


already introduced by J. M. Thomas (3%: A. D., p. 668). This result is 
the following: 

The vanishing of the tensor Lixj' for an affine connection Ti, (the Liz 
being given by (5.12)) is a necessary and sufficient condition that the parallel 
displacement of directions arising from the connection Tj, be an integrable 
displacement; that is, that there exist a field of contravariant vectors parallel 
to an arbitrary vector. 

In fact, the condition that the parallelism for an affine connection Ij, 
be integrable is obviously that any vector at a given point, and that arising 
from it by the equipollent displacement round any infinitesimal circuit, 
have proportional components. It is easily seen that this condition can be 
expressed as follows: 


(8.2) On? Rink’ + Ove Ri? = 0, (or of% 05 Rix” = 0) 
whence, setting v — k and summing, we obtain 

t 1 » a " 
(8.3) Risi” = —- 6% Rink’, or Liki” = 0. 


Conversely, the vanishing of Zizi“ implies that also the (8.2) are fulfilled. 
Besides, the condition that Liji" be a zero tensor is equivalent to the 
vanishing of the tensor 


(8.4) Aig’ = Linj’ + 05 Lite’ = Rixj' + 6) Rial’, 
because we have also 


(8.5) Lin.j Aij:j — = Oj Aig’. 


This tensor 4j%j° has been considered (N.R.G., p. 35) by Eisenhart, who 
has demonstrated that its vanishing is a necessary and sufficient condition 
that a vector yx can be chosen, so that, for the corresponding con- 
nection Ty. given by (4.1), the curvature tensor Rix’ be zero. It suffices, 
indeed, to put 


1 00 
(8.5 ae ania : 
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. , ‘ ; ai oo , 
where yx is a covariant vector such that its curl is Ri’, and 5k 18 an 
x 


arbitrary additive gradient. Then, if 4jj'=- 0, and in this case alone, 
among all affine connections yielding the same parallelism as the given 
one Tix, there exists a connection possessing an integrable equzpollence; 
but that implies also that the parallelism of the given connection is itself 
an integrable. one. 

It the conditions (8.3) are satisfied, and in this case alone, we have then 
in the affinely connected manifold an integrable direction displacement. But 
the vector displacement is not, generally, integrable: the vector arising 
from a given vector by the displacement around an infinitesimal circuit is 
proportional to the given vector, but zt does not have the same length. In 
general the manifold has then a segmentary curvature (Streckenkriimmung) 


: 7 , 
according to Weyl. The segmentary curvature tensor is — Ri’. The 


vanishing of this tensor implies, because of the (8.3), also the vanishing 
of the curvature tensor Rij’; on the other hand, the vanishing of the 
segmentary curvature means that if an arbitrary parallel vector field § is 
given, there exists a scalar field » such that the vector field y& is a field 
of equipollent vectors. Thus we find again a result due to Eisenhart;’ 
who, restricting himself to parallel fields of vectors which can be reduced 
to equipollent fields by multiplying by a suitable scalar function ¢, obtained, 
as a condition for the existence of such a field of vectors parallel to an 
arbitrary vector, the vanishing of the curvature tensor Rix;’. 

9. Non-linear displacements of directions. As has been observed 
(No.2) with regard to the vector displacements, so also for the direction 
displacements many results of the theory pertaining to the linear case can 
be extended to the non-linear one. H. Friesecke has also indicated the 
general form of the transformations of a non-linear vector displacement 
which preserve all displaced directions; in our representation (3.3) (where 
the (3.4) are assumed to be satisfied) these transformations are 


(9.1) Pela, 8 = Tila, YY +e, 9, 
Where the 4,(a,§) are homogeneous functions of zero degree in the & 
but otherwise arbitrary functions of their arguments. 

We have also in the present case, as in the linear one, a preferred dis- 
placement of vectors, among those yielding the given direction displacement: 
P F 4 . es <a 

9.2) Phu(a, 8) = Tele, 8) + ~ = 6} Oe, 8), Oe — Tien 


— 


'*See: Fields of parallel vectors in the geometry of paths. Proceedings Nation. Acad., 
vol. 8, 1922, pp. 207-212; or N.R.G., pp. 18-22 (and 27-29). 
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which is uniquely determined by the given displacement of directions. The 
direction displacement belonging to a given vector displacement I", (a, §) 
can be represented by the equations 


(9.3) ots" sé 4 TP (ar, 8) 8"e/ da* — 0, 
where : 

(9.4) Thc (x, §) = Fh Tox (x, §). 
Conversely, if a system 

(9.5) ont se” ds’ + AM. (x, §) ee qo* — 0, 


where the 4/%.(2,§) are homogeneous functions of zero degree in the &, 
is arbitrarily given, we may first write the (9.5) in the form (9.3), where 














AY. | OAR\ i, 1 Oth 
(9.6) Life (xr, 8) = Ah a, n+ = 4 Sh) : ee ve 


then we have that a necessary and sufficient condition that the corre- 
sponding system (9.3) be consistent is the vanishing of the tensor 


(9.7) Lh. Beng id, L tk 5 


which implies that there exist systems I’ix (x, §) satisfying the (9.4). Then 
the direction displacements defined by a consistent system (9.5) or (9.3) 
are not more general than the ones determined by (3.1) or (3.3), just as 
in the linear case. 

In a set of vector displacements (3.3) yielding the same displaced 
directions some linear ones may be contained. This implies also that the 
corresponding displacements of directions is a linear one. A necessary and 
sufficient condition for this is the vanishing of the tensor*® 








Pi, 
(9.8) Vij =, 
This result has been given, in a somewhat different form, by H. Friesecke (V. R. M.. 
p. 107). Instead of our Py, Viji’ the author makes use of La a la t J; ls = 2 Lie. 
coed OL} * i ; ; i yoost 
Wii = Ea . (He writes Fj, Li,xj instead of Li, Wiji'). The expressions of Lj, Wisi 


in Friesecke’s paper are more complicated than the above indicated ones; moreover the 
author has not observed that L, 0 (80 that his demonstration on p.108 is slightly incorrect) ; 
nor that there exists (provided Wiji' = 0) a preferred choice of the “in der Richtungs- 


iibertragung enthaltenen linearen Uhertragung”, our Pye. 
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The geometrical meaning is obvious; the preferred displacement P}. must 
then be itself a linear one. 

10. Linear displacements of points (projective connections). 
The foregoing developments may be extended to the theory of the point 
displacements. We shall first consider the /inear point displacements (pro- 
jective connections). 

Let again 2 (¢,7,h, k,l, ---=1,2,---,m) be curvilinear codrdinates 
in an X,, let x® be an independent parameter. Let us define®® as com- 
ponents of a projective tensor in the X, the sets of functions of the vari- 
ables a, a’, 2*,---, 2” (but containing x°® only in a common factor e*”, 
N being the weight of the projective tensor) which under the transformations 


(10.1) oh S* (@, 2, - ++, x"), (¢ = 1,2,---,m), 


a! = 7° + logy (2', x, ---, 2”), 
transform like the components of an affine tensdr in the Xy4.: of the 
variables 2°, z', x*,---,a% Then a projective contravariant vector field x“ 
(a, 8, v,---=0,1,2,---, 2) in the X, is an affine contravariant vector 
field (but only for the transformations (10.1)) in the Xn+1; if can also be 
considered as a field of points in the projective tangential spaces associated 
to the points of the Xn. 

Let now Ig, be the coefficients of a projective connection in the Xn. 
Geometrically the projective connection is defined by a Jaw of displacement 
Jor the projective contravariant vectors: 


(10.2) dy" + Tay iy da” = 0, 


that we may consider also, by interpreting the y“ as the projective co- 
irdinates of a point in the tangential space, as being a law of point dis- 
placement. This is, substantially, the point of view of Cartan,*’ and it will 
now be also our point of view. 

We may suppose, as is well known,” without loss of generality, that 


(10.3) ri, = 6 





** Following Veblen, G. P. G., p. 147. 

Cartan, Sur les variétés ad connexion projective, Bulletin Soc. Mathém. de France, t. 52, 
1924, pp. 205-241. In fact, as H. Weyl has observed (On the foundations of general 
infinitesimal geometry, Bull. Amer. Math. Soc., vol. 35 (1929), pp. 716-725, p. 719), only 
through the researches of Veblen and others in Princeton have the necessary foundations 
been laid for a theory of projective point displacements, according to the geometrical views 
of Cartan. 

* See, e.g., Cartan, loc. cit., p. 212. 
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and then, if the points of the tangential projective space are identified 
with the projective contravariant vectors of weight —1, we must assume 
that ** 

(10.4) Igo == Of. 


The (10.2) have a signification independent of an arbitrary change (10.1) 
of the codrdinates a? and the parameter «° under the conditions 





7° 7 a o 
where 
. ‘ ba" ; 07 at fe 
(10.6) ue —= ae Ta — — “er : vg —- Ox a 
; Ox” Ox O02 re bad 


Since we have, because of the (10.1), 


Ww—=w=-1, w= A =0, 
aia yo ology =, _ logy 
j i aa”? 


the equations (10.3), (10.4) have an ‘nvariant signification under the trans- 
formations (10.5). 

The (10.2) define, in the X,+1 of the variables x°, x’, z*, ---, xz”, an 
affine connection. But the given point displacement represented by the 
equations (10.2) does not wholly determine this affine connection; since the 
functions 
(10.8) Ts Tg +295 Gy, 


where 9; is an affine covariant vector and g == 0 (whence gy is a pro- 


jective covariant vector) determine, if substituted for the Ig, in (10.2) the 


same point displacement, but another affine connection. However, these 
affine connections 3, and I;,, yield the same displaced directions; hence 
to the given linear point displacement in Xy corresponds a uniquely deter- 
mined linear direction displacement in Xni1. Then the theory of the linear 
point displacements for X, do not differ by a theory of linear direction 
displacements in an X,+1. 

In particular, we can represent a given projective connection by means 
of the sets of functions 
(10.9) Lay = Sle Toy, 

*8In fact, when the codrdinates a are unchanged and x has an increment da’, the y* 
must become multiplied by a factor e~*”, that is (only the terms of order < 1 being con- 
sidered) by 1—da®. On the other hand, we have in this case dy* — — Ifo y’ da’, hence 
we must have Many” = y*, Fgo == dg. 
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or, more suitably, by means of the normalized parameters 


r? 
(10.10) Py = r5, +2 Ti yd): 
The P3,, under an arbitrary change (10. “fg « the x’, 2’ have the same law 


of transformation (10.5) as the TS ay} the Lo undergo a transformation 
represented by the (5.b), where the Latin indices are replaced by the 


Greek ones, and the summations are extended from Oto n. The Le 20 


well as the P». yy as against the rs. ayy are wholly determined by the linear 
point dine of which they give a representation. In_ particular, 
there exists a linear vector displacement uniquely determined by a given 
linear point displacement; the differential invariants of this point displacement 
are the differential invariants of the associated vector displacement, and 


these alone. 

The preceding result concerning Pp, is very simply related to the ob- 
servation, due to Cartan (by whom it is expressed in a somewhat different 
form, loc. cit., p. 213), that a projective connection can be univocally 
represented also by the sets of functions 


a « 1 
(10.11) Ley, — P34 — 05 I 


For these functions we should also substitute the following ones: 

‘ . oe 1 a 50 
(10.12) Ly os zy Tr Vy 
In fact, the Vays Liy are easily seen to be zmvariant under any trans- 
formation (10.8) of the T3,. Then we have also 
@ & a +0 ri « 1 a ad 
(10.13) Xp, = Py, — 45 Pry, — Lgy = Pay — Faz bp Py 
Whence we obtain 

o & 2 «od ce ee 

(10.14) Poy = Y5,, + na gy] = Ly + a Lys. 


Thus the Qs, and also the Ly, are sufficient to determine the Py and 
then, the projective connection. But the Lay and Lpy, as against the Phy; 
do not have the same law of transformation (10.5) as the rs. By that is, that 
of the coefficients of an affine connection in an Xy+1. 

Cartan has also observed (loc. cit., p. 211) that we can assume (with- 
out loss of generality), under a suitable choice of the projective codrdinate 
systems in the projective tangential spaces, that we have 


i . a J 
(10.15) Tiy—nIoy, = 0, (that is, Lg, = &g,, or Ly, = 0). 
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It is easily seen that a necessary and sufficient condition that the equations 
(10.15) have a meaning independent of the choice of the codrdinates x‘ and 
of the parameter x° is that we have, in the (10.1) 


1 
(10.16) log » = a u 
where w is given by (5.d). To that assumption also Veblen has been led, 
in a cited paper (P.T.) by a quite different way. 

Let us now assume that the (10.15), (10.16) are true; then we obtain 
easily that the condition that the projective connection ly be (following 
Cartan) a normal one is that we have 


a ce i, 1 0 Pi; Pin). 
(1017) P= Pt, Py = > (- Gat + Ph 





.“< Tix be the coefficients of an affine connection, let By = Ixy 
ay (Tr rk +TI°jj) (associated symmetric connection). Then the normalized 


coefficients PF of the (uniquely determined) projective normal connection 
that has the same paths as Tj; — the T. Y. Thomas projective connection — 


are ** 
l i i i 
Pix = Bu— em Bu+ 6 By), Py = 6), Py = 0, 


(10.18) 
Pio = 99, Py = —s (4 Py + Phy Pin). 





n—1 
The condition that a projective connection cil point displacement) 
I's, be integrable is not the vanishing of the projective tensor 





ee aT aD ys XO alt 
(10.19) Repy — 9 ah — 8 at oa re r. ye — i, AF vB 
(curvature tensor, in the X,+.1 of the variables 2°, z!,---, x”, of the affine 


connection I°s,); it is, on the contrary, (compare no. 8) the vanishing of 


the projective tensor 
J o 

















neal OLye ole ¢ 

Lipy = +4 rd Lye — Lee Ly 

(10.20) = Ri! 1 g(tie ela 
By ny YN Gok bat 

a Pit. 1 - a 
“By ntl "\ oar dat 


*4 Compare T. Y. Thomas, A. M., p. 726. 








DIFFERENTIAL INVARIANTS. 377 


where ft in the Xn+1 of the variables x°, x’, ---, 2”, is the curvature 
tensor of the normalized affine connection P3,. In particular, for a projective 
normal connection, the condition that it be integrable is also the vanishing 
of Pry. 

Some further developments of my researches on this subject will be ex- 
posed in a forthcoming Memoir. 

11. Non-linear point displacements, It is now superfluous to detail 
the analogous theory for the non-linear point displacements in an X,. It 
will be reduced to a theory of non-linear direction displacements in an X,,.:, 
so that the differential invariants of such a displacement, represented by 
a set of equations of the form 


(11.1) dy“ +s, (a, yy dx” = 0, 


(where the "3, (x,y) are homogeneous functions of zero degree in the y“) 
are also the differential invariants of a uniquely determined non-linear 
vector displacement in an Xn+1. 


R. UntverstrA pt Cagurart (ITAxta). 
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“3 
ne 











A THEOREM ON GRAPHS.! 


By HassLerR WHITNEY. 


1. Results of this paper. 

1. Let a finite number of curves, or edges, whose end-points we call 
vertices, intersect at no other points than these vertices. Let the system 
be connected, that is, any two vertices are joined by a succession of edges, 
each two successive edges having a vertex in common. This forms a graph. 
A graph is planar if it can be mapped in a 1-1 continuous manner on 
a plane (or a sphere). If the vertices a, b are joined by an edge, we shall 
call the edge joining them ab, and shall say a touches 0 for short. A set 
of distinct vertices, a, b, c,---, e, f, together with a set of distinct edges 
joining them in cyclic order, ab, bc, ---, ef, fa, we shall call a circuit. 

A planar graph lying on the surface of a sphere divides this surface 
into a number of simply connected regions. The boundary of each of these 
regions may be a circuit. If so, we shall call these circuits elementary 
polygons. If all these polygons are 
n-gons, n fixed, we say the graph is 
composed of elementary »-gons. 

2. The fundamental theorem of this 
paper is the following: 

THEOREM I. Given a planar graph 
composed of elementary triangles, in 
which there are no circuits of 1,2, or 
3 edges other than these elementary 
triangles, there exists a circuit which 
passes through every vertex of the graph. 

The problem of finding graphs for 
which this is so has been studied by 
several people.” This seems to be 
the first case when a large class of 
planar graphs has been shown to have 
this property. 

3. This theorem gives immediately 
the following: 

NorMAL Form. Given any graph 
ina as described in Theorem I, containing 

’ Received April 7, and July 14, 1930.—Presented to the American Mathematical Society, 
Febr. 22, 1930. 


2 See St. Lagué, A., Les Réseaux, Mémorial des Sciences Math., fase. 18, Paris (1926). 
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n vertices, we can construct a graph homeomorphic with it as follows: Draw 
a regular polygon of n sides, and draw diagonals, no two of which cross, 
dividing the inside of the polygon into triangles. Similarly draw circular arcs, 
no two of which cross, dividing the outside of the polygon into circular triangles. 

We have merely to find the circuit given by Theorem I], and distort it 
into the polygon. 

4. A theorem on maps deducible immediately from Theorem I is the 
following, as we shall see later: 

THEOREM I]. Given a map on the surface of a sphere 
containing at least three regions in which: - Lon’ — 


.t 
uv) 


(A,;) The boundary of each region is a single closed | g. \ 
curve without multiple point, 7 

(B) Exactly three boundary lines meet at each vertex, [+ i 

(A,) No pair of regions taken together with any | } 
boundary lines separating them form a multiply connected |J~ aoe 4 
region, 

(As) No three regions taken together with any boundary Fig. 3. 
lines separating them form a multiply connected region, 
we may draw a closed curve which passes through each region of the map 
once and only once, and touches no vertex. 

5. By means of Theorem II and a lemma to be proved, we have a solution 
of a conundrum, which we leave to the end of the paper. 

6. Finally, Theorem I gives us a new statement of the four color map 
problem. Given any map on the surface of a sphere, we “color” it by 
assigning to each region a color in such a way that no two regions with 
a common boundary are of the same color. Given any polygonal con- 
figuration as described in 3., we “color” it by assigning to each vertex 
of the polygon a color in such a way that no two vertices which are 
joined by a line, either a side of the polygon or a diagonal, are of the 
same color. 

EQUIVALENT STATEMENT OF THE Four CoLor Map Pros.em. Jf every 
polygonal configuration as described in 3. can be colored in four colors, then 
every map on the surface of a sphere can be colored in four colors, and 
conversely. 


&. 
' 


. 
‘ 



































2. Proof of Theorem I. 

We consider only the graphs defined in § 1, 2. As the graph is com- 
posed of elementary triangles, there are at least three vertices present. 
If there are only three, the theorem is obvious. We shall assume from 
here on that there are at least four vertices present. 

As there are no circuits of one or two edges, no vertex touches itself, 
and any two vertices are joined by at most a single edge. 
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There is no vertex touching but a single other vertex. For then the 
boundary of the region surrounding this other vertex would not be a circuit, 
and therefor not an elementary triangle. 

There is no vertex touching only two others. For suppose a touched 
b and c alone. Then the edges ab and ac would each be sides of two 
triangles, whose third sides are both edges bc. But there is only one 
edge be, as two vertices are joined by at most a single edge. The two 
triangles thus cover the whole surface of the sphere, and there are thus 
only three vertices in the graph, contrary to hypothesis. 


Consider a vertex a touching other vertices b, c, ---, f. We read the 
edges emenating from a in a counter-clockwise sense, and say, a touches 
b, c, ---, f in eyelic order; or; a touches b, next c, ---, next /, next b. 


Remembering now that the graph is composed of elementary triangles, 
we have the three properties: 

(«) Each vertex touches at least three other vertices in cyclic order, distinct 
From each other and distinct from the first, 

(8) If a touches b and next c, then b touches c and next a, 

(vy) There are no triangles other than elementary triangles. 

These properties, together with the fact that the graph lies on a sphere, 
is all we need to prove the following lemma, from which the theorem is 
deduced. 

LEMMA. Consider a circuit R in a graph of the type considered in Theorem |, 
together with the vertices and edges on one side, which we shall call the inside. 
Let A and B be two distinct vertices of R, dividing R into the two parts R, 
and R:, in each of which we include both A and B. Suppose 

(1) No pair of vertices of R, touch each other inside R (are joined by an edge 
which lies inside R), and 

(2) Either no pair of vertices of Rz touch each other inside R, or else there 
is a vertex C in R, distinct from A and B, dividing R, into the two parts Rs 
and Ry, in each of which we include C, such that no pair of vertices of Rs 
and no pair of vertices of Ry, touch each other inside R. 

Then we can draw a line from A to B, passing only along edges of and in- 
side R, and passing through each vertex of and inside R once and only once. 

In brief, if we can divide the circuit R into either two or three parts, 
such that in any part, including end vertices, no pair of vertices touch 
each other inside R, we can then draw the required curve from any one 
end vertex to any other end vertex of these parts. 

The theorem is an immediate consequence of the lemma. For consider 
any elementary triangle of the graph, containing the vertices A, B, C, 
Which we call the circuit R. The rest of the graph we call the inside 
of the circuit. As each pair of vertices of R touch as a part of the 
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circuit, and any two vertices are joined by at most one edge, it follows 
that no pair of them touch inside R. Thus the conditions of the lemma 
are fulfilled, and we can pass from A to B through every vertex of R 
and every vertex inside R, that is, through every vertex of the graph. 
We now pass from B directly to A, forming a closed curve. The edges 
passed over by the curve form the desired circuit. 

Proof of the lemma. Assume the lemma is true for all circuits which, 
with the vertices inside, contain m vertices, m = 3,4,---,n—1. It is 
obviously true for the case where m = 3. We will prove it for all 
circuits which, with the vertices inside, contain m vertices. Then, by 
mathematical induction, it is true in general. 

Take any circuit R therefore, which, with the vertices inside, contains n 
vertices. Let the vertices of the circuit be A, a;, dz, ---, de, B, by, be, ---. ba, 
C, Gi, Ca, -+*, Gy, A, (reading in a clockwise sense). We assume that 
no pair of the vertices A, m,---, de, B, no pair of the vertices 
B, by, «++, bg, C, (or with C replaced by A, if there is no C), and no 
pair of the vertices C, c,,---, cy, A touch inside the circuit. The vertices 
C, %, +++, ¢y may be missing from the circuit, as may also the vertices 
,+**, de OY by, +--+, bg. We wish to draw the required curve from A to B. 

We will divide the proof into four parts, according to what pairs of 
vertices of the circuit touch inside the circuit: 

Case (1). Some vertex a, touches a vertex b,, C, or cs inside &. 

Case (2). There are no edges of the above form, but either B touches 
a vertex cs or A touches a vertex b, inside R. 

Case (3). No pairs of vertices of the circuit touch inside the circuit. 

Case (4). Some vertex b, touches a vertex cs inside R, but there are 
no edges of other forms between vertices of the circuit inside the circuit. 

Case (1). Assume there is an edge of one of the forms a, C, a, ¢s. The 
case where there is no edge as above, but there is an edge of the form 
a, by, is reduced to this case by interchanging the réles of A and B and 
of cs and b,. Suppose the edge nearest A is ai cx. If it is aj C, we 
call C, c;. The meaning of “nearest A” is obvious. Now either, Case (1a), 
cx touches none of the vertices ai+1, ---, da, B, or, Case (1b), a touches none 
of the vertices C, c. ---, cea inside the circuit cx, ai, ---, de, B, by, ---, dg, 
Cy,+++, Ce. If ce is C, the latter condition is satisfied automatically. 

Consider Case (1a). We shall draw the required curve in two steps: 
first from A to cz, then from cz, to B. 

If first, Case (1a,), aj is not a,;, aj—1 exists, and does not touch cj inside 
the cireuit, as the edge a; c, was the edge of this form nearest A. Therefore 
a; must touch some vertex in between a;-1 and c;. For if a touched aj 
and next cx, ai; would touch c and next a. by (8). Thus aj: would 
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touch c, between aj—2 (or A) and a;, and the edge aj—1 cy, would therefor 
be inside the circuit, which it cannot be, again as the edge ajcx was the edge 


of this form nearest A. As a; touches 
a, a; a; 
Py 
A Po 
She 





must be vertices inside the circuit R. 





ga no vertices of the set cei1, -+-, cy, 
A, a&,-++, G&—1 inside the circuit, any 
B_ vertices it touches between aj; and ¢;, 

b 


CC bp Call them in order p;, ps, ---, py. 

Fig. 4. Then, by (8), ai—1 touches p,, p; touches 

po, +++; and py» touches c;. We have 

thus formed a circuit A, a, ---, Gi-1, Piz +++; Do» Ch, ***; Cy, Ae No pair of 
the vertices A, a;,---, a1 touch inside this circuit, as none of the set 
A, a,,°+-+-+, de, B touched inside the circuit R. Similarly no pair of the 
set c:, -++, ¢y, A touch inside the circuit. Finally, no pair of the set 
Wi-1, Pis***s Pp, Ce touch inside the circuit. For suppose for instance py 


touched pp, inside, h>g. a; does not touch py and next pr, as pg and py, 
would then touch as a part of the circuit, and therefor not inside the 
circuit. Therefor a touches a vertex ps in between. But then a, py 
and pp, form a triangle, with ps on one side, and other vertices, as A, on 
the other side, which is therefor not an elementary triangle, in contra- 
diction to (vy). Thus all the conditions of the lemma are satisfied for this 
circuit, and there are fewer than » vertices in and within the circuit. We 
can therefor draw a line from A to cx passing through every vertex of 
and inside the circuit. 

If next a; is a,, suppose, Case (lag), cx is not cy. (If the edge nearest A 
is a, C, suppose there is a vertex c, in R.) By hypothesis, cx does not 
touch A inside the circuit. Therefor a, touches vertices between A and cx. 
For otherwise, a, would touch A and next cx, and therefor A would 
touch c,; and next a,, by (4). But as cx is not cy, A would touch cx between 
cy and a,, and the edge Ac; would be inside the circuit. As a does not 
touch cei, ---, cy inside the circuit, the vertices it touches between A 
and c; must be vertices not in R. Call these vertices in order p,, ---, po: 
We get thus a circuit A, p,,---, pg, ck,---,¢y, A. No pair of the set 
of vertices c,.,---,¢,y, A touch inside the circuit, nor do any of the set A, 
Pi; ***> Po, Ck, USing exactly the same reasoning as in Case (la,). Thus 
the lemma applies to this circuit, and we pass from A to cx, passing through 
every vertex of and inside the circuit. 

In each of the two Cases (1a,) and (lag) we have now passed through 
every vertex of and inside R which is on A’s side of the edge ai cx. 
For consider the circuit aj, cx, pp ***, pr, Gi-1, Gi, (or With aia re- 
placed by A, if a; is a). As aj touches every other vertex of the 
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circuit, there can be no vertices inside the circuit. For if there were 
a vertex d inside the circuit, it must then lie inside one of the tri- 
angles ai, pi, @i-1 (or A), ai, OF Gi, Po, Pr, Gi, OF ***, OF Ai, Cky Pq, Mi 
In any case, (vy) would be violated. We have thus only to pass from ¢; 
to B on B’s side of the edge a; c,, that is, through the circuit c,, aj, - 
aa, B, by; + *°5 Op, Cy GF tO 

We have still to consider in Case (la) the Case (lag), where the edge 
nearest A was the edge a, Cy (or a, C, when there is no Cy)s Draw 
a line directly from A to c, (or C). As there are no vertices inside 
the circuit A, a, ¢,, A (or A, a, C, A) by (y), we have left to pass 
through only vertices of and inside the same circuit as in Cases (la,) 
and (lag). 

But we can do this, by the lemma. For, no pair of the set aj. ---, de, 
B touch inside the circuit. Also, c, touches none of these vertices inside 
the circuit, by the hypothesis of Case (1a). Therefor none of the vertices 
(ky @4, ***, Ge, B touch inside the circuit. Nor do any of the set B, 
by, -**, bg, C, or any of the set C, a, ---, cx, (if these are present), 
by the original hypotheses. The circuit is thus divided into two or three 
parts, depending on whether c; is C or not, and the lemma applies in either 
case. We thus pass from c;, to B, completing the required curve from A 
to B. This disposes of Case (1a). 

Consider Case (1b), where a; touches none of the vertices C, ¢, °**, ch—1. 
inside the circuit (if any are present). In this case, instead of passing from 
A to c, through all the vertices of and inside the circuit A, a, °°*, ai. 
(ky ***, Cy, A, except a,, the same steps show we can pass from 4 to a 
through every vertex of and inside this circuit except c,. We now apply 
the lemma to pass from a; to B. For, no pair of vertices of the set C, 
(4, °**, ¢ touch inside the circuit a, ---, ae, B, bj, +°*, bs, C. a, ° 
Ck, Gi, and a; touches none of these vertices inside the circuit; therefor 
none of the set C, c. ---+, cx, aj touch inside the circuit. Also, no pair 
of the set a;, ---, ae, B, and no pair of the set B, bi, ---, bs, C touch 
inside the circuit. The proof for Case (1) is now complete. 

Case (2). Suppose B touches a vertex cs inside the circuit. Of all such 
vertices, let the one nearest A be cy. Exactly as we before passed from 
A to cc, going through all the vertices on A’s side of the edge ai cx, we 
now pass from A to cx, going through all the vertices on A’s side of the 
edge Bc,. We have now only to pass from c to B, going through all 
the vertices on the other side of the edge Bc,. But we can do this, by 
the lemma. For the vertices c., B do not touch inside the circuit c., B, 
bi, +++, bg, C, q, +++, cq. Also, no vertices of the set B, b, ---, ba, C, 
and no vertices of the set C, ¢, ---, c: touch inside the circuit. 
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The proof is the same if A touches some vertex 5, inside the circuit. 

Case (3). No vertices of the circuit touch inside the circuit. As 
any circuit contains at least three vertices, there is at least one other 
vertex besides A and B in the circuit. Thus if we call the vertices of 
the circuit A, am, --*, de, B, bh}, +**, bg, A, either a, or bg, say bg. is 
present. Draw a line from A to bg. We have still to pass from bg to B. 

Suppose, Case (3a), a, is also present in the circuit. As a, and bg do 
not touch inside the circuit, A does not touch bs and next a,, and A 
touches therefor other vertices in between. Calling these in order p,, -::, 
pg, We have a circuit bg, p1, °°*, Pp, 1, ***; Ae, B, by, ---, bg, where 
at least bs, p:, a, and B are present. The lemma applies to this circuit. 
For, no pair of the vertices bg, pi, °**; pp, 4:1, no pair of the vertices 
a, °°*, de, B, and no pair of the vertices B, b,, --:, bg touch inside 
the circuit. There are no vertices inside the circuit bg, A, a1, pq. °°: 
v1, bs, as A touches all the other vertices of this circuit. 

Suppose now, Case (3b), a, is not present in the circuit, but b; + bz is. 
Then, as B does not touch bg inside the circuit, A touches vertices 
between bg and B, and we obtain the circuit bs, pi, ---, pp, B, bi, ---, bp, 
to which the lemma applies. For, no pair of the vertices bg, pi, ---, po, B, 
and no pair of the vertices B, b;,---, bg touch inside the circuit. 

Consider now Case (3c), where the circuit R consists only of the vertices 
A, B, bi = bg, A. If there are no vertices inside the circuit, we pass 
directly from bg to B. If there are vertices inside the circuit, A touches 
vertices between bg and B, and we obtain the circuit bg, pi, ---, py, B, d,, 
to which the lemma applies, as in Case (3b). 

Case (4). No pair of vertices of the circuit R touch inside except for 
edges of the form b,cs. Of all such edges, let the one furthest from the 
vertex C be the edge bjcx. We will carry through the proof for this 
case in three steps: 

(1) A chain of vertices p1, ---, pp with the edges joining them stretching 
from 6; to A and to a (or to B, if there is no a;), will be found. 

(2) A subset of these vertices with the edges joining them will form 
another chain, q@,---, ge. 

(3) The required curve will be drawn from A to b; on A’s side of this 
latter chain, and from b; to B on the other side of the chain. 

(1) The chain of p’s. As bh (or B, if there is no }j-1) does not touch 
Ck, the edge bjcx being the’ one furthest from C, b; touches a vertex in 
between, which is inside the circuit R. Call p, the vertex 0}; touches 
just before c,. Then p, touches c, and forms the first vertex of the chain. 
If p, touches A, the first part of the chain is finished. If not, let cp, be 
the vertex of the set o,---, c nearest A which it touches. 
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Suppose we have constructed the chain as far as the vertex pi, which 
does not touch A, and cp, is the vertex nearest A which p; touches. Assume 
the following properties 
hold: 

(a) All the p’s are 
distinct. 

(b) Each ps, s < 2, 
touches the vertex psi1, 
and each touches a ver- 
tex Cp, 

(c) No ps touches any 
of the vertices Cp,, «+. ¢y 
inside the circuit A, a1, ---, de, B, bi, «++, Dj, pi, +++, pis Cpe oes Gy A. 

These properties are seen to hold when we have found the first vertex of 
the chain, p,. Having found »;, we find the next vertex, p;:,, as follows. 
As pi does not touch ¢p,+1, (or A, if cp, is cy), inside the circuit, cp, touches 
a vertex in between. Any such vertex is not a vertex of the circuit R, 
nor is it any of the vertices p, ---, pi, by the above assumptions. Call ps1 
the vertex cp, touches next after p;. If pisi1 touches A, the first part of 
the chain is finished. Otherwise, let cp,,, be the vertex nearest A that 
pita touches (which may be cp). Now pi: is distinct from all former 
p’s, pi touches pi+1, pii1 touches cp,,,, and no vertex p1,---, pi+i touches 
Cp,,, OY any vertex nearer A inside the new circuit. Thus the same properties 
still hold, and we continue finding vertices of the chain. 

We note that, although p;:1 touches cy,, it touches no vertex cs nearer C 
than ¢p,. Thus if p; touches cs, pj touches ¢, and j >7, then ¢> s. 

We must eventually reach A. For each time a vertex p; does not 
touch A, we find a new vertex p;;1, all the vertices ps are distinct, and 
there are only a finite number of vertices inside the circuit. 

Call the last vertex of this chain py. If py touches a, (or B, if there 
is no a), call it also pg. Otherwise, A touches vertices in between, 
none of which are vertices of the circuit R or of the chain p;, ---, py. 
Call these in order py4i, ---, pp» We now have a chain of vertices 
/i, +++, pp, Stretching from b; to a:(or B), each of which touches a vertex ¢s 
or A, 

(2) The chain of q's. Mark in now any edges there may be joining 
the vertices bj, p1,---, pp, a1(B) inside the circuit we now have, which 
includes the p’s and B. Call q, the vertex of the set p:.---. pp nearest a (B) 
Which b; touches (which may be p,). Thus q exists. Having found qi, 
if it touches a,;(B), we cass call it qo. Otherwise, we take as qi+: the 
Vertex of the set p,,---, py nearest a,(B) which q; touches. Continue 
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in this manner till we reach a,(B). Now every vertex q; touches a vertex c, 
or A. Also, no vertices of the set 0;, qi,---. qe, a1(B) touch inside the 
circuit bj, 1. -++, Ge, G1, °**; Ge, B, bi, ---, b; (where the a’s may be 
missing), on account of the construction of the chain. As, also, no pair 
of the vertices a,---, a, B, and no pair of the vertices B, ly, ---, 0; 
touch inside the circuit, we can apply the lemma and draw a line from 
b; to B, passing through every vertex of and inside this circuit. 

(3.) The curve. If there are no vertices gs touching A, call a (B), q. 
Otherwise, call the first vertex gs which touches A, gy. To finish the proof 
of the lemma, we have only to pass from A to 0; through every vertex 
on c,’s side of, but not in, the chain b;, q1,---, qu, A. For if qy is a (B), 
the chains bj, qi, ---,; @y and bj, q1,---, ge, a1 (B) are identical, and we 
have passed through every vertex of and on JB’s side of the chain in 
passing from b; to B. If qy is not a: (B), consider the circuit A, a (B), 
qe,+++; Qw, A, (where qy may be ge). As A touches each of these vertices, 
there can be no vertices inside the circuit, by (vy). Thus all the vertices 
we have not passed through on ¢’s side of the chain Jj, q1, ---, qe, 
«1 (B), A, are also on c’s side of the chain bj, q1,---, qu, A. 

We will pass from A to }; in two steps: first from A to c,, on A’s side 
of the edge jc, then from c, to bj, on C’s side of the same edge. 

Mark in all edges between the q’s and the c’s. Remembering that each 
vertex gi, 7< W, touches a vertex cs, and that if g; touches cs, gj touches ce, 
and 7 >7, then ¢=-s, we see that these edges divide the section of the 
graph we must pass through into a number of sections, each of which 
we will pass through in turn. 

Suppose gy touches a vertex of the set cy, ---, cy. Call the one nearest A 
that qy touches cy. If cg is c,, there are no vertices inside the circuit A, 

qu, ¢, A, and we pass directly from A to 

dy cy. Otherwise, cy does not touch A inside 

the circuit, and therefor gy touches other ver- 

tices in between. Call these vertices in order 

rp r1,*++,;%u. There are no vertices inside the 

‘ circuit A, gw, Cg, Tu, ++, 71, A. Thus we 

need only pass from A to cg through all the 

Vig. 6. vertices of and inside the circuit A, 1, --:; 

1s Cg, +++. Cy, A. But we can do this, by the 

lemma. For, no pair of the vertices A, 7, ---, *, ¢g, and no pair of 
the vertices cg, ---, cy, A touch inside the circuit. 

If gy touches any more vertices of the set cx, ---, cy, we pass through 
each of the sections thus formed in turn in exactly the same manner, till 
we reach the last c that qy touches, cy. 
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If the vertex nearest A of the c’s that qy—; touches is ¢;, we must now 
pass through the section bounded by cm, qy, qu—i, Ci, +++, Che 

If gy did not touch any vertex cs, we would have this section to pass 
through in the first place, « being replaced by A. 

If c¢ is cp, this section is a triangle which contains no vertices inside, 
and we consider the next section. Suppose therefor ¢ is not m. As 
then qy—1 does not touch cp, gy touches vertices 
in between, none of which are any of the set q1y qe-s 
ci,°*+, Che We obtain thus a chain of vertices 
stretching from c, to gy—1, of which the last is a 
say d. Similarly, we obtain a chain of vertices 
stretching from gy to ¢, of which the first is d. 

As there are no vertices inside the circuit @, qu, “ 4 i 








Qu—1; Ci, +++, A, +++, Ch, We have only to pass Fig. 7. 

from ¢, to cq through the circuit ¢,---, d,---, 

ti.*++, (ie We can do this, by the lemma. For, no vertices of the set 
(ny +++, d, none of the set d,---,, and none of the set cj, ---, cm touch 


inside the circuit. 

We pass in this manner through each section in turn, till we reach c;. 
The last section, in particular, is bounded by the vertices cy, qi, bj, cx, «++, &, 
where cy is either c; or the vertex nearest «, of the c’s that qi touches. 
Thus here, b; takes the place of what would otherwise be the next q. 

We have now but to pass from « to bj; on C’s side of the edge bj c;. 
We can do this, by the lemma. For, the vertices c, 6;, no pair of the 
set bj, ---, bg, C, and no pair of the set C, c:, ---, ce touch inside the 
circuit thus described. 

The proof of the lemma, and therefor of Theorem I, is now complete. 


3. Proofs of the theorems on maps. 


The dual representation. Given a 
map on the surface of a sphere, we 
find the dual representation in the 
form of a graph as follows. Mark in 
each region of the map a point, which 
will be a vertex of the graph, and 
which we shall call by the same name 
as the region of the map in which 
it lies. Across each boundary line of Fig. 8. 
the map draw a line connecting the 
vertices in the two regions the boundary separates, forming an edge of 
the graph. 
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Now surrounding each vertex of the map there is a region of the graph 
bounded by a set of edges. 

Proof of Theorem II. We will show first that in any map of the type 
considered in Theorem IT, the dual graph holds to the properties (@), (8) 
and (y) of § 2. 

Each region of the map is simply connected, on account of (A,). Each 
boundary is a boundary between two distinct regions. For suppose there 
were a boundary line QR running through a single region a. We could 
then, starting from a point P of QR, move into a on one side of QR, 
run along a path remaining always in a, and get back to P on the other side 
of QR. Let us now run around the boundary of a. At some time we 
pass along the boundary line Q#. We are now inside the path we have 
drawn through a, and as the boundary of a is a closed curve, we must get out 
again. But we can only get out by passing through P, which contradicts (A,). 

Suppose we run around the boundary of a region a in a counter-clockwise 
sense. We are on successively sections of the boundary separating a from 
other regions b, c, ---, f, in cyclic order. Thus in the dual graph, 
a touches b, c, ---, f, in cyclic order, and these vertices are distinct from a. 

Suppose a touches ) and next c. Then if we pass around the boundary 
of the region a in a counter-clockwise sense, two successive sections of 
this boundary will be C, separating a and b, and B, separating a and c. 
C aud B will meet at the vertex V. By (B), only one other boundary 
line abutts at V. Call it A. It must thus separate the regions } and c. 
Run now around the boundary of b in a counter-clockwise sense. Two 
successive sections of this boundary will be A and C. Thus we see that 
the vertex b touches c and next a, proving property (8). 

Suppose now a touches in order b, c, d, ---, f. These vertices are 
then all distinct. For consider any two of the vertices a touches, say 
b and d. If a touches b and next d, or d and next b, then b touches d, 
and therefor 6 and d are distinct. Suppose now a touches a vertex c after b 
and before d, and a vertex f after d and before b. Here again b and d 
must be distinct, for otherwise the regions a and b would form a multiply 
connected region, separating c and f, contrary to (Ag). 

Except in a map of three regions, for which Theorem II is obvious, 
each region of the map touches at least three others. For if there were 
a region touching only one or two others, that region or pair of regions 
would form a multiply connected region, contrary to (A;) or (Az). Thus each 
vertex of the dual graph touches at least three others. This finishes the 
proof of property (@). 

Finally, there are no triangles in the graph other than elementary triangles. 
For if there were such a triangle, the regions of the map surrounding it 
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would form a multiply connected region, contrary to (As). The properties 
(a), (8) and (vy) are now proved. 

Now, applying Theorem I to the dual graph, we find a circuit passing 
through every vertex of the graph. This circuit is the desired closed curve 
passing through every region of the map. 

Proof of the equivalent statement of the four color map problem. Elementary 
considerations in the four color map problem show that if any map of 
the type considered in Theorem IT can be colored in four colors, then any 
map on the surface of a sphere can be colored in four colors. We need 
therefor consider only maps of the above type. 

Put the dual graph of such a map in the normal form. Suppose we 
can color this polygonal configuration in four colors. We then color each 
region of the map with the same color as the corresponding vertex of the 
dual graph. Any two regions with a common boundary correspond to two 
vertices of the graph which are joined by an edge, and are therefor of 
different colors. 

The converse is obvious, as every polygonal configuration is the dual 
of a map. . 

Conundrum. Suppose a man, living in a certain country (state), wishes 
to visit all the countries about him, but does not wish to pass through 
any country more than once on his voyage. Can he do it? If the region 
he wishes to visit covers the entire globe, he can do it if the countries 
make up a map of the type considered in Theorem II. Suppose now the 
region covers but a portion of the globe. If, upon replacing the rest of 
the globe by a single country, we obtain a map of the type considered, 
he can do it also. We have but to apply the lemma to the ring of coun- 
tries about the added country. By (Ags), no pair of the countries of this 
ring touch inside the ring. Therefor, picking out any two adjacent coun- 
tries of the ring, A, B, we draw a line from one to the other, passing 
through every country the man wishes to visit. We now join the two 
ends of this line, completing the man’s path. 

More generally, whenever the conditions of the lemma are satisfied by 
the ring, calling some two adjacent countries A and B, we obtain the 
desired path. 

4. Further remarks. 

Necessity of (As). Theorem I would not be true if the assumption that 
there are no circuits of three edges other than the elementary triangles 
Were omitted. That is, Theorem II would not be true if the assumption (As) 
Were omitted. The following example shows this.’ 


3 This example of such a map containing the least number of regions was communicated 
to me by C. N. Reynolds. 
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The number Py. In constructing the normal form for a graph, we divide 
an n-sided polygon into triangles by diagonals. It is interesting to know 
in how many ways we can do this. The formula 
for this number was found by Euler. A simple proof 

was first given by Lamé:* 


3-5-7---(2n—5) 
— 9n—-3 
ales $.4-5---(n—1) ° 





As we divide both the inside and outside of the 
polygon into triangles, we can construct in this 
manner P* different figures. Of course these are not 
all graphs of the type considered, and many of them give the same graph. 
For instance, there are 96 different circuits in the graph, Fig. 1. 


Fig. 9. 





‘J. Math. Pures Appl. (1), 3 (1838), pp. 505-507. 
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NOTE ON THE ALEXANDER DUALITY THEOREM.' 


By Artuur B. Brown.” 


1. Introduction. The theorem below was proved first by use of the 
Alexander duality theorem and a theorem about overlapping complexes.* 
In this paper we give a treatment which is longer, but depends only on 
the Alexander theorem. 

Notations are as in Lefschetz’s Colloquium Publication.‘ For brevity we 
shall describe independence with respect to homologies as simply independence. 
A point set D is said to have an 7th topological Betti number Ri, finite 
or transfinite, if there exists a set of A; independent 7-cycles on D, which 
is maximal. Finite chains are used in testing independence. 

The results of the paper hold both for absolute Betti numbers and Betti 
numbers modulo m, provided m is a prime integer greater than unity. We 
take the former case, but the same treatment is found to apply to the 
latter. 

2. Theorem. Let S be an n-manifold with the Betti numbers of an 
n-sphere. Let D be a proper sub-set of the points of S, possessing topological 
Betti numbers; and K a closed point set on a part of D which is open 
with respect to S. Then the following relations hold, where Rn—i-1 (K) 
denotes the Vietoris Betti number,® and the other terms denote topological 
Betti: numbers. 

(1) Ri (D— K) = Ri (D)+ Bri-a (K), i=0,1,---,n—1. 


Proof. We assume that 1 <i< m—2. The cases 7 = 0, n—1 
may be treated by slight modifications of the following proof. 

By the K-part of a given i-chain is meant the chain determined by those 
of its z-cells whose closures contain points of K. All chains are assumed 
So subdivided that their K-parts lie on the given open part of D. 

Given any i-cycle, say Di, on D, some multiple kDi, k + 0, bounds 
on S. If we add to kD the negative of the boundary of the K-part of 
a bounded (i-+1)-chain, we obtain a new 7-cycle, say Di, homologous 





t Received May 3, and October 13, 1930. 

* National Research Fellow. 

* A.B. Brown, “An extension of the Alexander duality theorem”, Proceedings of the 
National Academy of Sciences, vol. 16 (1930), pp. 407-408. 

‘Solomon Lefschetz, “Topology”, New York, 1930. (Lefschetz 1.) 

* See Lefschetz I for references. The “ Vietoris Betti number” is as redefined by Lefschetz 
for absolute Betti numbers. 
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to kDi on D, and having no point on K. By this process we can replace 
a given maximal set of independent z-cycles on D by a new maximal set, 
say D’, whose cycles are on D— K. 

The Alexander duality theorem, as extended by Alexandroff, Lefschetz 
and Alexander,® tells us that a maximal set of independent 7-cycles on 
S—K exists, Rn—i-1(k) in number. Given any one of these 7-cycles, 
some multiple of it bounds on S. The boundary of the K-part of .a bounded 
(i+1)-chain can be used to replace the given 7-cycle; and in this way we 
can obtain a maximal set, say EH’, of Rn—i-1 (K) 7-cycles independent on 
S— K, each of which bounds on D. If we can prove that E* and Di 
together form a maximal independent set of 7-cycles on D-— K, it will 
follow that (1) is correct. 

Now if a combination of cycles of D‘ and E* bounded on D— K, since 
every cycle of E* bounds on D it follows that no cycles of D* could be 
involved. Since the cycles of E‘ are independent on D — K, neither could 
any cycles of E* be involved. Hence the cycles of D‘ and EF“ are independent 
on D—K. It remains to prove that they form a maximal set. 

If Q is any 7-cycle on D— K, then because of the various maximal 
independent sets at hand we know that an integer r + 0, combinations D; 
and Ei of i-cycles of D‘ and E’ respectively, and (¢+1)-chains Ti", 

vt Ti exist such that 


(2) Tr +rQ@+Di on D; 
(3) Tr‘ >rQ+Dit+E on S—K; 
(4) T+ oon D. 


i+1 


Therefore, if » is an integer, p(T + T3*'— TI) is an (é+1)-cyele, 
and hence for some p + 0 this cycle bounds an (i+ 2)-chain, say T**, 
on S. Let Ea denote the boundary of the K-part of T***. Then 
pTy''+p 7h! — r** is a chain on D— K bounded by p(rQ@+Di+ #). 
It follows that Q' is dependent, on D— K, on cycles of D‘ and E*. Hence 
D‘ and E* form a maximal independent set of i-cycles on D— K, and 


the proof is complete. 





°See Lefschetz I, Chap. VII, for references. The theorem is usually stated with the 
hypothesis that S has no torsion coefficients, but this condition is unnecessary and not 
essential to the proof. 
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ON TOPOLOGICAL MANIFOLDS.'! 


By WILLIAM W. FLEXNER. 


A topological manifold M, is a compact separable space which has 
a complete set of neighborhoods each of which is a combinatorial n-cell. 
A combinatorial n-cell is a generalization due to Alexander of the ordinary 
n-simplex, and has the connectivity numbers and torsion coefficients of 
the n-simplex. Special cases of topological manifolds have been studied 
before in analysis situs. The manifolds (variétés) investigated by Poincaré 
in his first paper® are topological manifolds which have a certain restricted 
parametric representation. Wilson® and Hopf* have investigated the singular 
images upon each other of manifolds whose defining neighborhoods are 
n-cells, but have not considered the questions here dealt with. In this 
and a subsequent paper it is proposed to extend, using the methods of 
Veblen’s Colloquium Lectures on Analysis Situs and Lefschetz’s Colloquium 
Lectures on Topology, to topological manifolds the classical duality and 
homology theorems. This involves defining Betti numbers and torsion 
coefficients, proving their topological invariance, defining Kronecker Indices 
and proving the duality theorems. 

Vietoris> has introduced the homology and group invariants of a general 
compact metric space. To define bounding and non-bounding cycles he 
uses infinite sequences of chains made up of ideal cells whose diameter 
decreases towards zero. Section 1 of this paper defines the homology 
characters in another way: in terms of a complex on M, composed of 
singular chains which play the role of cells. By means of a deformation 
theorem modeled on that due to Alexander® it is proved that any singular 
chain on M, can be deformed onto the singular complex. Therefore the 
incidence matrices of the singular complex give topologically invariant 
homology characters. This method shows that the homology theory of 
M, can be derived from a finite singular complex, while for an arbitrary 
compact metric space the complex must be infinite. 


‘Received October 3, 1930. Presented to the American Mathematical Society, 
December 29, 1930. 

Poincaré, H., Analysis Situs. Journ. de l’Ec. Polyt. (2) 1 (1895), pp. 1-123. 

* Wilson, W., Representations of Manifolds. Math. Ann., 100 (1928), pp. 552-578. 

‘Hopf, H., Zur Topologie der Abbildungen von Mannigfaltigkeiten. Math. Ann., 100 
(1928), pp. 579-608, and 102 (1929), pp. 562-623. 

* Vietoris, L. Math. Ann., 97 (1927), pp. 454-472, and 101 (1929), pp. 219-225. 

° Alexander, J. W. Trans. Am. M. S., 16 (1915), pp. 148-154. 
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Section 2 begins by specifying when a manifold is orientable with respect 
to a particular set of defining neighborhoods E,. Then the Kronecker 
Index (yp-7Yn-p) of two singular cycles yp and yn—p on M, is defined. 
The object of this and the next section is to serve as a basis for a proof 
of the Poincaré duality theorem for M,. Since M, cannot be cut up into 
cells the relations between p- and (n—~vp)-cycles cannot be obtained from 
a dual complex. The connectivity properties in the large are in this case 
brought in by considering M/, as immersed in a Euclidean space 8, of 
a sufficient number of dimensions,’ 7, and considering the intersection 
of M, with chains Ga. of S, bounded by the cycles Z,—p-1 in S, which 
according to P. Alexandroff® link each non-bounding cycle - on M,. This 
intersection can be proved to be a cycle, 7;,_,, and to intersect 7), with 
a Kronecker Index 1, so the duality theorem of Poincaré follows from 
section 2. The work just outlined has been completed by Lefschetz and 
Flexner’ since this paper was first written. 

Section 3 contains a proof, suggested to the writer by Professor Alexander, 
that M, is homeomorphic to a subspace of Euclidean 7-space. 

It follows as a corollary of the duality theorem that the connectivity 
numbers of order higher than » are zero, a result proved in another way 
by Vietoris. 

My thanks are due to Professor Alexander for suggesting the problem 
here treated to me and to both him and Professor Lefschetz for their very 
generous help during the course of this work. 

rt. Definitions; Invariance of the Betti numbers and torsion 
coefficients. Throughout this paper technical terms are used as in 
Lefschetz’s Topology’®. 

The manifold M, here dealt with is a space satisfying two conditions. 

1. My is a compact separable space. This condition implies that M, is 
erg 

. It is further required that there exist a complete set of neigh- 
wae {En} for M, each of which is a normal combinatorial n-cell. 
(L. T., p. 113, see also p. 106). 

A normal combinatorial n-cell is an open simplicial complex whose 
boundary is a circuit with the Betti and torsion numbers of the (n—1)- 
sphere and which is itself the join (L. T., p.111) of this boundary and 


nae K., Dimensionstheorie. Berlin (1929). 

* Alexendvel, P. Annals of Math. (2) 30 (1928), pp. 101-187. 

Lefschetz, S., and Flexner, W. W. Proc. Nat. Acad. Sci., 16 (1930), pp. 530-533. 

” Lefschetz, S., Topology. Am. Math. Soc., Colloquium Publications, Volume XII (1930): 
referred to in the sequel as “L. T.”. 

" Urysohn, P., Math. Ann., 92 (1924), pp. 275-293. 
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a point. A property of the cells Z, often used is that every cycle on 
E; bounds. In the sequel the normal combinatorial n-cell will be called 
simply the n-cell and the simplicial n-cell will be referred to with the 
prefix simplicial. The simplicial n-cell is a special case of the n-cell so 
that the class of manifolds M,, includes the type originally called “topo- 
logical” made up of those compact separable spaces which can be covered 
by a finite number of overlapping simplicial »-cells. 

A finite set of n-cell neighborhoods {£,} covering M, is called the 
covering set {En}. Because of the Borel property, finite covering sets exist. 
All the n-cells of the same covering set which have a point in common 
with a given n-cell, Hy, of the set will be called a nest of cells with E,, 
as center. Each n-cell of the covering of MM, is itself an open simplicial 
manifold. This follows from the fact that each point of Z, has a neigh- 
borhood of arbitrarily small diameter which is an n-cell. Thus M/, can 
be covered by open sets which are simplicial manifolds. This is the 
essential property in the proof of the duality theorems. 

THEOREM 1. Given a manifold covered by a finite set U of overlapping 
n-cells, the manifold can be covered by another finite set U' of n-cells each 
so small that every nest of cells of U’ is covered by a cell of U. 

Let {Ey} be the complete set of neighborhoods of M,. Each point is 
covered by an E, of diameter less than «. Therefore after removal of 
all neighborhoods of diameter greater than « there remains a fundamental 
system of neighborhoods for M,, of which, because M, is closed and 
compact, a finite subset will cover M,. So for every « there is a finite 
covering {’;} of cells whose diameter is less than ¢. Given the finite 
covering U = {Ki}, the distance from any point of M, to the boundary 


: 1 ee 
of some E,>P has a lower bound, 7>0. If then «< 3 4 {E’n} is 


a covering of the sort required in the theorem where U’ = {E’n}. Remove 
from any covering U any n-cells entirely covered by other cells of U. 

Now cover M, with n+2 covering sets U-!, U°, U',--:, U" such 
that: 

i. U— is an original set covering M,. 

ii. The members of U/ are so small that theorem 1 applies and every 
nest of cells of U/ is completely covered by one n-cell of Us-, 

Take arbitrarily a single point ai in each n-cell E;, of the covering 
U". Each such point is called an elemental zero-cell of Mn. The de- 
finition of an elemental k-cell is by induction. If En®, En’, °:*, En’ are 
k+1 n-cells of the covering U” all contained in the same n-cell =m, of 
the covering U"-* and such that any j of them (j = 0, 1, ---, &) are 
covered by an n-cell of the covering U"~/+ the k+1 points aj, where 
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ajc E” are the vertices of an oriented (L. T. p. 4) singular k-complex 
(L. T. p. 73), az, on My, with the properties: 

1. If the n-cell Ey **™ of the covering U”—**1 covers a? v then 
a; is contained in an n-cell | iia of the covering U"-*, Such an 

"kJ exists because each Ey “*>” covers all but one of the cells 
E°,---, Ei"* and hence these cells form a nest and are covered by a 
cell of U"—*. 

2. a; is bounded by the elemental (k—1)-cells a,°,, --*, a,¢., deter- 
mined by Ei”, ---, BE; taken k at a time. Because the definition is in- 
ductive, properties one and two are assumed for _. a9 °° *» Gey. There 


fore the sum of these cells properly oriented is a cycle. Since the (k—1)st 


Betti number, Ry—1 (£7 *”) of Ef” is zero, this cycle bounds a singular 
complex not necessarily an n-cell, on Ex“! which can be taken to be 
a;. This proves the existence of an a, satisfying conditions one and two. 

The boundary of an elemental k-cell is the sum of the oriented ele- 
mental (k—1)-cells that are obtained by omitting one at a time the 
k-+-1 vertices defining the elemental k-cell. In the sum each oriented ele- 
mental (k—1)-cell is affected with a sign as in L. T. (p. 14). 

The definitions of elemental chain, elemental cycle, elemental homology are 
the same as those of chain, cycle and homology in L. T. (p. 16 et seq. and 
p. 21) with “elemental cell” written everywhere instead of “cell”. 

An elemental complex, ®, on M, is the set of all oriented elemental 
cells on M, that can be constructed using as vertices a set of elemental 
zero-cells, one and only one in each n-cell EF," of the covering U". The 
incidence relations (L. T. p. 16) of these cells with their oriented bound- 
aries give a set of incidence matrices (L. T. p. 34) for M@, just as simplicial 
cells do for manifolds that can be cut up into simplicial cells. From these 
matrices Betti numbers and torsion coefficients (L. T. p. 34) can be cal- 
culated. In the sequel these will be referred to as the elemental Betti 
and torsion numbers calculated from elemental homologies. Because & is 
made up of a finite number of elemental cells these numbers are finite. 

A complex, chain, or cycle on M,, is the single valued continuous image 
on M, of a simplicial complex chain or cycle. If a p-cell of a chain on 
M, is mapped on an s-cell, s<p, of &, the p-cell will be given a zero 
coefficient in the chain, as in L. T. (p. 74). This is what Lefschetz calls 
a singular complex, chain or cycle. (L. T. p. 72). Here the word “sin- 
gular” will be omitted. 

THEOREM 2. If y; is any k-chain on M, it can be cut up into sub- 
divisions so small that each can be covered by an n-cell of the covering U". 

This is apparent from the definition of y,. 
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THEOREM 3. If yx is a k-cycle on My, and yx is a subdivision of yx and 7, 
is the image of Gx, then yx~ vk on M,. (Notation: L. T., p. 21). 

A k-cycle is a special case of a k-chain. If Gj, is the subdivision of G;; 
producing yi; then G,— G; bounds a degenerate (L. T., p. 74) (k++ 1)-complex 
on G,. Hence its image y.—yi bounds a (k+1)-chain on 7; and hence 
on M. 

THEOREM 4. Fundamental Deformation Theorem: Given an r-cycle y, on M,, 
such that each cell of 7, 1s in an n-cell of U", and an elemental complex R on 
M, then: 

Part 1. Given any k-cell pi. of 7;, such that pi > mt pi_, (notation: L. T., 
p. 15) where ts is an integer, there can be associated with pi an elemental k-cell 
ai. of & for which the following relations hold: 

i. aj, > Dt} al_, where aj_, is associated with pj_,. 

ii. There exists a (k-+1)-chain gi,,, on M, satisfying q.., > 4,—pj.— Q 
where Qi > = t} pi_»— Bh ti aj_,- 

Part 2. If pi, p2, *, pi. are k-cells of y,, and are all in E®° then aj., Gj. --; 


—k-1,1 0 
lie in the same n-cell Ey’ containing Ep, . 


Part 3. If 7, is a k-cycle on M,, such that y,, = Du; pi, then mM, Gu 
¥,—1, where T,, = Dm, aj, is a cycle. 

The proof is made by induction. 

Step 0. Part 1. If a zero-cell pi is in the n-cell Z™ associate with it the 
elemental zero-cell ai of K in E™. If E”-™ covers E™ then gi>pi—a; 
where gi is a segment in #”—' which, because the zeroth Betti number, 
R, (E21), of H”-41 is one, is bounded by pi and ai. 

Part 2. This follows immediately from the construction of ai. 

Part 3. Given that y, = Du, pi is a cycle, let FT, = ai a‘. Since 
qi>pi—ai it follows that Lead Yo —T,. Since the boundary of 7, 
vanishes and the boundary of I, corresponds to it cell for cell, the boundary 
of Ty vanishes. 

Step k. eee — 0, 1, 2, ---, k—1 to have been taken for each 
of the (0, 1, 2, ---, kK—1)-cells of 7,. 

Part 1. Given pi > > ti pj_,- Consider af ti aj_, where aj_, is associated 
by step k—1, part 1 with pj _,. Dtiaj , is a cycle by step k—1, 
part 3 and is in an n-cell E”—*# eatin E” by step k—1, part 2. 
So because R,_,(H"—-*#) = 0, af aj_, bounds ai in E”~**, Associate aj. 


with pt. By step k—1, part 3 














398 W. W. FLEXNER. 
pa ti a4 2 ti pt. 2 ti ey 


Therefore pi— ai, > tj, is a cycle since its boundary vanishes. qj is 


contained in an n-cell E”—*% covering p/_,. Hence the set of cells {Z”—*4)} 
(j = 0,1,--+, k) all have points in common with EZ; and so form a nest 
of cells. Therefore Pe % — Bet gj is in an n-cell LE” of Yr 
and, being a cycle, bounds in that n-cell a («+ 1)-complex qi,,, because 
Ry (En**) = 0. 2 fo ee Ss 
Te41 > Pie — G— > & O.- 
J 


Let >t qi = Qj. This completes the proof of step & part 1. 
J ° P e s ae 

Part 2. If pi, py,---, pe are in H” then aj. associated with pi, lies 
in EZ’ which contains EX’ by step k, part 1. Hence the set {z,“"} 
(i= 1,2,---,s), since each of its members contains E,°, forms a nest 
of cells and is covered by Ey “—** of the covering U“ “~ and con- 
taining E;,”. 

Part 3. 7, = Du,pi, is a cycle. Let 1, = Dyw,ai. TM, is a cycle 

z a 

because its boundary cells correspond to those of 7; which vanish. From 
the result of step k, part 1 follows 


2H Tiss > Ds Mi Pee Hi Ds 8 a 


But since y,, is a cycle >), i= 0 for every 7. Hence gt. ,> Dm; pi. —Dey %, 
i z e 

and therefore > mu; q4..,>7, 

a 





I... This completes the induction and the 
proof of Theorem 4. 

THEOREM 5. To every k-cycle yx on M, there is an elemental k-cycle Ti 
on My, such that 7,-—Ty~0. 

By Theorems 2 and 3 7;,—y7i~0 where y% is a subdivision of yx satis- 
fying the conditions put on 7, in the statement of Theorem 4. By Theorem 4 
yr —Te ~ 0 and therefore Y¥r—L), ~ O. 

THEOREM 6. If yx, is any k-cycle on M, and Ty, is the elemental k-cycle 
associated with it and y.~0, then I;~0. 

By Theorem 5 7,-—TIi,~0, so yz~0 implies I, ~ 0. 

THEOREM 7. If an elemental k-cycle T;, bounds a (k-+1)-chain gu41 on Mn, 
then T, bounds an elemental (k-+1)-chain Gui. on Mp. 

Cut g:+1 up into cells so small that each of them is contained in an 
n-cell of U". Then apply the process of Theorem 4 to the ¢-cells of gut 
(¢ = 0,1, 2,---,k+1) associating with each of them an elemental -cell. 
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For the elemental 7-cells associated with the 7-elements of the boundary 
use the 7-elements of J; themselves. All the k-cells of the boundaries 
yanish except those making up the boundary 7;. Hence 7, bounds the 
chain Gx+1 of elemental z-cells associated with the cells of gxi1. Theorems 5 
and 7 are analogous to theorems proved by Veblen in his Colloquium 
Lectures Chapters 3 and 4 to obtain the topological invariance of the 
homology characters of a simplicial complex. 

Instead of using the elemental cycles and homologies to calculate the 
Betti and torsion numbers of J/, it is possible to use the set of all cycles 
on M, and their homologies (L.T. p.75). These cycles and homologies 
will be called “topological” and the numbers topological Betti and torsion 
numbers. It will now be proved that the topological numbers are the 
same as the elemental numbers which were shown on page 396 to be 
finite. This implies that the topological numbers are finite. By Theorem 5 
every cycle of M, is homologous to an elemental cycle, so the elemental 
cycles form a basis for the cycles of M,. Every relation of bounding 
among elemental cycles automatically implies a topological relation of 
bounding. Moreover any topological bounding relation among the elemental 
cycles, by Theorem 7, implies an elemental bounding relation. Therefore 
the homology group for any cycles on M, is isomorphic to the homology 
group of the elemental complex which proves Theorem 8. 

THEOREM 8. The Betti numbers and torsion coefficients calculated from 
elemental homologies are finite and topologically invariant. 

Corollary. The connectivity and torsion numbers modulo m (L. T. p. 18 
and p. 35) as obtained from the incidence relations of the elemental cells 
are topologically invariant. The proof is the same as that of Theorem 8 
except that in adding the boundaries of the chains the coefficients of the 
individual cells of the boundary are reduced modulo m. This changes 
none of the details of the proof. 

2. Orientation; Kronecker Index. It is now necessary to draw the 
distinction between manifolds orientable and non-orientable with respect to 
a covering set {Ei} of n-cells. Suppose two n-cells of the set, EZ, and Fy, 
overlap in a number of open sets of which R is one. Orient each n-cell 
by means of a complex on it. Cover each region R with an infinite 
complex, K‘, by the method described in Lefschetz’s “Topology” (L.T., p.311) 
using the complex on E; to give K'. K‘ is connected and only two n-cells 
abut on each (m —1)-cell of K‘ so K‘ is an orientable simple circuit modulo 
an ideal element, 4, its boundary. (L.T., p.47 and p. 295). Hence it 
has a basic oriented n-cycle T, mod 4 (L.T., p. 46 and p. 300). Because 
the Betti numbers of K* are topologically invariant, I, the basic oriented 
n-cycle mod 4 obtained using, to cover R, an infine complex K/ derived 
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from a complex on E/, satisfies the relation Ti~we’T) mod A, where 
e—+1. If p+1 n-cells of {Ei} cover R we have relations 


Fiwes TA mod A, 


T,~ve? Ty? mod 4. 


If the orientation of the cells EZ, can be so chosen that for all 7 and j 
and all regions R, all the «’s corresponding to a given F are of the same 
sign, M, is orientable with respect to the covering {Ex}, otherwise not. 

It is now possible to define the Kronecker Index of two chains which 
do not intersect one another’s boundaries and are on an orientable /,. If 
M, is not orientable the chains can be taken modulo 2 and the Kronecker 
Index computed modulo 2. Before defining the Index it is necessary to 
prove some theorems. 

THEOREM 9. Two cycles Ty and Ty—p» are é-deformable where «>0 is 
arbitrarily small, into [> and Ij» which intersect in a finite number of 
isolated points. 7 

Throughout the proof /(#) means the boundary of # and / means 
E+ F(E), the closure of E. Suppose that { E,} is a finite set of cells 
covering M,. On Ej take a complex K’ of mesh so small that if J’ is 
the sum of the closed cells of K’ with no points on F(E}), J‘ covers Mn. 
Let 27 be the maximum mesh of the complexes K’. 

Now make a subdivision of T, and I,—» into cells of mesh 7/4 and 
call these subdivisions /, and I,-». If the following assumptions about 
the reduction of the parts of [ and I,» in (¢—1) of the domains 
{J*} be made, it can be proved that the reduction can be extended to 
another domain J and so, by induction, to all these domains. It is 


assumed that if 
G-i — Fist Jt+ ..: + Ji, 


then Z, and I,» are +/4-deformable into cycles £* and I—p with mesh 
t/4 and such that the following three conditions are satisfied: 


1. S* en ¥p +65", is sa Yop t+%n-9; 
where 75* and y‘-', are the sets of all closed cells of Fé! and I=, 
respectively that have points in common with G—. 

2. 7, * intersects ted in a finite number of isolated points. 

3. There exist neighborhoods Ni and N*—! such that Né* contains 
the sum of closed cells of — that meet F(G‘—), and N**— contains the 


similar sum for ie and each that 


NT =0, Iny-N*t=0, Net.w** =0. 
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In view of (3) the intersections of the 7’s are interior to G*—, that is 
not on its boundary, and “si —1 does not intersect d*-! nor does ie 


n—p 
intersect 6. Furthermore 
metcr, nec yw". 


Let Gi= J'+J*+...+J*. It will now be proved that conditions 
one, two and three can be satisfied for the index /. 

A. Consider the following quantities: 

1. The distance from F'(d;*) (which is on N’*) to F(N*") and that 
from F(d,-») to F(N**”). 

2. The distances from 6," and dn, to G’”. 

3. The distance from ro —t to WY ona from 1H owen 

4. The distance from F(E}) to F(J"). 

The distances just mentioned are all positive and so is their lower bound. 
Choose a ¢ less than a quarter of that lower bound and also less than 1/4. 

B. Subdivide T* and I;—> into subchains whose mesh & is to be at 
all events less en /2. Denote by 7» and y,—y the set of all closed cells 
of d> and dy» on Eh. 

C. Let K be a complex on EF, which has J* as a subcomplex and K* 
be its dual such that the mesh of both complexes is §. The mesh of the 
subdivisions of 7 * and i xed is small enough to assure that F(yp) and 
F(yn—p) lie wdinds in Ei—J‘'+ N*" and E,—J'+N**” respectively. 

D. By &-deformations y, and 7,—p» can be reduced to subchains of K 
and K* respectively. Add the deformation chains of F'(yp) and F(yn—p) and 
call the new chains yp and 7,» and the new cycles TZ and I,-». In 
addition if 7p (p<) has p-cells on F(J*), yp can be modified by another 
§-deformation as in the similar case, L. T., p. 153, so as to remove them 
from F(J*). The process is as follows. Because of D, J‘ is a subchain 
of K. If p< it can be arranged that y, has no p-cell on F(J‘) for if 
the cell oy of 7» is on F(J*), op can be replaced by the p other p-faces 
not on F(J*) of a (p+ 1)-simplex of which oy is one edge. If p= no 
n-cell can be on F(J*) because F(J*) is (n —1)-dimensional. Now call 
7p the sum of the cells of Yp Whose closure meets J ‘, Also yn—p is the 
similar sum of cells of Yn—p- 

E. Set 

A=rt+rn, &€=—T—-7%H 
and similarly for n-—p. 

It is now necessary to construct non-overlapping neighborhoods NV‘ and N** 
such that the sum of the closed p-cells of a — yi, that meet F(G@) 
is contained in Né and such that no points of I ,, meet N‘, A similar 
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neighborhood V*‘ must be constructed for the (n—~yp)-chain. The first 
step in this construction is to create neighborhoods M* and M*‘ of the 
intersection of y, and y,-» with F(J*) such that 


(2) Mi-N*1—0, M*.NH1 = 0; 
(b) M'-M** = 0; 
() Mri, =0, M*.ri=0. 


n—p 

(a) It follows from Al and B that yp does not enter V**! and similarly 
for Yn—p» and N*~, so (a) can be satisfied. 

(b) yp was so constructed (D) that it does not meet y,—p on F(J%). There- 
fore (b) can be satisfied. 

(c) To prove that (c) can be fulfilled it suffices to show that 


[7,, . F(J] : Pia rin 0, 
and this will follow if 


CL fy, FU) - 743, = 0, 
C™ [yp- FU] -rn-p = 9, 
Cul, [y’. F(J)]-d1_, = 0, 


because 
i — yi—1 ! j 
qa a Mocs + Yn—p . _ F 


C'. yp is outside G' or in N*'. 7/1, has no points in either of these 
sets so C! holds. 

C"™. For the same reason as in case (b) equation C" is true. 

Cl, Any closed cell of 0» is either in V*’ * where there are no points 
of 7p or else does not meet J* which verifies C™. 

It has been shown that a sufficiently small neighborhood M‘ of 7; - F(J‘) 
will have the properties (a), (b), (c). Exactly the same proof holds for M* 
and the (n—~p)-chains. 

Suppose now 7p and yn—p to be subjected to a sufficiently small sub- 
division and 7» and 7;—» to be defined as the sums of the closed cells of 
this new sub-division meeting J‘. Then because the old 7; and 7n—p did 
not intersect on F(J‘), the sums of the closed cells of the new ones 
meeting F’(J*) do not intersect one another. New 71, d¢, yi_, and 6), 
are now of course constructed from the new y, and yn—p as before from 
the old. 

If the subdivisions have been chosen sufficiently small the M’s will 
contain the sums of the closed cells of the respective chains 7} and /n—p 
which meet F'(.J*). 

F. Now let M‘+ Ni! = Ni, Writ Nei — N*i, and verify that 
condition three holds for N‘ and N*, 
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But a 
F@) = F@44J) = FE). —J) + FU) h—6), 


Cells of ty meeting F'(G*) all meet F'(G*~*) and then they are in N*"C N‘. 
Also the closed cells of yp not on N‘—! are exterior to G’—! by Al and A4, 
hence if they meet F'(G‘) they meet it in F'(J*) and so lie in M‘. It 
follows since 74 = y,*+y, that the sum of the closed cells of 7‘, meeting 


F'(G) is on N* and likewise for 7, and N*. 

It remains to prove that NV’. N*’=0 and that rip: N'=T;-N**=0. 
The first statement follows from E(a) and E(b). Due to A3 and A4, Ii_, 
does not meet N* and by condition (c) it does not meet M’. Therefore 
r_»-N'=0. Similarly 7, -N*' = 0. 

Now it has been shown that the conditions assumed for 7—1 can all 
be realized for 2, so the induction is complete. 

The first step of the induction is possible since G° can be taken to be 
zero and 7» = yn—-p = 0, 0p = Ip and 0,» = T,-p. Then the induction 
is started. It also comes to an end. Because {J*} covers M,, a finite 
number s of steps will reduce 6, and 6,-» to zero and I and M~» will 
result which intersect in a finite number of points, each point interior 
to an n-cell of {£,}. The deformations applied to 7, and /,—» in order 
to produce IZ and I» are finite in number so the total deformation is 
arbitrarily small. 

THEOREM 10. If Ly and Iy—» are two chains on M, which do not inter- 
sect each other’s boundaries, then Theorem 9 applies to them. 

The proof is the same as that of Theorem 9 provided that F'(y) and F'(0) 
be everywhere replaced by the part of the boundaries of the partial 
chains y and 6 which are not on F(I). 

When chains have the following properties: their boundaries do not 
intersect one another, the chains intersect in a finite number of isolated 
points, about each intersection their cells are on a complex and its dual 
respectively; they are said to constitute a regular pair. 

The Kronecker Index, (Cp - Cn—»), for a regular pair of chains Cp and Ch—p 
is defined as follows. If A, A?,---, A” are the isolated intersections then 
there exist for A’ subchains Cp and Ci—p of Cp and C,—» which include 
all their cells through A‘, do not intersect elsewhere and are on an n-cell 
E, of My. Then (Cp -Ci_») is defined as in L.T., p. 194. (Cy-Cu-p) is 
defined as m (Cp - Cap). It follows immediately that for regular pairs 


the Kronecker Index is additive and obeys the same permutation laws as 
for simplicial manifolds. 

THEOREM 11. Let Cp and Cy—» be a regular pair and let there exist 
Cri1>Cp such that Cp:1 does not meet F(C,—»). Then (Cp-Cn-p) = 9. 
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a. If Cpi1 is on an n-cell E, of M, then the theorem follows from 
L. T., p. 170. 


k . ; 
b. Cpir can be written Cpi1 = D Cpis where all the cells Cp. that 
i=1 


have a point in common are on a single n-cell, E,, of the covering and 
no (p—1)-cell of Cp41 contains a point of Cy-Cn—p. It will be shown 
that without changing (C,-C,—») the situation can be so modified as to 
replace k by r<k. 

Let A be one of the intersections of Cp and Cy,» and call D the sum 
of the chains F(C,+1) meeting A. D = D’'+ D” where D’ is on C, and D" 
has no p-cells on C,. F(D") does not meet C,-C,—». Deform D” and 
Cy—» into a regular pair according to Theorem 10 by a deformation acting 
on a subchain of C,—-, not containing A and so small that no new inter- 
sections with C, are brought about. Add the deformation chain of the 
p-cells of the old D” to the (p+1)-cells to whose boundary it belongs if 
the (p-+1)-cell is one of the sum whose boundary is D. If the (p+1)- 
cell is not in D subtract the deformation chain. Now replace C, by Cp— D. 
Since D’+ D” bounds a sub-chain of Cp:1 in an n-cell of M,, and that 
subchain does not meet F(C,—»), and D and C,—» are a regular pair, it 
follows from part a. that (Cp-Cn—») = ((Cp— D)-Cn—p). Because D” 
and Cy,—p are a regular pair, D”-Cy—» is on a p-cell of D” so no (p —1)- 


cell of the new pes 1 r<k meets D”-C,-». Thus the situation is 


as before with ke replaced by r. Repeating this process will ultimately 
reduce Tou to a sum of cells on a single n-cell of M, which is case a. 


a 

Kronecker Index of arbitrary chains. If Cp and C,—» are arbitrary chains 
neither of which meets the boundary of the other, then by Theorem 10 
they can be deformed by a deformation 7 onto a regular pair, C, and Cy-p. 
(Cy: Cn—p) is then defined as (C;-Cyr_»). 

THEOREM 12. The definition of (Cp-Cy—p) just given is unique provided 
the deformation T is small enough. 

Let C), Cn—p and <, Ch—» be two regular pairs appr oximating Cy and Cr—p. 
Let A be a generic point of the intersection of eS and C;—» and B the 
same for Cp and i There are three possibilities. 

a. There is no A point on C. and no B point on GC. 

In this case deform, using Theorem 10, a subchain of C, that is away 
from A and wn and deform a subchain of c. away from B and & 
by a deformation 7” so small that no intersections with the other pairs 
are changed and a regular pair, again called C) and Cry, results. If T 
and 7” are small enough the deformation chain D, of dimensionality p+i, 
connecting C; and C>, obtained in getting C; and C> from Cp, is very 
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near Cp, 80 F(Cr—p) does not meet it. Its boundary is C> — Cp plus a de- 
formation chain which does not meet the (x —p)-chains. Hence by 
Theorem 11, 

(-G-,) = (- C4). 


If p= 0 (or n—p = 0), Cy, Ch—p and Co, Cap are regular pairs so 
(C)- Ch») = (Cp- Ca») follows for all such cases from the argument 
made at the end of the last paragraph. 

b. p +0, no A point is a B point. This includes the three cases: 
1) Points of type A are on Ge. but none of type B are on C;; 2) There 
is no A point on Cy» but there are some B points on C,; 3) A has points 
on Cr» and B has points on C; but no A point is a B point. 

Because no points are of both type A and B, and because n—p<7n, 
a small deformation applied to C> away from Ch—p and to Ci_» away 
from Ci will reduce Case b to Case a by removing Ca—-p from A, removing 
(> from B, and not changing A or B. 

c. A and B points coincide, p + 0. 

In this case deform Cr» in such a way that: 1) C>-C;—» no longer 
meets A points, 2) the set of points jin which the new Cz_, and the old 
differ, can be covered by an n-cell E, of My. This deformation is possible 
if it is taken small enough because n—p<n. But by Theorem 11, part a, 
the deformation leaves (Ci. ..) unchanged and reduces Casec to 
Case b. 

So now it is proved that in all cases 


(Cp . Gs — (Cr ° as 


Similarly it can be shown that (C>-Ci-») = (Ci-Cn—p). Therefore 
(C+ Crp) = (C2. 02_,) which was to be proved. 

THEOREM 13. The Kronecker Index of two arbitrary chains on M, which 
do not meet one another’s boundaries has the permutation properties of the 
Index for chains on a simplicial manifold. If the chain yp is a cycle 
and yp~0 then (7¥p-yn—p) =0 for every Yn—p- 

The first part of the theorem follows from the definitions of the 
Kronecker Index. If y»~0O and yp and y)_, are a regular pair constructed 
homologous to 7, and Yn according to ‘Theorem 9, then 7)~0 and, by 
Theorem 11, (yp -¥p_,) = 0. Therefore (7p °%n _») = 0 ‘which proves 
the second part. 

3. Immersion of M, in S,. 

THEOREM 14, A topological manifold M,, can be homeomorphically mapped 
upon a subset of an Euclidean space, S,. 
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a. If Cpi1 is on an n-cell E, of M, then the theorem follows from 
L.T., p. 170. 


b. Cpia can be written Cpa = z Coit where all the cells Coss that 


have a point in common are on a pe n-cell, Ey, of the covering and 
no (p—1)-cell of Cpi1 contains a point of Cy-Cy—p. It will be shown 
that without changing (C,,-C,—»,) the situation can be so modified as to 
replace k by r<<k. 

Let A be one of the intersections of Cp and C,—» and call D the sum 
of the chains F(C)+1) meeting A. D = D’+ D” where D’ is on C, and D” 
has no p-cells on C,. F(D") does not meet Cp-C,—». Deform D” and 
C,—» into a regular pair according to Theorem 10 by a deformation acting 
on a subchain of C,-, not containing A and so small that no new inter- 
sections with C, are brought about. Add the deformation chain of the 
p-cells of the old D” to the (p-+1)-cells to whose boundary it belongs if 
the (p-+1)-cell is one of the sum whose boundary is D. If the (p+1)- 
cell is not in D subtract the deformation chain. Now replace C, by Cy— D. 
Since D'+ D” bounds a sub-chain of Cy;1 in an n-cell of M,, and that 
subchain does not meet F(C,—»), and D and C,—» are a regular pair, it 
follows from part a. that (C,-C,-») = ((Cp— D)-Cn—p). Because D” 
and C,-» are a regular pair, D”-C,—» is on a p-cell of D” so no (p —1)- 


cell of the new > ci, 1 r<k meets D"”-Cy-». Thus the situation is 


i=1 
as before with & replaced by 7. Repeating this process will ultimately 


reduce D> Cpu to a sum of cells on a single n-cell of 1, which is case a. 
a 


Kronecker Index of arbitrary chains. If Cy and Cy—» are arbitrary chains 
neither of which meets the boundary of the other, then by Theorem 10 
they can be deformed by a deformation 7' onto a regular pair, C, and Cn-p. 
(Cp Cn—p) is then defined as (C;-C,-»). 

THEOREM 12. The definition of (Cp-Cn—p) just given is unique provided 
the deformation T is small enough. 

Let Cp, Cn—p and Ch, Ca—p be two regular pairs appr oximating Cy and C,—p- 
Let A be a generic point of the intersection of Cy and C;—» and B the 
same for C> and Cn—». There are three possibilities. 

a. There is no A point on Ci_, and no B point on Cp. 

In this case deform, using Theorem 10, a subchain of C; that is away 
from A and a and deform a subchain of cc away from B and G. 
by a deformation 7” so small that no intersections with the other pairs 
are changed and a regular pair, again called C) and Ch—», results. If 7 
and 7” are small enough the deformation chain D, of dimensionality p+i, 
connecting C; and C;, obtained in getting C, and C; from Cp, is very 
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near Cp, SO F(Ch-p) does not meet it. Its boundary is Cc — CG plus a de- 
formation chain which does not meet the (m—p)-chains. Hence by 
Theorem 11, 

(C5 - Ces) = (Ce -Ce-«). 


If p=0 (or n—p = 0), Cp, Ch—p and Ch, Ch» are regular pairs so 
(C5 - Cog) om (C;-Cn—p) follows for all such cases from the argument 
made at the end of the last paragraph. 

b. p +0, no A point is a B point. This includes the three cases: 
1) Points of type A are on CG but none of type B are on Ch; 2) There 
is no A point on CG. but there are some B points on Ch; 3) A has points 
on C—» and B has points on Cp but no A point is a B point. 

Because no points are of both type A and B, and because n—p<n, 
a small deformation applied to C> away from Cn» and to Cy_» away 
from C; will reduce Case b to Case a by removing Cy—, from A, removing 
C; from B, and not changing A or B. 

c. A and B points coincide, p + 0. 

In this case deform Cz» in such a way that: 1) C>-C;—p» no longer 
meets A points, 2) the set of points in which the new Cy_, and the old 
differ, can be covered by an n-cell FE, of M,. This deformation is possible 
if it is taken small enough because n—p<n. But by Theorem 11, part a, 
the deformation leaves (C5-Cn—») unchanged and reduces Casec to 
Case b. 

So now it is proved that in all cases 


(Ch c- = (Ch aes 


Similarly it can be shown that (C>-Ci—p) = (Cp-Cn—p). Therefore 
(C+ Crp) = (C2. 03_») which was to be proved. 

THEOREM 13. The Kronecker Index of two arbitrary chains on M, which 
do not meet one another’s boundaries has the permutation properties of the 
Index for chains on a simplicial manifold. If the chain yp is a cycle 
and yp»~O then (yp-¥n—p) =O for every ¥n—p- 

The first part of the theorem follows from the definitions of the 
Kronecker Index. If y,~0 and yp and 7),_, are a regular pair constructed 
homologous to Y, and _ according to Theorem 9, then ¥,~0 and, by 
Theorem 11, (yp: 7p_p) = 0. Therefore vt.) = 9 which proves 
the second part. 

3. Immersion of MM, in S,. 

THEOREM 14, A topological manifold My can be homeomorphically mapped 
upon a subset of an Euclidean space, S,. 
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The idea of the proof is as follows. A topological manifold M, may 
be covered by a finite number of simplicial »-complexes K* such that 
each point of M, is interior to at least one complex K*. Corresponding 
to each complex K‘ can be determined a finite set of bounded, continuous 
functions, z‘, ai, ---, 2*,, defined at all points of K* and such that: 

1) The functions 2‘ all vanish on the boundary of K*. 

2) At each interior point P of K‘ at least one of the functions 2‘ does 
not vanish. 

3) If P and Q are two distinct interior points of K‘ at least one of 
the functions 2* has a value at Q different from its value at P. 

The domain of definition of the functions a? is extended over the entire 
manifold VM, by putting them equal to zero at all points of M, not on 
K‘. The combined functions x corresponding to all values of ¢ will have 
the property that at two arbitrarily chosen distinct points P and Q of 
the manifold at least one of them will have a value at Q different from 
its value at P. They may consequently be regarded as the coordinates 
of a point P of M, in a Euclidean space of r = >)r* dimensions. The 


problem then reduces to that of defining the functions just described over 
the complex K‘*. 

Let L* be the boundary of K*. It may always be assumed that no 
two simplexes of K‘ have the same vertices and that each m-simplex of 
K‘* has at least one vertex not on the boundary of LZ’. For if K* does 
not have this property initially it can be replaced by its first derived which 
is a complex which does. Suppose K* has @ vertices and L’ has £ (&< @) 
vertices. Then K* is homeomorphic to a sub-complex +r of an (@—1)- 
simplex o in Euclidean (@—1)-space Se; obtained by associating each 
vertex A’ of o with one of K‘ and drawing between the vertices A/ the 
simplexes corresponding to those determined by the associated vertices of 
K*. Moreover, the boundary L‘ of K‘ corresponds to a sub-complex of 
a 8—1 face 6 of the simplex o. Now, pass an («a —2)-dimensional hyper- 
plane Pe—» of Se: through the vertices of 6 in such a manner that it 
does not pass through any vertex of o other than those of 6. Consider 
Se—1 to be a projective space and Pe» to be the plane at infinity. Then 
an inversion through a point O of Sc_; not on + will transform the in- 
terior of + into a homeomorphic image ¢’ and the boundary of 7 into the 
point O. The point O may now be taken as the origin of e—1 Cartesian 
coordinates, x!, a3, ---, at _,. The values of these coordinates at a point 
of z’ will be by definition the values being sought of the functions «i at 
the corresponding points of K‘. This completes the argument. 











FORMAL LOGIC IN FINITE TERMS.* 


By ALFRED L. Foster. 


I. Introduction. 


The subject matter of our work lies close to the foundations of Formalism. 
We shall exhibit and discuss a complete finite model, of which classical 
formal logic is a partial realization. The significance of this for the 
foundations of classical logic’ will best be appreciated at the end, where 
we devote a section to this matter. At this point let it merely be pointed 
out that a finite model, i. e., a concrete example satisfying the postulates, 
and sometimes called a realization of a discipline, may frequently be expected 
to shed a good bit of light on the nature of the discipline as a whole, 
inasmuch as it gives, in one sweep of the eye, as it were, relations which 
in their abstract formulation are extremely difficult to grasp. As a familiar 
example we mention Cayley’s model of non-Euclidean geometry, which 
demonstrated the self-consistency of such a geometry.” In the present 
case, to take one of the results, the emptiness of pure-existence, from the 
purely deductive standpoint, is shown. 

A model may also suggest shortcomings in the discipline which it realizes, 
In fact if the model suggests propositions which are foreign to the discipline, 
we may adopt the model as a starting point for amending the latter. As 
a simple example of something to which we are led which does not appear 
in classical logic we mention the concept which we embody in (Dx) F(z). 
From its properties and from the manner of its construction it seems 
to have a very strong resemblance to that which the Intuitionists call 
“existence”. 

The keynote of the construction lies in a refinement of the truth table,” 





* Received August 25, 1930. Presented to the American Mathematical Society, Sep- 
tember 9, 1930. 

*The most exhaustive modern treatment of classical mathematical logic is Whitehead- 
Russell, Principia Mathematica. We shall also refer to Hilbert-Ackermann, Grundziige 
der Theoretischen Logik, J. Springer, 1928, and to R. Carnap, Abri6 der Logistik, Springer, 
1929, 

*A good account of this may be found, for example, in Hans Reichenbach, Philosophie 
der Raum-Zeit-Lehre, pp. 11, 63. W. de Gruyter & Co., 1928. 

*The conception of the truth table as a means of representing propositional functions 
seems to have originated nearly simultaneously with E. L. Post (Amer. Jour. of Math., 43 
pp- 163-185, 1921) and L. Wittgenstein (Ann. d. Kult. v. Nat. Phil., 14, pp. 185-262, 1921). See 
also R. Carnap, Abrif d. Logistik, J. Springer, 1929, pp. 6-10. Post gives a formal proof 
of the fact that the classical &, v, ~ language and the truth-table language of the logic of 
Propositions are equivalent. This fact is assumed in the following pages. 
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which then permits extension into the domain of function.‘ As representatives 
of this domain we select functions defined over finite ranges. 

The status of classical formal logic as a language of finite sets, which 
has been carried over to an entirely different domain of application, that 
of infinite sets, is thus suggested. It is planned to present a full discussion 
of the epistemological value of these and other conclusions as well as 
i. discussion of the nature and role of logics in general in a future paper. 


II. Logic of propositions. 


1. The proposition. Let »,, po, ---, pz be marks each of which is 
capable of taking on only the values “0” and “1”, with the excluded 
middle holding, i. e., if p +0 then p= 1, andif p+1 then pO. Such 
marks we will call basic variable propositions, or, when there is no danger 
of confusion, simply basic propositions, or even propositions. Instead of 
‘“y = 0” we will sometimes say “p is true’, and instead of “p =1”, 
“» is false”. Similarly if anything in our work, say & =— O (or 1), we 
shall on occasion say “QW is true” (or “false’’). 

2. The truth function. A function of x basic propositions f(y, ---, pz) 
is called a truth function of p.---, pz, if and only if (1) the range of 
values of the function is 0, 1 and, (2) the value which /(m, ---, pz) takes 
on depends only on the values taken on by p,,---, pz and on nothing 
else. There are 2 different such truth functions for x basic propositions. 
We shall introduce the following representation of these functions. 

Consider the set * of 2” indexed points, each index being one of the 
2* coverings of « linearly ordered points with 0’s and 1’s. Then if these 
points of M* are arranged in any linear order, each of the 2° coverings 
of these with 0’s and 1’s represents a truth function of the x basic variables 
Pi,;**+, pz» The index of each point refers (from left to right, say) to 
the values of p,,---, px respectively, and the value of the particular truth 
function under consideration for these values of p,,---, pz is then given 
by the covering of this point. As examples we will write down all the 
truth functions for » = 1 and x = 2, with their familiar axiomatic 
equivalents (Hilbert notation; Cf. Grund., loc. cit.). 


M® 9. : 
0 0 eq. Di V i 
01 eq. 1 
1 0 eq. —r1 
Lm eq. pi & pr 


*The individual, the variable, and the function are perhaps the three most fundamental 
concepts in mathematics. The logic of propositions is essentially the logic of the individual; 
the logic of functions, as its name implies, extends this to the concept of function. 
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9 
M® «0 *01 °10 = °11 





0 0 0 0 eq. Ji V py 

0 0 0 1 eq. ~: V pes 

0 0 1 O eq. Pr V pe 

0 0 1 1 eq. Pr 

eS § 8.4 eq. pr V ps 

010 1 eq. po 

S 3°49 eq. Pi © po eq. (gn V ps) & (Pe V pr) 
e's “= | eq. py & ps 

1 0 0 0O eq. pr V pe 

i a eq. Pips eq.- (pr & po) V (rn & prs) 
1 0 1 O "eq. pes 

2 3 eq. 71 & pro 

1 1 0 0 eq. "nr 

;. 2 2s eq. pi & ps 

; e F'@ eq. pi & pe 

eo wew eq. py & pi 


3. Implication. If f(p,,---, pz) and g(p:,--+-, pz) are any two truth 
functions such that g is true whenever / is true, then we write 


JS (tis ++ +s Pe) > 9 (is +++ Pe) 


and read it “f implies g”. Intuitively the process of implication is the 
deduction of weaker truths from stronger ones. 
From our covering or matrix representation we can at once determine 

when two functions are such that f>g. For this to be the case it is 
necessary and sufficient that whenever there is a 0 in the covering me 
presenting f there be also one in the covering representing gy. We give 
a few examples. 

a) loo lor O10 O11, > Ooo Lor O10 O11 eq. ps > (pr V ps). 

b O 1 1 1-50 01 1 eq. pi & ps > Pr; 

ey’ @ O11 3-60 @ 8 1 eq. Ji > Pr V pe: 


icati ry T » set of 
All possible implications can be read off at once from the s 
representing coverings. 
4. Consistency. A vacuous implication is one of the form 


fhe BBs one Joy, 
a ge . ib a 99 ON that 
*Compare with Hilbert’s axioms for the logic of propositions, loe. cit., p. owe aa we 
axioms a) and c) there have no significance for us. Pt vay and Ps ‘a ved a the 
really equivalences, each side of the implication being merely different langua; 
other. See also mu, t, 


oy® 
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If, barring vacuous implications, it is impossible that 
fs, FI 


obtain simultaneously in our system, we call it consistent. That it is con- 
sistent is at once evident, for let 


(a, tt, er Cx) > (ee, a, es sx), ais Qa. = 0, 1 


be any implication. Then «; = 0 if «; =O, and since f is obtained 
from f by taking the complementary covering (i.e., the 0’s and 1’s inter- 
changed), it is clear that f>g and f—g together is impossible. 

We observe in passing that this representation enables one to determine 
at once, in any application (cf. for example those in Hilbert Ackermann, 
Grundziige, loc. cit., pp. 20, 21), 1) what conclusions can be drawn from 
a set of axioms® 2) whether the axioms are consistent 3) whether they 
are redundant. It is easily seen that they are consistent if and only if 
the product-0-covering of all of the axioms is not empty. ‘Two axioms 
are redundant if a 0O-covering of one is also a O0-covering of the other. 
(By “0O-covering” is meant the set of 0’s in the covering. By “product- 
0-covering” of two coverings is meant the covering which has 0’s only 
where each of the coverings has a 0.) 

We now pass on to the logic of functions. 


III. Logic of functions. 


1. A mathematical function f(a) consists of a set of things {a;} and 
a device for answering “f(x;)" when 2; is inserted. In logic we shall be 
concerned only with functions f(a) for which f(a;) is confined to “0” and 
“1”, (“true” and “false”). Such functions are called propositional functions. 

In conformity with our program we consider only functions of a finite 
number of variables, the range of each of which is finite. 

2. On universal language. We commence our discussion of the logic 
of functions with certain considerations on “language” in general, in the 
light of which we may later best appreciate the role which classical logic 
plays in the complete logic. 

Regard the general problem of setting up a universal language over 
a given body of discourse. Suppose we have a set of “objects” 1, +++, &u: 
With each of these objects ¢; let there be associated a set of x “charac- 
teristics”, &1, €2.---, &, such that two objects are identical if and only 
it their corresponding sets of characteristics are identical, in some order. 
An object is given when a list of its characteristics is given. 





*An axiom will correspond to one of the f’s. This of course only applies to the case 
where the axioms can be put in propositional form. 
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Consider now a “language” which consists of a set of ‘ expressions” 


Si (1), Si (ez), +++. Si (en). 
So (€1), ree, So (€x) ’ 
So (€}) ’ ae he So (éy ) ° 


It now we have a second language O(e, a, a@,---, @) such that when ¢ 
is replaced by ¢;, and the variables «, - - -, @; ina suitable way by the charac- 
teristics €1, 2. +--+, iz Of €;, any of the expressions Sj (é;), S2(@).-- +. Sp (e) 
may be obtained, then we call © a universal and complete language over 
the S language. If however there is some expression in the S which 
cannot be obtained from the ©, we call the latter c¢ncomplete. 

In general a universal language will break up into a number of “state- 
ments”, @,, (€, @1, °**, @), °**, Sele, @&, °**, @x), which we call uni- 
versal language statements, such that each Se is a universal language over 
a specific set of S’s. For example, a particular language ©, might be 
the universal language over S,; Go over S:, S;, Sg; ete. As a special case, 
o may of course be 1 or ge. Again as an important special case, x might be 1. 

As a simple example we have the familiar idea of “variable” over a 
given range. If the range is 27,, 22, -*-, then the “expressions” of our 
discourse are ‘a,”, “ae”, -*:, and “a” is the universal and complete 
language over this. 

Consider next a definite proposition “a”. (A proposition is by definition 
either “O” or “1”.) Then we can build all the propositional functions 
of a, 2 in number, which we write a, a, ava, a&a. Take another 
definite proposition “b’’, and again build the propositional functions of ). 
They are b, b, bv b, b&b. And similarly for any other given proposition. 
If now we regard each such set of propositional functions, written down 
for a definite proposition, as one of the “expressions” in our language, 
and we seek a universal and complete language over this, we at once 
find it in the familiar p, p, pvp, p&p (or, as we have written it, 
01, 10, 00,11). After going through the same argument for several 


oo: *® 01 O01 
variables, we see that the classical logic of propositions is a universal and 
complete language over the propositional functions of propositions. 

We consider next the logic of functions. Here, however, in contrast to 
the result obtained above for the logic of propositions, we shall find that 
the classical logic of functions is an incomplete language over the functions 
of functions. 

3. Let us take a definite range (of cardinal number 3, say), 4, 4, d. 
(This is the analogue of the proposition “a” in the above argument.) 
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A variable over this range will be denoted by Dd, or, in case several are 
needed, by dq), D@ ete. There are precisely 2° propositional functions over 
this given range, which we denote by D, (0), ---, Bs (). Thus for example: 


D, (0): I i i 
Let D (or Da), De), etc. if several were needed) be a variable over the 
set D,, ---, Ds. Consider now the 2@ propositional functions of the pro- 


positional functions D,(d), ---, Bg(d), which we write Di (D), ---, D’: (D). 
Thus, for example: 


D; (D): Dy (D,) = 0 Dy (D) = 0 :': D; (D;) = 0 
D> (D): 0 0 --- 0 1 
D*.(D): 1 “ere 1 


By establishing the correspondence 
(*) D(A)=p, DO)=—p, Dad) = ps, 


these may also be represented by the 2° coverings of 47“ (Cf. II, 3; these 
same coverings in the logic of propositions, were the representation of 
the f(y, ps; ps)). We list several of these coverings, together with their 
equivalents in formalistic language.’ 


"000 "001 “010 “O11 "100 “101 “110 “411 a 
a) BD (D): 0 0 0 0 0 0 0 O: (0) Dd) v(d) Did) 
b) BO): 0 0 0 0 0 0 0 1: (Ed) D)® 
1 . 
1 
1 





c) B(D): 0 1 1 141 «21 «421 (d) D(d) 
d)D3(D): 0 0 0 0 1 1 D(A) 
e) Di(D): 0 0 1 10 ~0 D(6) 


"I should like to emphasize the non-unique character of the ordinary (including 
formalistic) language equivalents; i. e., a given covering may be translated into ordinary 
language in any number of different ways. For example, in the logic of propositions, 
Pv eq. avp; p&q eq. pvq; pq eq. pvqg&qvp. This flexibility is both a source of 
strength and of weakness, depending on the use to which language is to be put. It is 
the essence of poetry and a continual source of danger to the mathematician. 

The Hilbert notation is here employed, as it shall be throughout whenever formalistic 
equivalents are given. Cf. Grundziige, loc. cit. 

*To illustrate the reading in ordinary language, consider D*(D). Here D? (0) = 0, 
i=1,---, 7; DY (Os) =1. That is, Df (D) is true for such and only such D;(d) as are 
not false for all D; which is also true for (Zd) D(d). 


a as 
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000 «O01 010 = O11 100 101 110 lil 
f) 101 0 1 1 21 41: D(ADED() 
ry 0 1 1 O L 1 1 1: (0) D(d)v[D(A4) & Dd) 
for d + A] 

h) 1 0 0 1 1 0 1 #1: [D(4)& (Fd + 4) D(d) 

& (0) D()] v [D(4) & D(0)] 
i) 1 0 0 0 1 0 1 1: [0(4) & 0) DO] v 

(D(A) & D(d) & (0 + 6) D(d)] 
j) 1 0 1 0 1 #0 O 1: [D(4)&D(d)&(d + 4,5)D(d)]v 


[D(d) is true for precisely one value of d]. 


Similarly for any other definite range (of the same cardinal number), 
for example 7,9, g we can write down the @(g), @* (@) corresponding 
to the D(d) and the D* (DB). Now let the “expressions” of our discourse 
be the propositional functions of propositional functions over any given 
range (of cardinal number 3), e. g., the D* or the G* ete., and let us seek 
a universal and complete language over these. 

Consider first, for example, DY (DB). The universal language statement 
corresponding to this is clearly (Ex) F(x). Here x is a symbol which, 
when any definite range (of cardinal number 3) is given, may be 
replaced by any variable on that range; and F' may be replaced by 
a variable over the set of (2°) propositional functions over that range. 
F® we call a variable function of kind (3). Similarly, for example, the 
universal language statement corresponding to D5 (DB) is (x) F(x). The two 
cases Dz (D), D3 (D) are examples of a special subclass of the B*’s which 
is characterized by the fact that each element of this class has a different 
universal language statement corresponding to it. The general case how- 
ever, is that in which to each of a certain class of Dj (D) (presently defined 
as an equivalent class) corresponds the same universal language statement. 
We shall illustrate this by a simple example, which may serve as a prototype. 

Let us considey the universal language statement corresponding to 
D; (D) i.e., D(A). D(A) is that Df (0) which is true for those and only 
those propositional functions over the range 4, 4, d that are true for the 
value 4. But in a general range there is nothing to distinguish that definite 
value which corresponds to A from that which corresponds to 6 (or d). 
Hence the universal language statement must correspond to Dj(B) and 
to Dy(D) as well as to D3 (D). We shall write it F(«), or sometimes 
(Dx) F(x). Here « is a symbol which, when any definite range is given, 
may be replaced by any specific element of that range; F' is as above. 

In general, since our language is to be universal over the propositional 
functions of propositional functions over any given range, (which in general 
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has no structure), any set of D? which can be distinguished only by means 
of a structure in the set A, 6, d will be represented by the same universal 
language statement. 

4. Metafunction ®(F). To formulate the above mathematically we 
introduce the notion of equivalence of two D;(D). Two propositional 
functions of propositional functions Dj‘ (D) are called equivalent if and only 
if one can be made identical with the other by some permutation of the 
elements of the independent variable range A, 9, d. In terms of the 
coverings which represent the D;*(D), two coverings are equivalent if and 
only if one goes into the other by some permutation of places in the index 
matrix. Thus the following three coverings (respectively representing 
D(A), D(6), D(d)) are equivalent. 


“000 «001 4010 «‘O1L «6100 «S101 S40) “488 


0 O 0 0 1 1 1 1 
0 OO 1 1 0 0 1 1 
0 1 0 1 0 1 0 $s 





The D;(D) (or the coverings of M®) thus separate into equivalent classes 
of coverings. Each such equivalent class of coverings will be called a 
metafunction. A yariable metafunction will be denoted by @(/’). Each 
covering in an equivalent class is called a component of the corresponding 
O;(F). Two ©;(F) will be called non-equivalent if their corresponding 
classes of coverings are not identical. 

The metafunctions ®(F') form then the universal and complete language 
over the propositional functions of propositional functions.’ It may be 
verified that those ®;(F) which have only one component, i.e., which 
are invariant under the symmetric permutation group on the independent 
variable range, correspond to the propositional functions of propositional 
functions of classical logic. It will thus be seen to what extent classical 
logic is incomplete (cf. 2) though universal. 

5. Reading of the @(F). The translation of the ®;(F’) into ordinary 
language requires a word of explanation. It follows quite easily from the 
definition of a metafunction that a ®;(F) may be read by first reading 
any component of the ®;F’) and then abstracting from all structure in 
the independent variable range. The test of a correct reading of a ®;(F) 
is furnished by constructing the coverings by means of the reading alone; 
if this is identical with the coverings of the corresponding ®,(F') the 
reading is correct. 


. *The objects ¢; are “ranges”; the “characteristics” are elements of the range; the 
“expressions” S;, are defined above, e. g., DX or G¥, etc.; the Ga are the Da. 
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To illustrate this reading several examples will be given. For ease of 
comparison the numbering of the examples runs parallel to those of the 
D;* previously considered. 











‘000 001 010 = O11 ~— 00S ton Stat 
b) oO O 0 0 0 0 0 1 eq. (Fx) F(a). 
e’) 0 l 1 1 1 1 1 1 eq. (x) F(x). 
) /0 O 0 0 1 1 1 1 
0 O 1 1 0 O 1 1 
0 1 0 1 0 1 0 1 / eq. (Dax) F(x) eq. Fle) 
eq. F(x) is true for a specific x. 
ft’) 1 0 1 0 l 1 ] l 
1 0) 1 1 1 0 1 1 
1 1 1 1 0 1 0 1 
1 1 0 0 1 1 1 1 
1 I 1 1 0 0 I 1 | 
1 1 0 1 1 1 0 1 | eq. F(a) is true for one 
specific value of 2 and false for one (other) specific value of 2. 


0 1 1 1 1 0 1 1 
0 1 1 1 1 1 0 1’ eq. F(z) is either true for 


all values of x, or else true for precisely one specific value of 2. 


"( oO 1 0 1 0 90 | 


M(o rit too a a] 


1 1 1 0 0 oO O 1 
1 1 0 O 1 0 O 1 ' eq. F(x) is either true for 
precisely two, specific x, or else F(x) is true for precisely one value of «. 
6. Metafunctions of several arguments. In the foregoing we have, 
for concreteness, confined ourselves to x == 3. The metafunctions O(F) 
are the non-equivalent classes of coverings of M®. In the same way the 
non-equivalent classes of coverings of M“ give the metafunctions O(F™). 
The ®’s of several functions, and of functions of several variables, e. g., 
O(Fi), FS, F®), ete., are obtained by a simple extension of the method 
discussed for O(F™). We have only to start with a more general set 
of indexed points than M “and a corresponding generalization of the 
definition of the equivalence of two coverings of this general M. This 
will be shown in IV., 5. In view of the fact that all the characteristic 
results manifest themselves already with functions of a single variable, 
We shall however largely confine ourselves to these. 
7. Negation. The negation of the ®’s is so important in logic that 
we must say a few words about it. Every proposition has its negative. 
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The 2° f(y, ---, pz) can be paired off, each f with its negative f, whose 
covering is the complementary of that of f. (By “complementary” we 
mean, O’s and 1’s interchanged). Similarly all the ®(#) can be paired 
off, each with the ® determined by the complementary class of equivalent 
coverings, which we denote by ® and which is obviously “not ®”. By 
its definition 


(@) = © 


which is the excluded middle for metafunctions. A few formal properties 
of negation which may easily be verified are: 


(Ex) F(x) eq. (x) F(a), (x) F(x) eq. (Ex) F(a), (Dx) F(x) eq. (Dz) F(a). 


The first two are equivalences which are familiar from classical logic. 
The last is not. If we recall the meaning of (Dz) it says, in words: 
“Tt is false that F(e) is true” (where e@ is a specific x), is equivalent 
to “F(a@) is false”. 

8. & and v. From all the metafunctions (for a given number and kind 
of variable functions) select any two X, /%. In classical logic X& ¥, 
and Xv # have a unique meaning. This cannot be true in general for us, 
as X and 4% may each involve “specific «”, in which case X and / may 
be added, or multiplied (logically) in different ways, depending on how 
the definite ~’s in X and ¥% are related. 

Now for ®’s with only one component, which is the case of strictly 
classical logic, if X, 4 each have only one component, Xv ¥ is given by 
the product-0-covering (see IJ, 5) and X & # by the sum-0-covering of X 
and % respectively. 

In the general case, if f is any component of X, and gy any component 
of YW, then f&g and fvg determine ®’s which we may write X &w ¥, 
and X vj # respectively. A subscript is necessary since if /’, g are other 
components, f&g and fvg will not in general determine the same @ as 
above. These different X &j@ #, Xv.) 4 when expressed in words, correspond, 
as already indicated, to the different relations which may be established 
between the “specific z’s” of XY and & respectively. All this is very 
clearly seen from the geometrical representation of the metafunctions 
developed in IV. 

If for two given metafunctions X, 4% we write down all non-equivalent 
X & ¥, Xvqe, X KV, Xv) F it may readily be shown that 


X &» ¥ eq. to one of the X va #, 
X vw ¥ eq. to one of the X&w@ ¥. 
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IV. Classification of the 0(F’)’s. 
92") 


1. In the covering representation of the f(),,---. pz), each of the 2 
different coverings of M@™ represented a different /;. In the case of the 
(F(x)), each covering of M™ determines a O;(F), but different coverings 
may or may not determine the same ®;(#™) depending on whether or 
not they are equivalent coverings. The problem of completely characterizing 
the @(F) appears to be quite difficult. It is, on the other hand, very 
easy to give necessary conditions that two coverings of 4V be equivalent. 
In the following this problem is only touched. In the first part of this 
section the problem is formulated in what appears to be its most natural 
form, namely as a certain representation (in the group-theoretical sense) 
of the symmetric permutation group P, on the x elements of the independent 
variable range. The explicit form of the representation of P, is found in 
the case of a certain fundamental sub-class of the ®@(/). In the latter 
part of the section the covering-representation of the @(F') is transtormed 
into geometric garb, which has the advantage of greater intuitive clarity. 
Here each @(/’) is determined by a generalized ( —1)-dimensional com- 
plex,’® and conversely, each generalized (x — 1)-dimensional complex deter- 
mines a @(F'™), 

2. We recall a few necessary facts from the theory of groups and their 
representation. Let © be any abstract group, with elements s, s’, s”, 

If we have a space (in the widest sense, i.e¢., merely a set of objects with 
or without structure) and a set of transformations 7'(s) which carry the 
space into itself and which obey the same multiplication law as the 
group, i. e., 

s>T(s), 8s >T(s'), ss’ > T(s) T(s’') = Ts), 


we speak of a realization of the abstract group G. The space which 
undergoes transformation we will call a realization space. A realization 
is faithful if to different s correspond different 7'(s). A representation is 
i linear realization, and we may write for such 


s > Uj; (s) 
or else 
dt 
Si = 2 Uy(s) & 
j=1 
Where Ujj(s) is a square matrix. The number » is called the degree of 
the representation. A realization is irreduzible if the realization space 
does not break up into subspaces, any of which is again a realization space. 


" “Generalized complex” is used in the sense of 0. Veblen, Cambridge Colloquium Lec- 
tures, Analysis Situs, 1916, namely, as an arbitrary subset of an (x —1)-dimensional complex. 
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Let &; = > Uj (s) & be a representation of G, call it U. Then from this 
we may derive other representations, in particular the “skew-symmetrical” 
one whose codrdinates are given by the 7-rowed determinants of the matrix 


&, &, a En 

1; YW <*> Un 

Ci Co "ie Wi Cn 
where §;, 7;.---, &; are “vectors” in the representation space U. This 
representation we shall call {U”}. In the particular case when Ujj(s) > 0 
for all s; i, 7, = 1,---,m, we may choose as codrdinates: of the re- 


presentation space of {U”} the absolute values of the 7-rowed determinants 
of the above matrix." 
3. Set ‘ 


y(%) Ss" az) 

mM” — 2 ms 
where M{ contains those points of M@” which have precisely t 0's in their 
indices. (Here “>” means simple a grouping together, or logical addition 
of the points.) It is clear that a necessary (but by no means sufficient) 
condition that two coverings determine the same ® is that the number of 
O's in each M{” be the same for each. This is so because the points of 
each M;” constitute a realization space of P,, and moreover an irreducible 
one. Thus, for example, Ms” consists of only one point, (‘111...1) and is 
the realization space of the trivial realization P,—1. M? consists of 
* points and is the realization space of a faithful realization of Pz. 

Consider the sub-class of the ®(F)’s whose determining coverings lie 
within a single My”. Such a ® we will denote by ®”. Now, as already 
observed, M2” is an irreducible (and hence transitive) realization space 
of P,; but since it is not multiply transitive we have that even here the 
number of 0’s in the M;” of the covering, though a necessary condition 
that two ®®’s be equivalent, is not sufficient. 

Let P, be the simplest realization of the permutation group Pz, namely 
that whose realization space consists of the x points being permuted. Denote 
these points by §,, &,---, §, which, for purposes of visualization, we may 
regard as x mutually orthogonal unit vectors in a Euclidean x-space, the 
point & being the vector (0,0,---, §,0,---,0). We have here a re- 
presentation of P,, where the §; are codrdinates of the representation space. 
For example to 





"For example for r = 2, the codrdinates of the representation {U 2} may be taken 
as (5i 7; — § Yi). In case Uy (s) = 0 for all 8; i,j, 1,---,, we may choose as coordinates 
of the representation space of {U2} the quantities | (S: 4; — §; )!. 
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with the matrix 


0010000 0 
1000000 0 
0100000 0 
0001000 0 
, _10 00010 0 0 
Ui (132) = 000060010 0 0 
1 








I 
| l 


Consider now {Pz}, that is, the cth skew symmetrical representation of P;; 
it corresponds to the transformations of the linear 7-spaces spanned by 
the * vectors §;, 4;,---, ¢; of P,. The degree of this representation is ,C- 
(number of combinations of x things + at a time). We now assert: 

The representation of Pz determined by the space Mz” is equivalent to 
the representation of {Pz}. 

To prove this we observe that the codrdinates of the space {Pz} reduce, 
by our choice of codrdinates in P,, to the form §;, §,--- §, where 
i, 4, +++, é are all different, and independently take on the values 
1,2,---,#."? These ,C; codrdinates obviously can be put in one-to-one 
correspondence with the ,C; points of Mz in such a way that corresponding 
points always transform together under P,. To &j, &;, --- Si, we need only 
associate that point of M;” whose index is 0 at the places 4, iz, ---, ir. 

Let + be the number of points in a sub-space of V?”. Any such sub- 
space determines a new representation of P,. Let Mz be the space of 
xr C, points each of which consists of an r-space of M;”. M;”? is then 
i representation space of P,, and because of its fundamental role in the 
classification of the @’s we will call it the fundamental representation 
of P,. This representation however bears exactly the same relation to 
M;” as MY” does to P,, and hence we have the theorem: 

The fundamental representation of Px is given by {{Pz}"}, where each | } 
refers to the corresponding derived skew-symmetrical representation. The 





"Since Uy (s) = 0 for all s; i, j, 1,---,, we choose as codrdinates of the represen- 
tation {u*} the absolute values of the +-rowed determinants discussed in the footnote 
to § 2. 
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composition of the fundamental representation is quite complicated. It is 
not, for example, irreducible. The number of irreducible representations 
into which it can be decomposed, whether they are equivalent from the 
eroup-theoretical standpoint or not, gives the number of non-equivalent 0®”s, 
We shall not attempt to give a decomposition of {{Pz}"}, but what we 
shall do is to transform this representation into geometric garb, in which form 
it is easily grasped intuitively, and show in this way how the characterization 
fundamental representation is justified. We shall illustrate with x= 4, 


4. - 
Mz” * ovo0 


ap). ‘ : . 
M; 0001 0010 0100 1000 
| gs) . . ‘ : : : 
Mo My” *oo11 0101 0110 1001 1010 1100 
yg . ° : . 
M; 0111 1011 1101 1110 


) 
My 1l11° 
uj”, .-., M{” are the irreducible sub-spaces of M, 
My” is the representation space to 


. . 0 
which corresponds the representation P;— 1 = {P,}, 
(4 : — 1 
My” ' PoP, = {Pi}, 
(4) ai 2 
VWs 4 4 > {Pi}, 
(A) 3 1 
ui : P,—> {Pi} = {P},” 
(4) oo y .. 
M; ” P,—> {Py} = {P;} 1. 
Consider the 4 points J 
a Be 
4 o 
Representation P, 
where 
‘an = 1, 
‘ion = 2, 
‘1101 = 3, 
‘i190 = 4. 


This is the representation P,. From what has been said it follows that 
we can regard the points of the representation {P;} as the ,C,, 1-cells 
formed from the points of P,, namely 


i. ow bane 


Fig. 1. Representation {Pi} 








3'Thte anality {pol — px-o: , , 
This duality (P2} = P%~° is obviously true quite generally. 








FORMAL LOGIC IN FINITE TERMS. 421 


Similarly the points of the representation {P;\ may be taken as the 2-cells 
formed from the points of P,, namely 


YN, ALS 


Fig. 2. Representation {Ps}. 


And so on for the other {Pi}. Consider a ®”. Since P, is a faithful 
representation of P,, the number of 0’s in ®” completely characterize it, 
and there are accordingly precisely 4@’s, They are determined by the 
following 4 figures. (When we speak of a ® being determined by a given 
covering or figure we mean the @ which is given by all the coverings 
or figures equivalent to it under P,. Any component of a @® thus 
determines the @,) 





@ : 
determines ‘“F"*'(a) is true for precisely one, definite «”, 
e 8 
+ 3 
Fig. 3 
6 @ 
determines “ F(x) is true for precisely one of two, 
definite «”’. 
hd e 
Fig. 4 
¢ @ ‘aa . ’ 
determines“ F(x) is true for precisely one of three, 
definite 2”’. 
. 8 
Fie. }, 
e ® 
determines “ F(x) is true for precisely one 2”. 
® ® 


‘: . 
10 
I ig. 6. 
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1 2 
4 3? b] 9 9 
s 
’ b] ? 9 






































Fig. 7. 


And so on for the other @*’s, In the case of a general ® we have 
more complicated determining figures,—complexes built up of cells of different 
dimensionality."* We give two examples, in which x has been taken as 3: 


/y, determines (Dx) F(x), vy determines (Hx) F(z). 


Fig. 8. Fig. 9. 


From this we can at once formulate the geometrical representation in 
the general case. With x points as possible vertices construct complexes of 
0,1, 2,---,(#—1) dimensional simplexes in any manner whatever. Each 
such complex determines a ©(F); two complexes determine the same ® if 
and only if they are equivalent under P,.° 

5. Metafunctions of several functions, and of several variables. 
Consider first the representation of O(F® (x, y)). In this case we have 
F (xi, yj) = py. The set M™® now consists of points indexed with two 
dimensional matrices. For example for x = 2, 4 == 3 we have 

MOM + o99 ‘oo ‘me 3+. “ee 
000 000 000 111 
The matrix is ordered to correspond with 


(Ps Piz Pu) 
Por P22 pes 


Wf for example determines the ® one of whose components is 
0 9 O Ld-e d 
oo 1010 1100 
© Prof. Veblen has pointed out to me that the more natural geometrical representation 
along these lines is not in terms of complexes but in terms of the equivalences of various 
linear subspaces of a projective space, i.e., those determined by the above complexes. 
It is clear that one mode of representation may be translated into the other. but it is 
probable that the latter method may be more elegantly treated. 
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The group under which two coverings of M are to be regarded as equi- 
valent must be such that it, a) recognizes no structure in either the 2’s 
or the y’s, and b) does distinguish between the 2's and the y’s.’* This 
means interchange of rows and columns in the index matrix. 

Next consider ®(F (x), @ (y)). Here we have F(a;) = pi, G(yi) = qi. 
For x = 2, 4 = 3, for example, 


M = ‘00,000 00,001 00,010 °°: “11,121: 


The equivalence group is plainly P, and P, applied respectively to the 
left and right of the “,” in the index matrix. In case we are dealing 
with O(F™ (x), G™ (a)), the equivalence group is P, applied simultaneously 
to the right and left of “,”. 

Since there is nothing fundamentally new introduced by more than one 
variable function we will not pursue this in detail. A few examples follow. 
Take « = 3,1 = 3 

M = “00,00 00,01 00,10 = 00,11._— 01,00 01,01 01,10 = O12 
0 1 1 1 1 1 1 1 
“10,00 “10,01 “10,10 "10,11 °11,00 11,01 11,10 ‘11,11 
1 1 1 1 1 1 1 1 
This is, (x) (F(x) & G(a)). 
(; 000 0 0 








11003131001 i) 
000001010101 0 «41 , 
This is, (x) F(x) v (Dz) G(a). 


-00 -00 -00 -00 -O1 -O1 -OL -O1 -10 -10 -10 +10 -1L +11 +L) «ll 
00 01 10 11 00 01 10 11 00 01 10 11 00 01 10 11 


, ee 2) oe & 2 2. fe €: 1 1 es & 
This is (x) (Ey) F(a, y). 
0001001.10101121ii21i«i4«2. 
This is (Hy) (x) F(a, y). 
c » 6 2 © @ th. 83 i 2 
A808 £4 2440614684 214 8 
This is (Dy) (x) F(a, y). 





6 This is of course evident if x +4. Ifx =A we can conceive of a still more general 
case in which not even this rudimentary structure is recognized. We practically never 
meet this case in practice as in almost all cases we can distinguish between the “first” 
and the “second” variables of a function f(x,y). The only gain, if we admitted this 
kind of variable function, would be of the kind we are already familiar with; e.g., we 
should have such classifications in the metafunctions as “there exists a variable ---”, and 
“there exists a definite variable -..”. The group corresponding is the above group enlarged 
by the operation transposition of rows and columns in the index matrix. 

30 
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V. Implication. 


1. In the logic of propositions, given any two functions /(p,, ---, px) and 
g(p~i, +++, px) We could immediately tell whether f—g was a valid impli- 
cation or not. We wish now to investigate implication between metafunctions. 
Implication, we recall, is the deduction of weaker from stronger truths. 

Let X and & be any two metafunctions. By means of the relation 
corresponding to (*), II, 3, any component of X (or 4) may be read as 
an f(~1,-°--, px). Take now /, g, any components of X and ¥ respectively, 
and consider f>g. This may or may not be a valid implication. If it 
is, however, this property remains invariant when P, is applied to fg; 
in other words f’> 4g’, f”>g",---, (where /’, 9’; f”,9";--+ are corre- 
sponding transforms of f and g), are all valid implications. Conversely, 
if f>g is not a valid implication, this property also remains invariant 
under P;. This is at once clear if we recall that the validity of f-g 
means that a 0 appears in the covering which represents g at those places 
where f has a 0; and since by all permutations of the places the 0’s go 
with them, this property is preserved. 

From this it is but a step to the general formulation of implication 
between metafunctions: 

If X, # are any two metafunctions, and if f, g are any components of X, ¥ 
respectively such that f—g is a valid implication, then f—g determines an 
implication between X and #, f—g is then a component of the implication, 
the implication proper being represented by the class equivalent to f>g. 
A little reflection shows that, just as the metafunctions themselves were 
certain representations of the group P,, so also are the implications between 
metafunctions. By means of the geometrical representation developed in IV, 
a very clear intuitive picture of implication is gained. This will be illustrated 
in the several examples to follow. 

It is to be noted that there will in general be more than one non-equivalent 
implication between two metafunctions which fact we may conveniently 
indicate by the notation X ~ wx - J, «+, 

In the examples, the geometrical equivalent, where supplied, is set up 
for small values 5f x. 


(x) F(x) (Ex) F(x) determined by Jin — aX 


Fig. 10. 


(Dx) F(x) > (Ex) F(x) determined by JN 
(Ey) (x) F(x, y) > (a) (Ey) F(a, y). Mn). \—— JN, 


Fig. 11. 
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As an example of two non-equivalent implications between the same two 
metafunctions consider the following: 
XW 
(1) 
1g00 Oo01 Doro Lorr Lioo Lint Lito Liss SO > Sd CUCU COCO 
(ss 2 2 eee Ss &. Oe | eet ee tt ORE 


— 
— 
— 


|. £2 2: 43 1 > l 00101 90 1 
X re yp 
’ faa a ee ee. Ss > 10 0 1 0 0 1 41 
oe ogee ee Be i ole la * § €©€eeet st it 
: = @ fF es FF  s > 10 04190 0 1 1 
: = eS Ss. 2S 2 eS > 1 0 0O Ss &§ @ 
' = os? @. 2 22 »-* | @@itetkseé tsi 
a: &€ @ 2 @ 2 S43 =—s2 ee S&S BS FS 2 A 


In words, 1) is: “ F(a) is true for precisely two values of x, one of these 
being a definite value” implies “F(a) is either true for precisely two 
values of x, or else true for the same definite value of 2 as in X, and 
for no other value of x”. 

And 2) is: “ F(x) is true for precisely two values of x, one of these 
being a definite value” implies “ F(x) is either true for precisely two values 
of x, or else true for one definite value of x, not the same as in X, and 
for no other x”. 


VI. Logic of functions of higher types. 


1. Our development so far has carried us through the logic of functions in 
the restricted sense’", or, in Russell’s terminology, the logic of type 1”, 
though we have not explicitly mentioned types in the preceding. Strictly 
speaking, to what we heretofore have called propositional functions, truth 
functions, and metafunctions, should be added of type 1. It is now our 
purpose to show how the development may be naturally extended to the 
higher types. 

We shall confine ourselves to the case of functions of kind F(x), and 
shall carry the logic of such through the second type. This, together 
with the theory of type 1, with which we are already familiar, will indicate 
the characteristic features of the development, both with respect to all 
other types, and with respect to several functions F and of several variables. 

2. Propositional functions of type 2. There are 2* propositional 
functions of type 1, of a single variable, x, of range x. Denote these 


Compare with Hilbert-Ackermann “ Grundziige”, loc. cit., Chap. III, IV. 
'*Cf., Whitehead Russell, Principia Mathematica, Vol. I, pp. 36-55. 
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by Fi, Fi, --:, Fax, and, as before, let 2, --:, x be the x range. For 
example, for « = 2, F(x) might be: 


F,(a) = 0, Fi) = 0. 
Again F;(x) might be: 
Fy (a) = 0, Fy (x2) = E. etc. 


F™, G ete., or else Fi}, F@, etc.” denote variables over this range 
F, oe, Fx. 

Consider the set {Fa(x)}, @ = 1, ---, 2*. A propositional function in 
which the set {F.(x)} is the independent variable range is called a pro- 
positional function of 2nd Russell type. We will consider only such pro- 
positional functions of one argument as the theory here is typical. There are 
22") of them, which we denote by U,(F(x)), U.(F(x)), ---, Ue (F(x). 
Let Ua, We, etc. be variables over this set. *°) 

It is of course clear that the ®,;(F(x)) and the U,(F(x)) are quite 
distinct functions. The @’s are invariant under Px, on the 2;; the U’s 
are not. 

3. Metafunctions. The metafunctions of type 2 are represented si- 
milarly to type 1, with the necessary change in the equivalence group. 
Corresponding to («) we have 


(+*) U (Fa (xi)) = pai, @=1,°°:,2%,2=1,°"',% 


where the pai are variable propositions. 

The @;(F(x)) recognized no structure in the {z;}. Similarly, a metafunction 
of type 2 must recognize no structure a) in the {xi}, b) in the {Fa}. Let 
us denote variable metafunctions of type 2 by R, S, or else Ray, Re), ete. 

From this and our knowledge of the theory of type 1, we can formu- 
late the representation of the Ro(U (F (z))) as follows. (Compare with 
Ill, IV). 





9 Note “er (with parenthesis), is a variable, while “F”, is a definite one of this 
set of all propositional functions. 

In mathematics we frequently have to do with functions U (f(x)), etc., where f(x) 
is not a variable propositional function, but a more general kind. In analysis, for example, 
we are concerned with individual functions, i.e., functions whose values are individuals 
(that is, x). There are x* individual functions f, (a), ‘++, f,x(a) where the cardinal 
number of the individual range {ai} is x. It is not essential to treat these separately as 
it will easily be seen that the truth functions and implications are of the same kind as in the 
case of the propositional functions. (f) will, for example, refer to the totality of indi- 
aps functions (1st type), whereas (F’) referred to the totality of propositional functions 
Ist type). 
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Construct all the f (pu, °**, ps%x); then every set of equivalent f’s re- 
presents an Re (u (F(x))), and non equivalent f’s represent non equivalent 
R’s. The possible R(U) are exhausted in this way. 

A few examples follow, in which for convenience x is taken = 2. Here 
M => *0000;0000 °0000;0001 *0000;0010 °° ‘0000;1111 “ooo1;1121 “** ‘1s11;1111 Where 
the index matrix corresponds to the value of (p11, p21, Ys, 413 P12) Poss Ps2s Pas) 
Two coverings of M are equivalent, (see second paragraph above) if they 
go into each other by their equivalence group which consists of a) the 
symmetric permutation group P:, applied to the two parts (separated by 
“-") of the index matrix, and b) the symmetric permutation group P, 


6é,9? 


applied simultaneously to each side of the “;” in the index matrix. 


a) 01 1 1 = (F)(2) U(F(2)). 
b) 0 0 0 ::: 0 1 (EF) (Fx) U(F), 
e) fF - 2 t} — (Dz) (F)U(F). 


The definite F naturally makes its appearance alongside of the definite x. 

From this and our complete treatment of type 1 it will be clear mutatis 
_ mutandis how the general case of R(U(F(a,y,- -,2))), RUF, »(x), F)(x))), 
R(U(Fa(a), Fy(y))), etc., R(Ua), Ue), etc., is represented. In each case 
we have a relation corresponding to (**) and an equivalence group de- 
pending on the argument of R. For sent in R(u Fe), * y))), we 
have U(Fu(ai), Fa(yj)) = poy) @=1, ---, 2%; i,7 = 1, x. The 
equivalence group recognizes no structure a) in the {Fu}, b) in “the {xi}, 
c) in the {y;}, which is easily translated into the corresponding permutation 
group when applied to the coverings of /. 

It will also be clear how we may proceed to all higher types. 

4, Implication. This may also be treated very briefly. It is again 
carried back to the logic of propositions. 

Let f(py5 °° +, Pox 2) > 9 (Dy °° *s Poxy) be any valid implication; then 
this determines an implication between the metafunctions R and S determined 
by f and g respectively, and we write it 


R(U(F(@)) > 8(U(F@)). 


All possible implications between the different R’s are obtained in this way. 
The need for the subscript (¢) is as in the case of the X> #7 (see V). 


We give two examples which may easily be verified. 


a) (DF) (2) U(F (2) > (EF) (@) WF) (EF) (Dz) UF), 
b) (Ea)(F)U(F) -(F) (Ex) U(F). 
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5. Negation. Every F& has its negative R, which satisfies 
(R) = R. 


If f is any component of the representation of A, then R is determined 
by f. 

6. Mixed logic. If we are interested in the logic of propositions and 
functions simultaneously, we have only to incorporate functions of the 
kind F(x) in the logic of functions, for 


F(a) = p. 


In this way it would be possible to develop the logic of propositions as 
a special case of that of functions of type 1. Thus, for example, 


(x) (F® (x) & (Ly) G™ (y)) 
may be read 
p & (Ey) Gy). 


7. Consistency. It is clear that, barring vacuous implications, the 
system is consistent in that 


R-S, R~8 
(i) (a) 


are simultaneously impossible. The proof is easily supplied, and is similar 
to II, 5. The consistency is assured for the logic up to any type. 


VII. Evaluation. 


In classical mathematical logic we have to do with a tool which will 
guide us, (consistently, we hope) in all mathematics,—for example this was 
the chief aim of Principia Mathematica. Since the mathematician immediately 
plunges into infinite sets, the logician was forced to do so also. Moreover, 
since the former continues to employ the principle of excluded middle 
(far beyond the limits of constructive thought) the latter did likewise. 
As far as infinite sets are concerned, realizing that the jump from the 
finite to the infinite was not to be followed by constructive thought, the 
logician simply introduced a new language to deal with infinite sets. 
This new language is built in the image of finite sets, and has as its 
hub the pure existence proposition (Ez) or (EF), ete. This has from the 
beginning been very close to the nucleus of the Intuitionism vs. Formalism 
controversy, and has been the cause of much misunderstanding. 

Now formal logic need not have introduced any such discontinuity into 
the language of the infinite so long as it built it in the image of the finite, 
in particular, obeying the principle of excluded middle. Indeed this is 
what has been shown in the body of our work. We have built up the 
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complete language of mathematical logic as an uninterrupted, self-consistent, 
deductive system without ever passing from the finite. 

In so doing the special position of classical formal logic in the complete 
logic is clearly brought out. Again the two kinds of existence statements, 
(Ex) and (Dz) (and of course the corresponding expressions in the higher 
types) make their appearance side by side. Let us examine (Z) more 
closely. 

When the body of possible implications is examined it is at once seen that 


(Ex) F(a) > (Ex) F(x) 
(Ex) F(x) > 00---0 


are the only implications possible from (Hx) F(a), These are both trivial, 
the latter being the metafunction which is always true. (x) F(x) thus 
appears as the second weakest metafunction. This result also holds for 
the higher types; for example (EF) U(F’) ‘implies nothing except the 
trivial metafunction corresponding to the above. With the fact in mind 
that our whole theory of implication is simply the theory of deductive 
reasoning via the excluded middle, we have (excepting the trivial cases 
mentioned above): 

In a mathematics based on the excluded middle and proceeding purely 
deductively, the pure-existence statement (Ex) F(x) (or (EF) etc.) is empty 
in the sense that nothing can be deduced from tt. 

The emptiness of pure-existence is one of the basic intuitionistic contentions 
which has often been denied by Formalists.*‘ The precise meaning of 
“empty” is, I believe, clearly given by the above result. It is further- 
more seen that it is not the infinite which is responsible for the emptiness 
of pure-existence, but rather the insistence upon a purely deductive structure. 

We observe that 

(Dax) F (x) > (Ex) F(x) 


but not the reverse. This reverse is however often practiced in mathematics 
in the form of the non-deductive step: “let « be a value of x for which 
F(z) is true”. 

We have only demonstrated the emptiness of pwre-existence. Such 
existence theorems as (Ex) (y) F(z, y) are certainly not empty; for example, 


The right hand side is however again an existence proposition, weaker 
than (Zz) (y) F(x, y). The question arises, when are we to define a given 
® (or R, etc.) as an existence proposition,—a question which offered no trouble 





“1 Of. for example Hilbert Grundlagen, loc. cit., pp. 13, 14. 
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in the case of pure-existence. The solution of this problem, which seems 
to be fairly difficult and which we shall not further deal with here, is to 
be looked for in the same way as the general definition of “~”, “&@”, “vy”, 
in terms of the respective coverings of ® (or R, etc.).?* When the proper 
definition of an existence ®, Dexist is set up quite generally,—and it must 
of course include as special cases all the simple classical Mexist)’s such as 
(Ex) (y) F(a, y), (Ex) (Dy) F(x, y), ete., which are obviously existence 
propositions—I believe it will be found that the set of all @’s (or R’s etc., 
and of course with a given set of arguments) will split up into two classes 


{@} — { Dexist.)} + { Damon exist.)} 
with the fundamental property 


(7) Deexist.) rr Don exist.) 
is impossible. Indeed this together with the theorem on the emptiness of 
pure-existence might be the clue to the proper general definition of a Dexist,. 
It must not be concluded that existence theorems are of no interest, even 
though pure-existence propositions are empty, and the proposed theorem (+) 
be true. An existence theorem and a non-existence theorem (logical sum) 
may yield a stronger non-existence theorem. For example, consider 
1) (Dx) (Ey) F(x, y), or (Ey) F(@,y), 
and 
2) (Dx) [F(a, y) is independent of y], which may be written 


(y) F(a, y) v (y) F(@, y). 


Here 1) is clearly an existence, and 2) a non-existence theorem. We have, 
however, as may be directly verified, 


1) & 2) = (Ky) F(a, y) & [y) Fl@, y) v (y) Fe, y)] ea. Y) Fla, y), 
which is no longer an existence theorem, but a theorem stronger than 2), as 


(y) F(a, y) > 2). 


In conclusion I wish to express my thanks and indebtedness to Professors 
O. Veblen and A. Church for their valuable and generous counsel. 


2 See IIIA, 8. 
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THE INVARIANT THEORY OF FUNCTIONAL FORMS 
UNDER THE GROUP OF LINEAR FUNCTIONAL 
TRANSFORMATIONS OF THE THIRD KIND.' 


By A. D. Micuau anp T. S. Pererson. 


Introduction. The subject of “algebraic” functional forms and their 
functional invariants has been studied to a certain extent in previous 
papers.” In these papers the underlying group of transformations was the 
Fredholm group 
(0.1) y= +Key" 


for which unity is not a characteristic value of the kernel Ke. The 
quadratic forms considered were of the specialized “Fredholm type” 


b 
(0.2) gep y P+. (y* de. 
The above formulae stand, respectively, for 
b 

(0.1') yW) =9O4), KG, (de 
and 

P b (eb b 
(0.2°) ff g(a, B)y(a)y(A)da ap+y. [y(a)]*de. 


These conventions 
1) of representing the arguments of functions as continuous indices and 
2) of letting the repetition of a continuous index, once as a subscript and 
once as a superscript, signify a Riemannian integration with respect to 
that index throughout the fundamental interval (a, b) 
will be used throughout the paper. A parenthesis around any continuous 
index will be used to denote that the integration convention 2) does not 
apply to that index. 
The object of this paper is to effect a generalization both in the type 
of forms and in the functional transformations. To this end, we have in 
the first part of the paper considered the quadratic functional form 








‘Received March 27, 1930.—Presented at the New York meeting of the American 
Mathematical Society March 29, 1929. 
>A. D. Michal, “Affinely connected function space manifolds,” American Journal of 
Mathematics, vol. 50 (1928), pp. 473-517. See also, T. S. Peterson, “A class of invariant 
functionals of quadratic functional forms,” American Journal of Mathematics, vol. 51 
(1929), pp. 417-430. 
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gap YY? + ga (y*)? 


and its invariantive properties. In the second part, we consider this form 
under the more general linear functional transformations of the third kind 





In the last part of this paper, we confine our attentions to a study of 
simultaneous functional invariants of various types of functional forms and 
to the related subject of Fréchet differentials of functionals. 

The paper is confined entirely to functions which are continuous in all 
their arguments—each argument ranging over the fundamental interval (a, b), 
and all integrations in the sense of Riemann. 

The methods and results of this paper, besides being of interest in 
themselves, are most important in their applications to various function- 
space geometries. 

1. Generalized quadratic functional form. Let wus consider the 
laws of transformation induced in the coefficients geg and ge of the quadratic 
functional form 


(1.1) gep y* y+ gely*)®, (Gas = gpa; gu $ 0) 


when this form is an absolute form under the Fredholm group of trans- 
formations 


(1.2) y=y+Ky" 


with non-vanishing Fredholm determinants. We shall deal only with forms 
in which the coefficients are continuous functions of all their arguments in 
the fundamental interval (a, b). Substituting (1.2) in the expression 


939" 7 + Gey")? = gapy® y° +Gely*? 
we are led to the functional identity 


(1.3) ves y Y +9ay")? = 0, (Yup = Ha) 
where 

= Ja— Ja; 
(1.4) Pus = Jag — Jug — gig xt. Yau KB — gin K Ks 


— gw Ki — gq KE — go KE Kf. 


Before proceeding, we shall find it of value to prove two fundamental 
lemmas. 


LemMA 1. A necessary and sufficient condition that 


(1.5) Vas y+ We a = 0 
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for all continuous functions y', such that y“ = y’ = 0, is that 
Yog = 0, yw, = 0 


in the field of continuous functions. 

Let us first consider the subclass S of continuous functions which are 
zero at the point a and throughout the closed interval («, b) but are other- 
wise arbitrary. By hypothesis, we have 


Jo ea de = 0 


for all functions y’ in S subject to the above restrictions. Therefore by 
the fundamental lemma of the calculus of variations, we have for an 
arbitrary value of « in the interval (a, b) 


Dog = 0, (ax<o< a), 
By a similar reasoning, we obtain 
Bug = 0, (« <¢05 b), 
and hence 
Vig = 0, (a < a@,a <= bd), 
This then implies that 
ys, y = () 


for all continuous functions y‘ such that y= y’ = 0. Clearly “ must 
vanish for all interior points of (a, >) and hence 


yy, = 0 


throughout (a, b) in the class of continuous functions. Q. E. D. 
LEMMA 2, A necessary and sufficient condition that 


(1.6) Bag y* yb + Wy (y*)? = 0, (Hag = Ppa) 





be true for all continuous functions y', for which y* = y’ = 0, és that 
eo, =0, oe = 0. 
Taking the differential of (1.6), we obtain 
(Beg yb + Be y®) dy” = 0. 
Again, by the fundamental lemma of the calculus of variations, this 


condition reduces to 
31* 
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Kap yb + Ys, y — 0. 


The truth of this lemma then follows from Lemmal. Q.E.D. 
In virtue of the above lemma, we see that (1.3) yields the transformations 


Je =—— on 
(1 .7) Gap — Iap Tip KF + Gen KE +i K} KE + IK 
| TI) Ki+9, Ke Ky. 


THEOREM 1—I. A necessary and sufficient condition that (1.1) be an 
absolute form under the Fredholm group of transformations (1.2) is that 
the coefficients ga and gag have the respective laws of transformation as 
given in (1.7). 

It readily follows with but little difficulty that the transformations (1.7) 
form a group.’ Let us define 





Ri. = KP VG,/9, ; 
(1.8) 
Sug - Fup! V 909, y 


With this notation the second transformation of (1.7) takes on the form 
( 9) Fug — Sua t hig se aL 

if b 

+ M54824 [995 de. 


Hence by a theorem due to one of us,* it follows that 
D| fag] = (D (Sul)? DL feal 
D Gul V G92) = (DIK® V9,19,1) DiGeg! V 9a9¢ | 


Let us consider the Fredholm determinant 


or 


, 6, 1 1 —s 
(1.10) D[&,) = 1+ Re +o Ret +s + RE oe. 
where 
| a, et, oe, 
| Kz, Ks, , vei Kez. 


| @ o 
(1.11) Sieg, == | Bir Ba oo Ke 


a a. 


ae, Re, --, Ker | 


* Of. T. S. Peterson, loc. cit., Theorem I, p. 417 
* Cf. A. D. Michal, loc. cit., Theorem 2, II, p. 479. 
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Since, however, 
85 = Kp" V gel gp 
we readily see that 





(1.12) gr = V ge, $e"** Ie, ve Ors 
4 B,Bo°* ‘Bn V 95. Ip, Se 5 Ip, 1 2 rT) 
From which it follows that 

O,65°°+6, FF 41° Oy 
(1.13) 6,6,°°-6, — 6,6,---O,9 


and therefore 
(1.14) D(X.) = D[(K?}. 
Thus we have 
THEOREM 1—II. The functional Di gas/ V 9699) is a relative scalar func- 


tional invariant of weight two of the absolute functional form (1.1), 7. e., 
(1.15) D\Geg!V G93) = (DIKE? Dlgag/V GIs | 


under the Fredholm group of transformations (1.2). 
We shall now prove the following 
THEOREM 1—III. The totality of functional transformations 


(1.16) y= yt+Riy®; R= KEV Gilga 


form a group with inverses, when ga is an arbitrarily given non-vanishing 
continuous function and Ki is an arbitrary continuous function for which the 
Fredholm determinant is not zero. 
We saw above that ; 
D(SKi.] = DKy 
and so it follows that 
D{[K*] + 0. 





Let Kk’, be the resolvent kernel of Ki and 4‘ that of 8%. We shall show 
that 

(1.17) di, = KV Gil Ge. 

The expression for the first Fredholm minor Dj[S%] is given by 


i i io, 1 6io,---6, 
(1.18) DiGi] = K+ N+. + MET 


where > has the same significance as in (1.11). Clearly, we have 
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V gi Je, coe Ja, K OG Gv 
J B, me B, 





(1.19) we a - 
Pau V5 BR, ** OB 


and consequently 
(1.20) DiS.) = Vg,/9, DP Ki. 





Dividing (1.20) by (1.14), we obtain 
A(R] = Vig,l 9; kP UK 
and the theorem follows readily. 


From a theorem proved elsewhere® and (1.9), we see that the resolvent 
kernel f°? of fus, 


(1.21) SE = —Dilfiyl/Dlfial 

where® we assume )|/;,,]+ 0, transforms in the following manner 
- D 

(1.22) fs = SPLSOUAS TMA SOMA IS LIB | UsiBdo, 

If we make use of the notation 


(1.23) hee = f©P/V gags, h* = 1/ge, 


we find that (1.22) assumes the form 

(1.24) 1% = WP 4 WP RE tne He A nM EIS + KG A WO WEAR kis Me. 
From the character of the transformation (1.24), we find that 

(1.25) WP Ey Eg+ h* (Ea)?, (heB = hfe; h* + 0) 


is an absolute quadratic functional form under the transformations 


(1.26) & = & +k 
contragredient to (1.2). 

Let us take 
(1.27) Q[E, y] = h? Seng t+ h® Sa ya? 


* Of. A. D. Michal, loc. cit., Theorem 2—III, p. 480. 

6 An application of Theorem 1—II shows that this property persists under transformations 
of the group (1.2). 

74% transforms cogrediently to &. 
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and consider the quartic functional form 


as QIE, §], QI§, 4) 
(1.28) 4= \ale, 3, Qle, all" 


Clearly 4 is an absolute quartic functional form under the contragredient 
transformations (1.26). On expanding we obtain 


| 


A = Aur’ FE. vy ye +h? n° 
1 Bi 2 Bo | Nees Ny | | VEE Ny 


bd 
he 


| | < 
a; Sy] | Se *y 


9 
mn oe we 
+ hh * Ey, Wy, ‘ “hi 
ity? As 
where 
et = 1/ga, 





yee — — De nd Vn Gu 
(1.30) 4 V Ga 9D \giulV 91+ Iu! 

(0t,) (Cy " 
- Dive ‘Wind VIIu) 


V Gee, Jee, 92, Ips D (Yiu! V9, Iu 


heh, jerba 


Jes, Be a pit 4 jttaba 














06 | Og 


In (1.30), Dgis,l,,] stands for the second Fredholm minor of the fune- 
tion Oh ys 

Before investigating the intrinsic character of the coefficients of such 
quartic functional forms as 4, it will be useful to establish the following 
lemma. 

Lemma 3. Jn order that 


APY? Es ny ng t+ BY? (Ee)? My tg CM Ee Ey My Mgt Di” &, Ea vy te 


(1.31) 
+ Eee, E4 (no? +F* (E,)? (4%)? = 0 


where A*?Y? and E%?* are symmetric in « and B, and A”, BY, and DY? 
are symmetric in y and 6, be true for all continuous functions §; and yi 
for which &q = & = ya = yo = 0, it is necessary and sufficient that 


A*byt — Bvt — cvs — yo — eho _. rot — 9), 


Considering &; for the moment a fixed function, we may write (1.31) in 
the form 


{Ato g, E, + BY? (E,)?+ CVF, E+ DYE, Ey} ny 9 
4 { E«s gE, E, 4. Fer (&,)°} (y,)° a @: 
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from which it follows by Lemma 2 that 
2A“? E, E+ 2B (Ey + 01" EE, 
(1.32) + CY &, Ey +2DNOE Ey = 0, 
| se EE, +F*(E) = 0. 
From the second equation of (1.32), it again follows by Lemma 2 that 
E“bo — for — 


for each value of o and hence for all values of o. Next let us take the 
variation of the first equation of (1.32) with respect to §; and obtain 


{4 A%Y9 & at4 BYTE + C9 e+ ovr £5} bE, 


(1.33) , f 
re ondehed ee 2 DN) =} dg, 4 (Co E+ 2 DX) g,} 6&5 = 0 


where 6&, is an arbitrary continuous function of @ that vanishes at the 
endpoints of the interval (a, b). This particular equation is of a little 
more general character than that of Lemma 1. However, it is easily seen 
that the coefficients must vanish, for consider 


(1.34) SUSE + GSE, + WO SE, = 0. 


Assuming first that y < 0, let us consider the subclass Z of continuous 
functions 6&; which are zero at the point a and vanish throughout the 


closed interval (0, 6), but are otherwise arbitrary. Equation (1.34) then 
reduces to 


-_ 
f. SU 58, do+ GSE, = 0 
and by Lemma 1 we have 
yp? = 0, (y <9). 


Returning to equation (1.34), we then have 
SUIS + WO OE, = O. 
Since 7 is arbitrary, we have again by Lemma 1 
fT" = 0, yi? = 0, (y <9). 


A similar procedure shows that the above results hold also for y > 0 and 
hence 


fv =0, g%=0, wr=o. 
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In virtue of (1.33), we obtain the conditions 


4AP/ E44 HOF E, 4+ COME, 4 CTY Ey = 0, 
CVF E LODO E, = 0. 


By Lemma 1, we readily see that the above conditions reduce to 
Aty? — BY? — C7 = DT =0. QED. 


Let us now investigate the mode of transformation of the coefficients 
of an absolute quartic functional form 














§ gy g ’ ® 
U = H&P, %28s . . &, Nets "2, + H ap HY’ y|. B E | 
(1.35) lhe Ny! \%p» My 
. . 
H” H”&, 1 7449 Hs 
+ 11 Uys tyr Yy,| 





under the transformations (1.26). We may facilitate the work by adopting 
the notations 


a @ e 
(1.36) (a) = (at kp), 
= H+ HP K+ Ho keks, 


where 6% is a symbolic operator such that® 
g? 03 = yg, Pia 03 = Pip, etc. 


It is clear from these definitions that the transformations (1.26) take the 
form 


(1.37) &; = (x. y= () No- 


Substituting (1.37) into the equation U = U, we obtain 


| 


p= wo) (2)(R 


= 


‘JR, Es. Tay Nps 
F 


etn, 
=) FFI 
~~” 


> 3B 














FE, &,,| 
(1.38) ret Re (ts) (>) Fra) [Far Fre) 
Mi \Y VI} Mo,» Uy,| | 18.» Ta! 
R & 
EE) E)C)ime, Bh 
*) y1 Uy Nyy? Ny, | 








‘The part played here by the symbol 6% is analogous to the part played by the Kronecker 
delta dj in n-dimensional geometry. 
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Since however 


a 


ae(") (°) 90 - H gost J, % aia 


we may collect terms in (1.38) and group them in a form similar to U, 
Doing this, we obtain 
0 (%) (f) 
le le 


Ayuy,Aguty | “1 B,\ [&s a) (3 ey ey hu 
coaieed W110 1 9 


a Ceo Oy 
()) mo 


¢ 


mf 
| 











a, Es, Nay NB, 














lis» Up, 
| ww(<) (4) | D Res & Ep, g, | 
H ‘ert... «tia . 
TY A} \p ‘ «> Ny| bs qv | 
= — |S» & 
+H” A": 5, me, ie 
Nv,» Ure} 





Hence, in virtue of Lemma 3, we have 


THEOREM 1—IV. A necessary and sufficient condition that the quartic 
Sunctional form U be an absolute form under the transformations (1.37), 
when H* = H“, is that the coefficients H%°:%2 and H*? of this form 
have the following laws of transformation 


H%81,¢2Be = Hh Aes (* (*: ("4 (* 
Ay} \wy] \As fg 





ra 2 
4 
7 i, Us H" - a” 


a. 
Igts Us| 


| 
—_—_ 
» 5 inl 











33 


ry Is ’ 


(i) (+6 
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As an immediate consequence of the above theorem, we have the 


following * 
THEOREM 1—V. The system of functionals 


h* (gi) = 1/ge, 
MeV aah 
V Ge Ip D [Gil Vg A Iu 
«)(y) pega 
D3? Gaul Vn, Iu! = 
V 90989798 D\giul V 91. 9u! 





ne? (Jaws Iv) nes 





nerve Liu» 9) = 


constitute an invariant class of functionals of the quadratic functional 
form (1.1), that is, they transform in accordance with Theorem 1—IV with 
the understanding that h* = h* (gj), h°? = h*[g,,, 9), and her? 
= 7919), Hl 

2. Transformations of the third kind. Let us now consider the 
problem of finding those invariantive functionals of the quadratic functional 
form 


(2.1) gap y* yP + ga (y®’, (Gag = gpa; Ja + 0) 
under the more general transformations of the third kind 
(2.2) y = K'y'+Kiy®, (K' +0 in (a,d)). 


By Picard’s observation,'® we may write (2.2) as a Fredholm integral 
equation 


(2.3) y' = gt —S gt. e* = K*y*, 


THEOREM 2—I. The totality of transformations (2.2), for which the 
Fredholm determinant D{K?/K] is not zero, form a group. 
To prove this theorem, let us consider two transformations 7, and 7; 
of (2.2) . a") . 
7,: y — Fy y + De ys 
Tr: y=M7 +My. 
By taking the symbolic product 7, 7, of the transformations 7, and 7», 
we obtain nut 
y' = Nyt N: 7" 
*See last sentence of § 2. 


"Cf. Picard, “Sur les équations intégrales de troisiéme espéce,” Annales de l’Ecole 
Norm. Super., (3° Serie), tome 28 (1911), pp. 459-472. 
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where ne. 
N* — L M', 


Ni = U Me+ La M+ Le Me. 
Since L' + 0 and M‘ + 0, it is clear that N' +0 for a<ic<b. To 
prove that, D[N{/N] + 0, we observe that 
Ni PM, , lf ly Me 


ne vo > [eo yet Tot Te Le ye 








If we put 4% = Li/L® and BL = L’ Me/L* M™, we see that (2.4) 
reduces to 
(2.5) NU/N® = Ag+ Bat As Be 


from which it follows at once that 
(2.6) D(Ni/N®)] = D[At] D[B?). 
By an argument similar to that of (1.14), it is clear that 


D(Bi) = D[LiMi/L*M®)] = D[Mi/M@] 
and so (2.6) reduces to 
(2.7) D(Ni/N@) = D{Li/L@) D[Mi/M). 


Since the hypothesis D[Li/L@]+0 and D[Mi/M@]+0, it is evident 
that D[NVi/N®]+4+0. From (2.3) we have the unique inverse 


(2.8) a — yi +Tiyé 


where J is the resolvent kernel of Ki/K™. 2, however, represents 
K*y* and so we have the unique inverse transformation to (2.2) 
(2.9) y = hy +hy* 
where . 
kt = 1/K#; Ko= ri/K*, 


By a procedure essentially the same as that for the functional form (1.1), 
we arrive at the following theorem. 


THEOREM 2—II. A necessary and sufficient condition that (2.1) be an ab- 
solute form under the group of transformations (2.2) is that the coefficients 9, 
and Iup have the respective laws of transformation 


(2.10) Je = (KG 
Ip = Jog KK? +9,,K Ko +9, K Ki + Gq Ki Kj 
T Iq) K* KE+- 9.9 KP Kf +9, Ko K3. 


(2.11) 
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Using the notation” 
(2.12) fag = GaglVGe9gs 8G = {KJO/ KP} V9./9, 
and with the help of (2.10), we may write (2.11) as follows 
ae bv . 
(2.13) fig = Sag t Sag KE + Suez 85 + So, 2 85+ NG + MEF ['RERS do. 
It is evident from (1.9) and (1.13) that 
(2.14) Di fig) = (D[Ks/K])* Di fag] 


and so we have the theorem eo 

THEOREM 2—III. The Fredholm determinant D\geg/ V Ve 93 ] is a relative 
scalar functional invariant of weight two of the absolute functional form (2.1) 
under the group of functional transformations of the third kind (2.2), 7. e., 


(2.15) D[GuglV 929g) = (D{K$/ Kl)" Digag/V 9a9, | 

As for (1.22), we may write the law of transformation of the resolvent 
kernel f“? of f,2 as follows, 
(2.16) fe = fort foe ae for AB ft AE AB + AG + AB f "Ae AB lo 
where es 

As = 3 V gal gp 

and Is is the resolvent kernel of Ks/K as before. 

If we place h°? = f® /V gage, then by (2.16) and (2.10), we have 

WP — HP HE IP AHP IP HG EA IE ENT eg WE ke" le 


(2.17) : 
+h 1 G+ Ks hs 


where 
he = 1 / Ga e 





THEOREM 2—IV. The quadratic functional form 
(2.18) NB Eq Eg + h® (Ee)? 
is an absolute functional form under the group of functional transformations 


(2.19) E ky Si thi Fa 
contragredient to (2.2). 





‘Hereafter we shall use this generalized definition of Sg rather than that of (1.8). 
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By the same reasoning as for (1.29), we may show that the quartic 


functional form 
a a | &, & | | § g 

h 1P1, he Ea, Ep. Ye, NB, + ,% hv | si - . | rem - | 

(2.20) i a 

| fy, ? § 


yn Were “Yo 
+r rs) ay, ty, | 


is an absolute form under the contragredient transformations (2.19). 
Theorem 1—V also holds for the coefficients of (2.20) with the under- 


standing that the expressions (5) and 7% are to be interpreted in accordance 


with the definitions (3.4) and (3.6) respectively. 
3. Simultaneous invariants. Up to this point we have been con- - 

cerned wholly with one quadratic functional form and its functional 

invariants. In this concluding paragraph we shall build up a class of 

simultaneous functional invariants of two quadratic functional forms. 
THEOREM 3—I. The expression 


(3.1) gap h®? + ges h® + go h™ + go h® 


is an absolute invariant of the coefficients gag and ga of a form 


(3.2) gap yy +galy)*, (Gas = gpas ga $ 0) 
and h* and h® of a form 
(3.3) WB Ey Egt+h*(Ea)?, (bP = hPe; he + 0) 


where the function && transforms contragrediently to the function y*. 
To establish this theorem, let us adopt the following extensions to the 
notation’? of (1.36) 


(3.4) (4) = (K“ 63+ Kp); (4) = (kp 65+ kp) 


where 63 is the same symbolic operator. With this notation the laws of 
transformation of the coefficients geg and h* respectively reduce to 


28) ay aul) )+o =a) +9 


2 From now on we shall use these extensions to the notation of (1.36) exclusively. 
Furthermore h** and h* will have the significance of the coefficients of an arbitrary 
absolute form (3.3). The invariant (3.1) reduces to the length of the fundamental interval 
(a, b) for the special form (2.18). 
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where ?” 


t= Ia K* K5 +I KP Ki-+9, Ke Ks, 
(3.6) Is 


= Nh” Kea kee +h? hep ke +h’ KS kG. 

Let us now form the expression 

Oe essen Pa 

= gin (") (7) + t+ go K* K* 0% a [a (*] (*) LIA Io ko 0% 08 |. 


Because of the relations 


[6+ g0K* K* 05 63] = go (*) 


(3.8) =) 
U5 +18 hgh G9 8] = e(t) () 
(3.9) (") (5) diliaiaas 


(3.7) reduces to 
(3.10) [Gap + Go 0% 8] (A°? + 8 06 06] = [gap+ Go 9x 98] [AP +18 a6 0b). 
Expanding (3.10), we obtain 

Tug h? + Goah + Goh + Goh” = gug hk + gash? + goh” + go h° 


which proves our theorem. 

One may derive the law of transformation of the coefficient of a general 
functional form 

Oj ge + hy B, B, B, 
5 6,..., Ee Fe, pone 9 Sa, ae 

when it is an absolute form under the transformations (2.2) and (2.19). 
It is also interesting to note that we may form simultaneous invariants 
with the coefficient of this form and with the coefficients of the cogredient 
and contragredient forms (3.2) and (3.3). An example of such an invariant 
is the following 





oo 


1 A,h Ayd 7 Tt 
Diyhy es Dui tis + Dyas he O,, 74 Ia oe Dir + Goh Deez: 


With the coefficients of the two absolute quadratic functional forms (3.2) 
and 


(3.11) Gap ad y?, (Gag aes G3a); 
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By the same reasoning as for (1.29), we may show that the quartic 
functional form 


| Sa, & | | Ss, & 
pePu%Pr Ee ne np LAE AY | 7%? OF |. OR? PF | 
| 01 FT ne, ay || ape ty 
Sy gy, 


"7,9 Urs | 


(2.20) 
=e hh }? gy Ur, 





is an absolute form under the contragredient transformations (2.19). 
Theorem 1—V also holds for the coefficients of (2.20) with the under- 


standing that the expressions (5) and 7g are to be interpreted in accordance 


with the definitions (3.4) and (3.6) respectively. 
3. Simultaneous invariants. Up to this point we have been con-: 

cerned wholly with one quadratic functional form and its functional 

invariants. In this concluding paragraph we shall build up a class of 

simultaneous functional invariants of two quadratic functional forms. 
THEOREM 3—I. The expression 


(3.1) gag Wh? + gos h® + ge h + ga h® 


is an absolute invariant of the coefficients gag and ga of a form 


(3.2) gap y® y+ gay)’, (Gap = gpa; ga + 0) 
and h* and h® of a form 
(3.3) Wh? Fe Egt+h*(Ea)?, (he = hb“; he + 0) 


where the function §&& transforms contragrediently to the function y*. 
To establish this theorem, let us adopt the following extensions to the 
notation’? of (1.36) 


(3.4) (4) = x og+-Kg); (4) = Gea 08-409 


Where 63 is the same symbolic operator. With this notation the laws of 
transformation of the coefficients geg and h% respectively reduce to 


9) Fug = Sana) () +4, BY = He (9) (2) 45 


‘2 From now on we shall use these extensions to the notation of (1.36) exclusively. 
Furthermore h** and h* will have the significance of the coefficients of an arbitrary 
absolute form (3.3). The invariant (3.1) reduces to the length of the fundamental interval 
(a, b) for the special form (2.18). 
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where”? 


<e Iu K* K3 + 9g, K? KE +9, KE KS. 
(3.6) 
3 = 


hi Kea ke +h” keg ki + ho REI. 


Let us now form the expression 
[Gag + Go Oe 43) [h°* + H° 65 66) 


(3.7) 
Gin | (*) (2) + 6+ 96 K* K* 02 65| [a (¢) «) (4) }+G+H* ke ke 6, 6 4 . 


Because of the relations 


[16+ 96K" K° 6565 = ge(2) (5). 


|p 18 hg he of of we EP, 
o Kg Io ¢ ‘ 


vu 
. 


(3.9) (") (¢) = = K*ks 65, 


(3.7) reduces to 
(3.10) [Gag + Go Ge 09) [h + h® 66 66] = [ges+ go Ge 93) [h* + h* 65 66). 
Expanding (3.10), we obtain 


Ie 3 Pad 


a ee os ~2 ¢ oc ad 
+gech® + Gch + Geh° = ges h™ + goch’ ~ 96h — geh 
which proves our theorem. 

One may derive the law of transformation of the coefficient of a general 
functional form . isa , 
, c P. P, P 


O55" 4, Fa, Fe, °-* Fa, Y ee 


when it is an absolute form under the transformations (2.2) and (2.19). 
It is also interesting to note that we may form simultaneous invariants 
with the coefficient of this form and with the coefficients of the cogredient 
and contragredient forms (3.2) and (3.3). An example of such an invariant 
is the following 
hyd t 2A Malis G6 17 oS 
Fiji Opin, + Gi,i,k Or + Ge Ou, + Gok Ox. 
With the coefficients of the two absolute quadratic functional forms (3.2 
and 


(3.11) Ges ¥ y’. (Geg === Ge). 
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we may construct a third form 
(3.12) (gap + 4 Gas)y® y® + galy*)*, (A = parameter) 


which clearly will also be an absolute functional form. Hence 


(3.13) D[(Gup + 4@es)/V gags | = {D{Ke/K}}’ D[(gep-+4Gea)/ V gags]. 





Both sides of (3.13), however, may be expressed as an infinite power 
series in A 


(3.14) Oy + 04+ --- = {D[Kr/K° |} (+644 - 
where 
._- D\ Gag/ V Ge9p i ‘°.= 91 9aps Gap: Jal; 
6, = DiGuglV Ge9p |, 0, = O1 Gap: Faas Gal 


In order that (3.14) be true, it is necessary and sufficient that the corres- 
ponding coefficients of 2 be equal and so we have 


= (D[K¢/K®])? 6,, Gi = 0,1, 2,-+). 


In this manner we obtain an infinitude of relative scalar functional in- 
variants of weight two of the coefficients of the two forms (3.2) and (3.11). 
By expanding D[(g_3+4 G)/ V do Ip |, we find that 6, has the form’ 





Ge. Gis 
%, 1 1 6, 
wm Ean Lt hg 











(3.15) Io, : Io, (n+ 1)! Ions. “taps 
1 1 o 5 
+. - Snti .., mth t ... 
(n--k)! Gong: °° Jone Foy, Fo 
or 
1 6, (1 1 1 ¢ 
ee Ec & G,' ‘ Sy oe Sy4i —- 
"nl Gg a — t, °° %, (n! + 1! (n+1)! 9,,, Jo, 
1 1 45'S \ 
+ Sn41 n+k ok aed 
CSS > ae ey Sn 
where 


ar day 
i> = ; ; 
’ — 
me : “i 


‘The first subscripts of Iup and Gog have been elevated in order to facilitate the 
following work. 
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for 7" > and g% a sh and where the summation is taken over all the 


UNE = of 1 5p (p=n,n+1,---). For even permutations 
of s1, +++, S» and ie ‘++, to both e, and & are respectively +1; for odd 
permutations they are —1; in all other cases, they are zero. 

It is evident from (3.15) that 4, is an homogeneous functional of degree » 
in the function Gg. From the manner in which the function @G ap Was 
chosen, it is clear that m! 6, is the mth partial differential (in the sense 
of Gateaux)** of D [Gap/ V oe 9 | with respect to gg when G, is the 
increment in ggg. A similar relation holds good between D[Geg] and 4, 
for g, = 1. Furthermore we can show that the functional Dl ge3/V 9.93 | 
has an nth partial differential with respect to Jag in the sense of Fréchet. 
Clearly this will be immediately forthcoming, if we show that the Fredholm 
determinant possesses a Fréchet differential. By a formula for the Fredholm 
determinant of the sum of two non-orthogonal kernels'®, we have 


Digi+ Gi] = Dig) Di@.]—Dstgi) Di{G4) +. 


(3.16) (—1 
i vl hn Ay ek 
ca a (k!)? D,. lg, |] Dt IG: I 
where x. eli) is the kth Fredholm minor of the function Oy 


By means of this formula we may calculate the first differential 0 Digi. | in 
the sense of Fréchet. In fact, we have'® 


(3.17) Digi, + Gi, 4]—D {gh =a {D{g4] Walberg GB} + « max | G4 | 
where 


: Gas 6, 6203 
s== max | G4 | {D [gi] (sr Goat: Fa Gg 6x6, +. ee | 


a, ah po, S BOG, sain 
(3.18) — BE [gul (a+ 5 2! Casa, t I 


1 pus 


BiBs ph 
Ten (2!) D3,8, [gul Daas [Gul+ _ | : 


In (3.18) it is quite evident that « will be a quantity that approaches 
zero with max |G, |. 

Continuing in the same general manner, we may obtain the nth diffe- 
rential of D{gi). After the usual procedure, we have 





Cf. P. Lévy, “Legons d’Analyse Fonctionelle”, Paris (1922), p. 51. 
Cf. Tr, Lalesco, “Sur lV’addition des noyaux non orthogonaux”, Bulletin des Sciences 
Mathématiques (2° Série), tome 42 (1918), pp. 195-199. 
'* For a further discussion on the first differentials of the Fredholm determinant and 
its minors, cf. G. C. Evans, American Mathematical Monthly, vol. 34 (1927), pp. 142-150. 
82 
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Dig, +@)—-Dig)— -- eye ' {gi 
(3.19) = py 1 | Dlghd Qe on —ane sigh) Gan. 0. 





tS ppg Ob Sh +6 max| Gh 


n! 


where 


_—T. 1 ) 1 Oy-+*On41 ai t 
: max | G4 |" | Plo Garay Go. tuts T 
1 sill 
— Deg 4(—, SS + . + 


4 Dg pt loh) (ae ee + 


(n!)? 
(— Ip. >a pein | *Batira) oe | 
“ern Ppines lp Deets Gg) + | 


and clearly « approaches zero with max | G4, since every term in the 
above brace contains Gh, at least (n-+1) times. 
THEOREM 3—II. The nth differential of the Fredholm determinant D\g}.] in 
the sense of Fréchet has the form 
Oo" D [vi] 
= Digi) Gorey. — Gps Dg lp Pre. --orma T° 
: 1 1 n 
+O pier eg atte ee. 


(3.20) 





This theorem coupled with the remarks made immediately preceding 
formula (3.16) leads us to the theorem. 

THEOREM 3—III. Each functional In [gap, Gag, gal, (n = 1, 2,38, +++) 
in the infinite sequence of functionals 

















0109+ - Gy 
In = DUgBIV 5:9 gg 
(3.21) ee. Sa el ge ee | 
a)” Vocgs Ds lgelV gigu Maton." i 
F — Cg 4 5 gL gap On. c. 





' = 
se V Ga, 9p, ° * Geen I, 
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where 
A a 
ou, E! | 
(3.22) Ghd 7 aril : Mn | 
. Missa — he Py 
Gu,» Kreg Gn 


is a simultaneous functional invariant of weight two of the functional forms 
Gop y” ¥*, gap yy? + galy*)*, (Gag = pay gus = gpa, Ju + 0), that is 


Tn [Gap , Gap, Jal = (DLKe/K™))* Tn [ Jeep, Gap, Ja). 


From the above theorem, it is clear, because of the relative invariance 
of the functional Dig/ V9, Gul that 





(3.23) In = I/D g/V 9, 9,1 


is an absolute functional invariant subject to the conditions of the above 
theorem. From the mode of transformation of the function G3, it follows 
immediately that if Gg = §«§s, then @3 = S«&s where 


(3.24) E, = he Ey + ke Eg. 


Generalizing this substitution by means of (3.22), we shall consider @3'...;" 
to be of the form 


& 


Sa.) ree, Es, 
| 


Rese? Se, 


1 ty . | 
ae | a on ee 
oo @2,7°°*» Op, | 





where in this case it follows directly from (3.22) that the m functions 
Su, +++, @@ transform cogrediently to (3.24). 

THEorREM 3—IV. Each functional Jn[gag, ga, Fa, +++; Qa), (n = 1, 2, 3, --*) 
in the infinite sequence of functionals 


i _— J@Piy** +, &nBn E Es, ce Ca 28, 
& ae lSa.2 cts Sau Fo 


| 
7G? 
Jesh . +, Gn—1B n—1 h® : & . ° e e * 7, 


ays °°") Coin9 Go| | Qpyr °° *r Baa? Go 


Pee ee 
' [a —1)!P 
ideas 
Bays *1 Bay] [Sar +» Say) 
es | ees 


eer 
F Qa,5 °° *s Ga, | 








Qc, > ae Qc, 
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is an absolute simultaneous functional invariant of the coefficients of the 
absolute form (3.2) and the n contragredient functions §a,---, Qu. 
By the manner in which the coefficients of J, are constructed, i. e., 


De? 5 (giul Vg, Gul 


J&P ays +s @nBn = (—1)" Mest —s 
V Ga, Ip.°** Geen I» Pl Gaul V9 Gul 








h? = igo, 


and by special interpretation of the above theorem, it is clear that we may 
consider J, as a 2n-tic absolute contragredient functional form. In fact, 
for J, and J;, we find functional forms with which we are already 
familar, namely (2.18) and (2.20). This last consideration leads us to the 
generalization of such forms. 








ON GENERALISED COVARIANT DIFFERENTIATION.' 


By A. W. Tucker. 


The following attempt to present covariant differentiation ab initio in 
a highly generalised form develops an idea suggested by, and embracing, 
the verallgemeinerte Riccidifferential of W. Mayer.® The method of attack 
resembles in many respects the one adopted by M. R. Lagrange® in dealing 
with ordinary covariant differentiation. For the tensor terminology and 
notation to be used, the reader is referred to the well-known texts of 
L. P. Eisenhart.* 

1. Initial assumptions. Under a non-singular codrdinate transformation 


(1.1) gl = a! (', 2, ---, v¥) (a=1,2,---, N) 


the ordinary tensor law of transformation is 























hyde oat ty al" da’? Bar's Ox” — 1 
Dj---5, = (Ti,.--4) oo Sot 5 ah (q=pt+1). 

More symmetrically stated this law reads 

i+ 4, 9a’ 9 gl ms py'dy dal ne aa’ 

(Ti,...#) 9 et cee 9 x? = (T"j,---3,) Q ait 9 a ’ 

or as we shall put it 

—a 9 x i al aa 
1. tt A se” iP a 2 
(1.2) (Ti... i) 0a! Ox”? (Ti, i) 0 xt da" 


where an accent at the upper left of an index is used to apply as 
a distinguishing mark both to the index and to the symbol to which the 
index is attached (i. e. at =a", T= 7", etc.). 

It has been assumed in the above equations that all the indices take 
the same range of values, viz. 1, 2,---,.N, but we promptly forget this 


‘Received June 30, 1930. 
* Duschek-Mayer, Lehrbuch der Differentialgeometrie, Bd. II (1930), Kap. VII. 
* Lagrange, R., Mémorial des Sciences Mathématiques, Fascicule XIX, Calcul différentiel 
absolu (1926), Chap. IL. 
‘Eisenhart, L. P., Riemannian Geometry (1926), Non-Riemannian Geometry (Ithaca 
Colloquium, 1925). 
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and give the equations a new significance by allowing the indices a variety 
of ranges. Relation (1.2) becomes something much more general than an 
expression of the ordinary tensor law of transformation. This added 
generality is expressly desired. To provide the explicit machinery for 
securing it we hypothesize that indices with subscript 2, such as 7, ete., 
take the range of values mi+1, m+2,---,;M(O<m<M<WN), where 
2 stands for a characteristic one of the numbers 1, 2,---,p,q,---,7,8,¢ 
(s=r+1, t=r+2 make their appearance as we proceed). 

We do not require that the (*+2) ranges just introduced be non- 
overlapping or even distinct. In fact mi = ny (A + we), and similarly NM, = Ny, 
are all possibilities to be entertained, particularly that of equality since it 
serves to allow different indices attached to 7’ to have the same range. 
Of course the main range 1, 2,---, N can be split into “elements” out 
of which all the (x +2) ranges can be compounded, for in the extreme 
case these “elements” could consist of the individual numbers 1, 2, ---, V. 
Denote by 


1,2,---,m|m+1,---, mg|---|meatl,---, me! --- 


(1.3) -++|omo-1-+1, +++, te = N 
the partition of 1, 2,---, N into “elements” such that no two “elements” 
can be lumped into a single “element”. Such a partition is unique. 

Besides emancipating the indices we shall permit the z’s some anomaly 
in that certain of them may be functions of certain others; we merely 
insist that each block of x’s corresponding to one of the (7+ 2) ranges be 
functionally independent. Accordingly we may, whenever we so desire, 
regard the 2'’s as additional blocks of x’s by just imagining that the special 
accents introduced in (1.2) apply solely to the indices, so that an accented 
index with subscript 4, such as '7,, may take the range of values N+ »,+1, 
N+n7j+2,---,N+N,. But it is not intended that this new interpretation 
of the special accents should be adopted to the exclusion of the original inter- 
pretation, or that, when used on occasion (merely to unify our assumptions), 
the new interpretation should cause the codrdinate transformation significance 
of the functional relationship in (1.1) to be obscured in any way. 

2. Ordinary differentiation inadequate. Differentiating (1.2) we 
obtain 














Sr | 4 ’ ue eas "4 i ’ 
gaaty | Paleo) 2... a2 — (2 ap pheek tae ts, 
dae * "! ba Ox? dx’ * "} Oat dx Ox" 
provided 
0 4 ey rs) i. Jee A "é, 
a Pi. = of 
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which demands that the z’’s not contained in the block associated with 
the subscript s be independent of the z’s contained in the block associated 
with the subscript s, a requirement immediately satisfied by assuming from 
now on that (1.1) takes the form 





(2.3) a! = Phd (moat? oe-1 ad ie as) 
where o takes the values 1, 2,---, w (ef. (1.3)) in such a way that as 
a runs through the range 1, 2,---, N we always have mgi<a < mao; 
and provided 

a2x A 
(2.4) pa oe = 0) (A = 1,2,---, 9) 


which amounts to requiring the functions in (2.3) to be linear. 

The bracketed quantities in (2.1) may well be termed “offspring” of 
the corresponding quantities in (1.2) for they are derived from the latter 
and they satisfy the same law of transformation. Some “reproduction” 
of this sort is highly desirable, but condition (2.4) is much too restrictive. 
However, we shall show that by adding to the bracketed quantities in (2.1) 
certain corrective linear combinations of the corresponding quantities in (1.2) 
we achieve a “differentiation” yielding a method of “reproduction” un- 
trammelled by such a severe proviso as (2.4). 

3. Another “differentiation”. Instead of 2/2 cousider 





0 
(3.1) Dip = Fat Bats 
where E,:, operates for example on 
oe} 

T%...-¢ 

to produce 
£..oBy---& _€ Z ip ceeteees — 

(3.2) P Re mat Ty, ..-hg--t, Miyi,. 


Being a linear operator E,;, will obviously obey the sum and product 
rules of differentiation except possibly the inner product one. For simplicity 
let us test it on a scalar product. Operating on the product as a whole 
nothing should be obtained since there are no free indices. So we want 


O = Ey,(U" V,) 
= (Ey,U*)V, +U" (Ey, V;) 
= UN LEV, +0"V, Mt 
= UV, (Eh +My): 
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This will be satisfied if we assume that for all 4 


(3.3) Mii, = — 1} 


hjis” 
In analogy with the “function of a function” rule of differentiation 
we also ask that 
a a 
(3.4) Dy. = | Di, 





whenever the functional dependence of the x’s not included in the blocks 
associated with the subscripts s and ¢, on the z’s of the s block can be 
completely expressed by means of their functional dependence on the z’s 
of the ¢ block and the set of equations 


i i ntl n+? N, 
at git (gt gt? ow. 8), 


So qualified, (3.4) is satisfied immediately by the partial derivative portion 
of D,;,, and by the remainder if for all 4 


° ° re) git 
[ne 
(3.5) Li i — Diy 3 a . 


In particular, if 7, and 7, have the same range, (3.5) states that 


; vy 
(3.6) Ta, = ra, 27 
dis My Og" 





We shall assume that this latter relation, which is so convenient since 
the “mixed” L’s on the left are expressed in terms of the “pure” L’s on 
the right (“pure” because all indices have the same range), holds for 
4 = 1, 2,---, 7, and, what is prerequisite therefor, that all the partial 
derivatives 0a°4/@a* have a meaning (due to either functional dependence 
or independence). Of course (3.6) is to hold throughout when % replaces 
ds in it, else we are discriminating too much between the operators in (3.4). 
On this basis (3.5) is a consequence of (3.6) for 
ji, Oat 1, dakk dart 


hjt) a x ss hjiy 9 ait 9 a 














TA 8 a 
Mie Q gt 


. Qualified by (3.3) and (3.6) D_;, provides us with an operation sufficiently 
simulating actual differentiation to suit our purposes. When we pass to 
the x’s we introduce an analogous operator 
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Dy, ~ Or" 





a te 


subject to relations obtained by accenting the indices in (3.3) and (3.6). 
Also, regarding the z’s as additional blocks of z’s, it is natural to take 


from a that Pe e , 
“Bah + Oe'h Oaks dar'h Oa" 
1) DA, = DA, 82 ph, Pe Oe ph i 
(3. ) hjts hj ij 3 a hj ) Oms Ox* hy’ ij aa! t, “a 





which entails, using (3.3) with accented indices, that 


Ae eae 
(3.8) My i ys L oi” 

4. New “differentiation” adequate. We shall now show that 
operating with Ds, yields the desired “reproduction” (cf. § 2). From (1.2) 
we have 











— da oa? a's da oa! ‘e 
» tyre ety ue he . T., ae — ‘thew a 
(4.1) (D.i, i ot a? = (D x "te re) ant a2" Ba" 
provided 7 
(4.2 Dy, Tis = Dye, Te Oe 
2) age tgs? 4, iit x 4, ty ° ae ait ’ 


which is automatically satisfied because (3.6) with accented indices and 
(3.7) unite to give 


ts 











Li, _ LA.. ax aa" aie ba" 
hy, ‘hy i, Oat dai hy i, Oa 
and provided a 
vt 
(4.3) Dy |, Jao (4 = 1, 2,---,7) 
dax* 
which using (3.3), (3.6) and (3.7) requires 
2 4 ‘ ™ aot ns, om? 
(4.4) 2 8 sy we Ke —e 2 0. 
dx*axt 4) on a2'4 v4 on? 


Discarding the experimental operative symbols let us adopt the notation 





jj 
sal 0 Rsuall > hye-ty pip, = 
t+ a beet ‘~ 
Titty = Gah Tete + a Te TL ne 
(4.5) 
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not to be confused with other uses of the semi-colon such as Evsenhart: 
Non-Riemannian Geometry, p.150. Then (4.1) reads 


, a 4 ‘ 4 
Ox"! on? (Tie Ox‘? dx” da" 
- aeeed i ‘2 . ° 

q 


ax! Ox? “HW aaa dx” Oa” 
Since the introduction of L’s subject to (3.6) and (4.4) does not seriously 
restrict the functions in (2.3), we have obtained a “differentiation” giving 
the desired “reproduction”. 

5. Definitions. If in all coérdinate systems obtainable under non-singular 
analytic transformations (2.3) we have quantities of the type bracketed 
in (1.2) subject to relations (1.2), we say that these quantities are the 
components in the corresponding coérdinate system of a generalised tensor. 
If we have a generalised connection L defined to have components in all 
coérdinate systems subject to relations (3.6) and (4.4), we say that the 
bracketed quantities in (4.6) are the components in the corresponding 
codrdinate system of a generalised covariant derivative of the generalised 
tensor just defined. The important observation is that a generalised co- 
variant derivative is a generalised tensor with covariant order one higher 
than its “parent”. 

6. Remarks. The reader need hardly be reminded that ordinary co- 
variant differentiation is a special case of the generalised, viz. when the 
ranges are all the same. Hence the above work is quite valid in the 
ordinary case. 

For scalars, generalised covariant differentiation is just ordinary dif- 
ferentiation. Therefore 








(4.6) (Tp) 


% 
da 4 i 
= gt 


aa i. Y 


(6.1) 





Using (6.1), (4.4) reads, dropping the second semi-colon for short, 
a ee 
(6.2) 0 7 ish aides T45,° 
By calculation it may be shown that, provided the conditions attached 
to (3.4) are reversible, 


Ti ois 2 ii, 
— Spite y pa Ba” aah 
a ee hin) Oa dart 
(6.3) ir ‘ext oat 


+ oS 


e hj: i, ORF LT Do's dart 


sees Poo h aa eee J h, 
(T; «ial L ’ Teen Lia)? 
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where 
ra) 


64) ih, =— 14, ——, ih 


— 9} hh oy hj 
ipky 9 yA i, kj aah asd t LiL Lit L 


inky -oLAd hi, -9nky * 
If 7, and z% have the same range the bracket in (6.3) becomes 


Rnd h, 
2 Tit, Qi 

where 
9 ol. = Li - 7% 


i, i, Ss “ZA* 
Since in obtaining (6.3) the second partial derivatives have been eliminated, 
(6.3) constitute conditions of integrability of (4.5), which are generalised 
Ricci identities.? — ; 
Applied to da/aa"4 (6.3) yield 
da A axis aa“ dar" hj 


couse i ee ee 
9 = jah Li iy axis aah > agit ip ijgky 





showing that (6.4) are components of a tensor — the generalised cur- 
vature tensor. 

7. Applications. To take the concrete case which evoked this theory 
suppose there are just two ranges, viz. 1, 2, ---, m and n+1, n+2, 
se) ntm (mn). For a", at, ..., 2*™ write y', y®,---, y™. 
Let the y’s be functions of the z’s. Geometrically speaking we are con- 
sidering a space V, immersed in a space Vm. The generalised tensor 
law of transformation now reads 





or Sey oe ay ox? 
1 Fos. il By® eee a xt eee 
1) eo aye dad 





= (Tigh) ++ ae ae 


(In this section Latin indices have the range 1, 2, ---, m and Greek 
indices the range 1, 2, ---, m). 

It is at once seen that the partial derivatives 3¥“/d2* are the components 
of a generalised tensor. Indeed they furnish a simple and yet highly 
fundamental example of such. 

Let deg be the y components of the metric tensor in Vm and 





(7.2) awn ok 


° Cf. Eisenhart, Non-Riemannian Geometry, p. 7. 
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the x components of the metric tensor in V». Using as “pure” (ef. § 3) 
L’s the Christoffel symbols Pa and jh formed from deg and gi 


respectively, (4.5) becomes 





eee rn ee aia sicllhcsiibpons J @ | dy” 
Top joak = oe TBE +2 ae he ae lerl e 
; ee ee - A sae “oe ie 
(7.3) > ne os 8 I fe +2 er 3 Oe 
a ee 
Srvgcic {| 
ERY Gy 
In particular it is seen that 
, ite Rn, sae ie (no Latin indices), 
me ee pry: + Gees 0 v . ° . 
T...p..;k = Teepe.y ry (no Latin indices, except k), 
54 = FT (no Greek indices), 


the commas indicating ordinary covariant differentiation. Hence 
dap;y = 9, dop;k = 0 and gy;~x = 0. 
Differentiating (7.2), which we now write 
Ii, = Vag Yi y?., 
as we well may, in the generalised covariant manner we obtain 
= Weg Yi Vent Cap Yin YE; 
Subtracting from this the two corresponding relations obtained by cyclic 


permutation of 7,7, k, we have, because of the symmetry of ys; in 7 and), 
that 


(7.4) 0 = Ags Y%; Yo 
If 

Yj = 0, 
i.e. 





_oFy* is) Oy’ {k\ dy® 
0 xt Oa Byl dat da) \igl Oak 


? 


the sub-space is totally geodesic. Otherwise in general ys; can be con- 


®° Kisenhart, Riemannian Geometry, p. 185, Ex. 9. 
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sidered as the components of n(n + 1)/2 contravariant vectors in V,, which, 
by (7.4), are normal toV,. 
Suppose V, is a curve, y® Bt where s is the are length (i. e. we 


taken = 1). Then gj = 1 and . 


he = 0, while the Latin indices become 
unnecessary. Now (7.4) reads 
(7.5) 0 = Ags Yio) y?. 
If 
Yq) = 0 
i.e. 


ay’ , ja\ dy dy _ 4 
ds* \Byl ds ds ©’ 





the curve is a geodesic. Otherwise y“, are the components of a contra- 
variant vector determining, as (7.5) shows, the direction of the principal 
normal to the curve. Under this notation a vector ¢* defined along the 
curve is parallel to itself in V» if 


$; = (@Q, 
i, e. 
ae | fa\ ig dy _ 
ds + lat? ds * 


And so we could go on developing the geometry of sub-spaces by the 
use of generalised covariant differentiation, thereby simplifying and clari- 
fying the analytical work. W. Mayer’ has initiated this, but unfortunately 
by the use of a notation rather off the beaten track. 

As a rapid illustration of the power of the new differentiation as an 
analysing tool the following proof is offered. We shall use three ranges, 
viz. one for each of Vim, Vn and the curve (the latter being one-dimensional, 
requires no indices). 

THEOREM.® A vector $* normal to a totally geodesic Vn remains normal 
when displaced parallel to itself in Vm along a curve in Vn. 

Set 
(7.6) a ce y?, = 6,. 


Since differentiating along the curve in the new manner 


d ayy 


dap; = Wap;y “ie = 0, 


Vie cit. 
°Cf. Cartan, E., Lecons sur la Géométrie des Espaces de Riemann (1928), p. 120. 
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wm = @ (¢* being self-parallel), 


y,. — y?, ae 0 (Vn being totally geodesic), 


we have by operating on (7.6) that 


0 = 4; 





_ 46; __fk\, aa 
o—" ua ae 


which means that 6; = 0 all along the curve if initially. Hence the 
theorem. 

Grateful acknowledgment is due Professor L. P. Eisenhart for the en- 
couragement and advice he has so freely given during the preparation of 
this paper, and also Dr. J. H. C. Whitehead for several helpful suggestions. 
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Note ADDED IN Proor. Already important strides have been taken in the study of sub- 
varieties by the use of the type of generalised covariant differentiation exhibited in (7.3). 
Cf. J.A.Schouten and E.R.van Kampen, Zur Einbettungs- und Kriimmungstheorie nicht- 
holonomer Gebilde, Math. Ann. 103 (1930) S. 752-783; Zur Kriimmung einer Vm in Vn, to 
be published shortly (Professor Schouten kindly permitted me to read the manuscript), in 
which these authors develop the v.d. Waerden-Bortolotti symbol, as they call it (cf. 8.774 
in the first paper just cited for a history of the idea), by ordinary covariant differentiation 
coupled with processes of projection. The use of the symbol is not confined to holonomic 
reference systems. This indicates the possibility of carrying through our above work 
with general mixed quantities replacing the partial derivatives in (1.2). 











NOTE ON A SPECIAL PERSYMMETRIC DETERMINANT-.'! 


By A. C. AITKEN. 


In a paper by H. T. Davis and V. V. Latshaw in these Annals of January 
1930, on fitting polynomials to data by least squares, there is conjectured 
a general expression for the determinant of persymmetric type which has 
for its elements the sums of powers of the natural numbers. Actually, 
as Sir Thomas Muir’s historical researches? show, the determinant had 
already been evaluated in 1903 by K. Petr, but it may be of interest to 
give a simple and rapid proof. 

If s, = 1°+2"+3"-++ ----+p", the determinant in question is 





So $1 eee Sn 

$1 Sg ses Sn+1 
P(s», Si, ; S2n) =— 

Sn Snt+i °** San 





It is at once seen to be the square, in row-by-row multiplication, of 
the rectangular “alternant” array, 











oe. aan 2 
1 eee p 
12 Q% ... p?® 
1” Qn... ym 





Now an alternant whose elements in successive rows are polynomials, 
the same for each row but with different variables, and of degrees ascending 
from zero by unit steps from row to row, is readily seen to be unaltered 
in value if these polynomials be replaced by others of the same degree, 
provided only they have the same term of highest degree, e. g. 








1 1 a 1 1 1 | 
ey e;=)| «z-!1 y—1 e—1 |. 
# Ist@toatl ytytl 2&+2+1| 





‘Received May 2, 1930. 
* Proc. Roy. Soc. Edin. XLVII (1926-27), p. 15. 
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Let us then replace the squared alternant array above by a product of 
two alternant arrays, the typical last column of the first array being taken 
to be 1, p—1, (p —1) (p—2), ---, (vp —1) (p— 2) --- (p—n), and that 
of the second array to be 1, p, p(p+1),---,p(p+1)---(pt+n—1). 
Multiplying the new arrays in row-by-row fashion, and using familiar facts 
regarding sums of series whose terms are factorial polynomials, we find 


P(s, B59? 9 Sen) 



































p(p+1) p(p+l)(pt2) p(p+1) -++(pt+n—1) 
p ~ Q 3 n 
(p—1)p (pI) p(p+1)  (p—1)p(ptI)(pt2) (p—1) p++ (p+n—1) 
| 2 3 4 n+l 
= (p—2)(p—1)p (p—2)(p—1)p(pt1) 
3 4 
(p—n+1)++-p (p—n+1)-+-p(p+1) wie (p—n+1)(p—n+2)---(p+n-1) | 
n n+1 2 2n-1 | 
1 1 1 
me n | 
1 1 2 - 
o p" (p?— 1?" (p?# — 2°)". ae: (p?—n—1) 2 3 ° 4 n+l 
ae Sa ee ae 
n n+l 2Qn—1 





sees yp (p?— 1?) (p?— Q2)n—2 ee 
vee (p*—n—1) [1!2!3!---(m—A)]/[1!2!---(Qn—D!I], 


since the persymmetric determinant whose elements are the reciprocals of 
integers is already known® as a case of Cauchy’s “double alternant”. 
This is Petr’s result. 





3Cf. Muir, History of Determinants, vol. III, p. 311, on Ligowski, 1861. 
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LINEAR EQUATIONS IN NON-COMMUTATIVE FIELDS.* 


To Proressor JAMES PIERPONT on ais 65-TH ANNIVERSARY. 


By OystTEIn ORE. 


The problem of solving linear equations with coefficients in a non-com- 
mutative field (division-algebra) has recently been studied by A. R. Richardson,’ 
Heyting® and Study.* The paper by Study is mainly confined to the case 
where the coefficients are contained in a quaternion field. In order to 
obtain the solutions of a system of simultaneous linear equations, certain 
expressions are introduced by Heyting and Richardson, which present 
numerous analogies to the determinants in the commutative case. Their 
usefulness for the solution of equations is however inconveniently limited 
by the fact, that they are not defined for all values of the coefficients and 
certain restrictions must be placed on the elements involved. ‘This is 
particularly striking for the “designants” of Heyting which only exist if 
certain “principal minors” do not vanish. In his last paper A. R. Richard- 
son obtains a general definition by means of recursion-formulas; there 
exists however in this formula a definite lack of symmetry depending on 
vanishing or non-vanishing of the coefficients, and this fact, it seems to 
me, makes the definition unsatisfactory. 

Another type of expressions with various invariant properties has been 
investigated by MacDuffee.t These expressions do not seem to have any 
connection with the elimination in linear systems and are therefore outside 
the scope of this article. 

I have proposed in this paper to determine the rings (algebras) in which 
elimination between linear systems can be performed. By adhering strictly 
to the elimination properties of determinants, a new definition of deter- 





* Received December 8, 1930. 

‘A. R. Richardson, Hypercomplex determinants. Messenger of Math. 55 (1926), pp. 145-152. 
A. R. Richardson, Simultaneous linear equations over a division algebra. London Math. 
Soc. 28 (1928), pp. 395-420. 

*A. Heyting, Die Theorie der linearen Gleichungen in einer Zahlenspezies mit nicht- 
kommutativer Multiplikation. Math. Annalen 98 (1927), pp. 465-490. 

°E. Study, Zur Theorie der linearen Gleichungen. Acta Mathematica 42 (1918), pp. 1-61. 
Certain older considerations on the same problem can be found by Caley, Philosophical 
Magazine 26 (1845), pp. 141-145, C.J. Joly in the second edition of Hamilton, Elements 
of quaternions. 

*C. C. MacDuffee, Invariantive characterizations of linear algebras with the associative 
law not assumed. Transactions Am. Math. Soc. 23 (1922), pp. 135-150. 
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minants in a non-commutative field is introduced, which is not open to the 
criticisms made above. By special choices of the elements in this deter- 
minants it reduces to the expressions of Heyting or Richardson. By means 
of this definition a farreaching analogy to the commutative case is obtained. 
I shall only prove the most important properties of these determinants and 
give the principal results on the solution of equations. A series of further 
results can then be immediately implied from the commutative case. The 
rank of a system can be introduced and all the ordinary results on linear 
dependency can be derived. 

If one had been primarily interested in the dependency of linear ex- 
pressions, Toeplitz’s> method for solving equations without determinants 
could have been generalized. Another method is given by Noether;® in 
this way one obtains existence theorems for solutions, but not a simple 
procedure to determine them. 

In § 1 and § 2 I discuss the properties of rings in which the elimination 
can be performed; these rings must satisfy a certain axiom My and this 
is, as I show, equivalent to the fact, that the ring can be completed to 
a non-commutative field (“Quotientenkérper”) by the introduction of formal 
quotients of elements in the ring. In the commutative case all domains 
of integrity (rings without divisors of zero) have a uniquely defined quotient- 
field, which is the least field containing the ring. For the non-commutative 
case v. d. Waerden‘ has recently indicated this problem as unsolved. The 
result mentioned above gives all rings for which a quotient-field can exist. 
For rings without quotient-field it might however, as I show by an example, be 
possible to construct by a different process a field that contains the given ring. 

1. The axioms. We shall in the following consider a system S with 
more than one element, for which the following axioms are supposed to hold: 

Equality. The equality of two elements a and dD in S is defined by the 
following properties: 

Gi. Determination. For two elements either a = b or a F¢ 0b. 
Gu. Reflexitivity. a =a. 

Gin. Symmetry. From a = b follows b = a. 

Gry. Transitivity. From a = b, b = ¢ follows a = c. 

Addition. For two arbitrary elements a and b a sum a+b exists, having 
the properties: 





*Q. Toeplitz, Uber die Auflésung unendlich vieler linearen Gleichungen mit unendlich 
vielen Unbekannten. Rendiconti Palermo 28 (1909), pp. 88-96. Compare also H. Hasse, 
Algebra, vol. 1, Berlin 1926. 0. Haupt, Einfihrung in die Algebra, vol. 1, Leipzig 1929. 

6 is Hyperkomplexe Gréfen und Darstellungstheorie, Math. Zeitschr. 30 (1929), 
pp. 641-692. 


7B. L. v. d. Waerden, Moderne Algebra, vol. 1, § 12. Berlin 1930. 
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Ay. Uniqueness. a+b is a uniquely defined element of S. 
Ay. Equality. From a = b and aq = J, follows a+a, = 0+. 
Am. Associative Law. at+(b+c) = (a+b)+e. 
Ay. Zero-element. There exists an element 0 for which 0+-a = a+0 =a. 
Ay. Commutative Law. a+b = b+a. 
Ay. Subtraction. To every element a exists another —a such that 
a+(—a) = 0. 
It is well known, that from these axioms follows, that 0 and —a are 
uniquely defined. 
Multiplication. 
M;. Uniqueness. a-b is a uniquely defined element in S. 
My. Equality. From a = b and a, = J, follows aa, = bh. 
Mi. Associative Law. a(bc) = (ab)c. 
My. Distributive Law. 
a) (b+c)a = ba+ea, 
b) a(b+c) = ab+ac, 
c) both a) and b). 

Systems S satisfying these axioms are called (non-commutative) rings 
(or algebras). We shall in the following consider systems of linear equations 
with coefficients which are elements of such a ring. In order to perform 
an elimination to obtain a solution of a linear system, it seems necessary 
that the coefficients should satisfy the axioms mentioned. (Axiom My 
possibly only in part.) The main operation for the usual elimination is 
however to multiply one equation by a factor and another equation by 
another factor to make the coefficients of one of the unknowns equal in 
the two equations. We must therefore also demand: 

My. Existence of common multiplum. When a+0, b+0 are two 
arbitrary elements of S, then it is always possible to determine 
two other elements m + 0, n +0 such that 


(1) an = bm. 


For all rings satisfying these axioms the elimination-process can be 
carried out, and certain necessary conditions for the solvability can be 
established. In order to obtain necessary and sufficient conditions it is, 
as in the commutative rings, necessary to suppose that the ring does not 
contain any divisors of zero, i.e. from ab = 0 follows a = 0 or b = 0 
or both. This is equivalent to: 

My. Converse equality axiom. From ab = ac or ba = ca, a +0 

follows b= c. 

A ring satisfying the axioms My and My; shall be called a regular ring. 


It is not necessary that a regular ring contains a wnit-element, i. e. that 
83* 
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My. Unit element. There exists an element 1, for which 1-a=—a-1—a 
for an arbitrary element a in S. 
is satisfied. If for a regular ring both My and the axiom 
Mym. Division. For every a+0 exists an element a such that 


a-at=1. 
are satisfied, then the domain is called a (non-commutative) field (or 


division-algebra). 

Let us from now on suppose that the set S considered is a regular ring. 
From My follows by induction, that if a, + 0--- am +0, then such numbers 
nm, +0, nm +0--- %m +0 can be determined, that 
(2) Gp My = Gg Me == +--+ = Ca Me. 

Furthermore if at the same time 
(3) an = bm, an, = bm, nm + 0, m +0, 


then 7 and s can be so determined, that 


(4) nr = 18, 
from which one easily obtains 
(5) mr = ms. 


2. Quotient fields. We shall now prove the following theorem: 

THEOREM 1. All regular rings can be considered as subrings (more exactly: 
are isomorphic to a subring) of a non-commutative field. 

Let a and b +0 be two arbitrary elements in §. We then introduce 


the symbol (] = (a-b-) and for these symbols (fractions) such rules of 


operation shall be defined, that their totality forms a field K. 


Equality. Let (+) and (+) be two arbitrary fractions. According to 
1 


My the elements 8 +0, 4,+0 can be determined so that 


(6) vA, — b, 8 
and we say 

S) _.. {%. 
@) 5) = (CE) 
when 


(8) ak, = a8. 


From the last remarks in § 1 it follows immediately that the equality of 
the two fractions (7) does not depend on the particular choice of the 
elements 8 and #,; in (6). The axiom G; is therefore satisfied. Gy and Gm 
are obviously satisfied. To derive Gy let 








LINEAR EQUATIONS IN NON-COMMUTATIVE FIELDS. 467 


(5) = () (a) = GD 


where 
(9) bA, = b, 8B, ab, = ab; 
(10) D; Be —— bs Bi, ay Bs = dls Bi. 
We choose 7 and s such that 

Br = £ys. 
From (9) and (10) then it follows that 
(11) b(A:7r) = be (Bis) 


and from the second equations of (9) and (10) in the same way that 
(12) a(Bir) = a2(Bis) | 
and (11) and (12) are equivalent to (+ = (4). We note 
1 
ac a 
inn (se) = (3) 


for all c+ 0. 
Addition. We define 


0 (5+ CR) = (2k) ~ (28 


where 8 and A, satisfy (6). One easily sees that the sum (14) does not 
depend on the particular choice of 8 and 4, and A; is consequently satis- 
fied. In order to prove An, we suppose 


(=) = Go 

b soe f bh’ ’ 

i. @.: 

(15) bp’ = 0'Z, af’ = a's 
and correspondingly for the second fraction. Then 


00 (5)+(0) = CREE), ()+(8) = (ae) 


where . 
(17) ba a be, b! 2’ =F Dye’. 





To compare the two fractions (16) we determine @ and o by the condition 


/ 


(18) po = p’e 
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and the two fractions are equal if 

(aA+ap)o = (a'd'+aqn')e 
or according to (18) 

ako = aig. 
This is a simple consequence of (15), (17) and (18) and it is therefore 
a m\ [a a 

(5) + (6) = (i) + GH): 

In the same way it follows that 


a), (um) _ (a), (a 
(ir) + (s+) = (Cr) + (ae) 
and Ay must hold. 


The associative law follows directly by assuming that the three fractions 
have the same denominator, which can always be obtained according to (2). 
Ay follows from 

(2) =o. 
c 


a - ie 4 
ij . | \ ar € 
Ay is obvious, and Ayr is a consequence of 
a —«a 
tq) 
Multiplication. We define 
(5) (ie) = (aa) 
b by b,8 


ba, — ak, B + 0. 





where 


One easily proves that the product does not depend on the particular 
choice of a, and #, and M, is fulfilled. My and Mn are derived by 
simple calculations. Miy will hold to the extent which it holds in 9. 


My follows easily and the unit-element is 4) = 1, which is independent 


of the choice of a according to (13). Finally My is satisfied since 


g)-() = 


It is therefore proved, that the totality K of fractions (+ forms a field; 


the regular ring S is, as one easily sees, isomorphic to the ring of all 
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elements in K of the form (22). As a corollary it follows, that every 


regular ring is a subring of a ring with unit elements.® 

One can also easily prove the following theorem, which is, to a certain 
extent the converse of Theorem 1: 

THEOREM II. Let a and b +0 run through all elements of a ring 8 
without divisors of zero. If then the formal solutions of all equations 


(19) rb=a 


form a field, the ring S must be a regular ring. 

If one supposes that all solutions (+, of (19) form a field K, then as 
formerly the ring S must be isomorphic to the ring of elements of the 
form (“") in K. Furthermore in this field there must exist a )~' and 


the equation 


(20) be=a 
must have a solution 2 = (=) which is also contained in K. Then 
obviously 
br = as 
follows. 


One can replace (19) by (20) in Theorem II or even in a slightly more 


general way by 
axb=—ce. 


A proper quotient-field can therefore only exist for regular rings. This 
result does however not exclude the possibility of rings, which are not 
regular, from still being subrings of fields; it might even be possible, as 
in the commutative case, for all rings without divisors of zero to be sub- 
rings in fields. A general construction of this kind seems to be difficult 
to define. 

If for a ring § the axiom My is not satisfied, there must exist at least 
two elements A and B such that a relation 


Aa+Bb = 0 





* Every ring without divisors of zero is a subring of a ring with unit element; hg 
: , : , ac SF = 
follows immediately by considering the ring of elements (**] where (“°) = | d!? 





ac\|bd ab 
(*°) (24) oe | aa we (¢) is then the unit element. 
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can only hold if a = b = 0. It would be natural to characterize such rings 
by the maximum number W of elements A, --- Ay in the ring such that 


a relation 
Ay a+ iat + Ayn an == @ 


could only hold for a, =--- = ay = 0, where the a are elements of 8. 
The number N, which is finite or infinite, might suitably be called the 
order of irregularity. For an arbitrary element b in S the elements 
b, A, --» Aw would be dependent with respect to S and a c + 0 could be 
found, such that 

be = Ara, t---+ Anan. 


Various interesting types of irregular rings exist, but I shall refrain from 
any further studies. Only one example will be given to show the existence 
of irregular rings and prove that even such rings can be contained in fields. 

We consider all polynomials of the form 


A(z) = aa+ ange + apn x” 


where the coefficients are arbitrary complex numbers. Equality, addition 
and subtraction are defined the ordinary way. Multiplication is defined as 
composition 

A(x) <x B(x) = A(B(z)). 


In this way a non-commutative ring has been defined, in which M1, Mn, 
Min are satisfied; «x is the unit-element. The distributive law holds for 
right-hand multiplication, but not for left-hand. From some interesting 
investigations by Ritt? on the composition of polynomials it follows easily 
that this ring is irregular. This ring is however obviously contained in 
the field of all algebraic functions that vanish for z = 0, when multiplication 
is defined as composition. 
3. Equations with 2 unknowns. Let 


Ly A11 + Xz eg = by, 


X, A + Xe 2g = de 


be two linear equations with coefficients in a regular ring S. We can 
then always find two elements A, and Ag: in S, such that 


(22) Qe Ag, = fgg Aye. 





°J. F. Ritt, Prime and composite polynomials. Trans. Am. Math. Soc. 23 (1922), pp. 51-66. 
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We make the assumption in the following, that by all solutions of equations 
of the form (22) Ass + 0, Ayo + O when as + 0, deg + 0. If ay = 0, 
foo + 0, then Ay2 = 0, Age + 0, correspondingly A,, + 0, Az. = 0 if 
the $+ 0, des = 0; finally Ais = Age = O if aye = deg = 0. 

From (21) we then obtain 














(23) - G1 he bd, de | 
a dz, Age bz ze || 
where 

M1 Ne by the | 


(12) 


(24) = = 1 Ass — de; Ajp, = b, As, — be Aje 


9 




















be dag 


M21 Ase 


are called right-hand determinants of second order. By a different choice 
of the A;y and Ass in (22) we obtain different determinants, but by r. h. 
multiplication with elements in S they can all be obtained one from an- 
other. If we introduce the quotientfield AK corresponding to S, all the 
different expressions (24) for the determinant can be obtained by multiplying 
one of them r. h. by an element k + 0 in K. 

A determinant is therefore non-zero or zero. In most problems it is 
necessary only to decide, whether a determinant vanishes or not. We shall 
say that two determinants are equivalent (denoted by ~) if they both vanish 
or do not vanish. 

Obviously one obtains, by using the same values for Ai, and Ag: as 
in (22) 

Me My 


oP ne (12) 
As = dhe As; — dog At © ~ Ais 











Meg Asi 


or by a different choice of A’s } 
12 1 ° (12 (12 
o) — AS k, k+0, ie. AS? ~ Ain’. 


It can also be shown, that two columns can be interchanged 


Aig yt 
digg §=Aay 


(25) Ais” = = Aj, Agi — Arg Ay~ Ai: . 














It is sufficient to prove, that vom AY = 0 follows 4{;? = 0. Let us 
first suppose a2 +0, ay, +0, i.e. Aye +0, Ay: +0. Then from (22) one 
obtains arg = ayek, and from Ae = 0 in the same way dg = dik. 
Substituting this in 

Qy;Asy = A, As 


it fo’ows that As; = kA;, and (25) must also vanish. The same holds, 
as can easily be seen, when a3 = 0 or a = 0. 
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One therefore has the equivalences 
(26) A?) ~ A@ w EP ne fa 7 


Through elementary calculations one also shows 
























































kay 2 1 katy (12) 

27 | ‘ , sis Ais k 0. 

( ) kde1, ee | fla1 » k dze , + 
ark, tisk 1, Ae | (12) 

28 ~~ Ais k 0. 

eats floi1, Aga dak, desk ’ + 
Qiitkas, a a a ka 

(29) ut 12) 12 11) wtkhay ~w Ao, 
dey +hdes, ee 21, Ase + kas 

fo,k, a los k a a 
(30) 41 + Aat ’ 12 + 22 | wis 11) 12 | we A | 
M1 y oy + At k, daa + disk 


From (21) one obtains analogously to (23) 


Db du 
bs ai 











(31) at, Aig? = 


Two determinants with the same second column are called proportional, 
if we agree, that in the calculation of the determinants the same set of 
A’s shall be used in both cases. The determinants (23) are proportional; 
for two proportional determinants the quotient A’ 4—' always has the same 
value. 

The relations (23) and (31) show that the necessary and sufficient condition 
that the system (21) have a unique solution in the quotient-field K, is that 
the determinant A\s of (21) does not vanish. The solutions can then be 
Sound as quotients of proportional determinants. 

When the determinant vanishes, there must exist a linear relation 


I; (a, 22) Ass — Ly (x, 2g) Ay = 0 


where L, and LZ, denote the left-hand sides of the equations (21). In order 
that a solution then exist it is necessary that the same relation hold for 
b, and b, and the second determinant (24) therefore also vanishes. This 
can be expressed by: the fact, that all second-order determinants in the 
matrix 
Qi1, Cie, by 
Mor, Ase, dy 








vanish. In this case one of the equations (21) is a consequence of the 
other. The analogy to the commutative case is obvious. 
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Corresponding considerations give the same result for the solution of 
a left-hand system 


39) C1 M+: Le = d;, 
(33 C21 Ly + Coy Xz = dy. 
The 1. h. determinant is 
Gi, Cie | 

| — Coz C11 — Cie Cor, 

i| Cory Coa | 
where 

Coo Cre = Cie Cae. 


The notion of equivalence and proportionality are introduced in an analogous 
way, and corresponding conditions are obtained for the solvability of a 
system (32). The complete system of equivalences (27)-(30) also holds 
for ].h. determinants, when only 1.h. and r.h. multiplication with k are 
interchanged. Finally one should observe the reciprocity between r. h. and 
], h. determinants 


(33) 


M1, a1 <_ M2 | 


| 


| U2, Ase 








fai, Ase || 


which can easily be derived. 

4. The general case. After having studied the case n = 2 both 
Heyting and Richardson define the general determinant by induction-formulas. 
We shall also use an inductive definition, which is however selected on 
the principle of preserving as directly as possible the elimination properties 
of the determinant A. 

Let 
(34) = x ai = b (jy = 1, 2, ---, n) 

(= . 
be a system of linear equations. We then define the right-hand deter- 
minant by 
(35) | aye || = arr AP + aay AP +--+ + nr Ar”, 


where the A{” are a set of solutions of the homogeneous 1. h. system 


axe Ay’ + ang AP +--+ + One A? = 0, 

(36) Re a eI ae oer a 

diy AD + an AS +--+ ++ Onn At” = 0. 
Let us now assume that the properties of 1. h. and r. h. linear systems 
with »—1 unknowns have already been obtained as in the case n = 2. 


By the choice -* **e solution 
(37) Ay? (j _ 1, 2,---, ) 
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of (36) we define Aj”? = 0 if all the l.h. determinants of order n—1 in 
the matrix 


|| diz, doz, +++ ne 


38) |: 


|| Qiny @an, *** Ann 


vanish. If one of the determinants in (38) is not equivalent to zero, the 
system (36) must have a fundamental solution (37) such that the most 
general solution can be obtained from it by r.h. multiplication of an ar- 
bitrary constant. If one supposes for example that the first determinant 
in (38) does not vanish, an arbitrary value AY”? +0 can be assigned to the 
last unknown in (36) and the others are then determined by equations of 
the type 

(39) || 4;| AY? = || 45] Ax” 


where ||4;| +0 and ||4;| are (2 —1)-order proportional determinants 
from (38). 

We multiply the equations (34) respectively by AY’, AP.-- and add; 
considering (36) one obtains 





| by iz +++ Gin 
| 
\b2 dog +++ Alon (1) (n) 
(40) + \ay\| = | = hAi +--- +h Ai. 
(On = Gn2 +++) Onn 





The right side determinant in (40) differs from |ajj|| only by the elements 
in the first column, and the same A? have been used in its calculation. 
Such determinants are called proportional. The equation (40) gives, when 
|aj\| + 0, a single value for 2. 

We shall now prove, chiefly by induction, a few of the properties of 
n-th order determinants. From the definition follows immediately: 

An equivalent determinant is obtained when two rows are interchanged. 

Such a change will only invert the order of aj and aa in (35), and 
then the corresponding Aj? and A will also be interchanged. 

A little more difficult to prove is: 

When two columns are interchanged one obtains an equivalent determinant. 

When the first column remains unchanged, the equations (36) will only 
change in order and their solutions are the same. Let us then suppose 
that the first column is interchanged with the second, and let us assume 
|aji|| + 0. We shall then prove that the new determinant 


(41) # = a2 BY + 22 BS + ic + An2 BY 
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does not vanish. In (41) the BY must satisfy the same equations (36) 
as the AY” except that the first equation must be replaced by 


(42) au By + am By +--+ + am By” = 0. 


If now 4’ = 0, it follows from (41) that the BY’ would satisfy exactly 
the same n—1 equations as the AY and one must have BY? = AV k. 
From (42) then follows | aj|| = 0 contrary ‘o the supposition. 

When all elements in a column in a r.h. determinant are multiplied 
l.h. with k + 0 one obtains an equivalent determinant. 

Since the columns can be interchanged one can always suppose, that 
the first column is multiplied 1. h. by &. From the definition (35) the 
theorem then follows immediately. 

The following theorems are easily proved: 

If one multiplies all elements of a row in a r.h. determinant r.h. by 
k + 0, one obtains an equivalent determinant. 

When a row is added to another row or a column to a column, the 
resulting determinant is equivalent to the original. 

Analogous theorems hold for 1. h. determinants. 

5. Let us now first consider the homogeneous system of equations 


nr 
(43) D> Xi ti = 0 


i=1 


where |aj|| +0. As in (40) we then obtain relations 
(44) 2 -|Aj|| = 0 


where |4;|| is obtained from |aj|| by interchanging columns. All these 
determinants are therefore + 0 and we therefore have: 

If the determinant of the system (43) does not vanish, the only solution 
is L= 0) Gj = 1,2,---,m). 

When the determinant vanishes, there exists a linear relation between 
the ].h. sides and one of the equations is redundant. If all (n—1)-order 
determinants in the corresponding matrix vanish, at least two of the 
equations are a consequence of the others etc. The notion of rank of a 
system can therefore be introduced, and all theorems on the solution of 
homogeneous systems can be derived as in the commutative case. 

We shall now generalize the reciprocity relation (33) to determinants 
of order m; to prove 
si | ay] ~ | a (i,j =1,2,-+n) 


it is sufficient to prove, that when one of these determinants does not 
vanish, the other must also be different from zero. Let us suppose 
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|ayi|| +0. Then according to definition not all determinants of order 
m—1 in (38) can vanish; by a rearrangement of rows and columns we 


can suppose ws 
|| ag | + 0 (2, J — 2,3,--++, 7). 


If we assume that (45) has been proved for all determinants of order 


<n—1, we conclude 
(46) \| ay | ~ lay ||  O (i,j = 2,3,---,n). 


The determinant on the left in (45) has the expression 


(47) lay) = BY an+ By at +++ + Br ain 
where the Bi” must satisfy the equations 


n 
(48) 2, Bi ai = 0 (j = 2, 8, -++,m). 
& 
From (46) follows, that at least one of the BY does not vanish. On the 
other hand, if (47) vanishes, the relations (48) must be satisfied even for 
j =1, ice. the BY must be a solution of (43) and since the determinant 
of this system does not vanish, we must have BY =0 G@ = 1, 2,---,n) 
contrary to the supposition. 
Let us now finally consider the complete system of equations (34) and 
suppose | aj|| +0. Then one obtains analogously to (40) 


(49) a+ | A; || = | AG|| 


where | 4; || + 0, since it is obtained from | aj || by interchanging columns. 
The relations (49) prove, that if the determinant of the system (34) is 
different from zero, there can be only a unique solution given by (49). 
In order to prove the existence of this solution, it is necessary to prove, 
that the a; defined by (49) actually satisfy (34). 
Let us put 

L;(x) = Nartmaet--- + tn Ajn — bj, (imi n) 

Mj(a) = | 4;|| —| 45]. fog 


From the way the relation (49) has been derived, it follows that 
n 
(50) 2 Lj(2) A? = M;(z) ifaw tS, «-,0). 
j= 


To show that the x; defined by (49) satisfy (34), one must show that con- 
versely the Lj(x) can be homogeneously expressed by the Mj(x). This is 
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according to (50) always possible, if the complementary determinant | A\’” 
to |aj|| does not vanish. It is however simple to prove that 


|?” || ~ |] 4? | ~ Jaye). 


One observes easily that the complementary determinant to | A)” || must be 
equivalent to | aj|| itself. 

We have therefore proved: 

A linear system (34) has one and only one solution if its determinant 
does not vanish. 

Furthermore follows directly: 

The necessary and sufficient condition, that a system (34) have a solution 
is that any identical relation between the left-hand side linear forms must 
also be satisfied by the constants 0;. 

It is only necessary to indicate that a series of the properties of deter- 
minants in the commutative case can be extended by means of the principles 
used in this outline. Among the theorems of interest I shall only mention, 
that by a linear substitution one obtains also in the non-commutative case 
a composed determinant corresponding to the product of two determinants 
in the commutative case; it can be shown that this composed determinant 
is equivalent to the product of the two constituents. 

It is perfectly obvious from the preceding results how matrices and rank 
of matrices can be introduced, and that the corresponding results from the 
commutative case can be derived in an analogous way. I shall therefore 
not go into the details of this theory. 


YALE UNIVERSITY. 











INVARIANTIVE ASPECTS OF A TRANSFORMATION 
ON THE BRIOSCHI QUINTIC.' 


By RaymMonp GARVER. 


The transformation y = (ww-+4)/(Z-1w?— 8) as applied to the Brioschi 
normal quintic w'—10Zw*+45Z*w—Z* = 0 is of some importance, 
inasmuch as it leads to a simple proof of the theorem that any sufficiently 
general quintic equation can be reduced to the Brioschi form. The proof 
consists of three steps, the first of which is the setting up of the trans- 
formed equation in y. This is found to be y°+5ay?+5by+c = 0, where 
a,b,c are defined by the following equations, in which V is written for 
1728 — Z-}, 

Va = 8484+ w+ 7271p? 4+ Zu, 
(1) Vb = —A*4+-18Z72? 2+ ZA) + 277? wt, 
Ve = MP—1077 w+ 45771 ut + Z* py’. 


The second step is the identification of this transformed equation with 
a general principal quintic; that is, equations (1) must be solved for 4, uw, Z 
in terms of a,b,c. This solution is an interesting bit of algebraic mani- 
pulation; the only irrationality required is the square root of the dis- 
criminant of the general principal quintic. Details of the work are given 
by Dickson. Finally, the desired result follows, since any quintic can be 
reduced to principal form by a simple quadratic transformation, and since 
we know, on the basis of step two and a well known theorem on the 
reversibility of a rational transformation, that a transformation exists 
which will lead from any principal quintic, providing that it does not have 
a double root, to the Brioschi form. 

The first of these steps is worthy of attention, since the transformed 
equation cannot be set up very easily by any of the methods usually 
employed. Perron seems to have been the first to obtain it in a direct, 
convenient manner. Recently I gave a different presentation;* both it 





‘Received August 28, 1930. 

?The notation used here agrees with that of Dickson, Modern Algebraic Theories, 1926, 
pp. 242-247. In the Brioschi quintic, the constant term is not necessarily —Z?, but such 
choice is convenient here. In fact, any Brioschi quintic with a non-zero constant term 
can be reduced easily to this one-parameter form. 

* Algebra, vol. 2, 1927, pp. 209-216. Perron’s transformation is not identical with the 
one used here. 

* Bull. Am. Math. Soc., vol. 36 (1930), pp. 115-120. Here also will be found references 
to earlier articles on the same transformation, with brief comments. 
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and that of Perron require only a few simple, though perhaps novel, 
algebraic devices, in addition to procedure customarily used in transforming 
equations. 

The present paper is concerned with this same matter, but treats it 
from a somewhat different standpoint. Two different methods for the 
determination of the transformed equation are developed, the first being 
based on a general theorem of Hermite’ on Tschirnhaus transformations, 
the second on a similar theorem by Junker.® In the following statements, 
f(x,y) means the binary quintic form az*+ 5ba*y + 10ca2*y*?+ 10dz*y' 
+b5exyt+fy*, and /’ (a, y) means the derivative of f(x, y) with respect 
to x. The theorems are the following. 

HERMITE’Ss THEOREM. Jf f(x, 1) = 0 is transformed by 


(2) z= ty Fi (x, 1)+t G2 (x, 1)+%4; Ps (x, +h Gala, 1) 1 
f (@, 1) 

where yi(x, y) is a cubic covariant of f(x, y) of degree 9;, and where t; is 

a parameter, the transformed equation may be put in the form 





(3) Ao 2°+ Ay 2*+ Ay, 22+ As 2?+ Ayez+A; = 0, 


where Ag is the discriminant of f(x, y),® A; is identically zero and t* 2 other 
A; are homogeneous of the ith degree in t,, tz, ts, 44. Further, the coefficients 
of ti, tte, th ts, and so on, in Ao, of ti, ti t, and so on, in Ag, and the similar 
coefficients in the later terms, are all invariants of f(x,y). Finally, the 
coefficient of tit; in Ag is of degree 6:+06;+6, the coefficient of ti tj tk im 
A; is of degree 6;+6;+6.+5, and the coefficient of titjtkti in Ay is of 
degree 0;+6;+ 6,+06,+ 4.° 
JUNKER’S THEOREM. If f(x, 1) = 0 is transformed by 


5 g(a, 1) 
4 =e ele 
wd 7=F@l)’ 


> When complete references are not given here they may be found easily from page 326 
of my paper The Tschirnhaus transformation, published in these Annals, 2nd series, vol. 29 
(1928), pp. 319-333. 

°Die Verallgemeinerung der Hermiteschen Transformation in Zusammenhang mit der 
invariantentheoretischen Reduktion der Gleichungen, Kéln, 1887, 32 pages. I have applied 
this theorem to a problem in connection with quartic equations, in a paper to be published 
in the Tohoku Mathematical Journal. 

"Henceforth z will be used to represent the new unknown, since y is commonly used 
with x in the notation for binary forms. 

* This discriminant may be defined as a®f’ (a, 1)" (#2, 1)f' (as, IS" (ee, DS's, 1/5*, 
where the a; are the roots of f(x, 1) = 0. 

* The last two parts of this last sentence are due to Rabts, rather than to Hermite. 
84 
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where g(x, y) is a binary cubic form, the transformed equation may be put 
in form (3). The first_two coefficients are as in the above theorem, while 
the other A; are simultaneous invariants of f(a, y) and g(x, y), of degree 
8—i in the coefficients of f, and of degree i in the coefficients of g. In 
particular, as is easy to see, A, is the negative of the resultant of f and 9. 

The application of these theorems will be made a little easier if we 
set w = Zaz in the Brioschi quintic w°—10 Zw* +45 Z?7w—Z? = 0. 


This gives 

(5) ax®’—10aa°+45ar+f = 0, 

where a =1, f= —Z~*, These substitutions, however, are not to be 

made at present. The transformation to be applied to (5) may be written 
_ Ax+B 

(6) -_— a(a?— 8)’ 


where A = wZ!?, B=d, and z is written instead of the y of the first 
sentence of this article. We also note here that for the quintic form 


(7) ax®*—10 aa y*?+ 45 axy'+fy’* 
the invariants of degree indicated by the subscript reduce to 


I, = a®(f?—1728 a’), Ig = 0, Te = a? (f?—1728 0%)’, 
Tyg = a" f (f? — 1728 a’), 


All of these but the last can be computed easily from tables of invariants, 
which may be found in various places, while J,, may then be found by 
using the syzygy among the invariants, which takes a simple form when 


I; = 0. Also in this case the discriminant is known to equal J;, and com- 
5 


paring this with the general value a || J’ (ai, 1)/5° we obtain 
i=1 


(8) (a2—3) = (f?—1728 a*)/a?, 


a 


=. 


I 


i=1 


since f’ (x, 1) = 5a(xz*—3)*. Finally, we need to know the values taken 
by three of the covariants of a quintic form for (7). Indicating the degree 
by the first subscript and the order by the second, we find 


‘* Numerical factors have been dropped in writing these values. 

"That the sign has been chosen correctly in taking the square root can be seen by 
considering the case f = 0. For then 2? = 0, 22 = a? = 542(—5)"*, af = 2; 
= 5—2(—5)"™, and it is easy to see that the desired product must be negative, in fact, 
— 1728. Formula (8) can also be verified easily in other ways. 
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Co1 = a®(f?—1728 a’) 2, 
(9) Co.2 a’ cy" — 1728 a*) (a? — 3 y’), 
Cy = a*(f?—1728 a’) y (a*®—3 y*), 


? 


where these are, except for sign, the covariants of corresponding degree 
and order given in Cayley’s tables. 

Let us now apply to (5) a transformation of type (2), with 4, = 4A, 
tp = B, ts = te = 0, o: = 5C51 Coon, pe = 5C;8, and therefore 6, = 11, 
6, = 5. This transformation differs from (6) only in that a’(f?— 1728 a’), 
which we shall denote by k,, and a*(f*—1728 a®), which we shall denote 
by kg, appear with the A and B, respectively, of the numerator. Hermite’s 
theorem then tells us that the coefficients of A®, AB, B, (in Ay), A’, 
A*B, AB’, B®, (in As), A‘, A®°B, A? B®, AB*, Bt, (in Ay), are invariants 
of (7) of respective degrees 28, 22, 16, 38, 32, 26, 20, 48, 42, 36, 30, 24. 
This information is still too indefinite to determine the coefficients, but we 
may supplement it as follows. Keeping in mind that the transformation 
we are using is z= (Ak, x + Bh) (x? —3)/ a(x? —3)*, and that Ay/Ayp = > 222, 
As/Ay = —)>) 2; 2223, etc., we see that if Ay is taken equal to the discrimi- 
nant, or a*(f?—1728 a)? then A, will equal 


(10) a (Ak, #,+Bk,) (Ak,a,+Bk,) a(a2—8) a(a23—3) a(a?—3), 


multiplied by the product evaluated in (8). The summation is a symmetric 
function of degree not greater than two in any root of (5), and is there- 
fore a quadratic polynomial in the elementary symmetric functions of (5). 
This apparently introduces a? in the denominator, but in the present case 
one a must cancel into the numerator, since the evaluation of (10) does 
not lead to a term f?/a?, since it obviously does not require the evaluation 
Of (a x2 23 %4%5)%. Combining this last statement with the a* outside the 
summation in (10), which also enters in the later coefficients, the three a 
factors after the summation, which diminish in number in the later coef- 
ficients, and the product (8), which also enters in the later coefficients, 
Wwe may say that A, involves a*(f?—1728 a*). The expression for As 
is similar to (10), the summation containing three factors linear in x, and 
two quadratic, each carrying an a. Hence Ag will contain a*(/*— 1728 a’), 
and likewise A, will contain a(f?—1728 a*). Further, we see, from (10) 
and the expressions for A; and Ay, that the coefficient of A’B’, in As, 
As, or Ag, must contain kik. 

Thus finally, the coefficient of A®, in A,, must contain a'(f?—1728 a 
the coefficient of AB must contain a'*(f?—1728 a*)*, and so on; the 
reader may easily tabulate the other cases. Now using the values of the 

34* 


*)*, 
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invariants already listed, it requires only a small amount of calculation to 
conclude that the coefficients of A®?, AB, and so on, using the same order 
as the second sentence of the last paragraph, must be numerical multiples 
of Ibh, Isls, Int, Islet, Inlt, sli, Inlt, Inhi, ste li, inl, 
TsIi, T2127. The proper numerical factors must be determined by con- 
sidering one or more special cases, suitably chosen. 

However, the transformation we really wish to treat is (6), which does not 
have the k, and k, in the numerator. If (3) now represents the transformed 
equation resulting from (6) the A; will be those of the last paragraph, 
except that the coefficient of A* B/ in Ag, As or Ay will no longer have 
kikj as a factor. Further, (f?—1728a") appears as a common factor, 
and if now put a =1 we may conclude that, when Ay = /*— 1728, the 
new As, As, Ay must be of the forms c, A? + @fAB- cs B®, c.f A?+ cs, A°B 
+5 fAB*? + c B, cg A*+ cy fA® BH cy A? B?+ 4, fA B® + G4 Bt, respect- 
ively, where the c are constants. ‘To determine them, we take the special 
case f = — 24(3)"*, which gives 3”? as a triple root of (5), the other two 
roots being those of the quadratic z* +3 (3)!22+8—0. For this case (6) 
is, to be sure, not valid, but we may apply the transformation ¢ = 1/z 
= (x*— 3)/(Ax+ B), which leads to the transformed equation A, ¢°-+ A, ¢* 
+ A; t? + A, t?-+ Ap = 0. Three of the values ¢ takes on are zero, while for 
the other two the transformation reduces to ¢ = (— 3 (3)"?a—11)/(Ax-+ B). 
It then requires only a minute’s elementary algebra to find A,/As as the 
negative of the sum of the two non-vanishing ¢’s, and As/A, as their 
product. The first of these quotients has the value 
(11) 15(3)!? A—5B 

8 A* — 3(3)"? A B+ B®’ 
the second, 40 divided by the denominator of (11). Also A,/A,; must vanish 
for all values of A and B, since there is no non-zero product of three ¢’s; 
hence ¢, = ¢ = @ = 0. 

To complete the determination, we need the value of As, which has not 
been mentioned until just before (11). Its value is obtainable directly 


5 5 
from (6), since —A,/A, = I] Gz, + B)/T] (a}— 3). The denominator is 
i= t=1 


found in (8). The numerator, by definition, is the resultant of the left 
side of (5) and Ax+B. By a well-known theorem on resultants, this 
is equal to the negative of the resultant of the two polynomials taken in 
the opposite order, which gives at once the value 


(12) — B’+10B*A*— 45 BAt4+ fA 
for As, if Ag = f?— 1728. 


Taking a = 1, for convenience, but not making a substitution for /. 
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If we now put f= —24(3)"? in (12) we have the correct A, for our 
special case. The denominator of (11) must be multiplied by 


— [3(3)'? 4+ 9A? B+ 3(3)'? A B® + By 


to give this value, hence the numerator of (11) must be multiplied by the 
same polynomial to give the special value of A,. We find at once 
(sg = —135, co = 5, Co = —90, 1 = 0, Gs =— 5. In exactly the same 
way, ¢, = 5, cs = —360, co = 5, c; = —40. This completes the deter- 
mination of the transformed equation, and the coefficients are the same as 
those defined by (1) when A, B, and f are replaced by their values. 

To use Junker’s theorem, we apply (4) with g(x, y) = (Ax+ By) C2, 
which is transformation (6) with the right side multiplied by a‘*(f? — 1728 a’). 
If (3) denotes the transformed equation, with A, the discriminant, then 
A;, Ag, Ag, are simultaneous invariants of f(x, y) and g(x, y) of degree 
6,5,4 in a and f, and of degree 2,3,4 in the coefficients of g(x, y). 
However, g(x, y) involves A and B linearly, and a and / to the sixth degree; 
hence Ag, Ag, Ay are of degree 18, 23, 28 in a and jf, and of degree 2, 3, 4 
in A and B. Further, and this explains our choice of g(x, y), it is not 
difficult to show that, since g(x, y) is the product of a linear form Ax-+ By 
by a covariant of f(x, y), Az, As, Ay must be covariants of the form /(B,— A); 
the degree in A and B now becomes the order of the covariant. And by 
the same device used in the application of Hermite’s theorem we may 
deduce easily that A, must contain as a factor a!'(f?—1728a*)*®, A; must 
contain a\*(f?— 1728 a)‘, and A, must contain a'’(f*— 1728 a)’. 

Knowing now that each coefficient is a covariant of certain order and 
degree, and knowing a great deal about its form, we might expect to obtain 
its value almost immediately. This seems impractical, however, since the 
covariants of a quintic form are, in part, very long, and since we should 
have to consider all possible ways of forming covariants of the desired 
order and degree, at least to see whether they contain the necessary factors 

A satisfactory way of continuing is to employ the familiar theorem as 
to the weight of a covariant; A», As, 4, must have the respective weights 46, 
59, 72, where B is assigned the weight 1, and A the weight 0. Now any 
power of a multiplied by any power of (/?— 1728 a*) is certainly of even 
weight, and we may conclude that A, must have the form 


a (f?— 1728 a®)§ (ga B’+ofAB+oaA%), 
A; must have the form 
a'* ( f? — 1728 a*)*(c, aB®+ of AB*+c.aA*B+ fA), 
and A, must have the form 
a" (f®— 1728 a?)® (cq, a Bt+ of AB + Gad? B+ @fA® B+ cs aA‘). 
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The determination of the constants may be carried out just as in the ap- 
plication of Hermite’s theorem, since, as in that case, we can now see that 
transformation (6) must lead to a transformed equation with its A, equal 
to ¢; B?+efAB+ ¢ A’, its As equal to ¢ B’+ofAB* + cs A® B+ ofA, 
and its Ay equal to ¢2 Bt+ co, fAB*+ eo A® B’+ of A® B+ cg, At, provided 
a = 1, and Ay is taken as f? —1728. Junker’s theorem refers specifically 
to the constant term of the transformed equation, and is essentially what 
was used.in our previous determination of this coefficient. 

It may be worth mentioning that the A; following from the transformation 
of type (4) can, after its determination in the last paragraph, be shown 
to equal the covariant 5t4217Cs,3, where Cs,3 is the cubic covariant of 
third degree of Cayley’s tables, while A, is equal to — 5 Jy, 17/4 multiplied 
by a quartic covariant of the eighth degree which can be obtained by 
adding the product of the quadratic covariants of degree 2 and 6 to the 
product of C3,3 by the linear covariant of degree 5, the covariants being 
those of Cayley’s tables. 








ON THE IRREGULARITY OF CYCLIC MULTIPLE 
PLANES.' 


By Oscar ZARISKI. 


Introduction, 


The investigation, to which this paper is devoted, has been instigated by 
the theorem, proved in sections 9 and 10, to the effect that if f(x, y) 0 
is a plane algebraic curve the fundamental group of which, with respect 
to its carrying complex plane, is cyclic, then the algebraic surface 2” — f(z, y) 
is regular for any value of the positive integer n.* This suggests the 
problem of characterizing the plane algebraic curves f= 0, which give 
rise to ¢rregular cyclic multiple planes 2” = f(a, y) and which eo ipso can 
be considered as branch curves of non-cyclic multiple planes, since by the 
above theorem the fundamental group of such curves is not cyclic. This 
problem may be with reason restricted to the case of curves f = 0 
possessing nodes and cusps only, because these curves offer a sufficient 
degree of generality for most questions of the theory of algebraic surfaces 
involving the consideration of the branch curve of a surface, either from 
the topological or from the algebro-geometric point of view. The problem, 
thus restricted, is treated in sections 1-5, regardless of whether the curve 
J = 0 is irreducible or not. In these sections algebro-geometric and trans- 
cendental methods are used exclusively. The result arrived at (section 5) 
allows us to evaluate the irregularity of the considered surfaces in terms 
of the superabundances of certain linear systems of curves determined by 
the cusps of f as basis points. This result is then applied in sections 6 
and 7 to the case of an irreducible branch curve /, and leads to the com- 
plete classification of the corresponding irregular cyclic multiple planes. 
However, in the deduction a theorem proved in a previous paper of mine 
by means of purely topological considerations plays an essential role. 

This introduction would not be complete, if we did not call attention to 
the applications, relative to curves with cusps and nodes, which are derived 
in the course of the investigation. Particulary noteworthy is the theorem 
of section 6, which affirms that certain linear systems of curves having 


‘Received February 5, 1931. 

?We recall that the irregularity of an algebraic surface has a three-fold significance: 
(1) it is the difference p,—pa between the geometric and the arithmetic genus of the 
surface; (2) it denotes the number of distinct exact differentials of the first kind attached 
to the surface; (3) if multiplied by 2 it gives the linear connection index of the surface. 
A surface is regular, if its irregularity is zero. 
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their basis points at the cusps of an irreducible curve are regular, thus 
excluding the cusps of such a curve from having certain special positions 
in the plane, although there is nothing to prevent the ordinary double 
points of the curve from having the same special positions. For instance, 
the mentioned theorem says in part, that the linear system of curves of 
order m—4, passing through the cusps of an irreducible curve of order m, 
is always regular, whenever m>6. Nothing of the sort holds for ordinary 
double points, as is shown by the examples of curves of any order m, 
for which the series g?, cut out by the lines is not complete. 

As another application of the general results, we give for the first time 
several examples of Pliicker numbers which do not correspond to any 
existent algebraic curve, thus solving in the negative the well-known 
question of the existence of plane algebraic curves with given Pliickerian 
characters (see section 6). 

The last sections (9, 10) deal with the fundamental group of the branch 
curves of irregular cyclic multiple planes. The result shows definitely, on 
the basis of this quite general class of curves, that there exists a connection 
between the structure of the fundamental group of a curve and the position 
of the cusps of the curve. 

Throughout the paper the surface 2* = f(z, y) is considered, and the 
order of f is denoted by m. The cases n=m, n>m, n<m are treated 
separately. 

I. First case: m = n. 


1. We first consider the case m = n, and we proceed to evaluate the 
irregularity q of the surface F' given by the equation 


= S(e, y); 


where f(x, y) = 0 is a curve of order n possessing ordinary double points 
and cusps only. In order to evaluate q as the difference between the 
effective and the virtual dimensions of the complete linear system |¢n—4| 
of adjoint surfaces of F of order n—4, we must first determine the 
behaviour of the adjoint surfaces y,_4 at the singular points of F. The 
surface F has only isolated singularities, namely, double points at the 
double points of the branch curve f = 0. Let 0 be a double point of 
the curve /, which we may suppose to coincide with the origin of co- 


érdinates of the (x, y)-plane. We must express the condition that the 
double integral 


(1) [= ff 2 2&9) 4 2) a dy 


has a finite value for every analytical 2-cell containing the origin « = y = 0. 
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Let 0 be an ordinary double point of f. Since the required condition 
is of a differential character, it is permissible to replace f(x, y) by the 
product zy. The integral (1) becomes 


a g(z,y,2) , 


or putting « = tf", y = 1", 
I = n? [ y (t", s* tr) dtdt. 





This integral is certainly finite in the neighborhood of the origin ¢ = + = 0, 
y being a polynomial in x, y, z. We thus conclude that the singular points 
of the surface F arising from the ordinary double points of the curve f 
impose no conditions on the adjoint surfaces of F. 

Let 0 be a cusp of f. As above, it is now permissible to replace f(x, y) 
by the expression y?—2*. We have then to consider the integral (1) 
subject to the hypothesis that 2” = y?— 2’. 

We introduce two new independent variables w and v, as follows: 


(2) y—2 = yy y+ah? = o"; 
(2’) 2738. 4 = (y*— yn), 2y = u"+v", s = av. 


The transformed integral is, to within a constant factor, the following: 


JJfve, Y; 2)/Va-dudv, 


and it is necessary to express the condition that this integral is finite in 
the neighborhood of « = 0, v = 0. Now this integral is the sum of 
integrals of the type 


(3) J fare y' 2" dudv, 


where k,1,m are non negative integers. If k>0, the integral (3) is 
obviously finite, since, by (2’), the integrand is then zero at u—v=0. 
lf k =0, but 1>0, the integral (3) is still finite. In fact, it is sufficient 


to prove that the integral 
[far yau dv 
is finite. We have 


J[*yauav = Jf fae —wy dudvt ff wr duae, 


The first integral is of the form c f faduar, where c is a constant, and 


therefore is finite. In the second integral we set v = wt. The integral 
is transformed, to within a constant factor, into the following integral: 
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ffe- 1)-18 "7/8 du dt. 


It is obvious that this new integral is finite at «=O, ¢ arbitrary, not 
excepting the values of ¢ for which #*—1 = 0. For the direction 
t = v/u = @ we arrive at the same conclusion by using the trans- 
formation wu = vt. 

There remains to consider the integral 


[fa 9 (0, 0, 2) dudv, 
which is the sum of integrals of the type 


Jf ew u™ve™ dudv, m=O. 
We put again v = wt, and we obtain the following integral 


f i (f — 1)-28 y2m+1—nis gm dt du. 


In order that this last integral be finite at «— 0, ¢ arbitrary and finite, 
it is necessary and sufficient that 2m+1—n/3>—1, or m>n/6—1, 
or finally m => [n/6], where [n/6] denotes the maximum integer which is 
not greater than n/6. We thus conclude: the adjoint surfaces (x,y,z) =0 
of the surface F must satisfy at each cusp x = Xo, y = Yo the condition 
that the polynomial ¢ (a, Yo, 2) possess a zero of order [n/6] at 2 = 0. 

In geometric terms the last condition can be stated as follows: The 
system of adjoint surfaces of F of a given order is characterized by the 
requirement that it possess at each cusp (2% yo) of the curve f[n/6] infinitely 
near basis points in the direction of the line x = 2%, y = Yo: 

2. It follows from the preceding section that the postulation formula 
of the system |g, of the adjoint surfaces of F of a given order » is the 
following: 


(4) = (F9)—-1—n we), 


where k is the number of cusps of the branch curve f = 0, and 7” is the 


virtual dimension of the system. In particular, for y = n—4, we obtain 
the value of the arithmetic genus p,q of F: 





pa = ("5 ')—etn/6}. 


The effective dimension of the system |gya—s| is given by the formula 





—] 
'n—4 = Pg—l1 = ’ 3 )—1—z{[n/6]+4, 


where q is the irregularity of F, 
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We observe that the system |y,! of adjoint surfaces of order » of F 
cuts out in the plane (x, y) the complete system |C,! of curves of order 
passing through the cusps of the curve f. In fact, given any curve (, of 
the system, the cone which projects C, from the point at infinity on the 
z-axis is obviously an adjoint surface gy, of F. The adjoint surfaces 
yy Which are constrained to contain the (#, y) plane break up into this 
plane and into a residual surface gy, of order »—1 having at each 
cusp (x, yo) of f, [n/6]—1 (instead of [n/6]) coincident intersections with 
the line =a, y=yYo- Hence, if we denote by 7, and by 7, the 
effective dimensions of the systems |g,| and |g ,| respectively, the 
dimension e, of the complete system |C,! is given by the formula: 


(5) a, =7r,—7),—1. 


Denoting by 0, and by 0”, the differences between the effective and 
virtual dimensions of the systems |g,| and |y®,| respectively, we have 


,Y = i‘ s" —1—k[n/6]+4,, 


(6) 
ra = (27) —1— lng] 1} + 92s. 


Substituting into (5) we obtain: 
(7) Oy = "3 *)—1— 8, — 0. 


Denoting the superabundance of the system |C,| by sy, we deduce from (7) 
the following relation: 
(8) by = sy +0y4. 
We now may apply to the system |g ,| the same considerations as those 
which we have applied to the system |g,|. As before, the system | , | 
cuts out in the (~, y) plane the complete system |C,-1| determined by basis 
points at the cusps of /, provided [n/6]—1>0. The surfaces y{ ,, which 
are constrained to contain the (x, y) plane, break up into this plane and 
into a residual surface gy? , of order »—2, having at each cusp (2%, Yo) 
of the curve f, [n/6]—2 > 0 coincident intersections with the line x = 2, 
y¥=yo. Denoting by 6%» the difference between the effective and the 
virtual dimensions of the system |g®,| and by s,_, the superabundance 
of the system |C,1|, we shall have 

OF = syitdy2, 
and, by (8), 
(8’) by = 8y + 8y1+0y-2. 
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Repeating the same reasoning over again, we shall finally arrive at the 


relation: oie 
’ nN, 
(9) 6, = &, -h Sy-rt+e + Sv+1—{n/6] + Ov—In/6) 


where the last term denotes the difference between the two dimensions of 
the system of the surfaces of order » — [n/6], possessing no basis points 
at all, and hence vanishes when » —[n/6] =>—3. The formula (9) holds 
also if some of the systems |C,|, |Cy-1|, ---, |Cr+i—tmjey| cease to exist, 
provided the effective dimension of each missing system is put equal to —1, 
while the virtual dimension is always evaluated according to the postulation 
formula. The same rule should be applied to the evaluation of the last 
term of (9), whenever » —[n/6] becomes negative. 

Let us now apply the formula (9) to the case vy = n—4. In this case 
by = bn-4 = q, and GOP sates = 0, since n — 4 — [n/6] > — 3, if n>0. 
Hence | 
(10) = Sn—4+ Sn—5-+ °° + Sn—s—tn/e}; 


i.e., the irregularity of the surface F is given by the sum of the super- 
abundances of the systems |Cy—4|, |Cn—s|, --+, |Cn—s—tnj|, where |C,| is the 
system of the curves of order v in the (x, y)-plane having the cusps of f as 
basis points. 

An application. I have proved in a previous paper,’ that if the curve 
JF (x, y) = 0 is irreducible and if m is a power of a prime number, then 
the surface 2” — f(x, y) is regular. In view of the theorem proved 
above, we can affirm that if f(z, y) = 0 is an irreducible algebraic 
curve possessing ordinary double points and k cusps, and if the order of f 
is the power of a prime number, then the k cusps of f impose k independent 
conditions on the curves of any order v > n—3—[n/6] constrained to 
contain them. This is a particular case of a more general theorem, which 
will be proved in section 6. 


II. Second case: n>m. 


3. Ifm>m, then the line at infinity in the (x, y) plane is an (n—m)-fold 
line of the surface F. Moreover the n—™m tangent planes at a generic 
point of that line coincide with the plane at infinity. Hence in the first 
place the adjoint surfaces of F, apart from satisfying the conditions at 
the cusps derived in the preceding section, must pass through that line with 
the multiplicity n—m—1. But this additional condition is not sufficient 
to characterize the adjoint surfaces. In general it will happen that the 
adjoint surfaces will have to pass with certain multiplicities through other 


*“On the linear connection index of the algebraic surfaces 2” = f(x, y)”, Proceedings 
of the National Academy of Sciences, vol. 15, no. 6, June 1929. 
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base lines lying in the plane at infinity and infinitely near to the line at 
infinity in the (7, y) plane, according to a scheme which can be derived 
from the nature of the singularity at infinity of a generic plane section 
of F. At any rate the behaviour of the adjoint surfaces » of F at the 
line at infinity in the (7, y) plane is completely determined—except perhaps 
at a finite number of isolated singularities on that line—by the condition 
of cutting out on a generic plane of the space adjoint curves of the section 
of F by the same plane. This condition is expressed by the vanishing of 
several coefficients in the equation of an adjoint surface. We proceed 
to write down explicitly these relations. 

As far as the isolated singularities of the multiple line of F' are con- 
cerned, they are the intersections of that line with the branch curve /. 
It will be shown below that if—as we will suppose from now on—the branch 
curve f is in a generic position with respect to the line at infinity, namely 
if it intersects that line in m distinct points, then these points do not 
impose additional conditions on the adjoint surfaces of F. 

It will considerably simplify matters if we interchange the roles of the 
line at infinity and of the z-axis in the (x, y) plane. This can be done 
by simply interchanging the corresponding homogeneous coérdinates. With 
the same notation f(z, y) = 0 for the transformed equation of the branch 
curve, the transformed equation of the surface F' is the following: 


(11) 2 = y"™ f(a, y). 


Let g(x, y, 2) = 0 be the equation of an adjoint surface of F. We must 
express the condition that the curve 9(x, y, z2) = 0, where ~ is constant, 
is an adjoint curve of the curve 


a= y"™ fz, y); 


or, what is the same, that the abelian integral 


Pix ’ Z 
f ery dy 


Let cegy x* y® ef be the general term of the polynomial g(z,y,z). For 
a generic value of x we shall have f(z, 0) + 0, and hence the first term 
of the expansion of z in terms of y will contain y to the power (n—m)/n. 


In order that the integral 
ae ye aw 
jee dy 


be finite, it is therefore necessary and sufficient that &+-y(n—m)/n 
>(n—1) (n—m)/n—1, or 
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(12) nB+(n—m)y >(n—m—1) (n—1)—1. 


From this it follows in the first place that 8+y > n—m—1, which 
merely says that the z-axis is an (n—m-—1)-fold line of the adjoint 
surface y. Let 


(13) B+y = n—m—1-+9, 6 > 0. 
Replacing y by n—m—1+0—A8, we deduce from (12) that 
(14) B>n—m—(6+1) (n— m)/m—1. 


All the coefficients cagy, in which B does not satisfy (14), must vanish. 
Hence, if for a given value (13) of the sum 8+ 7 we denote by @, the 


minimum value of 8, then @, is given by the expression 
t= n—m—[(6 +1) (n — m)/m] , 


where [a] denotes the integral part of a, provided the right-hand member 
is >0. In the contrary case g,—0. Let 


(15) n—m = hm—m 
where A and m, are integers, and 0O<m<m. Then 
(15’) 0, = n—m—(O+1)h+[(6+1)m/m]. 


It will be noted that h>0O, since n>m. 
It is now easily shown that the above conditions are sufficient in order 
that the double integral 


J Jy (x, y, 2)/2" dx dy 


be finite at every point of the x-axis, including the points in which the 
x-axis meets the curve f(x, y) = 0. In fact, let us suppose that x = 0 
is such a point, so that f(0,0) 0. By hypothesis, the tangent to the 
curve f at the origin is distinct from the z-axis. Hence we may suppose 
that the tangent coincides with the axis x= 0. Dealing with a question 
of an essentially differential character, it is permissible to replace the 
polynomial f(x, y) by 2. We may then consider the integral 


p(x, y, z)dx dy 
guny A—M/y . 


If conditions (12) are satisfied, g/y"~”/" contains y in the denominator to 
a power less than 1. It is obvious then that, if we put «= ?, y=7", 
the transformed integral will be of the form 
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Ife (t, t)dtdr, 


where g(t, 7) is regular at t= r = 0. The original integral is therefore 
finite at r= y= 0. 

The adjoint surfaces of F are thus completely characterized by the 
condition (12), or (14), and by the additional conditions relative to the 
cusps of the curve /, which require that at a cusp (a, yo) of f the adjoint 
surfaces of F' should have [n/6] coincident intersections with the line 
L=%X%, Y= Yo- 

4. Having thus established the conditions for the adjoint surfaces of F, 
let us now consider the complete system |g,| of the adjoint surfaces of F, 
of a given order vy. Together with the system |g,! we shall have to 
consider in the sequel the system of all surfaces of order »—d (d a positive 
integer), which together with the plane z= 0 counted d times constitute 
adjoint surfaces g,. This system, necessarily complete, will be denoted 
by |y»—da|, where 2 denotes the plane z—0. This definition of the 
system |y,—dz| completely determines its basis. In particular, if d<[n/6}, 
then the surfaces y,—dza pass through the cusps of the curve / and 
have at each cusp (x, yo) [n/6]—d coincident intersections with the line 
“=X, Y= Yo. Let rg denote the virtual dimension of the system |y,—dz7. 
For d= 0, we will have 


(16) sk sks ("5 )-1— ha + — dln / 6, 


where k is the number of the cusps of jf, and k,, i; are certain constants, 
independent of ».4 As far as rg is concerned, d>0, we observe that 
when the order of the surfaces y,— dz is sufficiently high, ra and ra+i 
coincide with the effective dimensions of the systems |y,—d7|, |p» —(d+1)7|, 
and that then 74—7ra41—1 gives the dimension of the system of curves 

‘It is easily seen that k, = 3[(n —m—1) (n—1)+—1], where w@ is the h.c.d. of n 
and m. In fact, denoting by C a generic plane section of F, and by A the (multiple) 
point of C on the x-axis, k, is the number of conditions imposed by the multiple point A 
of C on the adjoint curves of C of a sufficiently high order. This number k, is equal to 
the diminution of the genus of C caused by the singularity at the point A. We have 
now only to observe that the function z defined by an equation of the type z2*=y"—” ¥ (y) 
has at y=0 a critical point, in the neighborhood of which the branches of z are 
permuted in « cycles of order n/u (and hence this critical point absorbs n— simple 
branch points of the function z), and that on the other hand this critical point must be con- 
sidered as the limit of n — m critical points of order n, which were brought into coincidence. 

The same value for k, is found by observing that k, = 4(m —m—1)(n—m)+00+0 
+++++0, ,, where @ g is defined by formula (15’). 
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cut out by the system |y,—dz| on the plane 7, outside the line y 0. 
Let us denote this system by |C®!. If og denotes the multiplicity, with 
which the generic surface of the system |y,—dz) passes through the 
line y = 0, we will have that 


order of c® = v—d— ay. 


The k cusps of the curve fare, or are not, basis points of the curves C®, 
according as d<[n/6] or d=>[n/6]. Now it is easily shown that in both 
cases the system |C@| is complete. In fact, let C® be any curve of the 
corresponding complete system, i.e. any curve of order »—d— oy, if 
d => [n/6], or any curve of order y — d — og passing through the k cusps, 
if d<[n/6]. It will be sufficient to show that there exists a surface 
y,— dn, which degenerates into the cone which projects the curve C® 
from the point at infinity on the z-axis and into the plane y = 0, counted oy 
times. In order to show this, let us recall the conditions for an adjoint 
surface y,, expressed by formula (14). This formula assigns a lower limit 
for the exponent of y in a term Cag, x* y? 2¥ of the equation of g,. This 
lower limit depends on the sum £-+-y, and as (14) shows, does not increase 
as B+y increases. 

If now in the equation g(x, y, z) = 0 of the surface gy, every term 
contains 2” as a factor, so that y = 24 9,, where y, = 0 is the equation 
of a surface y, — dz, the conditions on the coefficients of the polynomial ¢, 
will be of the same nature as those on the coefficients of y. Since the 
terms of lowest degree in g, are of degree og, these conditions will be 
certainly satisfied if all terms of gy, contain y as a factor. Hence any 
surface of order » —d is a yy — dz, if it degenerates into the plane y = 0 
counted oz times, provided of course that the residual component of the 
surface satisfies the conditions at the cusps of the branch curve f. Since 
the conditions at the cusps are certainly satisfied, if this residual component 
is a cone, which projects the curve C® in the plane (x, y) from the point 
at infinity of the z-axis, our assertion is proved. 

It is important to notice that this proof always holds, whenever the 
system |C| exists. We have then the following result, which will be of 
use in the sequel: every system |yy—dz| cuts out on the plane m(z = 0) 
the complete system of curves |C| of order v-—d— oa, defined above, 
provided the curves C® exist. 

The dimension of the system |C|, supposed regular, is s “ass *) —k-, 


if d<[n/6], and * — —1, if d>[n/6]. We thus deduce the 
following relations: 
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(17a) ra — rat4i—1 — (45 er) ag, if d < [n/6}, 
and 

— ania 9 
ah) %—rea—t = (’ yt), if d>[n/6). 


Let now 7a and rg+: denote the effective dimensions of the systems |y,—dz\, 
yy —(d+1)a| respectively, and let sz denote the superabundance of the 
system |C|. Supposing that d<[n/6], we will have 


y—d—og+2 


(18) 4—tann—1 = ( 9 )—1—k+ 84, 


since by the previous theorem the system |C! is complete. From (17a) 
and (18) we deduce 
(19) 174 ra — 44 ratit sa. 


Adding the relations (19) for d = 0,1, 2,---, [{n/6]—1, we arrive at 
the following formula: 
(20) Mo— VO = 8 +8 + 82+ +++ + Sryo—1 + (rio) — Tinie))- 


It should be noticed that the formula (18) and hence also (20) still hold 
if some of the linear systems whose characters occur in these formulas 
cease to exist, provided the actual dimension of a non-existent system is 
taken to be —1. For instance, if both systems |y,— da], |gy—(d+1)a| 
exist, but the system |C@] does not exist, the superabundance of C™| 
will be, by definition, a number such that the right-hand member of (18) 
is equal to —1, and therefore (18) becomes rg = ra4:, which is in agree- 
ment with the fact that in this case all the surfaces of the system |y,—d7| 
must contain the plane a as a component. Similarly, if the system 
lyv—(d+1)2| does not exist, i.e. if ra: = —1, then the formula (18) 
merely says that the dimension of the system |y,—dz| is equal to the 
dimension of the system |C|, which is obviously true. 

5. In order that formula (20) could be utilized it is necessary to evaluate 
the orders of the curves of the systems |C|, |C®|,---, | C”l-)|, and 
also to evaluate the difference rjnjo;—7{njo). We must also bear in mind 
that for each of the above systems of curves |C@) in the (a, y) plane, 
the basis is composed of the cusps of the curve /, and that the surfaces 
of the system |y,—[n/6]7| are not constrained to pass through the cusps 
of f and are defined solely by their behaviour along the line y= z= 0. 

We consider the system of curves |C| cut out on the plane 7 (z = 0) 
by the surfaces of the system |y,—dz| and we proceed to determine the 


order of the curves C®, We consider two cases: (a) d< n—2; (b)\d >n—2. 
35 
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(a) d<n—2. We determine a positive integer & such that 


(21) (h+1)8— [ Fete | 9 << d <(h+1) (8+ — [FE] 


—2, 
m 


where h and m, are integers defined in section 3(15). We also introduce 
the following expression, defined for every non-negative integer 0;: 


(22) o(d) = n—m—(04+1)h4+[EFDm |. 


In view of formula (15’) section 3, (0) = oy, if e(0) >0, and ey=0, 


if o0(0)<0. Since h > 1, m, <m, the function @(0) decreases as 0 increases. 


Since obviously 
o(m—1) = 0, 


it follows that for any 0d <m—1, (6) >0 and consequently 0(d) = gy. 
If d>>m—1, then 0(6)<0 and oy = 0. 
The inequalities (21) can now be written as follows: 





(23a) d+e(s—1)>n—m—1+(8—1); 
(23b) d+e(8)< n—m—1-+8. 


Since, by hypothesis, d << n—2, it follows from (23a) that 
B—1—e(—1)<m—1. 


Since d—o(d) is an increasing function of 6, and since its value for 
d = m—1 is m—1, the last inequality shows that 8 < m—1, and that 
consequently @(4) = e,. We will have a fortiori 


(23c) d+e,_,>n—m—1+(a—1), 


for any «<8. Now, recalling that @, , is the lowest power to which y 
may occur in any term ca“y’z° of the polynomial g,(z, y, 2) for which 
b-+c=n—m—1+(a@—1), we deduce from (23c) that if g, contains 
2” as a factor it cannot contain terms in which b-+c is less than 
n—m—1-+ 8. On the other hand (23b) shows that g, will contain 
terms of the lowest degree n—m—1+4 in y and z, and that consequently 
gv/z* will contain terms of lowest degree n—m—1-+—d in y and z. 
It follows that the surfaces of the system |y,—dz| pass through the 
line y= 2=0 with the multiplicity og = n—m—1i1+4—d, and that 
consequently 

(24) order of C® = y—d—og = v—n+m+1—A. 
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(b) d>n—2. It is easily seen that if d = n—2, the surfaces 9, —da 
do not pass through the line y= z = 0 and are, as a matter of fact, the 
most general surfaces of their order, since for the above value of d these 
surfaces are not constrained any more to pass through the cusps of the 
curve f(n—2 = [n/6], if n>1). In fact, if the polynomial ¢, contains 
"2 as a factor, then, for any term of y, we will have b-+-c = n—m—1+6, 
where necessarily 06 >m-—1. Since oy is zero for 6 > m~— 1, it follows 
that the polynomial g,/z@ can be taken arbitrarily. 

It follows that, for d= n—2, 


order of C® = »—d. 
The preceding considerations show that the systems 
(25) ||, |C®|, |C®|, ..., [ew 


distribute themselves into sets of consecutive systems all of order 
yv—n+m+1—8, where § runs from 0 to m—1. The system |C®| 
has the maximum order y—n-+m-+1, the last system |C~*| has the 
minimum order y—n-+2. How many consecutive systems of a given order 
y—n-+m+1—8 are there in the above set of systems? Obviously as many 
as there are non negative integers d satisfying the inequalities (21) for a given 


value of 8. This number is evidently equal to h-+ 1, if ja] — faz ym | 


n 


and 8+ 0, and is equal to h, if [~™] — [Sth | 1, or if 8 = 0. 


m 
If we define a symbol es, 0 < 8 < m—1, as follows: 


és = |, if os pr Deny and 8 + 0; 


es = 0, if [4] = [Erde |, or if 8 = 0, 


(26) 


we can say that the first h+-e) = h systems of the set (25) are all of 
order y—n-+m-+1, the following h-+ &, systems are all of order »—n-+m, 
ete, and that in general the number of systems in the set, of order 
v—n+m+1—B8, ish+eg. Since &m1 = 0, the last 4 systems of the 
set are of order y—n-+2. 

We now come back to the formula (20). Since [n/6]—1 is never 
greater than n—2, it follows that the [n/6] systems |C|, the super- 
abundances of which occur in the formula (20), are members of the set (25). 
We change slightly our notation in the sense that we will denote the super- 


35" 
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abundance of the system |C| not by sa but by s;, where the subscript ; 
is the order of the curves C. We will prove in a while that if vy > n—4, 
then 1{n/6) — TV in/6] = 0. 

In view of this, and with the above change of notation, we can reassert 
our result in the following statement: 

The difference 1) —10 between the effective and the virtual dimensions of the 
system |p,| of the adjoint surfaces of F of a given order v = n—A4, is equal 
to the sum of the first [n/6] terms of the series: 


(27) h Sy—n+m-+1 + (h + é1) Sy—ntm + (h + €2) Sy—n+m—1 +---+h Sy—n+2, 


where each term (h+ €g) Sy—ntm+i—p counts for h-+ eg terms of the series. 

We now have to prove the above assertion: 7{nj6;—7{njo) = 0. We 
consider the subadjoint surfaces yy of F of order v. The surfaces 9, are 
defined by the condition that they behave as the adjoint surfaces y, along 
the multiple line y = zg = O of F; they are however not constrained to 
pass through the isolated singularities of F’, i. e. through the double points 
and the cusps of f. Since likewise the surfaces of the system | y,—[n/6] 7| 
do not pass through the isolated singularities of F', it follows that this 
system coincides with the system |y,—[n/6]~|. Now the results of 
section 4, relative to the adjoint surfaces y, and to the surfaces 9,—d7, 
hold a fortiori for the subadjoint surfaces gy, and for the surfaces 9,—d7. 
Thus, if |C@|] denotes the system of curves cut out on the plane 7 by 
the system |y,—da|, |C| is a complete system. Also, if we denote 
by ra and rq the effective and the virtual dimension respectively of | g»—dz7\, 
and by sq the superabundance of |C|, we will have a formula analogous 
to (19): 

ra—Ta = (rays — Tats) +582. 


But now the system |C| is in effect the system of all curves of order 
v—d—cozg (the same as the order of the curve C™), and hence sg = 0, 
if »—d—og = —2. It follows that for any d, such that the order of 
the curves C® (or C®) is > —2, 


(28) Yo act aM = Ya+1 —— Td-+1- 


We saw above that for any d < [n/6]—1, the system |C@| is a member 
of the set (25), hence the order of C® is >vy—n+2. If theny >n—4, 
the formula (28) will certainly hold for d — [n/6]—1. Hence, recalling 
that the systems |y,— [n/6]7|, |g,—[n/6]a| coincide, we deduce that if 
y>n—4, 








<i) --. e .! 
To— Yo = T{n/61— V{n/6)- 
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To show that 7) = 7p it is sufficient, by a well-known theorem of 
Castelnuovo on linear systems of surfaces,° to show that the systems | y+. !, 
‘prt2|, ete. cut out on a generic plane of the space complete and regular 
linear systems of curves. Now, if » =>m—4, the above systems cut out 
on a generic plane » systems of adjoint curves of order > n— 3 of the 
corresponding plane section of F’, and these systems, as it is well known, 
are regular. The completeness of these systems is obvious, since given in 
the plane » an arbitrary adjoint curve C, of the plane section (F, o), 
a subadjoint surface g» of F', which cuts out on » the curve (,, is 
immediately obtained—for instance, by projecting the curve C, from the 
point at infinity on the x-axis. 

Our assertion: 7{n/j6)— 7{ne) = 0, if vy > n—4, is thus proved. 

The previous result, which gives the value of the difference between the 
effective and the virtual dimensions of the adjoint surfaces », of F, leads 
for vy = n— 4 to the following theorem: 

The irregularity of the surface F is equal to the sum of the first {n/6) 
terms of the sequence 


hsm—s, (a+ &)8m—s, (h+ 2) Sm—s,+--, (e+ €p) 8m—s—g, °°; 


where each product (h + €g) 8m—s—p is the symbol of h-+-€g consecutive terms 
all equal to sm—s—g, and where 8m—s—p is the superabundance of the system 
of curves of order m—3—B8 passing through the cusps of the branch 
curve f; h and ég are the numbers defined in (15) and (26). 


III. The conditions for the irregularity of F in the case 
of an irreducible branch curve /. 


6. In this section we will discuss the case in which the branch curve 
J (x, y) = 0 is irreducible. The result of the previous section, combined 
with the theorem of my Proceedings Note, quoted in section 2, will enable 
us to characterize completely the irreducible curves f possessing only nodes 
and cusps, which give rise to irregular cyclic multiple planes F’. 

If the curve / is irreducible, it is well known that sms = 0, so that 
the first h terms in the sequence (29) vanish. Let sm—s—; be the first 
superabundance in the sequence (29) which is not zero: sm—s—; >0, but 
for any B<j, Sm—s—p = 0. Then the surface F' is regular or irregular, 
according as the number of the terms of the sequence (29) which precede 





*G. Castelnuovo, Alcune proprieta fondamentali dei sistemi lineari di curve tracciate 
Sopra una superficie algebrica, Annali di Matematica pura ed applicata, series II, vol. XXxV, 
pp. 14-17 (1897), 
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(h + €)) sm—s—j is not or is less than |n/6]. Denote the difference between 
these two members by 2. Then it follows from the definition of the 
numbers ¢g (26) that 4 can be written in the following form 


(30) A = j(h+1)—[j m/m] —1—[n/6], 

and, as we have just observed, g = 0, if 4>0, and g>0, if4<0. Let 
(31a) n = 60+6 (0<0<6); 
(31b) jm, = hm+m, (0 < m<™m). 


If we multiply both members of (30) by 6 and recall that, by (15), 
n =(h+1)m—m, we deduce the following expression for 62: 


(32) 64 = (h+1) (67 — m) — 6h, +m +o—6. 


As n increases indefinitely, the curve f being given, / increases indefinitely, 
while all the other elements in the expression (32) of 64 are fixed, except o, 
which by (31a) is <6. It follows that for large values of n the sign 
of 64 will be the same as the sign of the difference 67—m. Let us 
suppose that m>6). Then, as x is sufficiently large, 64 will be always 
negative, and the surface 2” — f(x, y) will be always irregular. This 
contradicts the theorem, quoted in section 2, to the effect that if n is 
a power of a prime number, the surface 2* = f(z, y), (/ irreducible) is 
regular. It follows that m < 6). 

The geometric significance of this inequality can hardly be missed. It 
says in fact that, if f(~, y) = 0 is an irreducible curve of order m, pos- 
sessing nodes and cusps only, and if B denotes the maximum integer such 
that 68 <m, then the complete systems of curves of orders m — 4, m—5,--: 

--+,m—3—8, passing through the cusps of f, are regular. This theorem 
excludes in the first place the possibility of an irreducible curve / possessing 
such a large number of cusps that the virtual dimension of any of the 
above mentioned systems becomes less than —1. In the second place, 
it precludes the cusps of an irreducible curve from having such special 
positions in the plane that they do not impose ap conditions on 
the curves of orders listed above. 

Hence in the first place the number & of cusps of an irreducible curve 
of order m must satisfy the inequality 





because otherwise the virtual dimension of the system |Cn—s—s| would have 
been — 2. It is easily seen that when m is sufficiently large, the upper 
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limit for k given by (33) is much greater than the upper limit for k which 
can be derived arithmetically from the condition that the Pliickerian 
characters of the curve f should not be negative. Hence for large values 
of m the inequality (33) is trivial. But for certain small values of m, 
this inequality allows us to assign sets of 6 non-negative integers, which 
satisfy the Pliicker relations, and yet which are not the Pliickerian characters 
of any effectively existent curve, thus resolving in the negative the known 
question of the existence of curves with given Pliickerian characters.® For 
instance, there do not exist curves of order m = 7 with k = 11 cusps 
and no nodes (d = 0),’ although the remaining Pliickerian characters are 
not negative: m’ (class) = 9, 7 (number of flexes) = 17, ct (number of 
double tangents) = 7. This is an immediate consequence of the above 
general result. However, we give here in full the proof for this particular 
example, in order to illustrate the general considerations of the previous 
section. Suppose then that a curve f(z, y) = 0 of order 7, possessing 11 
cusps and no nodes, exists. We consider the surface 2’ — f(x,y). By 
my theorem, quoted above, this surface is regular. Now let us evaluate 
the irregularity of this surface as the difference between the geometric and 
the arithmetic genus of the surface. The adjoint surfaces of order 3 are 
cubic surfaces passing through the 11 cusps of f. Hence pa = 19—11 = 8. 
Since among these adjoint cubic surfaces there are those which degenerate 
into the plane (2, y) and into an arbitrary quadric surface, it follows that 
Pg = 9. Hence pg—pa>O0, which is impossible, since the surface is 
regular. 

There also does not exist a self-dual curve corresponding in the following 
values of the Pliicker numbers: m =m’ = 8, k=i=16, d=r=0.° 
Other examples of Pliicker numbers, which do not correspond to existent 
curves, are the following: 





(i) s= 18, mw =18; & 46, i= 61; d=0, +t = 55; 
(2) n= 19, m 24; k 106, 2 121; ad=0, ¢ = 85; 
(3) n= 25, m=27; k=191, i=197; d=0, «= 86. 


| 
| 
! 


See, for instance, S. Lefschetz, On the existence of loci with given singularities, Trans- 
actions of the American Mathematical Society, vol. 14 (1913), pp. 23-41, where a detailed 
and interesting discussion of this question may be found. See also, F. Enriques and 
0. Chisini, Lezioni sulla Teoria Geometrica delle Equazioni e delle Funzioni Algebriche, 
vol. 1, Chap. II, pp. 267-268. 

It will be noticed that such curves could not be reducible. The same remark applies 
to the other examples given below. 

‘If thus appears very natural that this and the preceding example should be the first 
instances of Pliickerian characters, for which the existence of corresponding curves is 
questioned by Lefschetz in his quoted paper. 
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As an application of the second consequence of the inequality m<6j, 
we quote the following examples: an irreducible curve of order 7 cannot 
have 9 cusps at the basis points of a pencil of cubics, or 10 cusps on 
a cubic; an irreducible curve of order 8 cannot have 12 cusps at the 
intersection of a cubic and an irreducible quartic curve, or 13 cusps on 
a cubic. 

It is convenient to express the above general result in the following 
form: If the cusps of an irreducible curve f of order m do not impose 
independent conditions on the curves of order m— 4, then m < 6; if the 
cusps do not impose independent conditions on the curves of order m—5, 
then m < 12; etc. That the upper limits 6, 12 etc. are attained, is shown 
by the examples of the curves f/?+/3 = 0 (sectics with 6 cusps on a 
conic), f2+/? = 0 (C,,’s with 24 cusps on a C, and a C;), ete. 

7. We now consider the two cases: m<.67 and m = 6). 

Let m<6j. We have from (31b), m = (jm,—me)/h,, and hence 


es J (6 hy —m) + me 


(34) 6j—m hh 





If 6h,—m, <0, then (32) shows that 64°>>—6, and hence 4 => 0. 
Let now 6h,—m, >0. We observe in the first place that since m,<™m, 
it follows that h,< j. Hence, from (34), 6j—m > 6h, —m and from (32), 


64>h(6h, —m,)+o—6 > —6, 


so that again 4>0. Thus, ifm< 6), the surface F is necessarily regular, 
Jor anyn = m. It is then evident that, under the same hypothesis, the 
surface F' will also be regular for any n<™m, because if, for a given n, 
say n = ,, the above surface is irregular, the surface will be necessarily 
irregular for any n which is a multiple of n,. In fact, if m = vm, and if 
we denote by F, and by F; the two surfaces 2" = f(x, y), 2°" = f(z, y) 
respectively, we see that F; can be represented upon the »-fold surface /;, 
and that hence the linear connection index of F, cannot be less than the 
linear connection index of F,. Since the linear connection index of a 
surface is twice its irregularity, our assertion follows. 

We see that the only possible irregular surfaces F' correspond to the 
case m = 67. Then hi = [j m,/m] = [m,/6], and (32) becomes 


6i = m, —6 [m,/6]—6-+ 6. 


This shows that 4<0, and hence that the surface F is irregular if, and 
only if, m, is divisible by 6. Since n = (h+1)m—my, n must also be 
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divisible by 6. If this condition is satisfied, o — 0 and we find that 
2, = —1, and hence that the irregularity of F does not depend on n 
and is equal to the superabundance s»—3—j;, which, by hypothesis, is 
different from zero. This result holds subject to the hypothesis n > m. We 
will prove below that it holds also for n< m. Hence we have the following 
theorem: 

If f(z, y) = 0 ts an irreducible curve of order m, possessing nodes and 
cusps only, the necessary and sufficient condition in order that the surface 
e” = flax, y) be irregular, is that m and n should be divisible by 6, and 
that, putting m = 67, the system | Cn—s—j| of the curves of order m—3—j 
passing through the cusps of the curve f should be superabundant. If these 
conditions are satisfied, the irregularity of the surface does not depend on n 
and is equal to the superabundance of the above system | Cn—s-—;|. 

8. We have proved the theorem, stated at the end of the previous section, 
subject to the hypothesis n >m. We now complete the proof, showing 
that it also holds when n<m. If n<m, and m is not divisible by 6, 


then the surface F, 
= SI (ez, Y); 


is regular: this was proved already in the preceding section. Now let m 
be divisible by 6. If is not divisible by 6, F is regular. In fact, let 
be a number such that nm, is not less than m and is not divisible by 6. 
Then by the above theorem, the surface F,, 


a1 = I (a, Y); 


is regular, and hence also the surface F, which is in (1, 2,) correspondence 
with F,, is regular. 

There remains to be considered the case in which m is divisible by 6. 
We know already that, if , is any integer such that 6, >m, the ir- 
regularity q of the surface 2" — f(z, y) is the same for all values of 7, 
namely, g = sm—s—;.. What we have to prove is that the same is true 
when 62,<m. 

It is obvious that it is sufficient to prove this for n,;—1. In fact, 
let m, be any integer such that 6,<_m, and let my be any integer such 
that 62,2 >m. Then the irregularity of the surface 2°" = f(z, y) is 
<q and is not less than the irregularity of the surface 2° = f(x,y). If 
we prove then that the irregularity of this last surface is exactly equal 
to q, it will follow that the irregularity of the surface 2" = f(x, y) is 
also equal to q: 

In the following proof it is convenient to take as a starting point the 
transcendental definition of the irregularity of an algebraic surface as the 
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number of distinct (independent) exact differentials of the first kind attached 
to the surface. In order to make proper use of this significance of the 
irregularity, we first proceed to prove the following lemma: 


An algebraic surface F, 
f= S(,; Y); 


of irregularity q, possesses q exact differentials of the first kind of the 


reduced type 
P(x, y)dx+ Q(x, y)dy 
2 : 





where « is an integer which satisfies the inequalities 0a <n—1, and 
where P(x, y) and Q(x, y) are polynomials in x and y. 

Proof. It is known® that an exact differential of the first kind attached 
to the surface F' is necessarily of the type 


Ro (x, y, z)dx+8o(a, y, 2) dy 


gr-l ? 





(35) 


where Ro (x,y, 2) and So(a, y, 2) are polynomials in x, y andz. We may 
suppose that Ry and S) are of degree »—1 at most in the variable z. 
We put 

Roz, Y; z) — Po (x, y) +P, (x, y)e+ sii + Prax, ye, 

So(x, y, 2) = Q(x, y+, yet --- +QrHAl@, ye", 
where P; and Q; are polynomials in x and y. The surface F goes into 


itself by the n —1 transformations a’ = a, y'= y, 2’ = oz (k=1,2,---,n—), 
where » is a primitive root of the equation z”—1. It follows that 


Ri (a, y, 2)dx+Sx(a, y, z)dy 


gn—l ? 





where 
Rx(x, y, 2) = Po a, y)+o* P, (x, y) z+---+ 0% P,_i(x, y) 2", 
Sx (a, Y; 2) = Qo (a, y)+ wk an (, y) e@+---+ ialiaes Qn—1 (x, y) , 


is also an exact differential of the first kind. Hence also, for a fixed J, 


n—1 n—1 
Pa oW Re(a, y, 2)\da+D) wo Sia, y, 2) dy 
0 


gr-l 








°E. Picard et G. Simart, Théorie des fonctions algébriques de deux variables indépen- 
dantes, vol. I, ch, V, p. 116, 
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is an exact differential of the first kind. Since 
1+ wot) aa wrt—)4+... + w%—De-—) 


is 0 or m according as 7+ 7 or i = Jj, the above linear combination of 
the » original differentials reduces to 


P(x, y) dx+Qj(x, y) dy 
(35') 9 Oe (5 =0,1, +--+, 2—1), 





which is of the reduced type. It follows in the first place that necessarily 
Py-i(az, y) and Qn-1(x, y) vanish identically, because otherwise we would 
have an exact differential of the first kind, P»—s(x, y) dw+Qn-i(a, y) dy, 
involving the independent variables only, which is impossible. Since the 
original exact differential (35) is a combination of the n—1 exact differ- 
entials (35'), it follows that any exact differential of the first kind attached 
to the surface F' depends on similar differentials of the reduced type, 
whence the Lemma follows. 

Let nm, and mz be two relatively prime integers such that 6, = m, 
6”, > m. Let us consider the surfaces F,, F2, given by the equations 


#,: ei = f(x, y); 
F;: eg" = f(x,y). 


The two surfaces have the same irregularity g. There will be q distinct 
exact differentials of the first kind and of the reduced type attached to 
the surface F;: 





(36) P2 (a, y) dz+Q? (x, y) dy ( ‘= 1,2, vies 

evi 0<aj<6n,—1)° 
Similarly there will be q distinct exact differentials of the first kind and 
of the reduced type attached to the surface Fy: 








P(x, y) dx+Q? (a, y) dy get pep ar ) 


36’ 
(36’) abs 0< 4 < 6m—1 


Now consider the surface F, given by the equation 


Zon" = f(x, y)- 


If we make in (36) the substitution z, = 2, we evidently obtain a set 
of g distinct exact differentials of the first kind attached to the surface F’. 
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Similarly, if in (36’) we make the substitution zo = 2, we obtain again 
a set of q distinct exact differentials of fhe first kind attached to the same 
surface F. Since the irregularity of F’ is still equal to q, the differentials 
of one set must be linear homogeneous combinations of the differentials 
of the other set. Equating the coefficients of dx and of dy we arrive 
at the following zdentities on the surface F: 


(2) (1) (1) (1) 
A a a 


= 


(37) Pim gui tals 
\”? ¥ (1) 
(x,y) _| (x, y) Q (x,y) 7 (x,y) 
eh at Se Pe Bat Fd ’ aie Re. Dads i 0 
(37') Bm C1j mins x C2j haa Ny +: + Cqj als Ne 


j = 1,2, +95), 


where the c's are constants. At least one of the two polynomials P*”, 

does not vanish identically. Suppose, for instance, that P{” does not 
vanish identically. If we multiply (37) by 2”? we obtain an algebraic 
equation in x, y, z, of degree less than 6, m2 in z, and since this equation 
must be satisfied by the function z, defined by the irreducible equation 
"2 — f(x, y), the first member of the equation must vanish identically 
in x, y and z. 

It follows that the exponent 4;, of z in the first term of (37) must 
be divisible by nz, since the exponents of z in each of the remaining terms 
are divisible by n,. Since by hypothesis m, and mz are relatively prime, 
it follows that 4; is divisible by n,. Putting 8; = Aj n2,(0<j <5) and 
Z = zx, we see immediately that the differentials (36’), which now can 
be written in the form 

Pw, y) dx+Q@ (x,y) dy 
Z45 


constitute a set of q distinct exact differentials of the first kind attached 


to the surface 
Z> = f(a, y). 


The irregularity of this surface is then at least q, and since it cannot 
be greater than q, it is exactly equal to g, which is what we had to prove. 
An example. A branch curve f of order m= 6j given by an equation 


of the type 
[aj (x, y+ [Wj (x, y)I = 0, 


where » and y are arbitrary polynomials of order 37 and 2) respectively, 
gives rise to irregular cyclic multiple planes F, 
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2" = [py (x, y PP +[yy (a, y)]°, 


having the same irregularity g = 1. In fact, the curve / possesses 6)* cusps, 
which are the intersections of the curves gy —0, w=—0. Consider the 
system = of curves Cm—s-; of order m—3—j = 5j—3 passing through 
the cusps of f. The superabundance of this system is equal to the index 
of speciality of the complete linear series cut out by the curves of the 
system on the curve w of order 27 outside the basis points of the system. 
This linear series is nothing else than the canonical series gf", where p is 
the genus of the curve y, for the system = contains curves which degenerate 
into the curve g and into an arbitrary curve of order 27—3. Hence the 
superabundance of = is equal to 1, which proves that the irregularity of 
the surface F is 1. An exact differential of the first kind attached to F 
is easily obtained. Putting 


— . — 
t= “~~ 9 = = ; 
ils Zz 





we will have 
(38) “w= 1—?#. 


The differential of the first kind dt/u, attached to the elliptic curve 
(38), is evidently an exact differential of the first kind attached to the 
surface F’, 


IV. A topological property of the branch curves of irregular 
cyclic multiple planes. 


9. The irreducible plane algebraic curves / distribute themselves, from the 
topological point of view, into two classes, according to the structure of 
the fundamental (Poincaré) group of the residual space with respect to / of 
its carrying complex projective plane (briefly: the fundamental group 
of f)..° The curves f of one class are those whose fundamental group 
is cyclic (in which case the group is necessarily finite, of order equal to 
the order of f); the curves of the second class are those whose fundamental 
group is not cyclic (in which case the group may be either a finite or 
an infinite discrete group). 

This classification of the plane algebraic curves is quite analogous to the 
classification of the closed curves of ordinary three-dimensional space into 
two types: unknotted and knotted curves. The cyclic multiple planes 
are the only algebraic surfaces which admit as branch curve a curve of 


See my paper “On the problem of existence of algebraic functions of two 
variables possessing a given branch curve”, American Journal of Math., Vol. LI, 2, 
April, 1929. 
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the first class, while the curves of the second class can always be taken 
as branch curves of non-cyclic multiple planes. 

As an application of the theorem of the section 7, we want to show 
that the irreducible branch curves f of irregular cyclic multiple planes, 
characterized in that theorem, possess a non-cyclic fundamental group. 
We shall thus have the following theorem: 

A sufficient condition in order that an irreducible algebraic curve f of 
order m = 6), possessing only nodes and cusps, should possess a non-cyclic 
fundamental group, is that the linear system |Cm—s—j;| of curves of order 
m—3— passing through the cusps of f should be superabundant. 

This theorem puts in evidence for the first time, by means of a quite 
general example, the connection which exists between the structure of the 
fundamental group of a plane algebraic curve and the special position of 
its cusps, as reflected in the value of the superabundance of the mentioned 
system of curves. 

Obviously, all we have to show, in order to prove the above theorem, 
is that: 

If the fundamental group of a plane irreducible algebraic curve f (x, y) = 0, 
in general position with respect to the line at infinity, is cyclic, then for every 
value of the positive integer n the surface 


: a = f(x,y) 
is regular. 


We devote the next section to the proof of this theorem. 

10. We point out that the total branch curve of the above surface con- 
sists, for a generic value of n, of the curve f and of the line at infinity. 
If we knew the fundamental group of this total (reducible) branch curve, 
we could easily determine the fundamental group of the surface. By adding 
then the commutativity relations between any pair of generators of the 
group, we should obtain a fundamental set of homologies for the surface, 
whence the value of the linear connection index and hence also of the 
irregularity of the surface would follow immediately. 

Let a be generic line in the plane (line at infinity). By hypothesis the 
curve f is in generic position with respect to a. It will be sufficient to 
require that a should meet f in m distinct points, where m is the order 
of f. Let G be the fundamental group of f. For the sake of generality 
we drop the hypothesis that @ is cyclic. We choose as generators of Gm 
non-intersecting loops 9, 92,---, gm in a line x = x = constant, which 
start from a fixed point 0 and which surround the m intersections of f 
with the line x =z. Then one generating relation is 


(39) 9: J2***9m = 1. 
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The other generating relations of @ are all of the type’! 
(40) = Iz 9 Ij: 


where i,j =1,2,---,m, and where gj is some element of the group @. 
There may be more than one relation (40) in a complete set of generating 
relations, corresponding to a given pair of indices ¢ and /. 

Let us now denote by G, the fundamental group of the reducible curve 
f+a. As generators of G, we may choose the generators g; of the group @ 
and a loop y in the line x = ~& starting from the point 0 and surrounding 
the intersection of the line a witha =z. As for the structure of G, we 
prove the following theorem: 

The generating relations (40) are also generating relations of G,. A complete 
set of generating relations of G, is obtained by adding to the relations (40) 
the following relations: 

(41) YG = Hi; (¢ = 1, 2,---, m) 


and by replacing (39) by the following: 


Y9:G2°** Gm = 7. 


We may suppose that the line a is parallel to the axis x. Let the equation 
of a be y=b, and let 4, Yo,---,Ym be the ordinates of the intersections 
of the curve f with the line xz. We mark in the plane of the complex 
variable y the m+1 points b, ¥1,---,Ym. AS Z varies, the points y1, Y2,-+-, Ym 
vary, while } remains fixed. Let A be a common point of a and f. The 
point A is an ordinary double point of the curve f+ a, at which one of 
the points y coincides with b. Let for instance y; =. The double 
point A yields the following generating relation: 


12 = N7- 


Now, instead of varying the line  — x and keeping fixed the line a, we 
keep the line x = 2 fixed and we vary the line a, starting from its original 
position and returning to it, keeping a always parallel to the axis of 2. 
Then, as long as in the course of the variation of the line a the variable 
point b in the plane of the variable y does not coincide with any of the 
fixed points y;, we can follow by continuity the variable loop y and arrange 
the deformation of the loops g; so that they never intersect. Let y and % 
be deformed into y’ and gj at the end of the variation of the line a. Then 


Yo = hi’. 


"See my paper quoted in the preceding section, p. 309. 
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the first class, while the curves of the second class can always be taken 
as branch curves of non-cyclic multiple planes. 

As an application of the theorem of the section 7, we want to show 
that the irreducible branch curves f of irregular cyclic multiple planes, 
characterized in that theorem, possess a non-cyclic fundamental group. 
We shall thus have the following theorem: 

A sufficient condition in order that an irreducible algebraic curve f of 
order m = 6), possessing only nodes and cusps, should possess a non-cyclic 
fundamental group, is that the linear system |Cm—s—;| of curves of order 
m—3—j passing through the cusps of f should be superabundant. 

This theorem puts in evidence for the first time, by means of a quite 
general example, the connection which exists between the structure of the 
fundamental group of a plane algebraic curve and the special position of 
its cusps, as reflected in the value of the superabundance of the mentioned 
system of curves. 

Obviously, all we have to show, in order to prove the above theorem, 
is that: 

If the fundamental group of a plane irreducible algebraic curve f(x, y) = 0, 
in general position with respect to the line at infinity, is cyclic, then for every 
value of the positive integer n the surface 


. = f(z, y) 
is regular. 


We devote the next section to the proof of this theorem. 

10. We point out that the total branch curve of the above surface con- 
sists, for a generic value of n, of the curve f and of the line at infinity. 
If we knew the fundamental group of this total (reducible) branch curve, 
we could easily determine the fundamental group of the surface. By adding 
then the commutativity relations between any pair of generators of the 
group, we should obtain a fundamental set of homologies for the surface, 
whence the value of the linear connection index and hence also of the 
irregularity of the surface would follow immediately. 

Let a be generic line in the plane (line at infinity). By hypothesis the 
curve f is in generic position with respect to a. It will be sufficient to 
require that a should meet f in m distinct points, where m is the order 
of f. Let @ be the fundamental group of f. For the sake of generality 
we drop the hypothesis that @ is cyclic. We choose as generators of Gm 
non-intersecting loops g:, g2,---, gm in a line x = x = constant, which 
start from a fixed point 0 and which surround the m intersections of / 
with the line x =z. Then one generating relation is 


(39) 9: 9J2***9m = 1. 
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The other generating relations of G are all of the type’ 
40) I = Iq* 959° 


where i,j =1,2,---,m, and where gy is some element of the group (@. 
There may be more than one relation (40) in a complete set of generating 
relations, corresponding to a given pair of indices 7 and /. 

Let us now denote by G, the fundamental group of the reducible curve 
f+a. As generators of G, we may choose the generators g; of the group @ 
and a loop y in the line « = z starting from the point 0 and surrounding 
the intersection of the line a witha = zx. As for the structure of G, we 
prove the following theorem: 

The generating relations (40) are also generating relations of G,. A complete 
set of generating relations of G is obtained by adding to the relations (40) 
the following relations: 

(41) 41Gi = GV; = 1, 2,--+, m) 


and by replacing (39) by the following: 


Y9G2°** Gm = 1. 


We may suppose that the line a is parallel to the axis x. Let the equation 
of a be y=b, and let 71, Y,---,Ym be the ordinates of the intersections 
of the curve f with the line x2. We mark in the plane of the complex 
variable y the m-+1 points b, ¥1,---, Ym. AS Z varies, the points y1, y2,---, Ym 
vary, while b remains fixed. Let A be a common point of a and f. The 
point A is an ordinary double point of the curve f-+a, at which one of 
the points y coincides with b. Let for instance y, =. The double 
point A yields the following generating relation: 


19 = N?- 


Now, instead of varying the line 2 — 2 and keeping fixed the line a, we 
keep the line « = z fixed and we vary the line a, starting from its original 
position and returning to it, keeping a always parallel to the axis of 2. 
Then, as long as in the course of the variation of the line a the variable 
point b in the plane of the variable y does not coincide with any of the 
fixed points y:, we can follow by continuity the variable loop y and arrange 
the deformation of the loops g; so that they never intersect. Let y and % 
be deformed into 7’ and gi at the end of the variation of the line a. Then 


Yo = Hy’. 


"See my paper quoted in the preceding section, p. 309. 
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Given any product I of the generators gi, which does not involve the 
generator g,, it is always possible to determine a closed path of the point } 
(and hence a corresponding cyclic variation of the line a), which does not 
cross the loop g; and such that y should be deformed into 7’ = ry r—, 
Since in this case we have gi = g, it follows: 


ry .g =g-TyT, 
or 
(42) y-TogT = '9,T-y, 


i. e., y 7s commutative with the transform of g, by any element I which is 
a product of the generators gz, Js, °+*; Jm- 

It is now easy to prove that if IF’ is any element of G,, then + is 
commutative with (I’)-1g, IZ". In fact: 

(a) First let I’ be an element of G, involving the generators gz, 93, +--+, gm 
and y. Then J” can be written in the form 


rT’ — r; yt Ty ys be T;, 


where I, Zz, ---, 7; involve only the generators gs, gs, ---,; gm, and 
where /,, k,,---,k; are positive or negative integers. Then observing 
that, by (42), £149, is commutative with any power of 7, we deduce 


yg tM =1,"..- ih ait: Mi, 


i.e. (I’)1g, Ir’ is equivalent to an element 7-'g, I, where I involves 
only the elements gs, 93,---, 9m, and hence is commutative with ;. 

(b) In order to prove that y is commutative with (I’)—g, I’, even if I” 
involves the generator g,, it is sufficient to prove that if this is true for 
a given element 7’, then it is also true for g,Z’ and I’g,. For JZ” 
this is evident, because (g, Z’)— g, (g, I’) = 1") 9,T"’. Nowlet l’” =I". 
Then, recalling that g; is commutative with y, we have 


PY Py = GCM GOT 91 = GLIA ETI, 
= i y(1") I; I’ 9, ws rg a”) I; I" g, —_— yr") gf", q. e, d. 


Now since fis an irreducible curve, the generators g,, gs, +++, Jm are COn- 
jugate elements of G,."* Since we have just proved that y is commutative 
with any element of G, which is the transform of g, by some element of G:, 
we deduce that y is commutative not only with g, but with all the 
generators gi, which proves (41). 





'2See may paper, quoted above, p. 309. 
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It remains to be proved that the relations (40) are also generating 
relations of G,. A relation of type (40) arises when the independent 
variable 2 turns around a critical point of the function y, so that the 
point y is carried into the point y;. Now if we consider the group G,, 
instead of G, the considered relation will have to be modified in the sense 
that factors y will have to be introduced in gj, which in (40) is a product 
of the generators g; only, without changing the number and the order of 
the factors gi. But since y is commutative with all the generators g;, the 
factors y will ultimately drop out, leaving the original relation unaltered. 

Let us now suppose that G is a cyclic group. Then G, is generated 
by 2 generators 4, g(= 9: = go = +++ = Ym), satisfying the two generating 
relations: 

Ag = qgA, Ag™ = 1. 


Since 4 = g~”, we deduce that G, is an infinite cyclic group 
—2 g—l 2 l 
nee oS “shee ** is 


But then it is obvious that the fundamental group of any cyclic multiple 
plane F’', 2” = f(x, y), possessing f and the line at infinity as total branch 
curve, is the identity. It follows that the surface F' is regular, which 
proves the theorem stated at the end of Section 9. 


36 














CRITICAL SETS OF AN ARBITRARY REAL ANALYTIC 
FUNCTION OF n VARIABLES.' 


By Artuur B. Brown.? 


1. Notations and hypotheses. Notations are as in an earlier paper.’ 
Notations in analysis situs are as in Lefschetz’s Colloquium Publication.‘ 
In particular, & denotes homology with division allowed, and R;(H) denotes 
the 7th Betti number of H. 

In this paper we treat the case where the critical points may form an 
arbitrary complex. This condition is satisfied by the critical points of an 
analytic function. A more general problem has been considered independently 
by Morse,® but with a different kind of treatment. In earlier papers con- 
tainiag results, for a function of variables, similar to those in Morse J, 
the broadest class of critical points treated is that of isolated critical points.° 

The hypotheses of the paper follow. 

A closed region R of the euclidean space of the variables x, x2, +++, Xn 
is given, bounded by regular (n —1)-spreads of class C®. A single-valued 
Junction f is given, real and analytic over R. Its inner normal derivative, 
at any boundary point, is negative. 

These hypotheses may be modified by dropping the condition that f be 
analytic, but requiring that f be of class C”; and that R can be covered 
by a complex of which the locus of all critical points is a sub-complex, 
and of which the locus f= c, for any critical value c, is a sub-complex. 

As in BI, page 259, we replace f by a function (again denoted by /) which is 
constant on the boundary of R, and greater there than at any interior point.’ 

‘Received November 12, 1930.—Presented to the Amer. Math. Society, October 25, 1930. 

? Part of the work on this paper was done while the author was a National Research Fellow. 

* A. B. Brown, Relations between the critical points of a real analytic function of » 
independent variables, Amer. Journ. Math., vol. 52 (1930), pp. 251-270. (BL) Prof. 
Morse called my attention to an omission in this paper. In the proof of Lemma 14 a motion 
is described which is said to be a deformation, but is not proved to be one. The results 
of this paper were originally presented in different form, with the proofs completely worked 
out. Morse has since obtained results regarding the neighborhood of an isolated critical 
point, which make available the material needed at the point in question. (Proc. Nat. 
Acad. Sci., vol. 15 (1930), pp. 777-779.) 

‘Solomon Lefschetz, Topology, New York, 1930. (Lefschetz I.) 

*See end of note 13. The first significant paper on the subject was Marston Morse’s, 
Relations between the critical points of a real function of n independent variables, Trans. 
Amer. Math. Soc., vol. 27 (1925), pp. 345-396. (Morse I.) 

® References to papers by Poincaré, Birkhoff, Morse and W. M. Whyburn are given in 
the author’s paper, Relations between the critical points and curves of a real analytic 
function of two independent variables, these Annals, vol. 31 (1930), pp. 449-456. (BIL) 

7Cf£. Morse I, pp. 394-396. 
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We shall assume that certain loci can be covered by complexes. For 
proofs, we refer to van der Waerden,® and Chap. VIII in Lefschetz I, for 
loci defined by analytic functions.®* Proofs for regular spreads, with certain 
singularities allowed, have been completed by S. S. Cairns.® 

The proofs and results in the present paper are valid when Betti numbers 
are considered either absolute or modulo p, p any prime greater than unity. 

2. Critical sets and their type numbers. Since the critical points 


n 
are defined by the vanishing of the function ) (6//82,)*, which is analytic 
i=1 


near the critical points, the locus of critical points is a complex, whose 
cells are regular and analytic.’ Hence / is constant over any connected 
part of the complex. An immediate consequence is the following. 

THEOREM 1. The number of critical values is finite. 

A critical set is a set of critical points all with the same critical value, 
having a neighborhood in which there are no other critical points.” 

If fis greater, on a given critical set K, than at all points of a certain 
neighborhood of K, K is called a locus of maximum. A locus of minimum 
is similarly defined. 

Let K be any critical set, with critical value c, and PD the locus of 
points in R at which f < c. The ith type number of K(i = 0, 1, ---, n) 
is the number of i-chains in a maximal set of i-chains on D whose boundaries 
do not meet K and which are independent’*® on D of i-chains which do not 
meet K**, It is denoted by M;(K). The following theorem follows at once 
from the definition. 


°B. L. van der Waerden, Topologische Begriindung des Kalkiils der abzthlenden Geometrie, 
Math. Annalen, vol. 102 (1929), pp. 337-362. 

** Detailed proofs will be given by B. 0. Koopman and the writer, in a later paper. 

°S. S. Cairns, The cellular division and approximation of regular spreads, Proc. Nat. 
Acad. Sci., vol. 16 (1930), pp. 488-491. 

See Lefschetz I, Chap. VIII. 

"This notation was used by W. M. Whyburn under much broader hypotheses. His 
critical sets are connected. (Bull. Amer. Math. Soc., vol. 35 (1929), pp. 701-708.) 

"Independence of chains will always refer to homologies. 

‘8 My original definition (cf. Theorem 3 and note 15) depended indirectly on the entire 
locus f Sc. Prof. Morse called my attention to this defect, and himself was the first to 
state and prove that under that definition (slightly modified), the type numbers are topo- 
logical invariants of the critical set and its neighborhood only in the locus fac. The 
definition given here was suggested independently by Prof. Lefschetz, to replace the original 
one. Cf. the definition of pseudocycle in Lefschetz I, Ch. VI, No. 36 ff A definition not 
essentially different from this was sent to me by Morse prior to the suggestion by Lefschetz, 
and applied by Morse to a more general case than that considered in this paper. (ADDED 
IN Proor:) Cf. M. Morse, “The critical points of a function of n variables”, Trans. Amer. 
Math. Soc., vol. 33 (1931), pp. 72-91. 
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THEOREM 2. The type numbers of K are topological invariants of K and 
any neighborhood of K in D (the locus f < ¢). 

3. Betti numbers of certain related complexes. The following 
lemma will be used a number of times. ‘It is a slight extension of Theorem 2 
in BI. 

Lemma A. Let K,, Ke be point sets, with K, > K,, such that there exists 
a deformation T of Ks over itself keeping K, on K, and deforming both into 
subsets of K,. Then any minimal base for & and the i-cycles on K, is also one 
for Kz; and any minimal base for © and the i-cycles on Kz, composed of i-cycles 
on K,, is also such a base for K,. 

Proof. The existence of 7 implies that every cycle on Ky is © one 
one K,. On the other hand let Ai; D/;30 on Ky. Then Ke DC, >T7;. 
Hence Ky D TCji41 > TI; 27%; that is, ;20 on K,. Therefore, if 
T;-¢0 on K,, it $80 on K,, which implies the first conclusion of the 
lemma. The second is proved in similar manner. 

The lemma is true also mod.m, m any integer greater than unity; and 
holds for ~ as well as &. 

4. Another evaluation of the type numbers. 

THEOREM 3. Let K be a critical set, with critical value c. Let D be a sim- 
plicial complex covering the locus f <c, and D' and D" regular subdivisions 
of D and D' respectively. Let N be the D'-neighborhood of K,'* N the closure 
of N, and C= N—N. Then M;i(K) = Ri(N; C).* 

Proof. The members of the set of 7-chains used in defining M;(K) can 
be deformed, by the Alexander-Veblen process, so as to consist of cells 
coinciding with cells of D”, and still have their boundaries on D— K. 
From the hypotheses on the original set of 7-chains, and the theorems 
about deformation,’® it is easily proved that a set of 7-cycles on NmodC 
is thus obtained which is a minimal base for % and such 7-cycles. Hence 
the theorem is true. 

THEOREM 4. If K, and Kz are critical sets having the same critical value, 
but having no points in common, then 


Mi(K,) + Mi(K:) = Mi (Kit kK), i= 0,1,---,2 


Proof. This follows from Theorem 3, since the N’s for two unconnected K’s 
are unconnected. 

5. Lemma l. Let e be a positive constant such that there is no critical 
value in the interval c—e < f<c; K the set of all critical points satis- 

The D’’-neighborhood of K is the locus of all cells of D’’ that have a vertex on K. 

In the earlier version this was the definition of type number. It was then proved 


only to be a topological invariant of K and the entire locus fSc. Cf. note 13. 
16 Cf. Lefschetz I, Chap. II. 
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fying f = ¢; E the locus of points in R satisfying f < c—e. Let Db” 
be taken so that NC D” — E, and B denote D”—N. Then any minimal 
base for & and i-cycles on E is also one for B. 

Proof. The locus D”— K can be deformed, by use of the orthogonal 
trajectories, onto EL so as to satisfy Lemma A. Hence the minimal base 
in question is likewise one for D”— K. Now D”—K can be deformed 
onto D” — N, again so as to satisfy Lemma A, since N is a normal neigh- 
borhood of K.'® Therefore, by Lemma A, the minimal base is also one 
for D” — N, which completes the proof.?" 

Lemma 2. Let K be any critical set; D, D” and N as defined in The- 
orem 3, and B= D"— WN. Then any minimal base for ~ and i-cycles 
on B is also one for D— K. 

Proof. The result follows from Lemma A, as in the last proof. 

Lemma 3. The Betti numbers of K, N and N are equal. 

Proof. The result follows from Lemma A, by use of the normal neigh- 
borhood. 

6. Changes in Betti numbers; new and dropped i-cycles. For 
an arbitrary critical set K, we use the notations of the previous sections. 
By the number of dropped i-cycles in passing from B to D we mean the 
number in a maximal set of independent 7-cycles on B each of which 
bounds on D. The number of new i-cycles denotes the number in a maximal 
set of i-cycles on D that are independent, on D, of the 7-cycles on B. 
These numbers are easily proved to be uniquely determined, hence are 
topological invariants. 

THEOREM 5. The type number M;(K) equals the sum of the number of 
dropped (i—1)-cycles and the number of new i-cycles, in passing from 
D—K to D. 

Proof. Let A’, tee, Ch, D‘ be defined as maximal sets of i-cycles ---, 
as in BI, p. 253 bottom and p. 256 top, but with N in this paper replacing A 
in BI. Then, in the notations of BI, 


(6.1) M,(K) = R, (WN; Cc) = aici 4+ i118 


as may be proved easily by the methods of BI. The proofs of Lemmas 2 
and 6 in BI show that the following are maximal independent sets of 


a-cycles: ee . 
(6.2) B’, Ci and C; constitute such a set on B; 
(6.3) A’, B’, Ci and D‘ constitute such a set on D. 





‘7 Under the alternative hypotheses (§ 1) the existence of certain of these minimal 
bases must be proved. This is done easily by use of Lemma A. 
8 Any undefined symbol, as cz’, is understood to equal zero. 
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THEOREM 2. The type numbers of K are topological invariants of K and 
any neighborhood of K in D (the locus f < ¢). 

3. Betti numbers of certain related complexes. The following 
lemma will be used a number of times. It is a slight extension of Theorem 2 
in BI. 

Lemma A. Let K,, Ke be point sets, with Kz > K,, such that there exists 
a deformation T of Kz over itself keeping K, on K, and deforming both into 
subsets of K,. Then any minimal base for % and the 1-cycles on K, is also one 
for Kz; and any minimal base for % and the 2-cycles on Kz, composed of i-cycles 
on K,, is also such a base for K,. 

Proof. The existence of 7 implies that every cycle on Ke is ¥ one 
one K,. On the other hand let A; D/;30 on Kg. Then Ke DC. -7;. 
Hence Ki D TCi41 > TT; 2 1;; that is, SO on K,. Therefore, if 
T;-k0 on K,, it $80 on Ky, which implies the first conclusion of the 
lemma. The second is proved in similar manner. 

The lemma is true also mod.m, m any integer greater than unity; and 
holds for ~ as well as &. 

4, Another evaluation of the type numbers. 

THEOREM 3. Let K be a critical set, with critical value c. Let D be a sim- 
plicial complex covering the locus f <c, and D' and D” regular subdivisions 
of D and D’ respectively. Let N be the D''-neighborhood of K,'* N the closure 
of N, and C= N—N. Then Mi(K) = R;(N; C).* 

Proof. The members of the set of z-chains used in defining M;(K) can 
be deformed, by the Alexander-Veblen process, so as to consist of cells 
coinciding with cells of D”, and still have their boundaries on D— K. 
From the hypotheses on the original set of z-chains, and the theorems 
about deformation,’® it is easily proved that a set of -cycles on NmodC 
is thus obtained which is a minimal base for and such 7-cycles, Hence 
the theorem is true. 

THEOREM 4. If K, and Kz are critical sets having the same critical value, 
but having no points in common, then 


Mi; (Ki) + Mi (Kp) = Mi(Ki+ Ky), t= 0,1,--+-,” 


Proof. This follows from Theorem 3, since the W’s for two unconnected K’s 
are unconnected. 

5. LemMA 1. Let e be a positive constant such that there is no critical 
value in the interval c—e < f<c; K the set of all critical points satis- 

The D’’-neighborhood of K is the locus of all cells of D’’ that have a vertex on K. 

In the earlier version this was the definition of type number. It was then proved 


only to be a topological invariant of K and the entire locus fc. Cf. note 13. 
6 Cf. Lefschetz I, Chap. II. 
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fying f = ¢; E the locus of points in R satisfying f < c—e. Let Db" 
be taken so that NC D” — E, and B denote D”—N. Then any minimal 
base for & and i-cycles on E is also one for B. 

Proof. The locus D”— K can be deformed, by use of the orthogonal 
trajectories, onto £ so as to satisfy Lemma A. Hence the minimal base 
in question is likewise one for D”— K. Now D”—K can be deformed 
onto D” — N, again so as to satisfy Lemma A, since N is a normal neigh- 
borhood of K.'® Therefore, by Lemma A, the minimal base is also one 
for D” — N, which completes the proof.'" 

Lemma 2. Let K be any critical set; D, D"” and N as defined in The- 
orem 3, and B= D"—N. Then any minimal base for & and i-cycles 
on B is also one for D— K. 

Proof. The result follows from Lemma A, as in the last proof. 

Lemma 3. The Betti numbers of K, N and N are equal. 

Proof. The result follows from Lemma A, by use of the normal neigh- 
borhood. 

6. Changes in Betti numbers; new and dropped i-cycles. For 
an arbitrary critical set K, we use the notations of the previous sections. 
By the number of dropped i-cycles in passing from B to D we mean the 
number in a maximal set of independent 7-cycles on B each of which 
bounds on D. The number of new i-cycles denotes the number in a maximal 
set of z-cycles on D that are independent, on D, of the 7-cycles on B. 
These numbers are easily proved to be uniquely determined, hence are 
topological invariants. 

THEOREM 5. The type number M;(K) equals the sum of the number of 
dropped (i—1)-cycles and the number of new i-cycles, in passing from 
D—K to D. 

Proof. Let A’,---, Cz, D’ be defined as maximal sets of i-cycles---, 
as in BI, p. 253 bottom and p. 256 top, but with NV in this paper replacing A 
in BI. Then, in the notations of BI, 


(6.1) M,(K) = R,(W; C) = aitcit +c, 


as may be proved easily by the methods of BI. The proofs of Lemmas 2 
and 6 in BI show that the following are maximal independent sets of 


i-cycles: ‘ee . 
(6.2) B', Ci and C; constitute such a set on B; 
(6.3) A‘, B’, Ci and D‘ constitute such a set on D. 


‘7 Under the alternative hypotheses (§ 1) the existence of certain of these minimal 
bases must be proved. This is done ated by use of Lemma A. 
‘8 Any undefined symbol, as cz’, is understood to equal zero. 
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From (6.2), (6.3), the relation cy = d', and the definition of C’ we 
infer that in passing from B to D the number of dropped 7-cycles is ¢’, 
and the number of new i-cycles is (a’+ 4-1). The theorem follows from 
Lemma 2, the preceding statement, and (6.1). 

7. Lemma 4, Jf there is no critical value in the interval c<f<cte, 
any minimal base for & and i-cycles on the locus f < ¢ is likewise such 
a base for the locus f<c+e. 

Proof. Let e, be a positive constant such that the locus e<f<cte, 
is in a normal neighborhood of the locus fc in the locus f<c-+e, 
We deform the locus c+e<f<c+e onto the locus f=c+e by use 
of the orthogonal trajectories, then deform the locus c<f< c+ e onto 
the locus f= c by means of the normal neighborhood. The result of the 
two deformations is one which carries the locus f< c+e onto the locus 
JS <c, while satisfying the hypotheses of Lemma A. Hence Lemma 4 is true. 

8. Relations between the critical points. 

THEOREM 6. Let c and e>O be constants such that c is the only critical 
value satisfying c—exfsete. Let J and E be the loci of points 
satisfying f <c+e and f < c—e respectively, and AR; = R;(J)—R;(£). 
Let AM; denote the ith type number of the set K of all critical points on 
the locus f= c. Let AL; and AH; denote the ith Betti numbers of the 
loct of minmum and maximum, respectively, for which f=c. Then the 
relations of Theorem7, below, hold where each symbol is replaced by the 
same symbol preceded by A. 

Proof. We shall use (6.1), which gives us 


(8.1) AM,=a@'+e71+c 4.7 


From Lemmas 1 and 4 we infer that 4. R; = R;(D)—R;(B), and thus 
from (6.2), (6.3), and the relation ci! = d‘, we have 


(8.2) AR,=a'+¢é — ed. 


For a locus of minimum taken as K, the corresponding C is vacuous, 
and N= K. It follows from the definition of a‘ that for the K of our 


hypotheses, 

(8.3) a>ALi, 2=0,1,-+°,% 
Finally we shall prove that 

(8.4) 4248. .., i=0,1,---,n—1. 


Let A denote the locus of maximum, N(4A) its D’-neighborhood, N(A) the 
closure of N(A). The cth Betti number of N(A) is 4H;, by Lemma 3. 
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or 


It follows from the Alexander duality theorem’ that if S denotes the 
n-space in which R is immersed (considered closed by a point at infinity), 
there are 4Hy-i1+6)—4n-1” independent non-bounding é-cycles on 
S—N(A); and they may be taken composed of cells of S providing S is 
regularly subdivided once. We assume that that is done, and keep the 
same notations. Since the Betti numbers of S are 6), i = 0,1, ---,»—1, 
we infer that there are just 4 H,~;1—4,-1 independent adi on 
S—N(A) each of which bounds on S, and these can be taken composed 
of cells of S. We denote such a set of i-cycles by Sj. 

Since A is a locus of maximum, N(A) contains a neighborhood of A 
in S, hence C contains the point set boundary of N(A) in S. Therefore 
if we take (¢+1)-chains composed of cells of S, bounded by the cycles 
of Si , the boundaries of the parts in N(A) of these chains will be 7-cycles 
of C. We denote the set of these i-cycles by Cy. They are likewise 
AHy-i-1— 5n—1 in number. Each cycle of C3 bounds on N, but all are 
independent on S— N(A) and also on B. For if they satisfied any homo- 
logy on S—N(A), or on B, the corresponding combination of 7-cycles 
of St would bound an (¢+1)-chain on S—N(A). Since the cycles of S; 
are on S—N(A), we could deform part of the (¢+1)-chain along the 
projecting curves of the normal neighborhood into S—N(A), without 
moving the cycles of Si. Hence the combination of cycles of Si in question 
would bound on S— N(A), a contradiction. We conclude that the cycles 
of Cz are independent on S— N(A) and on B. Ee 

Since they are independent on B and each of them bounds on JN, they 
can be counted in the set Ci. Thus (8.4) is proved, except that for 
i= n—1 we must establish the existence of one more cycle of the set Cu. 
Now the boundary of NV(A) is easily shown to determine an (n—1)-eycle 
which bounds on N and on S—N(A), but not on B. Since the new 
(n—1)-cycle bounds on S—N(A), and the cycles of Cz’ * are independent 
on S— N(A), it must be independent of them on B; for S—N(A) contains B. 
Hence (8.4) is valid for 7 =n—1, as well as for i= 0,1,---,n—2. 

We can now verify the relations of Theorem 7, with the symbols pre- 
ceded by A’s, very easily by use of (8.1), (8.2), (8.3) and (8.4), and the 
relations a” = c? = c?1 = 0. That a” = ct = 0 follows from the facts 


that NV does not cover S and that C contains no n-cells. If cy * were 
not zero, an (n—1)-cycle composed of cells of C would bound both on NV 


19 J, W. Alexander, A proof and extension of the Jordan-Brouwer separation theorem, 
Trans. Amer. Math. Soc., vol. 23 (1922), pp. 333-349. Other proofs have been given. The 
theorem holds for Betti numbers absolute or mod. m, as well as mod. 2 (Lefschetz I, 
Chap. IIT). 

20 Jj is one or zero according as i= or i +j. 











518 A. B, BROWN. 


and on B. The difference of two such bounded chains composed of cells 
of N and of B respectively, would then be a non-vacuous n-cycle composed 
of cells of D. That is impossible, since D does not cover 8. Therefore 
c’-1 == (), and the proof of Theorem 6 is complete. 

THEOREM 7. Let M; denote the sum of the ith type numbers of ail the 
connected critical sets of fin R. Let Ri, H;, Ly denote the ith Betti numbers 
of R, of the sum of all loci of maximum, and of the sum of all loci of 


minimum, respectively. Then the following relations (8.5), ---, (8.10) are 
valid. 
(8.5) M; 2 Ri+ Ait Ani, 


(8.6) M => Lit La—hau, +=0,1,---,n; 
(8.7) M; Lit Hn-i, a=0,1,---,n; 
k k 
(8.8) (—1)' > (-1))' M > (— 1 = (—1)' Ri + Bn—x-1, 
4=0 ‘= 
k= 0,1,-+-,n—1; 
k k—1 
(8.9) (—1¥ > (—-1') MG > (- 1 D (—1' Bi +L, 
¢== 0 1=0 
k= 0,1,-++,n—1; 
(8.10) > (-1'M = D (1) Ki. 
{=0 ¢=0 


Proof. Let us consider the changes in Betti numbers occuring when 
we pass from a locus f<a to a locus f<b, where a<b and neither 
is a critical value. According to Lemma 4 no changes occur unless there 
is a critical value between a and b. Therefore the zth Betti number of R 
is the sum of the 4A; appearing in Theorem 6, for all the critical values 
of f. Consequently relations (8.5), ---, (8.10) can be obtained by adding 
the corresponding relations with every symbol preceded by A (Theorem 6). 
Thus Theorem 7 is proved. 

9, The type numbers of the loci of minimum and of maximum. 

THEOREM 8, If K is a locus of minimum, its ith type number is Ri (K), 
i= 0,1, ---, n. 

Proof. By Theorem 3 it equals R;(N; C), with N and C as defined 
in § 4. Since K is a locus of minimum, N = K and Cis vacuous. Hence 
R;(N; C) = R(K), and the theorem follows. 

THEOREM 9. The type number My equals the number of parts in the sum 
of all loci of minimum. 

Proof. According to Theorem 8 it will be sufficient to show that 
a critical set K which does not contain a locus of minimum can contribute 
nothing to MM. We may assume that K is connected. According to 
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(6. 1.), Mp (K) = a®, the number of 0-cycles on N independent of those 
on C. Since K is not a locus of minimum, C is not vacuous, and is 
connected to K. Hence any point of N can be connected with C by 
a 1-cell on N. Therefore a® = 0, and the theorem is proved. 

THEOREM 10. Jf K is a locus of maximum, M;(K) = R,-i(K), 
¢= 0, 1, -+*, @ 

Proof. In this case C is the complete point-set boundary of N in S, 
since NV is a neighborhood of K in S. It follows that N and S—D are 
not connected, so that R;(S—B) = R;(N+S—D) = Ri(N)+ Ri (S—D). 
By the Alexander duality theorem we have 


Ri(D) = Rai (S—D)+ 65 — dn, 


3 i i ¢=0, 1, ---, n—1; 
R; (B) — Rn-i-1 (S—D)+ Rn-iaa (N) + do —dn-1, 


where the relations are seen to hold for 2 =, under the convention that 
R_, = 0 for any configuration. In the proof of Theorem 6 we showed 
that 4 R; = R;(D)—R;(B). From the relations above we infer that 
AR; = — Ry-i-1(N). By Lemma 3, N and K have the same Betti numbers. 
Therefore 

(9.1) AR; = — Rr-i-1(K), ¢= 0,1, ---+, 2. 


We shall now prove that ai = c, = 0, i= 0,1,---,m. That a’ =0 
follows easily from the facts that C is the complete boundary of N and 
that n-space (equals S minus point at infinity) contains no non-bounding 
cycles other than a single OQ-cell. Also ci, 0, for if an 7-cycle, say 


C;, composed of cells of C, bounds both on N and on B, the difference 
of two corresponding bounded chains composed of cells of D must form 
an ({+1)-eycle, which in turn bounds an (i+2)-chain composed of cells 
of S. The boundary of the part of the latter in N, less the (¢+ 1)-chain 
of N bounded by C3, is then an (¢+1)-chain of C bounded by (— C3). 
Thus C3 bounds on C. From the definition of cz it follows that cz = 0. 

Since a! = ci, = 0, from (6.1) and (8.2) we obtain the following relations. 





Os) Mi(K) = 6; 
(9.3) AR, = —¢. 


(The proof of (8.2) is valid for any critical set K.) We can now verify 
Theorem 10 very easily by use of (9.1), (9.2) and (9.3). 

THEOREM 11. The type number My equals the number of parts in the 
sum of all loci of maximum. 


37 
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and on B. The difference of two such bounded chains composed of cells 
of N and of B respectively, would then be a non-vacuous n-cycle composed 
of cells of D. That is impossible, since D does not cover S. Therefore 
ci! = 0, and the proof of Theorem 6 is complete. 

THEOREM 7. Let M; denote the sum of the ith type numbers of all the 
connected critical sets of fin R. Let Ri, Hi, Ly denote the ith Betti numbers 
of R, of the sum of all loci of maximum, and of the sum of all loci of 
minimum, respectively. Then the following relations (8.5), ---, (8.10) are 
valid. 


(8.5) M; => Ri+ Mit Mr-, 
7=0,1,---,n—1; 

(8.6) M > Lt+0iu—Ra, t1=0,1,---,n; 

(8.7) M; = Lit Ani, a=0,1,---,n; 


k 
(—1)*§ S) (—1¥ Ri + Ban-e-1, 


k 
(8.8) (—1* D (-1) M 
7=0 i=0 
k=0,1,---,n—1; 


IV 


k k—1 


(8.9) (—1)! pa (—1)' M > (—- 1 = (—1)' Ri+Lk, 
k=0,1,---,n—1; 
(8.10) > (—-1' Ms = D (—1)' Ri. 
7=0 i=0 


Proof. Let us consider the changes in Betti numbers occuring when 
we pass from a locus f<a to a locus f<b, where a<b and neither 
is a critical value. According to Lemma 4 no changes occur unless there 
is a critical value between a and b. Therefore the 7th Betti number of & 
is the sum of the 42; appearing in Theorem 6, for all the critical values 
of f. Consequently relations (8.5), ---, (8.10) can be obtained by adding 
the corresponding relations with every symbol preceded by 4 (Theorem 6). 
Thus Theorem 7 is proved. 

9, The type numbers of the loci of minimum and of maximum. 

THEOREM 8. If K is a locus of minimum, its ith type number is Ri (K), 
7=0,1,---, n. 

Proof. By Theorem 3 it equals R;(N; C), with N and C as defined 
in § 4. Since K is a locus of minimum, N = K and Cis vacuous. Hence 
Ri (N; C) = R;(K), and the theorem follows. 

THEOREM 9. The type number My equals the number of parts in the sum 
of all loci of minimum. 

Proof. According to Theorem 8 it will be sufficient to show that 
a critical set K which does not contain a locus of minimum can contribute 
nothing to MM). We may assume that K is connected. According to 
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(6. 1.), M)(K) = °, the number of 0-cycles on N independent of those 
on C. Since K is not a locus of minimum, C is not vacuous, and is 
connected to K. Hence “yg point of N can be connected with C by 
a 1-cell on NV. Therefore a® = 0, and the theorem is proved. 

THEOREM 10. Jf K is a locus of maximum, M;(K) = Ry-i(K), 
¢ = ©, 1, ++ +5 

Proof. In this case C is the complete point-set boundary of N in S, 
since N is a neighborhood of K in 8. It follows that N and S—D are 
not connected, so that R;(S—B) = R;(N+S—D) = Ri (N)+ Ri (S—D). 
By the Alexander duality theorem we have 


Rj (D) = = Ra (S—D) + J) — dn, 


7=0, 1, ---, n—1; 
R; (B) = — Rn-i-a (S—D) + Rn-iaa (NV) + db = &.<. 
where the relations are seen to hold for 2 = m, under the convention that 
R_.=0 for any configuration. In the proof of Theorem 6 we showed 
that dR; = R;(D)—R;(B). From the relations above we infer that 
AR; = — Rp-i-1(N). By Lemma 3, N and K have the same Betti numbers. 


Therefore 
(9.1) AR; = — Rr-i-1(K), += 0,1,---, mn. 
We shall now prove that at = c&% = 0, i= 0,1,---,n. That a'=0 


follows easily from the facts th C is the oueinhene boundary of N and 
that m-space (equals S minus point at infinity) contains no non-bounding 
cycles other than a single O-cell. Also ci, = 0, for if an 7-cycle, say 
C3, composed of cells of C, bounds both on N and on B, the difference 
of two corresponding bounded chains composed of cells of D must form 
an (¢-+1)-eycle, which in turn bounds an (2 + 2)-chain composed of cells 
of S. The boundary of the part of the latter in N, less the (¢-+1)-chain 
of N bounded by C3, is then an (¢+1)-chain of C bounded by (—Cs ;). 
Thus C3 bounds on C. From the definition of ci it follows that cz: = 0. 

Since a‘ = c, = 0, from (6.1) and (8.2) we obtain the following relations. 





(9.2) Mi (K) = ; 
(9.3) AR, = —¢. 


(The proof of (8.2) is valid for any critical set K.) We can now verify 
Theorem 10 very easily by use of (9.1), (9.2) and (9.3). 

THEOREM 11. The type number My equals the number of parts in the 
sum of all loci of maximum. 


37 
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Proof. According to Theorem 10 it will be sufficient to show that 
if K is a critical set not containing a locus of maximum, then M,,(K) = 0. 
We shall use (6.1), with 2 = n: 


(9.4) M,(K) = a+ertte, 


Now a” is zero, since N does not cover all of S. It remains to prove 
that cy = ch 1 = 0. 

Let Cj’ be any (n—1)-cycle on C composed of cells of D” (§ 4). 
If C/"* bounded on N, it would bound an n-chain, say A7, composed of 
cells of D’ in N. I say that if A? were not vacuous, the point-set 
boundary of the locus of Ai in S would be entirely on C. For if two 
n-cells of D” are given having a common vertex on K, they can be made 
end terms of a sequence of n-cells and (~—1)-cells alternating in order 
and all incident on the vertex in question. Since none of the (n—1)-cells 
could figure in the chain boundary of Aj, it follows that if one of the 
n-cells were in Aj then the other would also be in Aj. ‘Therefore the 
point-set boundary of Ay could have no points on N; and since it must 
be on N we conclude that it would be entirely on C, as was stated. 
Therefore there would be a locus of maximum in the interior part of the 
point-set locus of At; for A? would contain some cells of K, f= c on K, 
and f<c on C. The locus of maximum would be on K, since K contains 
all the critical points in N. Since this would contradict our assumption 
that K contains no locus of maximum, we infer that A; must be vacuous. 
Hence ©," cannot bound on WN if it is not vacuous. Consequently 
cyt = cr 1 = 0, as was to be proved. 

10. Remarks on the definition of type number. Let a critical 
set K be given, and a corresponding locus D, as defined in § 4. According 
to Theorem 5 M;(K) is the sum of the number of dropped (¢—1)-cycles 
and the number of new 7-cycles, in passing from D—K to D. It can 
be shown that the definitions of type number in the papers Morse I and 
BI lead to this same result. Consequently the definition of the present 
paper, when applied to the cases treated in those earlier papers, gives 
the same values to the type numbers. The same remark can be made 
regarding the paper BII. For in that paper the definitions of WM) and 
M;, have the forms of Theorems 9 and 11, respectively, of this paper. 
From the relation 

M,—M, + Me a Ro—Rh,+ Re, 


which holds in both cases, we infer that the definitions of M, are also 
equivalent. 


PRINCETON UNIveRsITy, CotumBIA UNIVeERsIry. 








ON COMPACT SPACES.* 


By Sotomon LEFSCHETZ. 


The chief purpose of the present paper is to give certain applications of 
the sequences of complexes approximating compact metric spaces introduced 
by Alexandroff.' From an important lemma regarding the complexes we 
derive anew certain deformation theorems of Alexandroff’s, then prove 
Menger’s immersion theorem and his surmise regarding a certain type of 
universal n-space.” The paper ends with the study of an interesting class 
of spaces defined by approximating sequences analogous to, but in general 
different from the Alexandroff sequences of complexes. 

The unavoidable link between dimensionality and combinatorial topology 
is the Lebesgue-Urysohn-Menger theorem on the order of covering sets. 
This theorem is all that we borrow from that theory. Aside from that, 
up to and including the universal space, we need only a few elementary 
properties of complexes. These are completely established in our Colloquium 
Lectures Topology, whose notations and terminology are used wherever 
practicable.* Indeed had we obtained our basic lemma early enough the 
present paper would have been incorporated in Ch. VII of the book after § 4. 

1. Let Z be a compact metric space, > — {F'*} a covering of L by 
a finite number of closed sets F*. With the covering there is associated 
a certain complex ®, the skeleton of =, introduced by Alexandroff,* as 
follows: There is a vertex A“ of @ for each F%, and a k-simplex 
6, = A® A% ... A% of @ for every intersection F“ F% --. F%* +0. 

*Received January 31, 1931. 

*These Annals vol. 30 (1928-29), pp. 101-187. 

*See Menger: Dimensionstheorie. As the present manuscript was practically finished 
there appeared a paper by Nobiling, Math. Ann., vol. 104 (1930), pp. 71-80, in which there 
is a different proof of the immersion theorem, and also a proof of the existence of another 
type of universal -space, likewise surmised by Menger. We show (No. 29) that this space 
contains one similar to our own, hence Ndbiling’s result follows from ours. For = 0 all 
these results coalesce and were established by Sierpitski; for n = 1 our results go back to 
Pr he also sketched a proof of the immersion theorem for m>1 but did not carry it 

rough. 

* We shall have occasion to consider only finite, simplicial complexes, no two cells of 
any complex K having the same vertices. The successive derived of K are denoted by 
K', K"’, ... the new vertices of K being the centroids of the carrying cells of K*~. 
The chief purpose of this last condition is to insure that mesh K®—>0 with 1/i. When 
Wwe state that KC S, we mean that its cells are simplexes of S,. 

‘The results of the present number are found in his paper already quoted. He uses 
the term “nerve” for ® but “skeleton” seems more descriptive. 
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® is the sum of the o’s and it is closed. The dimension m of ® is the 
order of =. It is characterized by the property that there are groups of 
n-+1 sets F, but no more, whose intersection + 0. 

Let F“% ... F“ = 0, and let P be any point of L. Since Z is compact 
the average of the distances d (F“, P) has a lower bound y>0. Since 
the total number of sets F is finite there is only a finite number of y’s, 
—let §(>0), be the least of them. § has the following important property: 
If any subset A of Z whose diameter <€& meets a group of F’s, their 
intersection +0. For the average distance from any point of A to one 
of the F’s is <&. 

Let >* = {F**} be an e-covering (d(F'*?) <<) of L, e<46&, and let 
@* be the skeleton of =*, with A** as its vertices. We associate with 
each A*? one of the vertices A* of ® belonging to an F' which meets F'*?. 
To the vertices of any o of ®* correspond those of a o of ®. From this 
follows immediately that by barycentric extension to the points of the 
simplexes, the correspondence defines a continuous single-valued simplicial 
transformation 7’ of ®* into ®. In the sequel we shall merely say “simplicial 
transformation”, it being understood that it is barycentric and single-valued. 

2. LEMMA. Given any -covering >*, € sufficiently small, there exists a simplicial 
transformation U of its skeleton ®* into the derived @’ of the skeleton © 
of >, such that if A* is any vertex of *, either T'-.A* coincides with U- A*, 
or else they are joined by an edge of ©’. 

To establish the first part it is only necessary to show that there exists 
a U transforming the vertices in the correct way. 

Consider one of the sets Ey = F%... F%— > FP... FPi+14+0, where 
the sum is extended to all the combinations of upper indices taken k+ 2 at 
a time. E, represents the part of F%..-#** which belongs to no similar 
set of more than k-++1 intersecting Z’s. The total number of £’s is finite 
and we designate them by Z;. The following properties are obvious: 

I. E,- = =0, 2 $j. 

Il. If E,1-E,+0, the F’s intersecting in EH}, include the same for En-1. 

3. From I, I plus an elementary induction we conclude that there may 
be associated with each Ej, a closed set Gj, whose points are not farther 
than §/4 from Ex and such that 

Il. EC Gt DGha, where, if Ghi1 is any term of the sum, 
E;.- Ents +0. 

IV. G meets no Gi, i +j, and the only sets Gai which it meets are 
those present in the sum in III. 

V. Gi. FE, =0 for k>h unless FE, = Ej. 

From HU, II, IV and from V follow respectively 

VI. If G,- Gi + 0, k>h, the F’s intersecting in Ei include the same for E,. 
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VII. The only F’s which G), meets are those intersecting in Ej. 

4. We will now prove the lemma for ¢< §/4 and also <1/2 the distance 
from any @ to a G or to an F which it does not meet. With « thus 
restricted we have: 

vin. tf F*?. F*7 $0, F*?. Gi $0, F'?. Gi40 then — 

h+k, say h<k, implies that the F’s intersecting in EZ, are included 
among the same for Ex; 

h=k implies i=h (if two F*’s intersect they cannot intersect two 
different G’s with the same subscript h). 

In particular a given #* can only meet one G, with given h and if it 
meets Gi, Gi, h<k, then the two G’s are related as above. 

IX. If F** meets Gj, the only sets F* which F*? can meet are those 
intersecting in Ey. 

Now for each Ey, we have a definite group F,..., F% intersecting 
in it. To their intersection there corresponds o, = A™.--A™ of @, 
and hence a unique vertex B? of ®’, on that simplex. 

Let now A*” be any vertex of ®* with its associated set F*”. Among 
the sets G, which F*” meets there is one with the highest subscript h 
and it is unique by VIII; let it be a? We will define as the transform 
of A*’ the vertex B? of @’ corresponding to Eg in the manner just 
described. Let 7 be the transformation of vertices thus defined. In order 
to be able to extend 7 barycentrically over ®*, and to have a single-valued 
transformation such as announced, all that is necessary is to show that 
if o, = A‘... A*7* ig any simplex of ®*, its vertices have for transforms 
the vertices of a simplex of ®’ (Topology p. 85). 

Since o, is a simplex of ®*, we have F*”... F*”*+0. Let then Gy 


correspond to F'*/* in the same manner as above. According to VIII if 
the h’s are in increasing order, we have that the F’s intersecting in Ey are 


included among the same for i+1. The first set of F’s determines a 9%, 
of ®, the second a o%,,,, and since the second set includes the first, 0, is 
a face of op, ,» or else coincides with it. As a consequence the simplexes 
o, constitute a mutually incident set and therefore the corresponding B’s 
are vertices of a simplex of ®’ (Topology, p.117). But these B’s are 
precisely the vertices 7'.A*”, so that the latter are actually the vertices 
of a simplex of ®’. The barycentric extension of 7’ to the whole of ®* 
is the required transformation. We shall also call it 7. 

5. We pass to the last part of the lemma. Let A = U-A*. If F, 
F* are the sets of = and =* associated especially with A and A*, we 
know that F* meets F. Therefore, by IX, F is one of the sets of = 
intersecting in E? . This implies that B = 7’ A* is a vertex of ®' on 
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a simplex of ® which has A for vertex. Owing to the structure of 0’, 
B is then on the closed star of A as to ©’ and either B = A or else 
AB is an edge of ©’. This completes the proof of the lemma. 


6. We will now consider a sequence of coverings {x¢} = { {F ia} where 
the mesh «; of S‘—0 with 1/7 monotonely and so rapidely that any two 
x‘, *1 are related like the two coverings of the lemma, with 7%, U‘ 
as the two associated transformations. We shall further restrict the «’s 
in a moment. ; 

Consider the sets EZ," such as in No. 3, corresponding to =‘. The set 
E;* is the intersection of a certain number of sets F’?, and these in turn 
are met by certain sets #7 (among which we include the sets F’? them- 
selves). Let V* be the open core of =F 7: 

Vie = L—(L—=F*). 
Evidently VE and hence d(E*“, L—V*“)>0. For a given i these 
distances are in finite number; if 4; is the least of them, we shall take 
€j41<.44%:. This is the other restriction on the e’s mentioned above. 

It is to be observed that from any {2*} whatever, whose «’s merely 
+0, we can extract a subsequence whose «’s are restricted in the present 
manner. For all practical purposes the subsequence can take everywhere 
the place of the initial sequence. 

We will now define a new space whose points are those of L and 
whose determining neighborhoods are the V’s. A neighborhood of a point P 
is a V*“ whose H**_)P. There is one and only one for each 7. Since 
the Fs whose sum is V*“ are not farther than «from Ei, d(V#) < 46. 
From this follows readily that the space just defined is identical with L. 

7. Let V“, Vi+48 be two neighborhoods of P. Since H+? intersects 
E* and since ¢41<4%, the F*+”s whose sum is V‘+4/ are on V™ and 
hence V*t48CV, We have then P = TV, 

Let o” be the simplex of ®’ corresponding to EF, that is whose 
vertices correspond to the sets F*_) EF and let N(o%) be the ®*-neighbor- 
hood of o’*, (= the sum of the simplexes of ®* having a vertex in common 
with o”), The simplexes of N(o*) correspond to the sets F*7 and their 
intersections. Since the sets F*+ whose sum is V‘+14 meet only the sets 
F* whose sum is V*, T%. N(g*+1.8)C N(o%), 

8. Given any point P of L there is a unique set EH’, say EH, carrying 
P and P = ME‘, Conversely if we have a sequence { H*} such that 
HE“ +0, since d(£‘)>0 with 1/i, 7H = P, a single point of L. 
If o corresponds to E** in @*, each N of {N(o%)} is projected onto its 
predecessor by the proper 7. A sequence of such N’s associated with 
a sequence of E’s whose intersection +0, is called a projection sequence 
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(= p.s.). The set of all p.s. and the points of ZL are in (1—1) 
correspondence. 

Let PC V*. The sets F’ through P are all included among the sets F’, 
and hence, if {N(o%*)} is the p.s. for P, oC N(e). Conversely if the 
latter condition is satisfied PC_ V. Thus the points of V are in (1—1) 
correspondence with the set of all p.s. {N(e*)} = Q such that o’? is 
a simplex of N(o**). Let W* designate the set of all p. s. {N(e‘)} such 
as just considered. Let us consider the Q’s as points of a new space &, 
with the W’s as the determining neighborhoods, where W* is a neigh- 
borhood of any Q’ = {N(o*)} whose ot = o, Between the points of L 
and & there is a (1—1) correspondence wherein V* and W* correspond 
to one another. Therefore & is homeomorphic to L.° 

9. So far nothing has been said concerning dim L. We now assume 
that L is an n-space. AS a Consequence, we can choose an infinite 
sequence {*} whose coverings are all of order n-+1 (Lebesgue-Urysohn- 
Menger). Assume then that such a choice has been made. One of the 
first and simplest applications of our lemma is the proof of certain mapping 
theorems brought out by Alexandroff. The first is expressed in terms of 
é-mapping. We understand by ¢-mapping » of Z onto a metric space L’ 
a continuous single-valued transformation of Z into L’, such that whatever 
the point Q of L’, d(w4Q)<e«. In speaking of ¢-deformation we shall 
understand that Z and the ®’s are on the Hilbert parallelotope , the 
®’s being constructed as in Topology p. 326. Then 

THEOREM. Necessary and sufficient conditions in order that L be an 
n-space, are that n be the least integer such that for every «>0, 

(a) L is e-mappable on an n-complex whathever €, or else, 
(b) L is e-deformable onto an n-complex over 9. 

10. We begin with a preliminary observation. Let K, K* be two 
complexes, K’, K*’, their first derived, and suppose that K = 7'- K*, 
T simplicial. Then K’ = 7’. K*’, where 7” is simplicial and transforms 
the cells of K* like T itself. Take indeed the 7” transforming the vertices 
of K* like 7, and the vertex of K*’, K’* on o* of K* into that of K’ 
on o= 7'-.o*, then extend 7’ barycentrically over K*’. The trans- 
formation thus obtained behaves manifestly as required. 

We need also the following property: Referring to the lemma and in 
the notations used in its proof, U-A* is on the star of 7’- A* relatively 
to®. Hence if o is any simplex of ®*, U-o is on the @-neighborhood 


*A space analogous to 2 has been considered by Alexandroff, loc. cit., but in his 
treatment the elements of the p.s. are simplexes, which requires that {2%} be a so-called 
subdivision sequence. The p.s. here introduced do not demand that and hence enable us 
to proceed more speedily. 
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of 7’-o, and therefore the closed @’-neighborhood of U-«o is on the 
closed @-neighborhood of 7'-c. 

11. When Z is an n-space we can assume that the ®’s are n-complexes. 
Let us write for convenience ®* for (®*), the kth derived of ®'. By 
repeated application of the lemma together with the second property in 
No. 10, we find that ®+**+1 is simplically transformable into ®* in such 
a manner that if {N(e)} is any p.s., N(o**), N (e+), --- are trans- 
formed into mutually inclusive subcomplexes of @", ©”, ..-. Owing to 
the structure of the V’s the diameter of the transform of N (¢**’) < 3 mesh O%, 
and hence > 0 with 1/7. Therefore the subcomplexes converge on a certain 
point Q of ®. Let 7; be the transformation of LZ into ®* carrying into 
Q the point P of LZ corresponding to the p.s. Through 7; two points, 
P, P’ corresponding to {N(e)}, {N(e")} go into points on a closed cell 
of M* provided that of N(e”) for 7 <i+k+1. Since mesh O* +0 
with 1/k, c; is continuous. Two points P, P’ of Z cannot have the same 
transform unless they belong to the same neighborhood V of No. 6. Hence 
if &; is the maximum diameter of V for 7 fixed, 7; is a §;-mapping of L 
onto the n-complex @*. Since §;— 0 with 1/2, we see that the condition 
of part (a) of the theorem is necessary. 

The sufficiency of (a), is proved as follows (Alexandroff loc. cit.): By 
what precedes since Z cannot be mapped on a complex of dimension <n, 
dim >n. Let mw be an e-mapping of Z onto K,. There exists an 
7>0 such that if Q,Q’ are points on K, not farther than y apart, 
#1(Q+Q’) is of diameter <<2e+y7. Replace K, by a simplicial sub- 
division, still to be called K,, and so chosen that its first derived Ky is 
of mesh <7/2. Then the system {s“}, of the closed stars of the vertices 
of Ky relatively to Kn, is an y-covering of Ky whose order is n. Now 
the system {w—!s*} is a 3«-covering of Ky whose order is likewise n. 
Since such a covering exists for every «, dim Z <n, hence dim L =n. 
This proves part (a) of the theorem. 

Regarding part (b) it is readily seen that if P is any point of 
L, d(P,uP)—>0 with 1/7, and hence, for 7 large enough, mw is an ¢-de- 
formation. The converse of (b) follows from the fact that when L is 
é-deformable onto Ky it is y-mappable onto it, where 7-0 with «. 

12. Remark. The transformation rj = Uj; --- Uisj-2 Ui+j-1 represents 
a simplicial transformation of ®*+/ into @¥ guch that 4% = tyti4;. If 
P,Q are points of L or @/, the points t; P, 1 Q of @ are called their 
projections on @*, 

13. We shall need the following elementary properties: 

(a) Let Ky be an n-complex and A’, ---, A% its vertices. Given q arbitrary 
points B’,---, BY of Sen41 we can construct a K;* on Sonsa having the 
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same structure as K, and such that if A™ is the vertex of K; corre- 
sponding to A’, every A*? is in a prescribed neighborhood of B’. 

Proof. Choose g arbitrary points A** in S,41 and take all simplexes 
A*i... A*J such that A*’--- A/ is a simplex of Ke,. Their totality will 
fail to add up to a complex having the structure of K, when and only 
when the A*’s satisfy certain algebraic equations in finite number. Hence 
in any vicinity of qg points of S2,+4: there are groups of q points not 
restricted like the special groups. 


(b) If KnC_S; has for mesh 7, its derived Ky, has its mesh < 4 (1 oer + ‘ 


Proof. It is sufficient to take for Ky aon. Now the diameter of a o 
is equal to the length of its longest edge. For in the first place, given 
a segment on a convex polyhedral region of S, there is one at least as 
long, parallel to it and with an end point at a vertex. Hence the longest 
segment will be issued from a vertex. But in a triangle ABC the length 
of any segment issued from A is included between AB and AC. Hence 
in a o with A for vertex the longest segment issued from A will be on 
the boundary of o, hence on a o of lower dimension. Therefore by in- 
duction it is proved that d(o) = the longest edge of o. 

Now if @ is the centroid of o and AB the segment through G joining 
the vertex A to the opposite face, G divides AB in the ratio 1 to n. 

1 


Therefore AG, BG <d(o)- (1-5). This implies property (b) for o 


and hence for K. 

14. THE IMMERSION THEOREM. very compact metric n-space can be 
mapped topologically on an Son41 (Menger). 

The proof rests on the construction of a sequence {¥#*} where %#* is 
a complex on a fixed So»; whose structure is that of ©’, and with the 
following properties: Let o*, N(o‘), 7%, etc., apply now to the ¥’s as 
before to the @’s. There exists on Soni a neighborhood M(o*) of N(c*) 
whose points are not farther than »; from N(e*) and such that: 

I. aS & <(I-) “te where «; is the mesh of ¥*; 

Il. if N(o’) - N(e") = 0, likewise N(o') - N(a”) = 0; 

III. if of = TJ. Gttt, N(a*) DT N (ott), 

From the construction of the ®’s in terms of the coverings follows that 
no two cells of @‘ have the same vertices. We can therefore construct ¥* 
as required. Suppose now that we have already constructed every “/ up 
to the index 7. Let #” designate the derived of #* and let 7”, U” denote 
the simplicial transformation of O°*? into us and #” whereby each vertex s 
of ®* goes into the images of 7" A‘** and U‘ A’*™* on ¥" and apt 
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By No. 13a, we can construct 4** with the structure of ®*+ and such 
that every Bi+1 is not farther than ¢; from the corresponding U” A‘, 
Then if o** is any cell of @+1, for ¢; small enough, its image o+ will 
be as near as we please to Uo", and hence, referring to No. 10, 
N(e‘+1) will be as near as we please to N(7"-g”*') where the two 
N’s are respectively ¥- and ¥%*+1-neighborhoods. 


It follows that for suitably small ¢;, NV ade Y al NT". gf"). and &14 
i cal ‘ 1 
will differ as little as we please from i—— Ej. 


Therefore we can fulfill condition I as regards «41, then choose 
ni41 <€41 and at all events so small that N(o*’)CRN(T" +o"), thus 
complying with III, and also so small that II holds. The required con- 
struction of the #’s is thus completed. 

We now apply the term p.s. to the image of a p. s. made up of sub- 
complexes of the #’s. If {N(o%)} is a p.s., according to I, d(N (64) 
and hence also d(%(o*))>0 with (1/2). Therefore, by III, X(o*) con- 
verges on a point P* of Sonii. We designate by L* the set of all 
points P*, 

Consider L* as a space whose defining neighborhoods are L* - %(0), 
the latter being a neighborhood for every P* associated with it in the 
preceding manner (Jt is member of a sequence > P*). The association 
of P* defined by {N(o)} with Q = {N(e*)} is a (1 —1) correspondence 
between ZL* and the space LZ of No. 8, in which as a consequence of II, 
W* and L*-2(o) correspond to one another point for point. Therefore 
Zi and L* are homeomorphic, and so are Z and L*. Since L* C Snt+, 
this proves Menger’s immersion theorem. 

15. We shall now transfer to the relations between the ¥’s and L* 
the terminology of the Remark No. 12, In particular the 7’s are now 
projections of L* and 4 onto 4%. Now it is apparent that the preceding 
construction of Z* could be modified as follows: Replace #1 by (¥#1)¥T» 
and #? by WW, Then the neighborhoods N(o) being chosen with their 
points never farther from o than, say, three times its diameter, we would 
obtain an L* such that no point is farther than three times the mesh of 
(#1) from its projection on #1, Since that mesh >0 with 1/j, and 
since %’ can be replaced by any %* we have: 

THEOREM. There exists a topological image L* of L on Son41 such that 
no point is farther than an assigned «>0 from its projection on ¥". 

16. Universal n-space. The term “universal space” is now in general 
use in the following sense: Given a class {Rt} of metric sets or spaces, 
if there exists a member MR, of the class such that every R can be topo- 
logically mapped on Ro, the latter is said to be a universal set or space 
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for the whole class. The class to be considered here is that of all 
compact metric n-spaces and we propose to construct a universal n-space 
for that class. 

17. Let G be a point-set coincident with a subcomplex of K,. The 
sum J of all cells of K with a vertex on @ is an open subcomplex of 
K, the K-neighborhood of G. We have already considered such an N in 
No. 7, when @ consists of a single closed cell. If G has the property 
that every cell of K with all its vertices on G is a cell of G, N is said 
to be a normal neighborhood. An equivalent property is that every 
cell of N—G@ has some vertex CG. When N is normal through every 
point P of N—G@ there passes a unique segment QR, on the same 
simplex o of K as the point, with Q on Gand FR on the boundary of NV. 
Q is on the face of o on G, R on the opposite face; both points vary 
continuously when P so varies on N—G. The segment QF is the 
projecting segment of P relatively to N, Q and R& the projections of Pron G 
and on the boundary of N. As regards the boundary of N it is the sum 
of the faces of the simplexes of N without vertices on G. 

In the sequel the neighborhoods to be considered are K’-neighborhoods of 
a subcomplex of K and these are always normal (Topology p. 91). The 
preceding situation will then hold automatically. 

18. We introduce an infinite sequence {K24+:} defined as follows:— 
(a) Kanes is a G11; (b) if Kn is the sum of the closed n-cells of Kes 
then Kiri, is the closure of the (Kin+1)-neighborhood of Ki. Setting 


A=ill Kin = > En, 


we shall show that 4 is a universal compact n-space. This space, obviously 
compact, differs only from the one announced by Menger in that in his 
construction our simplexes are replaced by parallelotopes. As a tage 
of fact, with insignificant modifications, our discussion would hold if {K2n+1} 
were any sequence of convex complexes, each a subdivision of its pre- 
decessor, their mesh >0 with 1/7. However the sequence here adopted 
is decidedly the most convenient. 

19. We will establish the universal space property of 4 independently of 
the considerations of this number. Granting that result it is a simple matter 
to show that 4 is an n-space. For if LZ, L’ are compact metric spaces 
and L'("L, we have dim L' < dim LZ. This is indeed an immediate con- 
Sequence of the Urysohn-Menger definition plus an elementary recurrence. 
Since 4 contains compact metric sapanes, dim4>n. On the other 
hand, if ¢; is the mesh of Kins, Kit, can be &- -deformed into Ky by 
sliding its points along the projecting segments of the (Kins) -neighborhood 
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of Ki. Since 4C Kitts, 4 is thus ¢;-deformable onto a Ky, and as ¢;>0 
with 1/i, dim-4 < n, and hence = n. 

20. Any simplex of Ken41 not on Ky, is of type 0, o, where 6p Kj", 
and , does not meet K, ’. The sum of the simplexes o, will be designated 
by %;,, and the sum of the (open) simplexes oo, by Sint. The first 
will also be called the boundary of Ken. 

21. Let now LZ be the same n-space as before. We propose to construct 


a sequence of homeomorphs {L'} of L, Li'CSin+1, and show that lim L’ = L*, 
a space homeomorphic to LZ. Since L*(C_4, this will prove that 7 is 
a universal n-space. At the same time as Z* we shall consider topological 


images on i,11 of the sequence set {#/} associated with {2’}, or of 
points and sets on Z. These will all be designated by an additional 
superscript 7, as WV, P*, .--, 

In the construction we need a special sequence of neighborhood-pairs 
on L. If {V’} is an enumerable determining set of neighborhoods for L, 
the pairs in question (W/,V*) are those such that V/-V' = 0. They 
constitute likewise an enumerable set which, ranged in some order, shall 
be designated by {(V/, W)}. Given any two distinct points P, Q of LZ, 
there exists at least one pair (V/, W/) such that PC V/, QC. W/. This 
is the essential property of the sequence for our purpose. 

22. To obtain ZL’ we first construct #1! — 4 as in No. 14, except 
that its vertices are taken on &’. Since the latter is a neighborhood of 
the sum of the n-faces of Konus = 641, if the vertices are taken near 
enough to those of the simplex, %''(_'. We then construct the other 
#’s as in No. 14, taking care that all are on ®’. As a consequence there 
results the topological image L’, of L, on Konj1. Suppose that for each 
index <7, and large enough j in each case, we have constructed L’, pu 
and the nested neighborhoods %(o¥) of the construction in No. 14, all on &’. 
We shall show how to obtain the same for i+1. 

23. Let A’, B’ designate the closures of the (Kon+1)’’-neighborhoods of Kn : 


and B2,. I say that A’. B’ = 0. It is only necessary to show that their 
cells on any simplex o, 6, of &', 6) Kn’, 0, 8%, are distinct. This 
amounts to proving that two cells of (op0,)” having respectively a vertex 
on 6, and o, can have no common vertices. But the cells of (poq)’ 80 
related have only one vertex in common—the centroid of o,6,. Since 
the centroid is not a vertex of any cell of (apo,)” with a vertex on % 
or 6, our assertion follows. 

If we set C’ = K2n41—A'—B’, C* will be an interior subset of K2n+1, 
i.e. on S*. By sliding the elements, L‘, #4, ..., along the projecting 
lines of &* we can bring them onto C‘. We shall assume this done and 
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continue to designate them as before. We observe that the deformation 
of every point is over a closed cell of Kon41. 

‘24. Consider the pair of neighborhoods V’, W® and their images V“, W*. 
Now, on the one hand the closures of the latter do not meet, on the other 
hand #4 approximates indefinitely to Z* with increasing j, in such manner 
that the distance from any point of LZ’ to its projection on ¥% tends 
uniformly to zero with 1/j—a direct consequence of the construction of 
the ¥s and L’. Therefore, for 7 above a certain value, the distances of 
the projections of V* and W* on ¥%% will differ from d(V“, W®) by an 
arbitrary small quantity. Since mesh 44-0 with 1/j, for 7 sufficiently 
large, it will be possible to decompose “4 into a sum of three (closed) 
complexes @, 6’, 6’ such that: (a) 6’ and 6” have no common cells; 
(b) every cell of @ is of the form o’ o”’ where o’ is a cell of 6’ and o” 
a cell of 6”; (c) the projection of V* on #4 is on 6’ and that of W* is 
on 0”, 

25. We recall that if K is any finite complex there exists an 7 >0 
such that every complex (singular or not) of mesh <¥y on K is bary- 
centrically deformable over K into a subcomplex of K in such a manner that 
no point leaves the closure of its carrying cell throughout the deformation. 
(Alexander-Veblen, see Topology p. 86.) 

There exists in particular an 7 such as just considered for Bin +(Kn ’)’” 
(the latter term represents the subcomplex of K2n+: in coincidence with 
K,’). For reasons of continuity we can find an 7’>0 such that if we 
slide onto Ki or Bé, along the projecting segments of K2n4:1, a subset 
of C* whose diameter <¥y’, the resulting set has its diameter <7. We 
choose 7 such that mesh #4 <y’, which is clearly possible since the two 
previous conditions imposed upon #4 merely demand that 7 be high enough. 

26. Let us then first slide 6’ and 6” along the projecting segments 
until they come respectively onto Ki" and %3,. There result two singular 
complexes whose mesh< 7. We can then deform them in the manner 
indicated in No. 25 so as to reduce them to subcomplexes 6’*, 9”’* of 
(Kn) and Bin. Under these circumstances the vertices of a generic 
simplex of @ are deformed onto vertices of 6’* and 6”* which belong 
to a closed cell of Kanji. It follows that, associated with the barycentric 
deformations of 6’, 6’, there is one of @ into a subcomplex 6* of K2n+: of 
such a nature that #4 — 9+ 6’+ 6” has been barycentrically deformed 
into the subcomplex 0* + 6’*-+6’* of Kx, in such manner that no point 
leaves the closure of its cell on Ken+1- 

If P is any point of #4 the corresponding point Q on the proper 6* 
is on the closure of the cell that carries P, and hence the segment PQ 
is on that closed cell. If Q is on 0’* or 6’* there is an intervall QQ’ 
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of the segment QP on A‘ or B' respectively. Since P remains on C* we 
can find on each PQ a Q’, Q’ C_C%, whose locus 2 is a homeomorph of 
#4 and such that 

Q’ C A‘— Ki when PC 0’, 

YC 7—/ when PC 0”, 

Q’ C Ri, when PC 0. 


The third condition can always be taken care of since Q’ can be chosen 
as near as we please to Ky and hence on the (K2n+1)’-neighborhood of 
the latter. Under the circumstances 2C Siti. 

27. By the “projection” of a point of #” or of Zé on 2 we shall now 
understand the image of its projection on 4%” under the homeomorphism 
between 2 and #4, 

Since K**! is a region of Son; and 2 is a closed set on the region, 
there exists a positive ¢ such that if a o,, kK<n, is not farther than ¢ 
from 2 and its diameter also <¢, then o(_S*t1. Now by (a) of No. 13, 
we can construct a complex #1", h > 7, (which implies that it has the 
structure of #”), whose vertices are as near as we please to the projec- 
tions of the corresponding vertices of #” on 2. But the mesh of the 
projection of 4%” on #4 +0 with 1/h, and hence this holds likewise for 
the mesh of the projection on 2. It follows that for h large enough: 
(a) With Ri+1; (b) if P’, P” are the projections of any point P of L’ 
on 2 and on H+," (j, e, P” is the image of the projection of P on 4), 
then d(P’, P’)<e arbitrarily assigned positive number. We now construct 
the complexes #*+L! £>h, and L**! as before and we can again so 
construct them that no point of Z‘t! or of any ¥**" is farther than ¢ from 
its projection on a given ¥*+1, in particular from its projection on 4", 
But for a proper choice of ¢ the various projections of the points of V“, W” 
will remain as near as we please to those of 6’, 6’. Therefore we can so 
dispose of the situation that the projections of V‘, W* on #**1” be re- 
spectively on A‘ and B* without points on C’. Since we can also manage 
to bring every point of Z**! arbitrarily near to its projection on yeti h, 
we can so construct LZ‘? that V6*1(C At WitticC Bi Finally as the 
deformation from # to 2 is such that no point leaves the closure of its 
carrying cell on Kini; and so the points of L‘*’ are arbitrarily close to 
their projections on 2, we can also assume that we have: 

I. If Pis any point of ZL, then P*** is on the (Kin41)’-neighborhood N' 
of the closure of the cell of Kont1 that carries P*.. 

In addition, according to the above: 

II. If PCV‘, QC Wi are two points of L then Pit1C At, QC Bt 
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1 ° ; ; 
Since no cell of (XK: Katy" can have vertices on both A’ and B’, we have 


from II: 

Ill. The situation being as in II, N*** does not meet its analogue A 
for Q. 

Now there exists an 7 >0 such that when d(P', Q‘)<y, P‘ and Q’ are 
on the same star of a cell of Kos and therefore ss ** will be on 
the (Kin+1)-neighborhood of the closed star. Since L’ is a homeomorph 
of L we have: 

IV. There exists a §;>0 with 1/¢ such that if d(P, Q)<& P* and 
Q'** are on neighborhoods N’, N” which intersect. 

We have thus constructed L‘*! from ZL’ so as to satisfy the preceding 
properties in addition to the condition Z‘*1(~ R**!, In particular we 
have thus an inductive construction for {L’}. 

28. Let 2’ denote the Kantrneighborhood of the closed cell of K2n+1 that 


carries P*. From I and the fact that Kei. is a subcomplex of (Kons1)” : 
we conclude that 2t¢) 9+". Furthermore d(2*)<.3 mesh K*, and hence 
+0 with 1/7. Therefore the X's converge on a single point P*( 4, 
since P*(C Kini1 whatever i. The set L* of all points P* is then 
a subset of 4. I say that it is homeomorphic to L. 

We have already that every point P of LZ has a single image P* on L*. 
Let Q be a point of Z other than P. There exists then a pair V’, W* 
such that V‘_) P, W‘'_1Q. It follows from III that P**+! and Q**! are 
on certain non-intersecting neighborhoods of cells of (Kr+1)’. But these 
neighborhoods include the neighborhoods %*” and its analogue n* for Q. 
Therefore ‘+2. 9’? — © and as the first carries P* and the second Q%*, 
P*+Q*. Therefore the correspondence between L and L* is (1 — 1). 

Finally let d(P,Q)<&. From IV and NCR, mcr, follows 
NN? +0. Since P* CR, Q* CR d(P*, Q*) <6 mesh Kin4i, and 
hence > 0 with 1/i, i.e. with &. Therefore the correspondence from L 
to L* is continuous and as ZL is compact it is a homeomorphism. Thus L 
has been mapped topologically on a subset L* of A, Therefore A is a 
universal n-space. 

29. We have already alluded (footnote 2) to a universal space whose 
existence has been established by Nébiling. That space, which we shall 
call 4*, is the set of all points of Sen41 having at most m rational codr- 
dinates. It is a simple matter to derive Noébiling’s result from ours, as 
we shall now show. 

In the first place it is clear that, if in the construction of 7 in No. 18, 
we replace (Kin41)” by (Kins), hi > 2, the ulterior treatment goes 
through as before, and therefore the resulting space, say 4’, is still a 


yri+-l 
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universal n-space. We will take advantage of this new degree of free- 
dom in a moment. 

Suppose now that we have a certain number s of positive transcen- 
dental numbers «@,, °°, @s, between which there exists no relation 
I (@,°°*, &s) = 0, where / is a polynomial with integer coefficients. The set 
of all positive numbers «4; satisfying an equation f,(@,, ---, e541) = 0, 
where /; is of the same type as f, is enumerable. Hence we can always 
increase the number of «’s having the property of the initial set by one 
and therefore find (2n-+1)? such numbers. It follows that we can find a 
6,41 such that the coédrdinates of its vertices are transcendental numbers 
that satisfy no polynomial equation with integral coefficients. 

Under the circumstances if we take any derived (62n+:1)™ its n-simplexes 
will have no point with more than m rational codrdinates. It follows 
that K,( 4* whatever i, where K, is as in No. 18 but for the modified 
construction corresponding to 1’. 

Now the set of points having more than m rational codrdinates is the sum 
of all Sp of Son41 of the form 2, = a rational number, 7 = 1, 2, ---, n+1. 


These spaces constitute an enumerable aggregate {Sz}, and we have (Né- 
biling): 4* = Son41—2Sz. According to the above Kj * does not meet 
any space S}, so that the distance 0; from K,~* to S, is positive. We 
will choose /;-1 such that mesh (o)”“-” < }4;. Since Kin+1 is the closure 


of the (Kins1)-? neighborhood of Kj, it will not meet Si, and hence 


S;, will not meet 4’ = I Kgn11. This implies that 4’  S$n41—2S, = 4*, 
and since 7’ is a universal n-space this is likewise true for the space 4* 
of Nobiling. 

30. Separable spaces. There is in existence an incomplete proof of 
the following proposition: Every separable metric n-space can be mapped 
topologically on a compact metric n-space®. Granting this result, it follows 
from what we have proved that a separable metric n-space can be mapped 
topologically on the universal space 4, and, in particular, can be topolo- 
gically imbedded in an Soy41. 

It is possible to obtain the preceding result for an important class of 
separable metric spaces, the locally compact metric spaces, independently 
of the theorem of Hurewicz. These spaces can in fact be approximated 
by sequences { @*} analogous to those of Alexandroff except that the ’s are 
infinite. With relatively unimportant modifications in the treatment we 
can prove in particular the imbedding theorem. In constructing the 
initial complex “* of No. 14, we choose its vertices A‘, A®, --- > with 





® Hurewicz, Amsterdam Proc., vol. 30 (1927), pp. 425. See the observation in Menger’s 
book at the end of p. 284. 
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the order, but the rest of the construction is substantially as before, 
distance conditions being replaced wherever need be, by suitable neigh- 
borhood restrictions. 

31. A certain class of metric spaces. Let {2'} be a sequence of 
compact metric spaces, such that for every 7 there exists a continuous 
single-valued transformation 7; of 2**1 into the whole of 2, i. e. such that 
9 = 71,2, If P is any point of 2**', the points 7; P, r-, 7; P, --- 
are called the projections of P on 2, Q*, etc. ®By a projection sequence 
(= p.s.) we now understand a sequence {P*}, where P¢ is a point of 2! 
and «; P41 = P* for every 7. 

We will now consider the set of all p.s. as points of a new space L. 
The result of No. 11 implies that every compact metric space is of this 
type. We shall show that the converse also holds: every space such as L 
is compact and metric. What we have then is a construction of compact 
metric spaces in terms of (generally simpler) spaces of same type. By means 
of it we may hope to control to some slight extent the properties of L. 

We may think of the consecutive points of a p. s. as joined by arcs which 
vary continuously with their extremities. The points of Z correspond then 
to the curves of a certain continuous family, in some respects similar to 
a family of dynamical trajectories. 

32. Through immersing the 2’s in the Hilbert parallelotope (Topology 
p. 323) we can choose for their totality a metric such that the distances 
between the points of any 2‘ are less than a certain constant A independent 
of i. We will now define d(Q, Q’), Q = {P'}, Q ={P"} by the expression 


+00 a rt 
oe a ee a 


i=1 a! 


The verification of the two basic distance axioms (Topology p.5) is immediate, 
hence Z is a metric space. 

We will now show that L is compact. For that purpose it is sufficient 
to prove that it possesses the following two properties’: (a) it is totally 
bounded, i. e. it can be e-covered by a finite number of closed sets what- 
ever €; (b) it is complete, i. e. every Cauchy-sequence of points on L has 
an actual limit. 

Now given ¢ we can choose i such that 


W141 
A —<— 
iS ~ >" 





"Hausdorff, Grundziige der Mengenlehre, 1st ed., p. 314. 
38 
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Since the 2’s are compact, we can cover every 2”, h < i, with a finite 
; h! 

number of closed sets /’“* whose diameter ey 
set @ of all points Q of L such that P" CF", where the «’s are given. 
We will have G@ + 0 for certain sets of «’s and then G is closed. Further- 
more every point of Z belongs to a G. Therefore the G’s + 0 constitute 
a finite covering of L. But if Q, Q belong to the same G, we find imme- 
diately d(Q, Q’)<«. Therefore L is totally bounded. 


Now let {Q*} = {{P«}}| be a Cauchy-sequence. From the expression 
of the distance-function follows that {P“} is a Cauchy-sequence for 2°, 
Since 2‘ is compact the sequence has a limit P’. Owing to the continuity 
of t;, P* = 1; P**', so that Q = {P*} is a point of Z. Now in order 
that d(Q, Q*) <« it is sufficient that d(P*, P*) be less than a certain 7 
for 7 less than a certain h. Since P*‘>P* we can choose an a such 
that these conditions be fulfilled for every @ >a and i<h. Hence 
d(Q, Q*)<« for «>a,, and Q*>Q. Thus L is complete, and hence it 
is compact. 

33. A basic property of LZ is that it is e-mappable on 2*, where &—>0 
with 1/i. Let indeed J? be the mapping of L on 2 whereby if Q = {P'}, 
T’-Q = P*. Then if Q’ = {P’’} is also mapped on P* by 7", we have 


j tj . . f w@ 1 P , 
P’ = P” for j < i, hence d(Q,Q) < A D i 6,>0 with 1/7. 
j-th J! 


An immediate consequence is that if dim 2*<n, whatever 1, likewise 
dim L<n. For 2 igs e-mappable on an n-complex whatever «, and 
hence this holds likewise for L. 

34. It appears probable that when dim 2¢ = n for 7 above a certain 
value likewise dim Z = n, but we have not been able to establish the 
fact. We shall then endeavor to restrict the 2’s in such manner as to 
have dim ZL =n, and hence dim L = n. This will be done by choosing 
for the 2’s appropriate complexes. 

Let indeed every 2* be an n-complex and suppose that there exist for 
every i an n-cycle IZ, of 2 such that we have homologies: 


Consider now the 


ah 


(1) at, ri" ~ BI on 2. 


Under the circumstances L is an n-space. For each 2‘ has a subdivision 
which is the skeleton of some covering >‘ of Z whose mesh is 34, where 
é; is as in No. 33, (Alexandroff, loc. cit. p. 18). Replacing if need be, 
every 2 by the subdivision in question, still called 2, and {2} by a 
subsequence, we can treat the new {9} as the sequence of Topology 
Ch. VII § 4. In our treatment indeed we assumed that we had a sub- 
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division sequence. Now the only place where that mattered at all was 
in the proof of the deformation theorem, p. 328. It is however easily 
verified that this proof goes through provided «;—0 sufficiently fast, as 
we may well assume. 

Under the circumstances we conclude from (1) to the existence of a 
Vietoris sequence {An}, where A), is a rational cycle of 2' and we have 
an ¢-homology ; 

A = A on L, 


in the sense of Vietoris (see Topology p. 330). It follows that {4)} — yp 
is an n-cycle on L. Referring to the discussion loc. cit., it will be seen 
that yn 98 0, on L, since m is the common dimension of all the 2’s. 
Therefore the Betti-number R&,(Z) = 1, and consequently dim L = n, 
(Topology p. 335). Hence finally dim Z = n as asserted. 

It is thus seen that we have obtained the inequality dim Z > mn as a 
consequence of the fact that some homology character of ZL for the di- 
mension » is + 0. As it happens it was the Betti-number, but any other 
character would do equally well. 

35. A very simple method to construct effectively an n-space L of the 
preceding type is as follows: Let Ky-1 be an absolute (n—1)-circuit. We 
will take 2‘ = Ki_,xy* where Kj-1 is a copy of Kn—-1 and y‘ a circum- 
ference. Let «; be an angular parameter for 7’, A**’ x B’*! any point of 
2+! where A‘+! is the image of a point A of K and B**" corresponds to 
the value w41 of the parameter. We define 7 by 4% A‘t! x BY! = A’x B, 
where A’ is the image of A and B* corresponds to % = kjuizi, hi an 
arbitrary integer. The number k; is the Brouwer degree of 4%. If Mn— 
is the fundamental (n—1)-cycle on Kn—-1 and Jy-1 its image on K’, the 
fundamental n-cycle on 2 is Ti_,xy* and we have 


(2) yitixyhwkTiaxy on 2%, 


which is (1) for the present system. Therefore LZ is an n-space. 

36. The space just constructed depends upon the arbitrary sequence of 
integers {k;}. For the infinite Kn+: of Topology Ch. VII, § 4, associated 
with {2}, we have finite chains 


(3) oft +ri!_—ar 


where in the notation loc. cit., C’}(. N‘'—N*+!. Furthermore there are 
no other boundary relations except (3) between the Z’s. It follows that 


i 1 
OH = D> hi Crit —hy ro 7 = ky Ke +++ ki. 
a 


38* 
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Thus Chi. is a rational infinite chain with finite boundary. This chain 
defines an n-cycle , on LZ, and from what preceeds we conclude that 
every other n-cycle on Z depends on 7. Therefore the absolute Betti- 
number R,(L) = 1. It is not difficult to show that the same holds for 
the numbers R,(L; m) whatever m. However, unless all the numbers i; 
for i above a certain value, are +1, there is no integral n-cycle and 
the Betti-number for the integral cycles (Vietoris-cycles proper) is zero. 

By taking products Z x K, where L is of the type just constructed and 
K a complex, we can obtain spaces with non-zero Betti-numbers for 
dimensions < the dimension of the spaces themselves, and also having 
a numerical value >1. 

37. Another interesting modification is in a different direction: Let 2 
have a subcomplex ow‘, such that {w*} constitutes a sequence analogous 
to {2} attached to the same sequence of transformations {z;}. Then, 
T,, designating now a cycle of 2 modo’, let (1) hold mod. Under the 
circumstances {w*} defines a closed subset 7 of Z and we have R,(L; 1)=—1, 
hence again dim Z— xn. The extension of the construction of No. 35 and 
the considerations of No. 36 hold here also with boundary relations, etc., 
taken mod/, instead of absolute. 

Suppose that we merely know that the 2’s are all n-complexes and 
the t’s simplicial, it being always understood that 7; 2t1 = 2. Then 
I say that we have a space of the type just considered. Let indeed On 
be any n-simplex of 2'. Then there exists a simplex o° of 2° of which 
it is the projection. But the projection of a o, is a simplex of dimension 
<p. Hence o? is of dimension > m and since it is a simplex of an n-complex 
its dimension can only be m, so that its proper designation is «2. Similarly 
there exists a o? of 2° whose projection on 2? is o?, etc. We have thus 
a sequence of simplexes {o*}, each the projection of its successor. If we 
set w' = 2'—o', the sequence {w*} has the same properties as above 
except that now we have as the basic boundary relation 


o'>0 mod(w,2) on 2 


Therefore here R,(LZ; 1,2) 1 and L is again an n-space. 


Princeton, N. J. 








THE POINCARE DUALITY THEOREM FOR 
TOPOLOGICAL MANIFOLDS. 


By WIiLui1aAmM W. FLEXNER.' 


1. This paper is a sequel to “On Topological Manifolds”? and carries 
out the program described first in a note to the Proceedings of the National 
Academy by Lefschetz and Flexner® and also in the introduction to “On 
Topological Manifolds”. In that paper the invariance of the Betti numbers 
of an orientable manifold M, as there defined was proved and the definition 
of the Kronecker index of two cycles on M, specified. It was also shown 
that if any multiple of a p-cycle yp on M, is homologous to zero, its 
Kronecker index with any (n—~p)-cycle is zero. For the proof of the 
duality theorem it is sufficient to demonstrate the proposition inverse to 
this: “if every (n — p)-cycle intersects yp with a Kronecker index zero, 
some multiple of yp must bound”, or, what is equivalent, that every non- 
bounding p-cycle is intersected by some (nm — p)-cycle with a Kronecker 
index one. 

This is one of the conclusions of Theorem 5 of the present paper and 
its proof depends on the Alexander duality theorem‘ generalized to compact 
spaces by Alexandroff® and Lefschetz,® which says that to every non- 
bounding cycle y» on M, there is an (r — p)-chain, C,—p in H,, a Euclidean 
r-sphere in which VM, is immersed, such that the boundary of C,—, does 
not meet M, and such that (C,»-yp) =1. Theorems 3 and 4 of this 
paper show that the intersection of C,—, and M, defines an (n—~p)-cycle 
in H, near M,. Theorem 5 contains the demonstration that this cycle 
can be deformed into a cycle I,—p on M, in such a way that (Pn—p-7p) = 1. 

From this result the Veblen Kronecker index theorem’ and the Poincaré 
duality theorem® follow immediately. The invariance of the degree 
(Abbildungsgrad)*” of a single-valued transformation of M, into itself, 
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originally proved by Hopf'' for topological manifolds whose defining neigh- 
borhoods are n-simplexes, is, for the M, here considered, a consequence of 
the duality theorem. Open manifolds which Hopf considers are not treated 
here, but are reserved for a latter occasion. Though all theorems here 
are proved for orientable manifolds, they also hold modulo 2 as in F, M., 
and so cover the non-orientable case. 

I want to express my thanks to Professors Alexander and Lefschetz for 
their help in this work, particularly to Professor Lefschetz with whom, 
as our joint Proceedings note shows, this paper was planned, and who gave 
many valuable suggestions during the writing. 

2. Throughout this paper notations and technical terms are used in the 
sense of L. T.° and F.M.*. The first result shows that any chain on MU, 
can be deformed into one made up of simplicial pieces connected by singular 
parts in the neighborhood of a complex of less dimension. 

Lemma. Any chain Cy on My is «&-deformable over Mn into a chain 
Cp = DDp+ dp such that: 

a 


1. Dj, is simplicial in an n-cell Ex of the covering set {Ei} of My, and 
the D’s do not meet one another. 

2. There exists an arbitrarily small neighborhood Nt of W, the complex 
containing the sum over i of the complexes F(D>), such that N— dy 
and that every p-cycle on N is ~0 on My. 

A chain such as Cy will be called semi-simplicial. The reduction to C; 
satisfying the lemma is much the same as the reduction of the p-cycle in 
Theorem 9 of F. M., but as the details are different, a proof of this lemma 
will now be outlined. 

On £, take a complex K‘ of mesh so small that if J’ is the sum of 
the closed cells of K’ with no points on F(E;j), {J°} covers Mn. Let 
Gk — Ji+...+J*-, It is assumed that C, is c-deformable, + >0 
arbitrarily small, into a chain 


k-1 
Cy = 2 Dot de 'tey* 


j=1 
such that: 
1, 
a. 2D dy * is the sum of the closed cells of C** meeting @*”. 
J= 


b. Di is simplicial on Ej and the D’s do not meet one another. 
c. dp is on an arbitrarily small neighborhood ®”* of W**, the sum 
k—1 


of the complexes containing } F(D;), such that every p-cycle on 2 
=1 
is ~0 on Mn. ‘ 





"Hopf, H., Math. Ann. 100 (1928), pp. 579-608 and 102 (1929), pp. 562-623. 
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Let G* = J'+----+J*. Ifa, band c can be satisfied for the index i, 
a finite number of deformations, each reducing the part of C, on one 
n-cell E, will suffice to reduce C, to Cy. Hence at each step the de- 


k—1 
formations can be taken so small that each member of the set > Dj, 
i 


> Dz, +--+ is not affected by any deformation successive to the one giving 
fx 


rise to it. 
Let gp be the - of the cells of a subdivision of d, ‘+ 6%" that are at 


a distance ¢ from ‘Sj. ¢ is to be so chosen that F(g»)C x or at a 


j=1 
distance greater than 2¢ from W*-!. Now with the general principle just 
stated about deformations in mind, a suitable subdivision of Cc can be 


made so that when the closed cells of gp on EX are — onto a sub- 
division K” of K* no deformation cells impinge on = Dh. Call D, this 


sum of closed cells after deformation and call c the ‘cine of Ch. Let 
Di; be the sum of the cells of a subdivision of mesh « of Dy whose closure 
meets J” and which have no points in common with the deform of ad, * plus 
the deformation chain of its boundary. If the mesh of K ig small enough, 
Dj, contains only cells of K”. 

Now construct a neighborhood UV of F(D;) such that any cycle on M can 
be deformed over E* onto F (Dh). Since 2’ is arbitrarily small it can 
have been taken so small that the deformation chain obtained by deforming 


any chain on X“*. M onto F(Df) lies in a neighborhood nr of We 
chosen before hand so small that any chain on g’* is deformable over 
M, onto W*—, All that need be required of M is that it shall be far 
enough inside of EX and, near e”. inside X”* so that spheres with 
centers in ne —*. M and of radius only slightly greater than 2@ will lie in 
Ex and yt respectively. But as @ decreases, the distance of F (Di) 
from F(En) and F(%’*~) increases. 

Call dp the sum of the closed cells of CX not in D} or dp’ which are 
contained in M. Then let 2* = N*-1+ M and dk = dt-*+d,. Conditions 
a, b and c are now fulfilled for the index k. Condition c is the only one 
that needs verification. Any p-cycle Ip on N* can be written Ty = Ap-+ Ap 
where Ap(_ R*-1, A, M and F(A,) = —F(A) CR: M. By as- 
sumption A, can be deformed onto F(D}) which is of dimension less 
than p so A, =0. Now I = Ap+A>y where A; is the deformation 
chain of F(A,), and A,+ Ay lies in yi — so is ~0. 

This completes the step from k—1 to k. The induction starts for at 
the zeroth step 
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D=h=W=RN =0, =. 


If s is the number of n-cells Ey covering Mn, 6, =O and the proof of 
the lemma is complete. 

THEOREM 1. Given h cycles, Tp, a reduction similar to that of the lemma 
may be applied to them, replacing them by a new set 


_ > Di +dh, 


where the D’s are as before, no two DY, DY, i + 7, intersect, and condition 2 
of the lemma holds as to the neighborhoods containing all the dj. 

The argument is as before, dj being now in an arbitrarily small neigh- 
borhood of the complex containing the sum of the chains F'(D%). 

Corollary. It is a consequence of this theorem that no non-zero cycles 
of dimension higher than » exist on M,. For p>n, the D’s, being 
degenerate p-chains, are = 0, so the F(D)’s are = 0 and hence, finally, 
the neighborhood 3 = 0. 

3. A very particular set 4;, 45, ---, A’ of semi-simplicial p-cycles on 
M,, is now chosen as the set defining the pth Betti number of M,. 

THEOREM 2. Given a set of h independent semi-simplicial p-cycles, £. 
| re Af on M, there can be constructed semi-simplicial cycles homologous 
to these such that if Ly is the point-set that covers them, its pth Betti 
number is reduced to zero by the removal of h simplicial n-cells no two of 
which are adjacent. 

If Z is the point set carrying the given set of cycles, call the simplicial 
p-cells of L E,, E,, ---. Suppose E™, E, so, Ey (b; <b;,,) is the 
maximal subset of these, each member of which is the cell with least 
upper index of some cycle on ZL. It can be assumed that no two 
of the cells E; are adjacent, for if two were adjacent a subdivision and 
renumbering of the cells would bring about the desired condition. Select 
some p-cycle of Z with E, ‘ as its first cell, choosing a cycle of type 4*, 
that is a cycle some multiple of which bounds on M,, if such a A* is 
to be found. Dividing the cycle by the coefficient of Ey in it gives a 
rational semi-simplicial cycle 


ita é b,+1 Z 
r= E+t,E + +++ 
By L. T. pp. 302-303 and because every cycle on 2 (Theorem 1) bounds, 
the subset 
A, = E+ E+... +d (j = 1,---,h) 
comprehending the cycles of the set r; which are not A*’s is a maximal 


independent set of non-bounding cycles on Z and on M,. By con- 
struction {47} lies on L. Let L} be the subset of L carrying {43}. 
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Now suppose the removal of Em, E” v8, E; does not reduce the 
pth Betti number of ZL, to zero. Then ies is a non-bounding cycle 7, 
in Ly containing none of the cells Ey Moreover jp _ a; =. on 


M, where not every « is zero. Since 7, is on L, the cell of Yp— > %- 4), 
* 


with least upper index must be one of the set E, ‘, Suppose, E™ is that 
cell. But E>* cannot by construction be the first cell of a bounding cycle 
on Mn, which is a contradiction. Hence the removal of the non-adjacent 
p-cells Ey, Ey*,-+-, E\* reduces the pth Betti number ZL» to zero. 

4. In F. M. section 3 it was proved that VM, can, if r is large enough, 
be immersed in a Euclidean r-sphere Hy. Assume r>2n+1. 4H, is 
itself a topological manifold and so can be covered by an elemental complex 
R, (F. M., sect. 1.). For the present purposes a 8, is needed of the type 
about to be described. 

THEOREM 3. Jf Mn is immersed in H,, H; can be covered by an elemental 
complex &, of arbitrarily small mesh whose elements are chains of a sim- 
plicial complex on H, and such that no s-element, s<r—n, of &, meets Mn. 

The construction of &, is exactly as in F. M. except that, being in H,, 
the elements can be chosen at each step to be simplicial chains, and 
that the s-elements s<r—n, can be chosen not intersecting M, as will 
now be proved. For s = 0 there is no problem since r being greater 
than n, My, is nowhere dense in H, and so the zero-elements can be chosen 
not on M,. These points can also be chosen as the vertices of a sim- 
plicial complex on H,. For s>0, proceeding as in the inductive con- 
struction used in F. M., the theorem is assumed for s = k—1. The 
induction will be complete if it can be shown that a (k—1)-cycle in an 
r-cell E, of U*—*, must bound a k-chain in E, not meeting M,, for this 
means that the k-element defined by k+1 vertices in E, can be chosen 
not intersecting M,. 

Since H, is Euclidean the r-cells, E,, determining ®, can be taken to 
be spherical r-cells. Also they can be so small that M,-£, is covered, 
with a wide margin, by an n-cell EZ, of M,. Assume that yx—1 fails to bound 
in E,—M,-E,. Let L = H,—E,+M,. Then E,—Mn- E, = H,—L 
and to each non-bounding (k—1)-cycle on H,—L there corresponds a 
non-bounding Vietoris cycle {7x} on L an vice versa (L.T. p. 341). It 
will now be shown that every cycle {Z;—x} must bound in the sense of 
Vietoris on Z from which the theorem follows. 

5. A Vietoris cycle {Tx} on L is a sequence of cycles Ty (i =1, 2, ++) 
on H, and approaching more and more nearly to L as 7 increases. shies 
M,, is locally connected the cells of ri_, that are near M,, when 7 is 
large enough to bring ri_y near enough to LZ, can be deformed onto Mn 
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and then into a subchain of a complex on E, which, because r—k>n, 
is identically zero. The rest of 7;x was very near F(E,) to start with. 
The displacement just applied to Typ—-k approaches zero as 2 increases, so 
for i large enough, the deformed Ix is arbitrarily near F(E,). Therefore 
it can be deformed into the interior of H,— , by sliding its cells along 
rays from the center of Z,. But H,— EE, is an r-cell so any cycle on 
it is homologous to zero. Therefore Z;-x~0 and this is true for every i 
greater than a certain i). This means that { T+_x} ~ 0 in the sense of Vietoris. 

6. Having eliminated the cells of dimension less than r—n from the 
problem, it is now possible to study the intersection of ®, and M,. Let 


Mn: M,-B represent the point set common to VM, and a configuration B of H, 

intersecting M,. 
THEOREM 4. If t= r—n it is possible to define for each (t+-k)-element, 
Een, 


at+n, of the elemental complex , a k-chain, Ak, in H, within € of Mn: ax 
where € approaches zero with the mesh « of &y and such that if 


At+K—> Po 1; di+k—1 then Ax -> 1 At—1 
J J 


and Aj = 0 when desk does not meet Mn. 
Aj, will be called the “intersection” of M, and aj;,. In Theorem 3, 
—_—_ 


€ was chosen so small that if a} is an s-element of &,, M,- a, for every 
2 and s is covered by some n-cell E, of the covering of M,. The (r—n)- 
elements a; are those of least dimension which meet M,. By the Lefschetz 


intersection theory, EE and ai have as intersection a family of simplicial 
ii 


ae ae 
chains bo, bo, --- approaching M,-a; more and more closely and each 


a e 


chain homologous in a small neighborhood of M,- a; to the succeeding 


zero-chains (L. T., ch. IV). For Ao choose a particular one of these 0’s. 
Yael ae 


If atui> Swjad and Ex covers Mn-aiss, Ei and aji1 have for inter- 
a 


section a homologous family of chains, bi’, bi, ---. But because the boundary 
of each such one-chain is by construction a member of an homologous 
family defining the intersection of aH at and M,, it must be homologous 


to * u; Ad. Hence Sui Ab bennits. Call the simplicial complex it bounds 


Ai and form Ati1 for every 7. 

The rest of the proof is by induction. Assume that to every (¢+8)- 
element, Abts. for which s < nt re s-chain A; is defined such that 
ais> 4; é+s—1 implies A> uj; Az-1 and make the construction for 


s= ake as follows, By the condition of the induction Dj Ai-1 is a cycle. 
J 
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° ys, . 
A choice of Aj near enough M,-a; makes it possible to have Aj arbitrarily 
A, 


close to Mn-ai41, $0 it could have been assumed that 4} Aj_: was arbitrarily 
Or i ‘ 
close to Mn-atsx. Therefore, as the diameter of a4; is arbitrarily small, 
ey 


yu Aj_, lies in an arbitrarily small r-cell o, of H, which contains M,- ai:x. 


Take as Aj, a simplicial k-chain in o, bounded by SH) Aj_s. This chain 


satisfies the required conditions, which completes the induction. 

Corollary. If C, is a subchain of 8&,, the boundary of its intersection 
with V/, is the intersection with M, of its boundary. 

7. The next is the central theorem towards whose proof the prev ious 
ones have been directed. It gives, when combined with Theorem 2 and 
the theorem that two homologous p-cycles have the same Kronecker index 
with an (n—~p)-cycle (F. M., Th. 13), the result described in the first section: 
a sufficient condition that a multiple of yp shall bound is that (Tn—p-7p) = 0 
for every In—p. 

THEOREM 5. Given h independent cycles At, on M, there exist associated 
rational cycles In—p such that (In—p- 4p) = su on Mn. 

By Theorem 2 it may be assumed that the 4’s are the simplicial cycles 
there obtained. In the notations used in the proof of Theorem 2, it is 
true that there can be found h chains C;» whose boundaries do not meet 
M, and such that first, on H, (C;_»- A?) = 6%, and next, the C’s meet the 
A’s only in the h p-cells Ej. For p = 0, C;-» is the fundamental cycle 
on the sphere H, and Aiis a point of M, and (C,-4)) = 1 so that for 
p = 0 the theorem holds. Let now p>0O. That, when p > 0, some C’s 
exist of the type required except as regards the intersecting in the cells 
E,', is implicit in a result in L. T., p. 342 (generalized Alexander Duality 
Theorem). When the cells EZ,‘ are removed from Ly, the set carrying 
the A’s, the Betti number of the set L” remaining is zero. Therefore, 
by the result of L. T. (p. 339) on H,—L”, Crp © & Cr», where Cr» 
does not meet ZL’. It follows that (Ci_»-A/) = (Cyi»- Aj). But 
Cr» C H— —L", and hence it can only meet Ly on L,—L”, that is 
on the cells Zy*. Since Cy» otherwise behaves like Cy» it can take its 
place. This daa that C’s can be found behaving in every way as required. 
It is possible to go a step further. If &, is an elemental complex whose 
mesh is suitably small, applying the deformation theorem of F. M. will 
reduce the C’s to subchains of &, without destroying the properties already 
imposed upon them. 

Consider now the intersections of M, and C;-». They are by Theorem 4 
cycles whose maximum distance from M, approaches zero with the mesh 
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of &,. Therefore since M, is locally connected, when the mesh is taken 
small enough, the cycles are «-deformable into cycles I,-» on Mn, where 
e is arbitrarily small. By taking « small enough the J’s will be made 
to intersect the A’s arbitrarily near to their intersections with the C’s. 
Take ¢ so small that the intersections continue to be on the cells E>. 

To take care of straightness and the like it is convenient to surround 
M, with a large r-simplex 0, and operate wholly within it. It is no re- 
striction to assume that &, covers o,. 

Returning to the theorem, as the situation is now it is merely necessary 
to show that 

(Cr—p + 4p)e, = (Trp - 4p) ata. 


(The subscripts o- and M, refer to the configurations with respect to 
which the intersections are taken). The C’s and the I’s intersect the 
A’s only in the D chains and for a given A no two of the D’s intersect 
(Th. 2). Let EH, be one of the n-cells covering M,. Dy will be a simplicial 
subchain of the complex Ky, covering E,, and D, will be met by C,» 
and T,—» (an arbitrary one of the pairs C;-», In—p above) on the cell 
En of Ky, which can be taken small enough not to meet F'(D,). Now it 
is sufficient to prove that, 


(Cp - DyJo, = (Tn-p Dp) m,- 


Since after all only the part of T on Ey now matters replace T° by a 
chain G,—» which represents as large a part of I on Ey, as is desirable. 
Then it suffices to prove 


(Crp + Dp)o, = (Gr—p- Dp)z,- 


Here it is best to make use of the convex intersection,’* which is per- 
missible because (L. T., pp. 210—216) these intersections give Kronecker 
indexes identical with those used heretofore, and because the intersection 
cycles of the two types are homologous. 

8. The first thing that must be done is to approximate Ex itself by 
a polyhedral cell in H,. To effect this let ay, = 1,2,---,s be the 
vertices of Ky, the complex of which Ey is a subcomplex. Within any 
prescribed vicinity of each of these points take new points bo and for 
each simplex of K,, say a,°,---, a,%, construct the corresponding simplex 


bj, ++, bi. There results a rectilinear complex E” whose structure for 
suitable chosen b’s is the same as that of Ky. Since r>2n, if two sim- 
1a 


plexes of EH’, intersect which do not have identical vertices, the } points 
that are their vertices satisfy certain linear relations and hence constitute 





Lefschetz, S,, Trans. Am. M. S. 28 (1926), pp. 1-50. 
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an algebraicly restricted system of points. As a consequence in any pre- 
scribed vicinity of the a’s there is a group of b’s which is not a system 
thus restricted, that is, whose simplexes will only intersect when their 
vertices are identical. ‘. is then an n-cell and it approximates K,, cell 
for cell arbitrarily close, the distance depending solely upon the mesh of 
the complex K, which is arbitrarily small. 

9, There is now a well defined barycentric transformation 7 of K, 
into E’ whereby each ao goes into the corresponding bb, and 7 is a homeo- 
morphism. The image of any configuration of E, on E’% will be designated 
by accenting its symbol. It then remains to prove 


(C,—p - Dp). = (Gn—p - Dp)iz “ 


But if the deformation 7’ is small enough (and its smallness can be con- 
trolled by the mesh of Kn which can be chosen freely) the Lefschetz 
intersection theory says that at the left D can likewise be replaced by D’. 
Now it remains to prove that 


(C,—p - D»)g, = (Gi—p ; Dp) ix. 


But in the neighborhood of the cell Ey where C,—» meets D, it is possible 
to choose as the elements of the intersection of M@, and C,—», the very 
intersections of the elemental cells of C,—» with E’%. This merely demands 
that C,p and E’% be in general position as regards their cells, and may 
always be achieved by subjecting one of them to a slight translation. 
Finally in the deformation from the intersection cycle in H, to Z,—p» on My 
choose for the particular deformation of the cells near EZ, the deformation 
imposed by 7'— itself. Under the circumstances Gp—p = En-C,—p and 
therefore it is merely necessary to prove 


(Cp—p + Dp)é- = (E'n- Crp Dp). 


But this is implicit in a proposition due to Lefschetz.’* The proof of 
Theorem 5 is therefore ai 

10. THEOREM 6. Jf Yo: %os°**s yh is a maximal set of independent non- 
bounding p-cycles on My there exists a maximal set of non-bounding (n— p)- 
cycles Ty», Tgp, +++, Up on Mn such that Tn 2 =O. 

By Theorems 1 ond 2 there is for each yj a semi-simplicial cycle AJ 
satisfying the conditions of Theorem 5 and such that yj 4} and con- 
sequently (Ip - vj) = (ip - Mj) (F. M., Th. 13). If s is the number of 
independent non-bounding (n—~p)-cycles on M, and Tew, Temps 0+ Fl a 


'S Lefschetz, S., Trans. Am. M. 8. 29 (1927), pp. 429-462. 
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is the set of (n—p)-cycles obtained by Theorem 5, it follows by the 
argument of L. T. (p. 179-180) that sh. This also proves the next 
theorem. 

THEOREM 7. Poincaré duality theorem. If P; is the ith Betti number 
of My, as defined in F. M., then Py = Pn-x. 

11. Brouwer® has defined a number, the “degree” (Abbildungsgrad) con- 
nected with a single-valued transformation 7’ of M, into itself and giving 
the excess of the number of positive coverings of M, by 7'M, over the 
number of negative coverings. For simplicial manifolds Brouwer showed 
that the degree remains unchanged in passing from 7' to any transformation 
that can be derived from 7' by continuous deformation. Wilson’® defined 
the degree for topological manifolds whose fundamental neighborhoods are 
simplexes, whereupon Hopf" extended Brouwer’s invariance proof to such 
manifolds. Such an extension follows for the M, here treated from 
Theorem 7. 

THEOREM 8. Brouwer’s degree remains unchanged on passing by a con- 
tinuous deformation from a transformation T of Mn into itself, to a trans- 
formation T". 

Since M, is connected, P) for M, is 1 (L. T., p. 16). Hence by Theorem 7, 
Py, = 1 which means there is only one independent non-bounding n-cycle 
I, on M, to a multiple of which every n-cycle on M, is homologous. 
This cycle, Z,, covers every point P on M,, for if Q is the one independent 
zero-cycle on M, which has a Kronecker index of 1 with 7, then P~Q 
and (,- P) = 1 (F. M., Th. 13). Hence ©, must cover P. 

Let 4, = TIT. Since 4, is a cycle on Mn, 4n~ 9In. . The number g 
is Brouwer’s degree. Now if 4, — 7’ I, using Lefschetz’s conventions 
(L. T., pp. 73-74) 4,;~ 4, on My and therefore 4,~ 91, which proves 
the degree invariant. 

12. THEOREM 9. The Kronecker index theorem (Th. 6), the Poincaré 
duality theorem (Th. 7) and the invariance of the degree (Th. 8) hold modulo 2. 

The theorems just mentioned are proved modulo 2 just as in the oriented 
case, except that Kronecker indexes, boundaries of chains, the degree, and 


so on, are all computed modulo 2. The modulo 2 treatment is used when 
M,, is non-orientable. 








CLOSED EXTREMALS.* 
(FIRST PAPER.) 


By Marston Morss.! 


1. Introduction. The problem is one of the characterization and 
existence of closed extremals. It belongs both to the Calculus of Variations 
and to Differential Topology. 

In problems of this sort it is important to distinguish between the 
general case and the special case. A closed extremal g is called general 
or “non-degenerate” if the corresponding equations of variation possess 
no periodic solutions except the null solution. To a non-degenerate extremal g 
the author attaches an zmdex which characterizes g in the present theory 
in the same way that the number of conjugate points on an extremal 
segment characterizes the extremal segment in the theory of extremals 
joining two fixed points.? (See Trans. III and IV.) This index is shown 
to be not only a geometric invariant in the ordinary sense but also a 
semi-topological invariant. It is a geometric invariant in that it is 
independent of the parametric system or choice of coordinates. It is a 
semi-topological invariant in that it is definable by means of deformations 
of closed extremals of a restricted class. Cf. § 35 Trans. II. 

This index of g equals the index of an associated quadratic form and 
depends upon an associated linear boundary value problem.’ It is 
determined explicitly for the “principal ellipses’ on an +7-dimensional 
ellipsoid Z, whose semi-axes are unequal and have lengths near unity. 
It is shown that the closed geodesics covering these principal ellipses are 
the only closed geodesics on E, with lengths less than a prescribed 
constant NV, provided the semi-axes of EF, have lengths sufficiently near unity. 

In the second paper we shall show that on a regular, analytic image 5 
of an r-sphere there will always exist closed extremals with indices 
(suitably counted) such as the principal ellipses on E, possess. If all the 
closed geodesics on S with lengths less than a sufficiently large constant V 


* Received March 13, 1931. 

' Morse, Proceedings of the National Academy of Sciences, vol. 15 (1929), pp. 856-859. 
The principal results of the present paper were outlined here. 

? Morse, Transactions of the American Mathematical Society I, vol. 27 (1925), pp. 345-396; 
II, vol. 30 (1928), pp. 213-274; III, vol. 31 (1929), pp. 379-404; IV, vol. 32 (1930), 
Pp 599-631; V, vol. 33 (1931), pp. 72-92. 

These papers will be referred to as Trans. I, II, etc. 

* Morse, American Journal of Mathematics, vol. 53 (1931). 
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are non-degenerate, the preceding statement is true without qualifications 
as to the count of indices. The final theorem of the preceding paragraph 
now assumes a peculiar importance because it shows that the result of 
the present paragraph cannot be made any stronger in the non-degenerate 
case. For Z, furnishes an example in which no more closed extremals 
exist than are affirmed to exist on S in general. 

In the second paper the characterization of closed extremals will be 
made to depend on the author’s theory of critical sets of functions regard- 
less of whether the extremal is degenerate or not. (See Trans. I and V.) 
It is found that in the special case, where two closed extremals on S which 
are affirmed to exist and possess different indices, give the same value to 
the integral, there will appear a p-dimensional family of closed extremals, 
where p is the difference between the two indices. 

The characterization of closed extremals is the authors. Except in the 
2-dimensional reversible case where special methods* have been used, and 
except for the existence of at least one closed geodesic on S, as proved 
by Birkhoff,® the author’s results on the existence of closed extremals are 
new. In particular the general theorem on the existence of extremals in 
the non-degenerate case is new without exception. In this case the author 
proves the existence of at least as many closed extremals on S as there 
are combinations of r-+1 objects taken 2 at a time. 

The results of the present paper will also be used in determining certain 
topological invariants to be called circular connectivities in a theory in 
which the closed curve replaces the point. 

2. The r-spread S and the integral. Let 


(w) = (wm, ---, Wm) m > 2 


be rectangular codrdinates in an Euclidean m-space. Let (v) = (1, «++; vr) 
be rectangular codrdinates in an auxiliary y-space, (1<r<m). By an 
r-element in the space (w) will be meant a set of points (w) homeomorphic 
with a set of points (v) within an (ry —1)-sphere in the space (v). An 
r-element will be said to be of class C™ if the w’s are functions of the v’s 
of class C™, that is possess continuous mth order partial derivatives. An 
r-element will be called regular if it is of at least class C’, and on it at least 
one of the jacobians of 7 of the w’s with respect to the rv’s is not zero. 

We shall be concerned with a regular r-spread § of the following nature. 

The v-spread S shall consist of a bounded, connected, closed set of 

* M. M. Lusternik et Schnirelmann, Topological Methods in Variational Problems. Research 
Institute of Mathematics and Mechanics. Gosizdat Moscow (1930). 


° Birkhoff, Dynamical Systems, American Mathematical Society Colloquium Publications, 
vol. 9. 
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points (w) the neighborhood of every point of which consists of a regular 
element of class C’’”’. We shall admit no representation of neighborhoods 
on S other than by regular elements of class C””’. 

For each point (w) on S and for each set of direction numbers (o) of 
a direction, tangent at (w) to S, let there be given a single-valued function, 


F(w,, +++, Wm, %,°**, Om) = F(w, 9), 


positive and continuous in (w) and (6), for (w) on S and (0) + (0). Sup- 
pose further that 
F(w, ko) = kF(w, 6) 


for any positive constant k. 

We shall suppose S orientable. For our purposes the following definition 
is convenient. 

Let D(p) be an ordered set of 7 mutually orthogonal directions each 
tangent to S at a variable point p of S. Let po be any point on V. 
Suppose p traverses a closed curve h on S, starting and ending at po, 
and suppose that D(p) varies continuously with p on h. If at the end 
of any such variation the final set D can be continuously turned about po 
in its own r-plane so as to coincide with the original set D, then S will 
be termed orientable. 

The hypothesis of orientability could readily be dispensed with. It is 
made for the sake of simplicity. 

Corresponding to any admissible element w; = wi(v) of S we set 





Piss, i das ay 7 @| =G(v,e—) G=1,--+7) 
for (v) on the element and for (e) + (0). Here 7 is to be summed following 
the usual conventions of tensor analysis to which we adhere. 

We assume that the functions G(v, e) are of class C’” for (v) on the 
corresponding element and for (@) + (0). 

The curves w; = w;(t) to be admitted on § shall be of the “ordinary” 
type® with continuously turning tangents except at most at a finite number 
of corners, 

Along any such curve g our integrand is to have the form 


(2.1) J= f. F(w,w) dt 





°See Bolza, Vorlesungen iiber Variationsrechnung (1909), p. 192. 
39 
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where the dot indicates differentiation with respect to ¢. If g lies on an 
element of parameters (v) then g can be represented in the form v; = v;(t) 
and along g our integral will take the form 


(2.2) J = free, v) dt. 


We assume that the integrand G is positively regular. 
That is we assume that on each element the corresponding function G 
is such that 
Go,0,(V, 0) 2nén > 0 (h,k=1,---,r) 


for (e) + (0), and (z) any set not (0) nor proportional to (@). 

An extremal shall be a regular curve of class C’”’ on S which satisfies 
the Euler equations set up for integrals (2.2). One proves readily that 
a curve which satisfies the Euler equations corresponding to any one ad- 
missible representation of an element will also satisfy the Euler equations 
arising from any other admissible representation of the whole or part of 
that element. 

3. A representation of the neighborhood of a closed curve. 
Let g be a regular closed curve of class C’” and of length w. Concerning g 
we shall prove the following lemma. 

Lemma. The part of S near g can be admissibly represented in the form 


Wi = Wil, Yi, +++) Yn) (n= r—1;7=—1,---,m) 


in such a fashion that g corresponds to the x axis in the space (x, y) and 
the functions wi(x, y) have a period » in x. 

The proof will be made to depend upon the following statements. 

Let s be the are length along g. For each value of s for which 
0 <s<o@ there exists a set of m directions with direction cosines given 
by the columns of a matrix 

|| aij(s) || (i,j =1, ny m) 
with the following properties. 

A. The functions aj(s) are continuous in s and |ajj(s)|>0. The first 
direction of the set is positively tangent to g at the point s, while the 
first » directions of the set are tangent to S at this point s. The sets 
aij(0) and aj(w) each consist of orthogonal directions. 

B. The functions aj(s) have a period » in s. 

To prove these statements we assume that there exists a set aij(s) which 
satisfies A but not necessarily B. The proof of this assumption can be 
given by a process of continuation along g and will be left to the reader. 
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We shall now show how to replace the set ajj(s) by a set ay (s) which 
satisfies B as well as A. That this can be done depends upon the 
orientability of S. 

Let 7; be the r-plane tangent to S at the point s on g, and let ZL, be 
the straight line tangent to g at the same point. As the time ¢ varies 
from 0 to 1 let 7 represent a continuous rigid motion of our m-space 
which turns 7 in itself, leaves the points of LZ) fixed, and which turns 
the directions of the set ai (0) into the corresponding directions of aj; (). 
Such a motion is possible because of our hypothesis of orientability of 8. 

We now return to the set aj;(s) as originally defined. 

Let e be a small positive constant. As the time ¢ varies from 0 to 1 
let each direction of the set ai(s) for which s lies between 0 and e be 
turned under 7’ until ¢ reaches that time ¢; which divides the interval (0, 1) 
in the ratio inverse to that in which s divides the interval (0, e). Of the 
directions into which the directions a;j (s) are thereby turned we now replace 
the first direction by the direction of Zs, and the 2nd to the rth by their 
orthogonal projections on 2s. The set aj (0) will thereby be replaced by 
the set ay(@), and if e be sufficiently small the final sets a;;(s) will satisfy 
both A and B. 

To return to the proof of the lemma we now approximate the elements 
aij(s) by elements bj (s) which are analytic in s and have the period o, 
except that we take the first column of 0; (s) as the first column of aj (s). 
We make the approximations so close that |dj(s)| is not zero. 

Suppose that g is given in the form w; = u;(s). Near g we shall make 
a transformation from the variables (w) to variables 


(3.1) (x, Yry cc's Ym—1) 
of the form 
(3.2) wi = wi(x)+dipti(e)y (= 1,---,m; p = 1,---,m—]) 


where x is any number, and the variables yp, are near zero. 

Under this transformation the x axis corresponds to g. The Jacobian 
of the right hand number of (3.2) with respect to the variables (3.1) 
evaluated for y» = 0, is seen to be |by (x)! + 0. 

Suppose w; = wi (v) is an admissible representation of S near a point P 
on gy. We shall see that the variables 


(3.3) (a, Yiy °° +s Yn) n=r—l 


can serve as parameters in an admissible representation of S near P. 
To establish this fact we note that the equations 


(3.4) wi (v) = wi (x) + Di pti (%) Yp 


89* 
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have an initial solution corresponding to the point Pon g. In the neigh- 
borhood of this initial solution these equations can be solved for the para- 
meters (v) and the variables 

Yry** ty Ym-1 


in terms of the variables (3.3). In fact the pertinent Jacobian D is not 
zero if the elements 0,;(x) are sufficiently good approximations of the 
elements aj (x). For one notes that in D the columns of partial derivatives 
of w;(v) define a set of r independent directions in 73, while the remaining 
columns of D define m—~vr additional independent directions if our ap- 
proximations are sufficiently close. 

Thus the variables (3.3) form a set of admissible parameters in a re- 
presentation of S near g, and the lemma follows directly. 

In terms of the parameters (x, y) of the preceding lemma our integral J 
will now be given the form (cf. § 5, Trans. ITI) 


? F ' d 
(3.5) J = re, y,y)ax, yk = a 


where we restrict ourselves to ordinary curves near the x axis composed 
of a finite succession of closed segments on each of which yz is a function 
of x of class C’. 

4, The fundamental form Q of a closed extremal. Let g be a 
closed extremal on S of length w. With g we shall now associate a 
quadratic form Q which brings to light certain remarkable characteristics 
of g and enables one to define in a very simple way certain integral 
geometric invariants of g. 

We represent S near g as in the preceding lemma so that g is mapped 
on the x axis. In particular g will correspond to a segment y of the x 
axis from «= 0 to x= a. 

We cut orthogonally across y with p+ 1 successive n-planes 


(4.1) to, +++, tp 





of which the first is z = 0 and the last 2 = and which are placed so 
near together that there are no pairs of conjugate points on the successive 
segments into which 7 is divided. (See § 9, Trans. JI). Let P; be any 
point on ¢ near y arbitrarily placed on ¢; except that Py) and Py, shall 
have the same codrdinates (y). 

The points Py, ---, Py, can be successively joined by extremal segments 
neighboring y. Let the resulting broken extremal be denoted by JL. 
Let (u) be a set of « = pn variables of which the first » are the codr- 
dinates (y) of P,, the second n the codrdinates (y) of P,, and so on until 
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finally the last are the coérdinates (y) of P,. The value of the integral J 
taken along E# will be denoted by J(x). 

The function J(u) will have a critical point at (w) = (0), that is a 
point at which all of its first partial derivatives are zero. 

We come next to our fundamental form 


Q(z) — Fags Zh Zk (h, k == ],---, ft) 


where the superscript 0 calls for the evaluation of the partial derivatives 
at (w) = (0). 

By the index of a quadratic form is meant the number of negative terms 
that appear in the form after the form has been reduced by a real, non- 
singular, linear transformation to squared terms alone. By the nuility of 
the form is meant the order of its matrix minus its rank. 

We shall classify our closed extremals according to the index and 
nullity of the form Q. 

A closed extremal whose nullity is zero will be called non-degencrate. 

We set y; = p; and further set 


22(a, 9,1) = Sip VUT 2S y WTS y, VM 


where i, 7 =1,---,m, and where the partial derivatives are evaluated 
for (x, y, p) = (x, 0, 0) as indicated by the superscript zero. Curves in 
the space (x, 7) which are represented by functions 7; = 4: (x) of class C” 
and which satisfy the Jacobi differential equations 


(4.2) Qn, — Qqy = 0 (¢ = 1,---, m) 
will be called secondary extremals. 

It will convenient to suppose the spaces (x, 7) and (x, y) are identical. 
With this understood we see that the successive points Po, ---, Pp» can 
be joined by secondary extremals. The set of these secondary extremals 
form a broken secondary extremal which we shall say is determined by 
and determines the set (wu) previously defined. 

With this understood we state the following lemma. 

Lemma. The fundamental form Q can be represented as follows, 


0) 
Q() = Tigi, 2h Bk = 2 Q(x, 4,4) dz, (h,k = 1,---, #) 


where 4; = 1; (a) represents the broken secondary extremal determined by (2). 
The proof is essentially that in § 10, Trans. III. 
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We next consider the integral 


(4.3) 2 | [2 (x, 9, 4')— oy yi] dx (¢=1,---, n) 


in which the parameter o may have any value independent of x. 

Let the system of n Euler equations corresponding to the integral (4.3) 

be represented by 
Q* = 0 (¢@=1,---,n). 

We state the following theorem. 

THEOREM I. The nullity of the fundamental form Q(z) equals the number 
of linearly independent solutions of the equations 2% 0 which have the 
period » for o=0. 

The index of the form Q(z) equals the number of linearly independent 
solutions of the equations 2% = 0 which have a period w and for which 
6<0. 

This theorem is proved in § 15, Amer. Journ. loc. cit. 

5. The non-degenerate case when n= 1. In this case, in § 18, 
Trans. II we have further analyzed the preceding segments y as follows. 

If x0 is not conjugate to x —w on y, there exists a secondary 
extremal EF on which 7 (0) = y4(w)—1. Let HE’ be a secondary extremal 
obtained from FZ by replacing each point (x, 7) on # by the point (x+ o, 7). 
We see that E and E’ intersect at (m, 1). Moreover, E and E£’ will not 
be tangent at (w, 1) unless # and LX” are identical and hence periodic. 
This could happen only in case the nullity of Q(z) is positive, that is in the 
so called “degenerate” case. We exclude the degenerate case in this section. 

As x increases through w, FE crosses EH’ at (w,1). If H then enters 
the region between EH’ and the x axis, we say that y is relatively concave, 
in the contrary case relatively convex. 

We have the following theorem from § 21, Trans. II. 

THEOREM 2. In the case n=1 the index of a non-degenerate periodic 
extremal g may be determined as follows. 

If on the x axis representing g, x =O is not conjugate to x =, the 
index of g equals the number of conjugate points of « = 0 which precede 
x =o plus 0 or 1 according as the x axis between 0 and o is relatively 
convex or concave. 

If a point x = a is conjugate tox = a+, the index of g is the number 
of conjugate points of x = a between a and a+ including a+o. 

We shall now establish the following theorem. 

THEOREM 3. (n= 1). If to each point x on the x axis representing 
the closed extremal there corresponds k conjugate points (k >0) between x 
and x-+w, while the point x is never conjugate to x--w, then the index 
of the closed extremal is k if k is odd und k+1 if k is even. 








CLOSED EXTREMALS. I. 5d7 


By virtue of the preceding theorem we have merely to show that ; is 
relatively convex if k is odd and relatively concave if k is even. The 
proof is largely an application of the Sturm separation theorem. 

Suppose k = 27 — 1 where 7 >0. 

I say that E cannot pass below EL’ at the point (o, 1), that is FE cannot 
there enter the region between E’ and the z axis. 

A comparison of # with a secondary extremal which vanishes at x = 0 
shows that H must vanish 27 times on the interval (0,@). Let « = a 
be the first zero of E following x = 0. 

The first conjugate point of « = 0 following x = 0 must follow « = a. 
Hence the first conjugate point of x = @ following x = » must follow 
x=a-+o. Accordingly EL cannot intersect E’ except at 2 —o on the 
closed interval (w, a-++ ). 

Moreover, F cannot intersect the x axis on the interval (w, a+) since 
that would mean that the point x = a had 2r conjugate points on the 
interval (a, a-++) contrary to our hypothesis. 

It follows topologically that E cannot pass below EL’ at the point (@, 1). 

Thus if k is odd, y is convex, and the index is k. 

One can treat the case where & is even in a similar fashion. 

6. Invariance of the index and degeneracy of a closed extremal. 
Let us call a set of parameters (x, y) of the type whose existence is affirmed 
in the lemma of § 3 a canonical set of parameters neighboring gy. In terms 
of these parameters let the fundamental form Q be set up asin§4. If Q 
is degenerate g will be momentarily termed degenerate relative to the para- 
meters (x, y). The index of Q will be momentarily called the ¢ndex of g 
relative to the parameters (x, y). 

We shall prove the following theorem. 

THEOREM 4. The property of degeneracy of a closed extremal g and value 
of the index of a non-degenerate closed extremal are independent of the 
particular system of canonical parameters with the aid of which the funda- 
mental form is defined. 

Let (x, y) be a set of canonical parameters and f(a, y, y’) the corre- 
sponding integrand of § 3. Let k be the index of g relative to the 
parameters (x, y). 

If g is non-degenerate its index k can be characterized in a way clearly 
independent of the canonical parameters used. To proceed we need a 
definition. 

Let e be a small positive constant. An ordinary closed curve h on S 
representable in the space (x, y) in the form y; = yi(x) will be said to 
lie in the neighborhood R, of g if y; and y; are in absolute value less than 
ealongh. OS x<o., 
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The case k = 0 can now be characterized as follows. 

(a) In case g is non-degenerate relative to the parameters (x, y) a necessary 
and sufficient condition that its index k be zero relative to (x, y), is that 
g afford a proper minimum to J relative to all ordinary closed curves which 
lie in a sufficiently small neighborhood Re of g. 

In characterizing the case k +0 we shall admit only those ordinary 
closed curves which give J a value less than Jy. This characterization 
is an obvious generalization of a part of Theorem 10 in Trans. II. 

(b) Suppose g is non-degenerate relative to (x, y) and has an index k + 0. 
Corresponding to any sufficiently small neighborhood Re of g there exists an 
arbitrarily small neighborhood Re with the following property. The index k 
of g relative to (x,y) is one more than the minimum order m of closed 
m-families of admissible curves on Re which cannot be deformed among 
admissible curves on Re into a single admissible curve. 

To return to the proof of Theorem 4 we consider the following integral: 


(6.1) I =f [f(@,y,y')—eyyldx, ( =1,---, n). 


The integrand has a period in x, and the ~ axis is still an extremal. 
If the integral be represented in terms of the original parameters of 8, 
g will still appear as a closed extremal. 

The second variation of the above integral will take the form (4.3) and 
the corresponding Euler equations will be represented by the set of 
equations, 

(6.2) Q* = 0 (¢ = 1, ---, 9). 


Values of o for which (6.2) has solutions (not null) of period » are here 
called characteristic roots. 

(c) Relative to the parameters (x, y), and for « = 0 the extremal g is 
now assumed degenerate. 

According to Theorem 1, o = 0 must then be a characteristic root. 
Let k(e) be the index of g relative to the parameters (x, y) and the 
integral J°. According to Theorem 1 k(o) will suffer an increase as ¢ 
increases through 0 equal to the number of linearly independent periodic 
solutions of (6.2) foro = 0. For o near 0 but not 0, g will be non- 
degenerate, and the preceding characterizations of k in (a) and (b) are at 
our disposal. 

Let (x, y) be a second set of canonical parameters. Restricting our- 
selves to ordinary curves in the (x, y) space in a sufficiently small neigh- 
borhood FR, of the « axis we see that the integral J* can be represented 
by an integral 7° in terms of the parameters (x, y) with x as the inde- 
pendent variable. 
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(d) I say that under the assumption (c) g must be degenerate for « = 0, 
relative to the parameters (x, y). . 

For in the contrary case the index k(o) of g relative to (x, y) and J¢ 
would be constant for o sufficiently near zero. But from (a) and (b) we 
see that k(o) = k(c) for o near O but not 0. Thus k(o) would not 
change as o increases through o = 0. From this contradiction we infer 
the truth of (d). 

The part of the theorem concerning the index now follows from (a) 
and (b). 

7. The indices of the principal ellipses on an (m—1)-ellipsoid. 
We shall consider an (m—1)-ellipsoid Ey»: of the form 


(7.1) Gwit---+aw =1, a>a>-:->a,>0 


for which the constants a; are near 1. 

By principal ellipse gi of Em-1 (i+ 7) will be meant the ellipse on 
Em-1 Which lies on E»—1 and in the 2-plane of the w; and w; axes. The 
number of principal ellipses is m(m—1)/2. The principal ellipses are 
closed geodesics. 

The determination of the indices of the principal ellipses on L,—1 can 
be reduced to a determination of the indices of the principal ellipses on F,. 
We now proceed with the latter determination. 

8. The ellipsoid F,. First recall that if s is the are length along 
any closed geodesic g on a 2-dimensional spread S, the conjugate points 
of the point s = s) on g are the zeros other than s = s of a non-null 
solution of the differential equation 


d?u 
ds? 





(8.1) + K(s)u = 0 
where K(s) is the total curvature of S at the point s on g, and u vanishes at 
S = 8. (See Bolza, p. 231). 

As in Trans. II we shall call g doubly-degenerate, simply-degenerate, or 
non-degenerate according as (8.1) possesses 2, 1, or 0 linearly independent, 
non-null solutions with a period o. 

We shall use the following lemma. (See § 19, Trans. II). 

LemMA 8.1. If g is a simply-degenerate closed extremal and u(s) is a non- 
null solution of (8.1) with a period w, the only points s ong for which s is 
conjugate to s+ w are the points at which u(s) = 0. 

We shall now prove the following lemma. 

LEMMA 8.2. If the semi-axes of the ellipsoid Ez of § 7 have lengths suf fi- 
cently near unity the principal ellipses of Ez have the following properties. 
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(a) To each point s on giz there corresponds just one conjugate point prior to 
s-+-o, while s is never conjugate to s+-o. 

(b) To each point s on gz3 there correspond just two conjugate points prior 
to s-+w while s is never conjugate to s+-o. 

(c) On gis opposite umbilical points are conjugate to each other and to no 
other points. The geodesic 913 is non-degenerate. 

Let the ellipsoid 


b? at + b3 a+ bp a5 = 1, b,>0 
be denoted by E(b,, be, bs). 

We need the fact that the total curvature K(s) of H(b,, b2, bs) along 
its principal ellipse g,. will be increased if bs is replaced by a larger 
positive constant. In fact K(s) is the product of the curvature k, of gs 
at the point s and the curvature k, of the ellipse ~ in which a plane 
orthogonal to giz at the point s, cuts H(b,, be, bs). An increase of ds 
will not alter k, but it will diminish the axis of the ellipse orthogonal to 
the plane y:2. It will accordingly increase k, and hence K(s). 

We now return to the constants a,>d:> a3 of §7, and consider the 
spheroid E(a,, dz, a2). On the ellipse g,2 of this spheroid we shall measure 
s from the point (a,;,0,0). We shall prove the following statement. 

(A) On the ellipse gy, of E(a,, dg, az) the distance As from a point s to its 
Jirst following conjugate point exceeds w/2 for all points except the points con- 
jugate tos = 0, for which As = w/2, 

First note that s = 0 is conjugate to w/2 and », and that the cor- 
responding solution of (8.1) has the period o. 

On the other hand on the ellipse gi: of E(a,, a2, a2) K(s) is less than 
the total curvature at the same point on E(a,, a2, a). But on E(a, a2, %) 
the point s = w/4 is conjugate to the opposite point on gs. An application 
of the Sturm comparison theorem to (8.1) now shows that the distance 
from s = o/4 to its first conjugate point on g,. exceeds w/2 on E(a1, dz, a2). 
It follows from Lemma 8.1 that the same is true for all points of gi: on 
E(a, a, a2), except the points conjugate to s = 0. 

Thus the statement (A) is proved. 

We can now prove statement (a) of Lemma 8.2. 

The curvature K(s) on the ellipse g,. of E(a;,, a2, as) is less than that 
at the same points on E(a, a2, a2). It follows from (A) and the Sturm 
comparison theorem that to each point s on the ellipse g,2 of E(a, a2, 4s) 
there corresponds at most one conjugate point prior to or including s+. 
If we bear in mind what happens on the unit sphere, we see that if the 
constants a; are sufficiently near unity there will be exactly one conjugate 
point of the point s prior to s+, and s+ will not be conjugate to s. 
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Thus (a) is proved. 

We can prove (b) similarly, first proving the following. 

(B) On the ellipse gs of E(dz, az, a3) the distance As from a point s to 
the first following conjugate point is less than w/2 for all points except the 
points conjugate to the point (w) = (0, 0, as), for which As = o/2. 

To prove (B) we compare gs on E(de, dz, as) With ges on E(as, de, dy), 
and then use Lemma 8.1 as in the proof of (A). 

To prove (b) we make use of (B) comparing gzs on E(a,, az, a3) with 
923 ON E'(dz, dg, as). 

To prove (c) we recall that the geodesics through an umbilical point 
pass through the opposite umbilical point but form a field otherwise. Hence, 
each umbilical point on g,3 is conjugate to the opposite umbilical point. 

Further, gi; cannot be doubly-degenerate. For if so s+ would be the 
second conjugate point, not only of the umbilical points s, but also of all 
points s. After a slight increase of az no point s+ on gs would be 
a conjugate point of s, contrary to the fact that there would still be um- 
bilical points on g;g3. Thus 9,3 cannot be doubly-degenerate. 

Finally gi; cannot be simply-degenerate because it would then follow 
from Lemma 8.1 that the four umbilical points would be mutually con- 
jugate, which is false. 

Thus (c) is proved. 

From Theorems 2 and 3 and the preceding lemma we now have the 
following theorem. 

THEOREM 5. If the semi-axes of the ellipsoid 


(8.2) ai xt ad a x5 + a; x; = 1 ay > My > as 


are sufficiently near unity the indices of the principal ellipses gi2, gis, and ges 
are 1, 2, and 3, respectively. 

9. The index formula on E,,_;. We shall now determine the indices 
of the principal ellipses gj; on the (m—1)-ellipsoid Em—: of (7.1). 

By the principal ellipsoids of Em: we shall mean those ellipsoids 
which are obtained from E—: by setting all of the codrdinates (w) equal 
to zero excepting three. 

We note that the geodesics on any principal ellipsoid are geodesics 
On En—1. This is seen most simply by putting the equations of the geo- 
desics in the form 

ew Len af ‘8 ee d 
= Aw,@ (i = 1,---, m; ¢ not summed) 


where (w) lies on Em—i, and 4 is a function of s. 
We shall now fix our attention on a particular principal ellipse, gm—1,m; 
which we denote by 7. 
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We can represent Hy»: near g in terms of parameters (x, y) as in the 
Lemma of § 3. In fact if we set 


r(y) = 1—ay (h = 1,---,n = m—2) 

we can represent EH,»,—1 near g in the form 
Wh = Yh (h — Ay ihe. n), 
(9.1) Am—1Wm-a == ry) cos x r>0, 


dm Wm = ry) sin x. 


The integral of are length on Hm—1 near g becomes the integral (3.5). 
We continue with the notation of sections 3, 4, and 5. 

The principal ellipsoids Ey. The principal ellipsoid which lies in the 
3-space of the wx, Wm—1, Wm axes (k<m—1) will be denoted by Ey. 

If we set all of the parameters (y) except y, equal to zero, (9.1) will 
give a representation of the neighborhood of g on Ey. The geodesics 
of Em—1 near g on Ex will be represented by extremals in the 2-plane 
of x and y%. 

One readily verifies the fact that the present integral of arc length in the 
form (3.5) will be unchanged if we replace yn by —y, and y, by — yh 
for any particular integer h. It follows that under this substitution each 
extremal arc is replaced by an extremal arc. 

Now consider the fundamental form Q(z) set up for g as in § 4. 

Recall that (2) is composed of the successive sets of codrdinates (y) of 
the points P,,---, Py» of §4. Let the codrdinates y, of P, now be 


denoted by 
Yi, (k=1,---, p; h=1,---,n). 


It follows from the preceding symmetry considerations that Q(z) is un- 
changed if for any h we replace 


(y}, rity yp) by (—gi, veel yp). 
As a matter of quadratic forms it then follows that we can write 


Q(z) == Q,(y}, ot oe yP)+ oes +Q,(y1, esas y?) 


where Q, is a quadratic form in its arguments alone. 

Hence the index of Q(z) will be the sum of the indices of the separate 
forms Q,. 

But if we set all of the variables (2) equal to zero except those in Qe 
we see that Q, is the fundamental form (except for the symbols for its 
arguments) which would be associated with g if g were regarded as a closed 
geodesic on the principal ellipsoid Ex. 
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We have made the preceding analysis for g= gm—i.m. It is not 
essentially different for gi in general. We therefore have the following 
theorem. 

THEOREM 6. The index of the principal ellipse gi; on the ellipsoid En 
in m-space is the sum of the indices of gi; regarded as an ellipse on each 
of the m—2 principal 2-dimensional ellipsoids on which gij lies. 

When the semi-axes of Hm—1 have lengths sufficiently near unity we 
can evaluate the index k of gj by using Theorems 5 and 6. 

Suppose i<j. Then the index & is three times the number of integers 
between 7 and 0, plus two times the number of integers between ¢ and /, 
plus one times the number of integers between 7 and m+1. Thus 


k= 8@—1)+2(j7—71—1) + (m—7) = m+i4+j—5. 


We accordingly have the following theorem. 

THEOREM 7. If the semi-axes of the (m—1)-ellipsoid (8.1) have lengths 
sufficiently near unity, the index of the principal ellipse gy is m+-i+j —5. 

The number of distinct indices of principal ellipses is 2m—3. 

The preceding theorem can be immediately extended as follows. 

THEOREM 8. Jf the semi-axes of the (m—1)-ellipsoid (7.1) have lengths 
sufficiently near unity, the index k of the closed geodesic which covers 
a principal ellipse gy r-+1 times is given by the formula: 


k= m+it+tj—5-+2r(m—2). 


To prove this extension we review the proof of Theorem 7 and suc- 
cessively verify the following statements. 

If the semi-axes of the ellipsoid E, have lengths sufficiently near unity 
the indices of the closed geodesics which cover the principal ellipses g., 
fis, And gsg, r-+1 times are 27r-+1, 2r+2, and 27+3 respectively. 

The index of a closed geodesic g on Em—: which covers a principal 
ellipse is the sum of the indices of g regarded as a closed geodesic on 
each of the m—2 principal 2-dimensional ellipsoids on which it lies. 

The index k of a closed geodesic g which covers gj on Emair+1 
times (i<j) is accordingly 


k = (2r+8)(@—1)+(2r+2) G—i—) + @r +1) (m—J) 
= m+i+j—5+ 2r (m--2) 


and the theorem is proved. 
10. The exclusiveness of the principal ellipses as closed 
geodesics. In this section we shall prove the following theorem. 
THEOREM 9. Let N be an arbitrarily large positive constant. Upon any 
(m—1)-ellipsoid whose semi-axes are unequal and sufficiently near unity in 
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length there are no closed geodesics with lengths less than N other than 
multiples of the principal ellipses. 

We state the following lemma without proof. See §19, Trans. II and 
Lemma &.1. 

Lemma. Let there be given a differential equation 


(10.1) w'+q(s)w = 0 


in which q (s) is continuous and has a period ». If u(s) is a solution (+ 0) 
of period » wpon which all periodic solutions of (10.1) are dependent, 
the only solutions whose zeros have the period » are dependent on u(s). 

Let the (m—1)-ellipsoid have the form (7.1). The equations of the 
geodesics then take the form 


(10.2) wi +hu, aj = 0 (j not summed), 
(10.3) aw} = 1 (¢, 7 = 1, +++, m) 


where the independent variable is the are length s, and where 4 is an 
analytic function of s which we now determine. If we differentiate (10.3) 
twice with respect to s and use (10.2) we find that 
az ww; 


(10.4) im ww, = 1. 


atw,w, 
When the constants (a) of (10.3) = (1), 4==1. Accordingly for (a) sufficiently 
near (1), 2 will be uniformly near 1 for any point (ev) on (10.3) and 
ww; = 1. 

Let g be any geodesic on E,»-1 and 4(s) the corresponding function 4. 
Let zw;(s, c) be a solution of the jth equation (10.2) such that 


w(s,c) = 0, w(s,c) = 1. 


We shall now restrict the constants (a) to a neighborhood R of the set 
(a) = (1) so small that any variation of (a) in R will cause the successive 
zeros of wj(s,c) on the interval 


ex<s<c+N 
to vary by less than 7/4 regardless of the choice of g, of c, or of j. 
Suppose now that g is a closed geodesic w;—= ui(s), with a length 


o<N, and that 4(s) is the corresponding function 2. Suppose that the 
theorem is false. For definiteness assume that 


(10.5) ux (s) = 0 (k = 1, 2, 3). 


We shall make repeated use of the Sturm comparison theorem which 
we denote by (8). 
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An obvious use of (S) shows that ux(s) must vanish at least once, say 
at s;. Because of our restrictions on the constants (a) it follows that 
the zeros of w,(s) on the interval 


& S8 cl HK+o 


lie respectively within 7/4 of the points 
Sky Se+ 1, SK+QVQH,--+,%+2ra 


where 7 is a positive integer dependent on . 
Moreover the solution u;(s) can have no zero, say s = a, in common with 


un(s) & +k; &,k = 1, 2, 8). 
For the conditions 
u(a) = un(a) = ux(a +o) = 0 


taken with (S), imply that w(a+)+0 contrary to the periodicity 
of ap (s). 
The equation (k not summed) 


(k) wy, +4(s) a2 w, = 0 (k = 1, 2, 3) 


possesses no solution (0) of period », independent of w(s). For if all 
solutions of (k) had the period » a use of (S) would show that equations 
(h),h +k, could have no solutions of period » not identically zero. 

Let Dx(s) be the distance along the s axis from a zero of a solution 
of (k) which is not identically zero and which vanishes at s, to the 27th 
following zero. It follows from the lemma that the only points at which 
D,(s) = are the zeros of uz (s). 

A use of (8) shows that D,(s)>@ at the zeros of w(s). But there 
is at least one zero of uw, (s) between each two consecutive zeros of wu: (s). 
Hence, Dz(s) > without exception. This fact and a use of (S) now 
show that D;(s)>@ at each point s. 

From this contradiction we infer that (10.5) is impossible. 

The theorem follows readily. 

11. The set of all closed extremals in the analytic case. In 
the paper which is to follow we shall restrict ourselves to the analytic 
case, that is to the case where the functions defining the elements of S 
are analytic as well as the integrands G(v, oe). In the analytic case 
certain very definite statements can be made about the set of all closed 
extremals neighboring a given closed extremal g. It is convenient to 
make these statements in this place. 

In the lemma of § 3 we showed how to map the neighborhood of a 
closed curve g on § onto the neighborhood of the x axis in a space of 
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variables (x, yi1,+**; Yn)» A review of the proof of this lemma shows that 
in the analytic case and in case g is analytic the mapping functions 
w; = wi(x, y) there defined are also analytic. 

We represent S neighboring g in terms of these parameters (x, y). The 
extremals neighboring g can then be represented by giving their codr- 
dinates y; as functions yi(~, «) of x and 2n parameters (@) giving the 
initial values of (y) and (y’) when 2 = 0. The functions 9; will be 
analytic in their arguments for («) near the set (0). The conditions that 
one of these extremals have a period » are that 


(11.1) gi (0, a) = gi(o, a), gix(0, a) = Pix (ow, a) ( =1,:--,n). 


These equations may be satisfied for real sets («) only when («) = (0). 
Apart from this case the real solutions (@) of (11.1) will be representable 
as functions “in general” analytic on one or more suitably chosen 
“Gebilde” G* of r independent variables with 0< 1 < 2n, each G@ including 
the point («) = (0). To each such set (@) corresponds a periodic extremal. 

These periodic extremals neighboring g all give the same value to J. 

To see this we consider any regular curve A on one of the above 
“Gebilde” G, a curve h along which the parameters (a) are analytic on G. 
We evaluate J along the corresponding extremals from «2 —0 to x= a. 
Upon differentiating J with respect to the are length along # and making 
the usual reduction of the first variation we readily obtain the result zero. 
It follows that Jis constant on G, and in fact takes on the value afforded 
by 9. 

We shall regard a continuous family of closed curves as connected if 
any closed curve of the family can be continuously deformed into any other 
closed curve of the family through the mediation of curves of the family. 

From the preceding analysis “in the small” we now infer the following 
result “in the large”. 

In the analytic case the set of all closed extremals on S on which J is less than 
a prescribed positive constant make up at most a finite set of connected and con- 
tinuous families of closed extremals on each of which J is constant, and which 
are either 0-dimensional or else analytically representable neighboring a given 
closed extremal in terms of a variable x and parameters (e) on one or more of 
the above “Gebilde”’. 





* See Osgood, Funktionentheorie II. To Osgood’s “‘Gebilde” we add the space of the 
variables («) as a special “Gebilde”. 











SUFFICIENT CONDITIONS IN THE PROBLEM OF 
LAGRANGE WITH FIXED END POINTS.'! 


By Marston Morse. 


1. Introduction.’ Essentially the following theorem is stated by Bliss. 
Its terms will be defined later. 

THEOREM A. In order that the extremal E afford a proper, strong, relative 
minimum to J it is sufficient that E be identically normal on its interval (a, b), 
that the Clebsch and Weierstrass sufficient conditions hold, and that there be no 
conjugate point of x = aon (a, b). 

The first object of the present paper is to prove this theorem. It does 
not appear to have been previously proved, although several proofs exist 
if H be assumed identically normal on an interval containing (a, b) in its 
interior. 

The difficulties arise in connection with trying to set up a Mayer field 
containing #. The conventional method of taking a family of extremals 
through a point P on E’s extension just prior to EF fails because examples 
will show that such a family need not form a field near P. 

These difficulties are associated with the so called oscillation theorems 
of which the author gives two, one new, and one old, both proved by 
new methods. Starting with the excessively complicated methods of Von 
Escherich this part of the theory has gradually been stripped of its cumber- 
some algebra. The methods of the author go further in this direction. 
They are suggested by methods which he has found useful in treating 
oscillation and separation problems in general. 


‘Received October 17, 1930. 
? A list of references follow. 

Bliss, The problem of Lagrange in the calculus of variations. Lectures by G. A. Bliss. 
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Bolza, Vorlesungen tiber Variationsrechnung. 

Hadamard, Lecons sur le calcul des variations, vol. 1, Paris, 1910. 

Carathéodory, Die Methode der geodatischen Aquidistanten und das Problem von Lagrange. 
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The author’s contributions to the theory begin with section four. How- 
ever the form in which the material is presented in sections two and three 
varies somewhat from previous work. 

2. The problem and its extremals. In the space of the variables x 
and (y) = (y1, ---, Yn) let there be given a curve EL, 


(2.1) w=H@, a<axct (= 1, +, n) 


of class C’’ for x on (a, b). 

We consider other curves y;(x) neighboring # of class C’ on (a, b). 
Such curves are called differentially admissible if they satisfy m differential 
equations of the form 
(2.2) Pg (Xs Ys y) =0 (8 = 1,---,m; m<n). 


We suppose # differentially admissible, and that along £& the functional 
matrix of the functions (2.2) with respect to the variables y; is of rank m. 
A set (a, y, p) will be called differentially admissible if it satisfies 
/~p (z,y,p) = 0. 

A curve of class C’ is called admissible if it is differentially admissible 
and joins the ends of #. 

We seek conditions sufficient for to afford a minimum to the integral 


b 
(2.8) T= [rey y)az 
among admissible curves. 

The functions f and gg are to be of class C’” for any admissible set 
(x, y, y’) for which (x, y) is near EZ. 

A constant 2) and a set of m functions 4, (x) are termed an admissible 
set of multipliers if they are not all zero at one point at least of (a, >), and 
if the functions 43 (x) are of class C’ for x on (a, b). 

If # affords a minimum to J it is necessary that there exist a set of 
admissible multipliers such that along 





(2.4) Fy = Fy, 
where® 
(2.5) F = A f+is op (8 = 1, ---, m). 


An extremal is a differentially admissible curve of class C’’ which with 
admissible multipliers satisfies (2.4). It is normal‘ on (a, b) if it possesses 


* The summation convention of tensor analysis is used throughout. 

‘If we were dealing with the problem under the more general end conditions of Morse 
and Myers, loc. cit., it would be better to replace the term normal by “normal relative to 
the conditions (2.4).” 











THE PROBLEM OF LAGRANGE. 569 


no set of multipliers of which 4,0. It is identically normal on (a, b) 
if it is normal on every subinterval of (a, b). We suppose throughout 
that E is normal on (a, 6), and take 4, = 1. 

The differential equations of the extremals can be put into compact 
form as follows. Set 


(2.6) uy, 09, *=1. 


The jacobian R (see Bolza p. 589) of the right hand members of these 
equations with respect to the variables yj, ---, yn, 41, ---, 4m is assumed 
not zero along £. We can accordingly solve these equations neigh- 
boring # for (y’) and (A) in terms of (v) and (y) and put the equations 
(2.4) and (2.2) in the well known form 


” dyi . dv; 
(2.7) ve = Yi(z, Y; v); = = Vilz, y, v) 





so that we see that extremals neighboring H are determined by the initial 
values of (a, y, v). 

We now define the function 2(y, 7’, ) as does Bolza p. 621. The 
second variation then becomes 


b 
J, = of Q(y, 4’, ) dx. 


Secondary extremals are defined as the extremals of the problem of 
minimizing the second variation subject to the differential conditions 


(2.8) Og(y) = Pay, Nit Pay, = O (¢=1,---,n; B=1,---, m). 


With admissible multipliers jo, (x), ---, #m(a) they must satisfy (2.8) 
and 
d 

2.9 —— D2 we Q.. 
G9) da ~™ * 

If E is normal on (a, b) we see that every secondary extremal is normal 
on (a,b). For from the definition of normalcy it is necessary and sufficient 
for the normaley of E on (a, b) that the equations 


d e 
(2.10) my (As Py) — Ag Psy, = 0, a < zr > b 


be satisfied only if (4)= (0). By virtue of (2.9) an identical test for 
normaley of a secondary extremal on (a, b) is obtained upon setting “#) = 0. 


Thus each secondary extremal is normal on (a,b). We set “o = 1 hereafter. 
40* 
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As in the case of extremals the differential equations of the secondary 
extremals can be put into a simplified form 


dni ati 





(2.11) dz — nila, q; ¢), “dx — Ci (a, q; ¢) 
upon setting 


The relations (2.12) are to be used to solve for the variables (7’) and (wu) 
in terms of the variables (y), (¢) and x. The jacobian involved is exactly 
the jacobian R used previously for the case of extremals. 

We recall that the equations (2.11) are linear and homogeneous. 

3. Certain sufficient conditions. By the Clebsch sufficient condition 
we mean the condition that 


(3.1) Fy y;, 2% 2 > 0 
for all sets (z) + (0) for which . 
(3.2) Pay, 2i = O 


and for (x, y, y’, 4) on E. 
By the Weierstrass sufficient condition we mean the condition 


(3.3) F(a,y, q,4)—Fia,1 »D,A4)—(qi— pi) Fy, (x, yp, ) _ E(x,y,p,; q,4)>0 


for distinct admissible sets (a, y, p) and (x, y, q) for which (a, y, p, 4) is 
near the set (x, y, y’, 4) on E. 

We come now to Mayer fields. (See Bliss p. 64). A family of differentially 
admissible curves satisfying differential equations of the form 


(3.4) au =—_ pila, y) (a = i, silts n) 


at each point of an open region S in which p;(z, y) is of class C’ will 
define a so called field in S. 

If with the slopes p;(z, y) there can be associated multipliers 4 (a, y) 
also of class C’ in S, with % — 1, such that the Hilbert integral 


(3.5) I* = {Py Fy) dat Fy dy 


with y; and 4g replaced by pi (x, y) and As (a, y) respectively, is independent 
of the path in S, then the field is called a Mayer field. 

We shall take up an important test for a Mayer field. 

Let there be given a family of extremals of the form 


(3.6) ie yi(ax, hg oy &n), == vi (a, Wiig 9 eM &n), 
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containing E for («) = (0), with yi(x, «), yix(x, «), and vi (x, «) of class C’ 
for x on an interval containing (a, b) in its interior and (a) near (0). If 
we have 


“ D(ys, ++ +s Yn) oo 
(3.7) D(a, nee Cn) + 0, («) _— (0), a < zs b, 
then at each point (7, y) near E we can solve the equations y; = yi(x, «) 
for the variables «; obtaining thereby functions «;(x, y). We can obtain 
slope functions p;(~, y) and multipliers 43(x, y) at each point near E by 
solving the equations 








vi(x, a(x, y)) — Fy,(zx, Y, DP; 4), 9g (x, Y, P) = 0 


for pj and 4g as functions of x and (y). Moreover these solutions will 
be of class C’ when (z, y) is near EZ. 

We combine these results with the result stated by Bliss on page 68 to 
obtain the following lemma. 

LEMMA 1. A family of extremals neighboring E, of the form (3.6), with 
a non-vanishing jacobian (3.7), will define a Mayer field neighboring E if 
on the intersection of the field with an n-plane x = c (a <c < bd) the 
Hilbert integral of the field 


[* = if (c, a(c, y)) dyi 
is independent of the path. 

We shall make use of the following well known theorem on sufficient 
conditions. 

THEOREM 1. In order that the extremal E afford a proper, strong, relative 
minimum among admissible curves, it is sufficient that the Weierstrass 
sufficient condition hold along E, and that there exist a Mayer field con- 
taining E as a member and covering a neighborhood of E. 

4, The first oscillation theorem. The question of the existence of 
Mayer fields containing EF is connected with the theory of conjugate points 
which we now define. 

Two points ¢ and c’ on the interval (a,b) are called conjugate if c+, 
and if there exists a secondary extremal vanishing at c and c’ but not 
identically zero between c and ¢’. 

We shall have occasion to consider families of solutions of the accessory 
equations (2.11) linearly dependent upon m such solutions given by the 
respective columns of a matrix 


1;; (x) | 
ty (a) | 
The set of solutions (4.1) will be called a base of the family. 


(4.1) b. 


I\ 
IA 


x 











((,j7 = 1,---, 0), a 
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Consider now the base taking on the initial values 


(4.2) 1 ,;(¢) = 0, £,,(¢) — é!, 


7) 


where df is the Kronecker delta. For this base set 
(4.3) D(a, c) = |ny(@)|- 


We shall prove the following lemma. 

Lemma 2. If a is conjugate to c then D(%,c)=0. Conversely if 
D(a, 0€) = 0, a+, and E is normal on (x, ¢), then x is conjugate to c. 

Any accessory solution for which (7) vanishes at ¢ will be linearly 
dependent on the columns of (4.1). It follows that D(x, c) = 0 if a is 
conjugate to c. 

Conversely if D(a, c) 0 for 2,+c, there must exist a solution of 
the accessory equations of the form 


(4.4) mee a; 0; (x), - = C,,(z), 


where the a;’s are constants (a) + (0), so chosen that (y) vanishes at 7. 
If now (yj) were identically zero on (a,c), it would follow from (2.9) that 
the corresponding multipliers g(x) determined by (7, ¢) using (2.12) would 
satisfy 


d 
yy (up Ppy;) — LB Psy, = 0 


on (a,c) and hence be identically zero, since E is normal on (%, ¢). 
The corresponding functions ¢;(7) = 2,; would then be zero on (a, ¢). 
But this is impossible since (4.4) and (4.2) show that ¢:(c) = ai, and we 
have taken (a) + (0). 

Thus the functions (7) defined by (4.4) are not identically zero on (%,¢), 
and x, is conjugate to c. Thus the lemma is proved. 

We shall continue with the following lemma. 

Lemma 3. If the Clebsch sufficient condition holds on (a, b) there exists 
a positive lower bound of the distances from a point x = c on (a,b) to tts 
conjugate points. 

Consider now a base (4.1) taking on the values 


(4.5) nj) = 63, (ec) = 0. 
The corresponding family of solutions may be represented in the form 


(4.6) % = ©, 1,;(x), ; a C,,(z), 
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where (uw) is any set of m constants. The jacobian 


D(y;, td . 1) 
(4.7) = 
Dw, +++, Un) 





Ing(z)| = Ale, 0) 


is unity for z = c, and hence does not vanish in some closed neighborhood 
(c—e, e+e) of c. (e>0). Moreover e can be chosen independently of 
the position of ¢ on (a, b), as follows from the uniform continuity of 
A(z, c). 

We now prove a statement A. 

A. The family (4.6) will form a Mayer field of secondary extremals 
for x on (c—e, c+e). 

This appears at once from Lemma 1, of § 3 if we note that the Hilbert 
integral on the n-plane « — c here takes the form 


I? = 2 f t(o an = 2f oan = 0 


and so is independent of the path. 

Recall now that the Clebsch sufficient condition relative to EF entails 
the Weierstrass sufficient condition relative to the second variation for 
the segment (a, b) of the x axis regarded as a secondary extremal. This 
follows from an obvious use of Taylor’s formula. 

We can now prove statement B. 

B. There are no conjugate points of the point x =c on that part of 
the interval (c—e, c+e) on (a, b). 

For if x, were conjugate to c on (c—e, c+e) and (a, b), by our 
definition of a conjugate point there would exist a secondary extremal (7) 
vanishing at 2, and c, but not identically zero on (x, c).° If we now apply 
Theorem 1 to the second variation with the segment (z,, c) of the x axis 
regarded as the secondary extremal, we see that (7) must make the 
second variation positive. For we have a Mayer field covering (2, c), 
according to A, and the Weierstrass sufficient condition satisfied, and 
we can clearly suppose (7) arbitrarily near (a, c). 

On the other hand the usual process of integration of the second 
variation by parts will show that the second variation is zero along (7). 
From this contradiction we infer the truth of B. 

The lemma follows readily. 

If we combine the two preceding lemmas we obtain our first oscillation 
theorem. 

THEOREM 2. If E is identically normal on (a,b), and if the Clebsch 
sufficient condition holds on (a, b), there exists a positive constant e such that 


> We treat the case where 2,<c. 
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D(@,c +0, w2+e, e—esgarsecte, 
for x and c on (a, b). 

5. A second oscillation theorem. We shall now establish the 
following theorem previously unproved. 

THEOREM 3. Suppose E is identically normal on (a,b). If the Clebsch 
sufficient condition holds, and there is no conjugate point of x=a on 
(a, b), there exists a Mayer field of secondary extremals containing the x 
axis as a member and covering a neighborhood of the segment (a, b). 

The family of secondary extremals vanishing at «=a represented in 
the form (4.4), possesses a determinant 


(5.1) D(x, a) = | Nii (x) | + 0, a<@S b, 


as follows from Lemma 2 § 4. Accordingly we can take a new base for 
this family of the form, 7f,(), ¢?;(~) requiring that 


(5.2) mej(a) = 0, 92,(b) = 9). 


The secondary extremal of this family which joins the point (x, 7) = (a, 0) 
to (x, 7) = (b, uw) can then be represented in the form (7,7 = 1, ---, n) 


(5.3) uy = uj), Cf = uf @). 


Let the value of the second variation taken along this family from 
«=a to «=b be denoted by J(u). If we integrate the second variation 
by parts in the usual way we find that 


(5.4) Js (u) om n} (bd) ti (b) = UjUj ti; (b), 


noting that 7/(b) = w. We note that Jr, = 2 C(b) = 2uj tj (0). 
We shall now define a new base 7(x), Cij(~) of which the corresponding 


family will define the desired Mayer field. 
We require that 


(5.5) 7) = 20, $F 0) = &O—é. 


The secondary extremal of the resulting family which passes through the 
point (x, 7) = (b, u) may be represented in the form 


(5.6) ii = wym(x), & = why(z). 


We shall now prove the following. 


A. A secondary extremal (7) of the family (5.6) which is not identically zero 
cannot vanish on (a, 6). 
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Such a secondary extremal (7) cannot vanish at « = b, in particular, 
without (uw) being (0), and hence (7) identically zero. 

Suppose that (7) vanished at c where a < c<)b. Let us evaluate the 
second variation along the x axis from « = a to x = c, and then along 
(7) to its intersection (b, w) with the n-plane x = b. Denote the resulting 
value of the second variation by J.(u). The usual integration by parts 
shows that si _ 

Jz(u) = mi (0) Si (0). 


Upon using (5.6), (5.5), and (5.2) we find that 4; (b) = « and that 
Jo(u) = wu (¢2;(b) — 6?) (é,j = 1, ---, 2). 
With the aid of (5.4) we see then that for the above set (u) 
Jo(u) = Je (u)—m Ui. 


The conclusion that we have arrived at, namely that Jo(u) < Jz (u) for 
the above set (wu), is impossible. For the family of secondary extremals 
vanishing at « = a forms a Mayer field for a < x < b except at the 
point (a, 0). In spite of the singularity at 2 = a one can see that the 
result of Theorem I still holds for this special case for curves in the field, 
so that we must have Jp (u) = & (u) for our set (u). 

From this contradiction we infer that (7) cannot vanish on (a, }) and 
the statement A is proved. 

It follows that 
(5.7) | mij (x) | + 0, ax<a<b. 


For if the determinant (5.7) vanished at c there would exist a set of 
constants (uw) +(0) such that the secondary extremal (7) given by (5.6) 
would vanish at c. But (7) would not be identically zero since 4: (0) = uw, 
thus contradicting statement A. 

To prove that the field defined by (5.6) is a Mayer field we evaluate 
the corresponding Hilbert integral on the plane x = b. We find that at 
the intersection of the field with « = b 


«= 2 JE) aq. 
Using (5.6) and (5.5), noting that on « = b, dyi dui, we find that 


I* = % uj (Ce (b) — 4) dui. 
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Referring to (5.4) and integrating we obtain the result 
I* = Jr (uw) — uj uj + const. 


Thus Z* is independent of the path and (5.6) forms a Mayer field. 

The theorem is thereby proved. 

6. Sufficient conditions for a minimum. A Mayer field of secondary 
extremals linearly dependent on secondary extremals of a base nij(x), fi(x) 
of secondary extremals will be called a linear Mayer field. It can be 
shown that all Mayer fields of secondary extremals are linear, but such 
a proof is not necessary here and will be omitted. We note that throughout 
a linear Mayer field |;(2)| + 0, for otherwise the field would fail to 
cover the neighborhood of all its points. 

We have affirmed the existence of a linear Mayer field of secondary 
extremals in Theorem 3. We now prove the following theorem. 

THEOREM 4. Let there be given a family of secondary extremals defining 
a linear Mayer field L covering the neighborhood of the segment (a, b) of the 
x axis. There will then exist a family of ordinary extremals forming a 
Mayer field containing E which may be so represented that the functional 
matrix of yi and v% with respect to the parameters of the family reduces 
on E to a base of the field L. 

Without loss of generality we can suppose the base of the given field L 
so chosen that ’ 

(6.1) ny (a) = 9}. 


The secondary extremal of the field through the point (a, 7) = (a, u) will 
be given by 
(6.2) n= ume), F = uly). 


We suppose the extremal EF given in the form 
(6.3) y=), Uu=Uew, acecd. 
We now define a family of ordinary extremals 
(6.4) yi = yi (x, u), vi = u(x, u) 


for (uw) near (0), and x on a slight enlargement of the interval (a, 5) by 
giving the conditions at x — a, 


yila, u) = yi(a)+uj ny(a), vila, u) = % (a) + wy; Sy (a) 


for each (uw) near (0). 
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The functional matrix of the family (6.4) evaluated for (w) = (0) is the 
given base of the family Z. We see then that the family (6.4) defines 
a field of extremals covering a neighborhood of £. 

To show that the field defined by (6.4) is a Mayer field we evaluate 
the Hilbert integral on the intersection of the field with the n-plane x = a. 
If we note that for x = a, dy; = dui, we see that this Hilbert integral 
on « =a becomes 


Jf? = Jvita, u) duj = fi (a) duj fu Cy (a) dui. 


That the last integral is independent of the path follows at once from 
the observation that it is one half the Hilbert integral on x =a set up 
for the given Mayer field of secondary extremals. Thus the family (6.4) 
defines a Mayer field containing LF. 

Theorems 1, 3, and 4 now combine to give us Theorem A of the 
introduction. 
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extremals linearly dependent on secondary extremals of a base yij(x), i(x) 
of secondary extremals will be called a linear Mayer field. It can be 
shown that all Mayer fields of secondary extremals are linear, but such 
a proof is not necessary here and will be omitted. We note that throughout 
a linear Mayer field |j;(~)| + 0, for otherwise the field would fail to 
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ON THE NECESSARY CONDITION OF WEIERSTRASS IN 
. THE MULTIPLE INTEGRAL PROBLEM OF THE 
CALCULUS OF VARIATIONS.! 


By E. J. McSHane.? 


1. The proof of the necessity of the Weierstrass condition for the 


curves minimizing an integral f. S(x,y, y') dx has been established by 


Tonelli under hypotheses which could hardly be weakened. The extension 
to curves in space has not been carried out, to the best of my knowledge; 
but it seems that it should be possible without great difficulty. On the 
other hand, the analogous condition for the multiple integral problem has 
by no means been established with the same generality. Levi* considered 


[ fre, y,2,p,q) 4x dy and showed that E(x, y,z,p,q,p,q) = 0 at 
all points near which the minimizing surface possesses continuous partial 
derivatives; this is, I believe, the only paper dealing with the Weierstrass 
condition for multiple integrals in non-parametric form. 

The present paper develops partially the theory of the Weierstrass 


condition for the case of the n-tuple integral J, SI (x, 2, 2x) dx, where f 


depends on m independent variables x, p functions z(#), and their first- 
order partial derivatives. From the rather fragmentary results on the general 
case we deduce as corollaries a theorem on curves in space which when 
further restricted to the plane is somewhat weaker than Tonelli’s; and 
a theorem on n-spreads in n-+1-space, which for n = 2 is decidedly 
stronger than Levi's. 

In the last two sections Legendre’s condition is established, and also 
a theorem on semi-continuity. 

2. Notations and definitions. Except when statement is made to 
the contrary, we shall use matrix notation; 

x will mean the n-tuple (z', x’, ---, x”), 

z(x) will mean (2'(a"', ---, x”), ---, (al, ---, x”), 


2x (a) will mean the matrix sg ed(ol,---, a”) (G=1,---, 257 =1,-°° Ds 


n P 
C.J, will mean > >> b/s fs, ete. 
* i=1 j=1 z 


‘ Received November 6, 1930. 
? National Research Fellow. 
3. E. Levi, Sulla necessita della condizione di Weierstrass per l’estremo degli integrali 
doppi, Atti della R. Acc. dei Lincei, ser. 5*, vol. 24 (1915), p. 353. 
578 














THE CONDITION OF WEIERSTRASS. 579 


The use of the letter D (with or without subscript) to indicate a point 
set of n-dimensional space will connote that the point set consists of 
a connected open set plus its boundary, the boundary having measure 
zero. The boundary of D will be designated by D. The symbol 





||2 || will stand for V gt gP ree A 





\2|| for Vert. te and 





|| 2x || for V ey feet (ehy +--+ (By. 


Let there be defined on a point set D a system of » continuous functions 
z\(x), ---, #(x); the set S of points of n+ p-dimensional space deter- 
mined by (a, z(x)) (a on D) will be called a continuous n-spread in n+ p-space. 
Our notation will always be so chosen that a spread S, will be defined by 
(x, zx(x)) (7 on Dy). By appr (D,, Ds) we shall mean the greater of the 
two quantities: (1) the upper bound of the distance of 2, from D, as ae 
ranges over Ds; (2) the upper bound of the distance of 2, from D, as 2, 
ranges over D,. If 8,:(x, 2,(~)) (2 on D,) and S,: (a, 2.(x)) (x on Dg) 
be two continuous n-spreads, the symbol appr (z,, 22) shall designate the 
greatest of the three quantities: 

(1) the upper bound of || 2; (~@)—2z.(x)|| as a ranges over D,- Dg; 

(2) the upper bound of ||z:(7,)—2s(zz)||, where 2, ranges over D,— D,, 
and for each value of 2,, x, ranges over the set of points of D, whose 
distance from z, is least; 

(3) the upper bound of ||2,(%,)—22(az)||, where x, ranges over D,— D,, 
and for each value of x2, 2, ranges over the set of points of D, whose 
distance from 2 is least. 

Given now a sequence of continuous n-spreads Sx: (x, zx(x)) (aw on Dx) 
and a continuous n-spread Sy: (a, 2o(x)) (x on Do), we shall say that 
Jim Si; = Sy if the following three conditions are satisfied: 

(1) Each point a interior to Do belongs to all D, after a certain Diw,), 
and each point x exterior to Dy belongs to no D, after a certain Dyi,); 

(2) lim appr (Dx, Do) = 0; 
k> a 

(3) lim appr (zz, 2) = 0. 
k> 0 

Let us suppose that we are given a class 8 of continuous n-spreads 4, 
all within a closed point-set A of n-+p-space, and a functional 
F(8) =| re, z(x), Zx(x))dx, where the function f(x, z, 2x) and all its 
first and second partial derivatives are defined and continuous in all 
n-+p-+np arguments, for all (z, 2) in A and all zr. The problem with 
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which we are concerned is that of finding a spread S of the class & for 
which F(S) assumes its minimum value. 

An admissible n-spread is a continuous n-spread (x, z(x)) (x on D) such 
that (1) each point (a, z(~)) is in A; (2) each 2/(x) is absolutely continuous 
in each x* separately for almost all values of x’, ---, vl, gett, ..., gn; 


(3) each partial derivative z’,; is summable over D; (4) f S (a, 2(x), 22(x)) dar 
exists. A spread S: (a, z(x)) (x on D) is said to satisfy a Lipschitz con- 
dition of constant K if || 2(a,)—z(a)|| < K||a,—<2e|| for every a, x, 
in D. If S lies in A and satisfies some Lipschitz condition, it is clearly 
admissible. 

The point (7, z(a»)) of the admissible spread S: (x, z(x)) (a on D) will 
be called a point of indifference of S with respect to R and A if there 
exists a positive number « such that if =: (a, [(x)) (w on D) be an ad- 
missible n-spread for which ||z(2)—¢(x)||<e for all x in an ¢-neighbor- 
hood (x) of z and ||z(~)—{(x)|| =O for all other x of D, then ~ is 
also a spread of &. We define the Weierstrass #-function in the usual 
manner: E(x, 2, 2x, 2x) = f (a, 2, 2) —f (a, 2, 2x) — (x— 2x) fiz, (@, 2, Zz). 

Occasionally we shall neglect to mention exceptional sets of measure 
zero, When such neglect does not affect the accuracy of the conclusion 
and simplifies the language. 

3. Lemma 1. Jf the sequence of n-spreads {S;} and the n-spread Sp all 


satisfy the same Lipschitz condition, and lim Sy = So, then 
k—> 00 


Tim [F(S:) — F(S)] = im » So, E(@, 20(2), 2ow(), ene(a)) der, 


lim [F(S») — F(S)] = lim a Ble, wid; nel, elds, 
k—>0o k—> oo 
E (a, 2(x), Zow(X), 2nx(x)) being set equal to zero wherever undefined. 
It is clear that all the S; lie in some bounded closed portion of 
n-+p-space. The functions F and f being continuous on a bounded closed 
set are themselves bounded, say less than M in absolute value. Since 


lim S; = 8, for every 0>0 we can find an ny such that for every n 2g 
—>o 


Dn is contained in D)+(Do)y ((Do)g) being the set of all points whose 
distance from the boundary Dy of Dy is <4), while D, contains Dy —(Do)s: 


and the measure of (D)y can be made as small as desired. Let « be 
an arbitrary positive number; we choose 6 small enough so that 
m((Do)g) < 6/12 M. 

Consider now a parallelopiped Q: a’ <a <b‘ (i = 1,---, m), and use 


the symbol F'(S'(Q)) to denote Zz ST (a, 2 (a), 2x (x)) dx. We can then write 
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F (Sk (Q)) — F(S(Q)) — [re 2n(X), 2ka(dx)) da—f fle. 20 (x), Zox(x)) dx 
= [ire 2k (x), &kxr (x)) — f(z, Z0 (x), fkx (x))] dx 


+ J,Lre. 20 (x), Zea (x))—f (a, 2 (x), 20x (x)) 
— (ter — Zor) Ji, (x, Zo (x), Zor (x))] da 


4 J, Rens — tac) fe, be te (2), tae 5h de. 


In the first integral the function / is continuous and its arguments bounded, 
and z,(x) approaches z (x) uniformly, hence the first integral has limit 
zero. In the last integral,* let us consider any one term 


Joes —z i) Sy, (x, 2 (x), (x) dx, 
which for ease in printing we will designate as 
J,Ge—t0.Fe (x, 20(x), Zor (x)) dx. 


For almost all fixed values of z', ---. 2/1, w/t, ..., a”, we have 
b 4 b ? 


vet 
, (0,—6,) dat = 2 (al, ---, ai, ---, a)—et (at, ---, a, ---, 2%) 


— 2 (a, vee, DI wee, a”) + 21 (al, woe, @, +++, a), 
which tends to zero with 1/k, uniformly for all 2’; hence® 
ad 
lim J; (fxr — Lo) fe(a0, 20(x), Zor (x)) dx = 0; 
kw Ya? 
and now integrating with respect to the remaining variables, we have 
lim J. (fi — £0) Fela, 20(x), zox(x)) dx = 0. 
ko JQ 
The second integrand is E(x, 2 (x), zor(x), Zx(x)), so that 


Ree ' F (Sx (Q)) — F'(So (Q)—f Ze, 4) (x), Zoa (x), Znx (x)) dx} = 0. 





The set Dp—(Do)y is an open set; hence by the definition of measure® 
Wwe can find a finite set of closed parallelopipeds Q, ---, Qs contained 
in Dy —(Do)g such that m(Dy—(Do)g— Qi — «+ —Qs) <e/12M. 


*To verify the permissibility of the operations used, see e.g. Carathéodory, Vor- 
lesungen iiber Reelle Funktionen, §§$ 557, 550. 

* Hobson, Theory of Functions of a Real Variable, 2nd ed., vol. II, p. 422. 

° Hobson, loc. cit., vol. I, p. 161. 
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Let us now write 


F(S:)— F(S)— J), E(x, 20(@), t00(), ene) da 
= = J, + a + D,— (Do—Dy)g) Ly (x, *e (x) » Fhe (x))I dx 


“' a 5 _ . Zo (a 
2 J, : re tas yt (x, 20(2), Zox (x)) dx 
2 i oo  ID,—D,—D,)y) E (a, 20 (x), Zoa(x), 2xx(a)) de. 


Denote the nine terms of the right hand member by 7, 22, ---, 7%. Since 
the functions f and £ are for all x less in absolute value than M, and 
the sets Dy — (Do)g—~ Qj, De — (Do — (Do)g) and Do — (Do — (Do)g) each 
have measure at most equal to «/12.M, we find that the sum of 7, 4g, is, 
ig, 73, and % has absolute value at most equal to «/2. By (3), we can 
choose ke large enough so that 74,+72,+7, is less in absolute value than 
e/2 for all kK > ke; so that for every positive « we can find a k- such 
that for every k = k, 


| F'(S:.) — F(Sp) —J,, E(x, 20(x), Zor (x), 2ka (x)) dx | <e 


and our lemma is proved. 
Remark: We have in fact proved that under the hypotheses of the lemma 


jim [ Fis. — F(Sp) —J;, E(x, 2(x), Zox (x), 2nx (x)) ax| a= @, 


which is a somewhat stronger conclusion than that of the lemma. 

4. LemMA 2. Let zz be a nxXp matrix of numbers of rank 1, and let é 
be a positive number <4. There exists a system of continuous functions 
w(x) = (w'(x),---, wm? (x)) defined on a cube Q: —b< at <b, and 
having the following properties: 

(1) w(x) is identically zero on the boundary of Q; 

(2) On a subset He of Q, ox (x) = 2x; 

(3) He has measure = Kzem(Q), where Kz is independent of ¢; 

(4) On Q— THe, all partial derivatives oj are less in absolute value than 
K,, where K, is independent of «. 

The matrix z, being of rank 1, there exists an m-tuple of numbers 
(C1, ¢2,+++, Cn) such that 25 = atc; (@ =1,---,p;j =1,---,n). The 
linear equation c,xz'+ ---+¢c,2" = 0 has n—1 linearly independent 
solutions, which we can choose normal and orthogonal; we designate them 
by §&, = ($1, ---, &) (@ = 2,---,n). Let §&, be chosen normal and ortho- 
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gonal to all the others; then the system E, (¢ = 1,---, n) can be used 
as the axes of a rectangular codrdinate system. If the codrdinates of 
a point be (§', ,.--, &) in the new system and (a',---, 2”) in the old, 
then § = >) Aja’, Aj being a matrix of constant elements. Construct the 


J 
polyhedron J/,: 
1 — 
= |B] 4 1+ EIR <1, 
and the prism P: 
[Plt - +R], [FL Sl. 
In 17, we define wm‘ (x) as equal to >’a'c, x"; if the codrdinates of x be 
Ee 
(s1,---, &"), this reduces to (a* 2G EJ) &1, To each point (§', §%,---, &) 


in P— I, there corresponds a point (&', §*, ---, &) on the boundary of He, 


for which &' has the same sign as §'. We define w(x) at the point 
mm ‘oe roel 

(§',---, &") as equal to E Ja Zo )& if &' be positive, and as 
saat J 


él 





\ 


= ae a 

ray, (a' So §) = if § be negative. § is easily found to be equal 
= J 

to +6 (1 —> =) , the sign agreeing with that of §'. Consequently o* (x) 
j= 


vanishes on the whole boundary of P, and on the boundary of //, the two 
definitions are in accord; also (x) is continuous on all of P. 

We see immediately that ws (x) = zs in 7,. By direct differentiation, 
recalling that |€'|< «, we show the existence of a K, such that in P—//, 
all the partials of *(x) are less in absolute value than K,¢. To avoid 
excessive notation, we will assume K, chosen larger than ||zz||. 

Let now Q be the smallest cube —b)<2<b containing P. In Q—P 
define w(x) = 0. The w(x) thus defined satisfies the conditions of the 
conclusion of the lemma. 

If Q’ be a cube a? < x < # whose side is @ times the side of Q, we 
will say that we have mapped Q on Q’ when we have set up a corre- 
spondence a” = o2'-+ h' between their points and defined a set of functions 
w' (x) on Q such that w' (x) = ew(x). It is obvious that the partial 
derivatives at corresponding points of Q and Q’ are equal. 

5. Let A be a closed point set of n+ p-dimensional space, & a class of 
admissible n-spreads lying in A, and S:(x, C(x)) (a on D) a spread of 
the class R. Let us designate by L the set consisting of D plus the set 
of all points x such that (1) x is interior to D; (2) x is a point of in- 
difference of S with respect to ® and A; (3) in some neighborhood of z, 
S satisfies some Lipschitz condition. We can then state: 

41 
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THEOREM I. If S be a minimizing n-spread for F(S) in the class R, then 
the set of points 2% of L for which there exists a matrix of numbers zx of 
rank <1 such that E(2, (a0), Sx(xo), Sx(%0) + 4x)<0 must have measure 
zero. 

Denote the set of all such zp’s by the letter V. We will assume m(N)> 0, 
and arrive at a contradiction. 

Suppose that 2) is a point of N, and z, a matrix of rank 1 such that 
E (a, £(a), x(a), Sx(%0) + Zx)<0. (Clearly no such matrix of rank 0 
can exist.) We easily see that we can construct a matrix 2, of rational 
numbers of rank 1 such that each element of 2, differs by an arbitrarily 
small quantity from the corresponding element of zx; and since £ is con- 
tinuous in all its arguments, we can find such a matrix zz for which 
E (a, € (x0), Sx(a0), Sx(%0) + Zz) <0, and hence less than some negative 
rational —k. Let Ziz, Zax, --- be an ordering of all matrices of rank 1 
with rational elements and k,, k:,--- an ordering of all positive rational 
numbers. If we let My be the set of all points x of ZL such that 
E(a, €(x), Sx(x), Sx(x) + 2iz)<—kj, we see from the above that each 
point of V is included in some Ny, hence N= >) Ny. Now if m(Ny) = 0 


for every 7,7, we would have m(N) = 0; since we have supposed m(N) >0, 
we must have at least one set Ny, such that m(Ngs)>0. We may con- 
sider that Ns» contains only interior points of D, since m(D) = 0. 

Let xz be a point of Njs at which N,s has metric density’ 1. Since 2 
belongs to L, we can find a cube (x), (#1 — a < a? < a+ a) in which ¢(z) 
satisfies some Lipschitz condition, say of constant K, and moreover if 
(x, z(x)) is admissible and ||z(2)— {(x)||< a on (a)a and is elsewhere 
zero, then (x, z(x)) is in R. By the theorem of the mean 


E(x, O(a), Sa(a), Sx(x) + 22) = 2a fez, (w, O(a), Sa(x) + F(x) 2x) Ze 
(0< F(x)<1). 


If now each element of Z, be less in absolute value than K,y (O<y <1), 
the zz, are bounded (since they are continuous and the arguments lie in 
a bounded closed set), so that | E(x, (x), Cx (a), Se(x)+2x)| << Kay*®, Ks 
some constant, for all x in (%)a. The set Nj. having metric density 1 at x, 


we can find a positive b < 2a such that in the cube B: ai — Z <2#< 4+ 9 


we have m(B-Njs)/m(B) > 1—4; 6 being the smaller of the numbers 
Kye/2, Kzks/8 K,(K,+ks). Let « represent K.k;/2K, (we can suppose 
K, large enough so that «< 4). Now in Lemma 2 we let zz be Zgx and 
obtain the functions (x). Map Q on B to obtain o,(x) on B; define 





7 Hobson, loc. cit., vol. I, p. 181. 
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w,(z) =00n D—B. Divide B into 2” equal cubes and on each of these 
map Q, defining a system of functions ,(x) on B; define w(x) = 0 on 
D—B. Continue thus to obtain a sequence @,, w,, --- of functions 
defined on D, all satisfying the same Lipschitz condition on D, such that 
lim (2) = 0 uniformly on D. If for each k we designate by /-, the 


k>@ 

sum of the 2 sets obtained from WZ, by the mapping, clearly m(J/_x) 
= K,e-m(B) for all k. Defining now z(a7) = C(x)+ x(x), we have 
lim S; = S, and for all sufficiently large values of k, S;, is in the class R. 


ko>w 


By Lemma 1 we have 


Jim [F (Si) —F So] = lim [F'(Se(B)) — FS. (B))) 
= jim J, BC, £02), to(0), ege(0)) de 


— lim ‘drm, eeN, p-ng ™ C(x), x(x), Zqx (x)) dx. 


k—>00 


The measure of WZe,— Nos is at most db”, and the integrand is less than 
K,; hence the first integral is less than 06K,b”. In the third integral 
the integrand is at most K,«*, so that the third integral is less than 
b” K,e. The set ex - Nos has measure at least K,¢b"—db", and the 
integrand is less than —ks; hence the second integral is less than 
—k,b"(K,e—0). Adding and replacing « and 6 by their values specified 
above, we find the sum less than — 0" Ki k3/8Ki<0. Hence for an 
infinitude of values of k we have F'(S;) < F'(S), contradicting the hypothesis 
that S is a minimizing spread for F'(S) in &. 

CoroLLaRy. Jf A be closed, and S; (x, €(x)) (a on D) a minimizing 
spread for F'(S) in a class R of admissible curves, then at every point xo 
which is a point of indifference of S with respect to R and A and at 
which all the partial derivatives Cx(x) are continuous we must have 
E (xo, € (a0), Sa(x0), Sa(a0) + Za) > 0 for every matrix zz of rank <1. 

For since zr is continuous at 2, ||Zz|| is bounded in some neighborhood 
of 2, and therefore S satisfies some Lipschitz condition. Now if 
E (ao, €(x0), Sa(ao), Sx(a0) + 22)<0, it would remain negative in some 
neighborhood of 2», contradicting Theorem I. 

6. Let us say that F'(S) satisfies condition (a) on a spread (x, C(z)) if 
there exist constants M, K, & such that for every x for which ||.(x)|| > 2/, 
every zr such that ||z,|| >, and every z such that (z, z) is a point of 
A lying in a 8-neighborhood of (a, ¢(x)) the following relations hold: 

1) |f(@, €(@), 22)| < Kel f(w, E(w), bx(a))| if |lee—be(@)|| < P (where 
P is arbitrary, and Kp>O depends on P). 








41* 
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2) f(a, z, Zr) | < K. ST (a, C(x), Zar) | (7 = i, ne oe p). 
3) Each partial derivative of the set fz,2,(x, (x), 2x) has absolute value 
less than K-| f(x, €(x), 2z)|. 

Remark. All but four of the examples of integrals in ordinary form 
given in Tonelli’s “Fondamenti di Calcolo delle Variazione” either satisfy 
condition (a) on every admissible curve, or else fail to satisfy it only at 
points at which the Z-function is identically zero. The four exceptions 
are (a? ty) y®+Vity”, (@&—y)y®+Vi1+y", for which 2) fails to 
be satisfied at the origin and on y = +72 respectively; and y+ ev" ey 
which fail to satisfy 1) and 3). 

Lemma 3. Jf the spreads Sy: (x, 2o(x)) and Sy: (x, 2x(x)) are all defined 
on a parallelopiped Q, and Sy is admissible, and || 2% —Zox || < N (a constant) 
for all k and all x in Q, and Jim Zu(x) = 20(x) uniformly on Q, and 


F(S) satisfies condition (a) on So, then 
Jim EGS — F(&)— J, E(a, 20(x), Zou(x), Zkx (x)) aa a @, 


Each spread S; is admissible; for, first, 2j(a) = 2 (x) + [zx(x) — 20 (a)], 
and both functions on the right are absolutely continuous in each variable 
separately; and second, 


|S (a, x(x), 2na (x)) | 
< |F(@, 20 (a), eux (a))| + | (zx (x) — 20 (x)) fax, 20 + H(ee—20), 2x) | 
< 14+D K|4,@)—A4(@)|} |S, 20), exe (@))| 
< {142K -|4,@)—A4@)|} - Kw-|S(@, 20(@), eoe(a))| 


IA 


so that J, F(x, (x), 2nx(x)) dx exists. 
Now write 


F(S,) —F(S) — J, Ele, 20 (a), Zou), eka (ae)) da 
= fire, Zn(x), Zkx (x)) — Jt, Zo (x), Zo (x))] dx 
+ J. eee — tes) F(x, 20(x), Zox(x)) dx. 


As in Lemma 1, the last integral has the limit zero. To show that the 
first integral also tends to zero, divide Q into the set E,, on which 
I! Zon (x) || < M-+N, and E,, on which || zox(x)||>M-+N. On the closed 
set [(x, 2) in A, || 22|| < M+2N], the function / is continuous and the 
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arguments bounded, so that the integral over E, tends to zero. On Ey, 
by condition (a), we have 


J irl, cua), xe(0))— Fle, 20(2), exx(a))| de 
< J. en (x) —zZ0(a) | - | fz(a, 20(a) + F(x) (ex—Z0), fnx(x))| dx 
< p-max | 2 (x) —Z0(x) | a ee F(x, 20(x), 2nx(x))| dx 


< p-max | 2(x)—z0(x)|-K- Ky fife, 20(x), Zox(x))| da, 


which tends to zero, establishing the lemma. 

7. Corresponding to the surface S:(x, [(x)) (w on D) let us define L, 
as the set of all points of D, plus-the set of all points 2 interior to D 
such that a) either in some neighborhood of zp S satisfies some Lipschitz 
condition or else there exists some neighborhood (%)a of xo such that F'(S) 
satisfies condition (a) on (a, [(x)) (a on (xo)a); and b) a» is a point of in- 
difference of S with respect to ® and A. 

We can then state the following theorem, which includes Theorem I: 

THEOREM II, Jf S: (x, f(x)) (x on D) be a minimizing spread for F(S) 
in &, then the set of points x» of L, for which there exists a matrix of 
numbers 2x of rank <1 such that E(ao, €(20), Sn (x0), Sx(x0) + 2x) <0 must 
have measure zero. 

We proceed to obtain Nys, ks, 2 as in the proof of Theorem. By 
Theorem I the set of points of Z-N js has measure zero; hence for almost 
all points a» of Nys there exists a neighborhood (a)a such that on (x, ¢()) 
(x on (xo)a) condition (a) is satisfied; moreover this a can be taken smaller 
than the ¢ occurring in the definition of points of indifference. Let N, be 
a closed set contained in N,s-(Zi—L) and of measure greater than 3 m(N,s). 
A finite set of the neighborhoods (2), cover Ni; let this set be called A,. 
Suppose now that zz is such that each element is less than K, y(0<y < 1); 
then for all x in A, we have 

= | 2x fez, (x, O(x), Sax(x) + F(x) Ze) Z| (0< F(x) <1) 
< wy? KP? K\ f(a, C(x), O(a) + F(a) a) | 


< wp’ Ki? K Ky | f(w, &(@), £,(@))|. 


Hence there exists a K, such that for every subset M of A, we have 


‘[2e, C(x), Sx(x), Sx(a) +22) dx) < Kzv’; 











588 E. J. McSHANE. 


Kz m(Nqs) 
4 (1 a é K2) 
subset M of A, of measure less than 0 we have 





moreover we can choose a positive d< such that over every 


| {Be £ (x), tela), tela) +x) da| < 12 K2 m(Nos)"/128 Ky. 


We now construct® a finite set of non-overlapping cubes B,,---, B; 
lying in A, such that M, = > B;+e—e”, where e’ and e” have measure 
less than 0. Construct the cube Q of Lemma 2, using Zz for the zz and 
ks Ky m(Nos)/8K; for the ¢ of the lemma. On each B; map Q to obtain 
w,(x); divide each B; into 2” equal cubes and on each map Q to obtain 
w,(x), and so on. On D—B each o x(x) is defined as identically zero. 
The sum of all the point-sets corresponding to Ze in the kth stage of the 
process will be called Z-x. The set 7.,.—N, is contained in > B;—M,, 
which is contained in e”, and so has measure less than 0. Also I7,,-N, has 
measure greater than ¢ K, m(> Bj) — 0 >«¢ Kz (m(M,) —9) —0 > }eKem(Nys). 

Now setting z.(x) = ¢(x)-+ x(x), we have by Lemma 3: 


im FG)—FG,) = im J, Ele, t(2), tela), tuola) de 
k—>o k> oo D 


= im | Snot Jinx. ptt, Es Ea), Ent), ere a)) de 


k—> 0 


The third integral is less than K,;«?; the second integral is less than 
ks Kz m(Ngs) / 128 Ks; the first integral is less than —/y-}¢Kom(Noqs). Setting 
ks Kz m(Ngqs)/8K; in place of ¢ and adding, we find that the right member 
is always less than —k;K2 m(Njs)/128K;<0; contradicting the hypothesis 
that S is a minimizing spread for F'(S) in &. 

8. We will now deduce two important corollaries of Theorem II. In 
order to avoid confusion we will drop the matrix notation and write out 
each term separately. 

CoroLuary 1. Let A be a closed point-set of n-+1-dimensional space, 
and & a class of admissible curves in A. Let C: (ax, 21(x),--+, er(x)) 
(x on [a, b]) be a minimizing curve for F(C) in R. Let L, be defined as 
in §7. Then for almost all points x of Ly 


E(z, 21 (x), as zh (x), eh (x), oe ei (x), 2}, ro 2") = 0 


Sor all numbers Z', ---, 2". 





° De la Vallée Poussin, Cours d’Analyse, 3iéme ed., p.63. The extension to m dimensions 
is obvious. 
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CoroLLary 2. Let A be a closed point-set of n+-1-dimensional space, and 
RK a class of admissible n-spreads in A. Let S: (x', x*,--+, a", 2(x', ---, 2”) 
(x on D) be a minimizing n-spread for F(S) in R. Let Ly be defined as 
in §7. Then for almost all points (x',---, 2”) of Ly 


E(z', ° 7+, 2%, 2(a' - - x”), z,1(2",, sal “5 BY), nei 2,n(z', 7” “58, ™ Fee z,) - 0 


for all numbers 2, +++, 2n- 

We have merely to notice that the matrix z, has only one row or one 
column, and hence is of rank <1. 

9. In the following theorems we shall mean by fi ij;xt the second partial 
derivative of f(z, 2, 2x) with respect to 2 3 and ea 1. The set ZL, will have 
the same meaning as in § 7. 

Retaining the notations of Theorem II, we have by the theorem of 
the mean 

Dy jFebFaisegt Gos Ce )s Cole) +I @)2,) 2 O< (2) <1) 
for almost all points x of li, ze being of rank <1. Now replace zz 
by rzx, and let r approach zero. Since jij: is continuous in all arguments, 
it follows that 


Ae tet Sixt (x, C(x), ¢ 2 (Xp ) 120 


From this we have the analogue of Legendre’s condition; 
THEOREM III. Jf 8: (x, S(x)) be a minimizing spread for F(S) in &, 
then for almost all points x» of I, the quadratic form 


Dy eats, jt ar E (Ay) » by (o)) 253 
ij,k,t 
is non-negative for all numbers es whose matrix is of rank <1. 
CoroLuary 1. If C: (ax, o' (ax), ---, O%(x)) be a minimizing curve for 
F(C) in the class &, then for almost all points xo of L, the quadratic form 


Dy 2! Sisss ys © (ay), bo (o) 2 


is non-negative, for all real values of 21, ---, 2". In particular, the form 
is non-negative whenever x» is a point of indifference near which the Cx (x) 
are continuous. 

CoROLLARY 2. If 8: (a', ---, 2, C(at, «++, x)) be a minimizing n-spread 
for F(S) in &, then for almost all points x of I, the quadratic form 


De; Scag ths +9 Oy ECAR, +5 WB), Coty oes Sand ey 


i,k 
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is non-negative for all real values of 2, +++, @n- In particular, the form 
is non-negative whenever x is a point of indifference near which the © (zx) 
are continuous. 

10. Let us define as usual the expression “ #'(S) is positive quasi-regular 
on A” to mean that for all (zz) in A and all Zz, zx it is true that 
E(a, 2, 2x, 2x) >0. Then by use of Lemma 1 we can easily prove® 

THEOREM IV. Jf F(S) is positive quasi-regular on A and all the spreads 
of the class 8 of admissible spreads in A satisfy the same Lipschitz condition, 
then F'(S) is lower semi-continuous on &. 

For let Sy be any spread of &, and let {S,} be a sequence of spreads 
such that lim S; = S. Then 


ko 
lim [F (8%) — F (So)] = lim J, E (x, 20(@), 2on(a), 2x (a)) dx > 0, 
ko ko ° 


establishing the theorem. 





° Cf. Tonelli, Sur la semi-continuité des intégrales doubles du calcul des variations, 
Acta Mathematica, vol. 53 (1929), p. 325. Tonelli considers the case n = 2, p= 1, and 
develops a theorem on semi-continuity far more elegant than the above. This paper, 
previously overlooked by me, was kindly called to my attention by the referee. 








NOTES ON THE GAMMA-FUNCTION.'! 


By G. Rascu. 


1. Introduction of the 7-function. The /-function may be defined 
in several ways. The following seems to be a very natural one. 
A solution of the difference equation 


(1) SED = zf(e) 


which is a regular analytic function at z —1 will have simple poles at 
z=0,—1, —2,---. The canonical product which vanishes at these 


points is 
oe 
zZ 
oat +1} ,—2/r. 
h(z) II (1 ye : 
it is evident that this function satisfies the difference equation 


ef 
h(e+ 1) = a -h(z), 


where C designs the constant of Euler, because 


he+1) = e+ TT {(+ =o aie ee a 








” = 40) -h(2), 
and 
log h(1) = ¥(ioe(1+4)—4) = lim (logn—1 poles : — 
1 Vv v n> n—1 
Consequently 


g(2) = hf) 
must be a solution of the equation 
g(2+1) = eg (2) 
y (2) = e%, 


S(e) = az) e—@: h(e) 


which is satisfied by 


Hence 





‘Received October 20, 1930. 
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represents the general solution of (1), when 7(z) denotes a periodical 
function with the period 1. In particular 


(2) e~@ : h(z) 
will be a solution; this function is called the I-fwnction. 


2. Trigonometric series. For the purpose of forming the Fourier 
expansion of log I(x) in the interval (0, 1) we shall evaluate the integrals 


1 
(1) Ln, = j, log I(t) ernint qt, 


This may be done by means of the multiplication theorem 





m—1 
(2) ps rte = log (a) — | — ) log m + (m — 1) log Vz. 


2 
First, let n = m being any natural number we have 
1m—1 
_, log T (= )at = — > log r (**) at 








Sa “Em (15 )+™ ‘tog Viz) at; 


here the right hand member > log V2 for m-> oo and thus we have 
1 siiaacas 
(3) Oy =f log I(t) dt = log V 2x. 


Next we suppose n+0. Substituting for ¢ we get 


1 1ln—1 


lin = - , & log r (==) et2mit qt 


which by means of (2) may be written 


1 (” = 
— if (og r(t)— (+) log n + (n—1) log Vin) osomeat 
(4) o_o . 
log n 


Qrin- 





1 ian 
= — O41 F 
nN 


Moreover it is easily seen that 


(5) mton = >. 
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In fact, 
1 
C4 = f, log F'(1— t) edt 


and consequently the law of reciprocity shows that 


1 
ans wed . petit 
a+ a_y f log eas <e dt 


which by means of an integration by parts easily is evaluated to }. 
The constant 


(6) p= 





y— a; 
a 


may be determined in various manners, for example by means of the desired 
Fourier series itself. The coefficient of cos2n7zx is 
An = G&+a_, = oo 
and that of sin2n7x 
G,—a pn, b+logn 
a m ~* 





Thus we have 





(7) log F(a) = log Vint > (ones + a 5 . sin 2n2) 
1 
or 
1 : 1 1 
log I'(a) = —g log sin nz+b(>—2| Ty log = 
(7a) 





Silogn .. 
+2 a -sin2n72. 


Now let us consider the infinite series y(x) on the right. A partial 
summation gives 











(8) g(x) = > log at : Wy (xx) 
with 
& sin2vax 
Wn (x) — p> "Y ’ 


since it can be shown that 
logn-Wn(xz) 20, no, 





In fact 
> sin2vne =|" sin (2n-+1)wt—sin(2m+1)7t ), 
n+1 wv _ 0 sin 7 t 
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and consequently® 


as 1/2. 
Wl) = i { sin(2u+1) ty, =[ sin(2n+1)at 
0 x 














2 sin wt sin wt 
1. /ecos(Qn+1) ax i cos (2n-+1) wicosmt 
= : — — dt 
2n+1 m sin wx x sin? zt 


whi la 


The series obtained by formal differentiation of (8) being uniformly con- 
vergent in the interval (e¢, 1—«), it represents y’(x) and thus we have 


° mw 
W(x) sinawx = — bsin Hx — —> COS Wx 
~ n 
+2 log oe 


Giving to 2 the value } we obtain the determination of the desired constant: 


(9) 





sin (2n-+1) wx. 





= — (5) +3 (1) og —* a 
(10) | = C+ log 4— log > 5. 2. | 
Ye C+ log 22. 





Introducing this result in (7a) and (9) we obtain the well known formulas 
due to Kummer and Lerch. 

More generally the coefficients in the Fourier expansion of log I(x) in an 
arbitrary interval (7, 2-+1) may be expressed in terms of the logarithmic 
integral 


(11) lie? = S “at. 


In fact, for n + 0 





T(é) era see ec — 2n7mit 
(12) og I(t) dt = oa log xp nin Je, P(t) e2nmt dt 
and vubatitnting the series 
1 
w(t) = —C (— 
+2 wt+lo oatp 


we get 


Lot1 m Lot1 e2nmit 
B(tertdt = —lm > f —_— dt 
(13) Xo M-—>O U=0 eJ a t+ yp 
- e2nnit ; 
=— a = ie™. 
Lo t 


? See e. g. K. Knopp, Theorie und Anwendung der unendlichen Reihen, 2. Aufl., Berl. 1924, 
p. 361 (b) and p. 363 (c). 














NOTES ON THE GAMMA FUNCTION. 595 


Moreover, applying the difference equation for log I(x) we find Raabe’s 
integral 


Lo tl Xo 
(14) f. log (jdt = atf log tdt = x log a — a+ log V 2a. 
Thus we have found the series of Landsberg* 


+00 on; 
1 erin 


log I(x) = x9 log xp—axy +log V2x—> 
—~ 





—-27inx, an 1 on 27inr, 
—-+(e *. logay—lie 2" 
Quin ( 8% ) 
(15) 


ering 


1 ——. 
= (c— 4) log a%—ay+ log V 2a + >’ ——_— .. li e~2inm 
—~ 


2 Qin 
and further (13) together with 


Lo t+1 
f W(t) dt = log x% 
gives the expansion 


+00 
(16) B(x) = log a+ >) rine li e—27ina. 
=o 


due to Nérlund. 
Changing 2 to 1—z and applying the law of reciprocity 


w(1—a2)— (x2) = a cot az, 

we are lead to an other expansion 
+00 

(17) B(x) = —xn cot mat log a+ D> etm. li et etn 
—oo 

which by a partial summation may be converted into the form 

(x) sinwx = —nacosaxt log x-sinax 

ot 1 (ea li e@2Miao — elix li erie) 


21 
(17a) ; 





i°¢) 
—“2 Am (li e—277inae — ]j e—27tn Hm) . e—On+iytie 
1 22 





[v2] 
+ Pa ay (li 22% — ]j 2+) . e2n+Drix, 
1 22 


In particular 2) = 0 gives the series of Lerch. 
3. On the remainder in Stirling’s formula. Two integrations by 
parts in Raabe’s integral gives 





37 


- is used to imply that » = 0 is omitted from the sum. 
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log ['(z)—a#(z) = (e—«—-) log 2—2-+— + logV20 


(? 1 
— aoe iesten soeem ys’ 
{E+ (0 5) 4 (¢+2) dt, 
where « designs an arbitrary constant. It follows that 
1 —_ 
(1) w,(z) = logz— #(z) = 4 flew (t+ 2z)dt 
and 


en _— —5| log e-+e—logV2n 


(2) 3. 109 wt eat 


Now let us as! 








- 1 
YD) = 7 
«) 7 (2+)? 
for zo, Assuming the natural number p to be 0 if Rz = 0 and other- 
wise so determined that —p+1>%z2—p we have 


' letpty|? = |ztpPt+2>Re+p) +e > let+pP?t+” 
an 


le-+p—1—»* = |e + p—1 29 ReE+p—1) +8 >|2+p—1 +o; 
consequently 


oy) . 
VO S Sepp 








iv¢) 
1 
— ae ete teP 
- 
<2 pppoe +2 ep 
When z recedes indefinitely from the negative axis z, —z+p tends to 
infinity; m being any natural number, we have 


< 1 uid 1 1 
a nPeY 82a tae 














so that 
| 
lim m—>O, 
inj-veo SO” |2,|/?+- 9? oer = < 3570 
Hence 


ws" (2) > 0 
when z— oo in the manner mentioned above. 





‘This fact Jensen in his posthumous papers derives from the elementary identity 
>> 1 a. a 1 
a7 4 7 2x 2a” x errr _4 
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From (1) and (2) it follows immediately that w(z) and o,(z) tend to € 
when zoo in the manner indicated above and thus we have proved 
Stirling’s formula and the corresponding asymptotic formula for ¥(z). 

The expressions (1) and (2) for ,(z) and w(z) seem to be very useful 
for an elementary investigation of these functions. The difference equations 


©) th" = 1—(¢ + 5) log (1+ >) 
and 
(4) w,(z+1)— @,(z) = log (1+2)—4 


are derived at once and from them we further may deduce the series 








es Ge 
and 
© w= $[pe—l+ tl 





due to Gudermann and Jensen. But perhaps particular interest ought to 
be paid to the fact that they lead to very simple proofs and also to 
interesting generalizations of the double series and the factorial series of 
Binet. 

In fact, it follows from (2) that 


w (x+y) = [ (3) wetytoae 
2, ys) ; 1 
=F @ (i Terwat, 


0 
but now we have 


1 1 ” a V yt _ A yt? 
J (3) @+y dt = +1 Fi 0F2) 


and in particular 
1 
1 
J (3) snd 








Accordingly we find 




















00 Ay ysr—D (z) 
7 po y Y ad ° 
@ we+y => (p¥— S45) 
Since 
ab v—1) 1/y 
fe (ee ee Lie 
yo v! v=0,1,--- lr+y| 
and 
’ Ay 1/y : ; 
OP ees = | | 1 
lim | py me ly| or |y+1| 
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the region of convergence is 


ly| 
eed 


so that x must be situated in the part of the plane which is outside the 
set of circles 


(8) |z-+»| = Max (\y|, |y-+1)). 


As remarkable cases may be noticed 


y= @, er ee o@) = 3 Yor = : 














0 (¢+s)”’ 
y—l1 < 1 
aa, EET = 23 yee 
1 1 So 4°” a 1 
pond deve) =e " 
2 2 1 2v+1 0 1 2 
| f+e+5) 


The last of these series has the greatest possible region of convergence 
for a constant y, and has been found in the posthumous papers of Jensen; 
the other two are the well known series of Binet. 

In virtue of the classical formula 


, me -- (0+) 


z e+@ 0 aa baearee « 


it is evident that 


Q) wete— me) = Sh OE) — 4 me), Re>O0, 





Rz>0, 





but since 


%¢64+-0—8 = log (1+-£ a ae om 


we must have 2(z)=0. Substituting this result in 





71 
(2a) o@ =| ($-)@e+o—wet oat 
we find 
- . 1 A, (@) 
(10) © = 2557 Groretern’ Remo 
where 
1 
(10a) Ay (@) ={ (5) (9—t)---(o— t+») dt. 


In order to form an analogous series for o,(z) we first write z—e for 2; 


next we differentiate in respect to @ and again we write z+e for z. 
Thus we find 
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pm 1 Cy (@) 2. ~ 
(i) “2541 Go -Gteta — 


where the coefficients may be written in the form 


1 
(11a) Cre) = @---@+y)—J, (o—t)---(e—t+») dt. 


The series cannot converge in a greater half-plane than Rz> 0 since 
the functions represented have logarithmic singularities at z= 0. 

The coefficients can be expressed in terms of Ndérlund’s generalized 
Bernoullian polynomials.® In fact 


Bn” (@) = (e@—1)---(@—n), 
(n) sala 
B, (zx) = I (t{—1)---(t—n)dt 
and accordingly 


(—1)" Av(e) = BYP (2— &)+(e—+) yer (1— @) 


1 , 
= BYP A—o+(et»+ 5) BP a—o, 
(—1)"** C,(@) = BYE? (1 —e) — BY? (1—e) 
In particular® 


(v-++-1) : (v) 
(14,0) = Se 4 2 pe, (ya == 





’ 





y+1 2 ni v 
BO 1 v+2 3 v+ 
(14a) = Be 2 Bek? = — Bei? — (+ 5) Bee, 


(—1)'1 Se = (v+1)!— Bry’. 


°N. E. Norlund, Differenzenrechnung, Berlin 1924, Sechstes Kapitel, in particular § 5. 
°Of. N. E. Norlund, Ll. c., p. 244. 
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ON THE ABSOLUTE CONVERGENCE 
OF DIRICHLET SERIES.' 
By H. F. BonNeNBLUST AND Einar HILLe. 

The problem of the absolute convergence for Dirichlet series Sane “"* 
deals with the relative position of the abscissa o, of absolute convergence 
and the abscissae o, of uniform convergence and o, of boundedness and 
regularity. For ordinary Dirichlet series })ann~* we have o, = 0. 

In order to find an upper bound for the difference o,—o,, H. Bohr 
established in a paper published in 19137 a connection between the 
behavior of ordinary Dirichlet series and of power series in an infinite 
number of variables. Writing » as a product of prime numbers, the 
Dirichlet series 


i?) 
(1) >) an ns 
n=1 
can be written as a power series 
~ a 
(2) c++ 2% a+ > iM, os 
1= t,5%= 


in the variables x, = p,*, where p, is the n-th prime number. The 
coefficient ¢,i,...i,, of (2) is equal to the coefficient a, of (1), whose index 
n is equal to pi, pi,--- pi, Bohr showed that, though actually functions 
of a single variable s, the variables 2, = p,* behave in many ways as 
if they were independent of one another. This is due to the linear 
independence of the quantities log p,. 

The power series (2) will be said to be bounded in the domain 
(G@):|an| < Gn; where the G@, are non negative numbers, if 
1° for every integer m, the m-truncated power series 


m m 
(3) c+ Daw+ D> Ci,i, Ui, Li, “+ °° 
4,=1 1,527, =1 
obtained from (2) by putting 2m41 = &m42—=--- = 0 is absolutely con- 


vergent in the domain (@), and 





‘Received March 10, 1931.—Presented to the American Mathematical Society, Dec. 31, 
1930, (abstract nos. 37-1-91,95). A short account of the main results of this paper 
appeared in the Comptes Rendus, t. 192, pp. 30-32, séance du 5 janvier 1931. 

*H. Bohr, Uber die Bedeutung der Potenzreihen unendlich vieler Variablen in der 
Theorie der Dirichletschen Reihen Sann-*, Gott. Nachr. (1913), p. 441-488. 
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9° if there exists an upper bound H, such that for every 2, of (() and 
every m, the truncated power series (3) is in absolute value — H.* 

By means of this definition, Bohr was able to establish:* 

THEOREM A: Let oy, be the abscissa of uniform convergence of the Dirichlet 
series (1), then the associated power series (2) is bounded in every domain 
\atn) < Gn = put”, where 0 is any arbitrarily small positive number, 
and the converse 

THEOREM B: If the power series (2) is bounded in the domain | xn |< Gn = p;,,%, 
then o% < 9%. 

The problem of the absolute convergence of (1) is thus reduced to a 
problem on power series in an infinite number of variables. 

If 8 is the least upper bound of all positive numbers @, such that every 
power series (2) bounded in (G) is absolutely convergent in (@’):  a,) < Gy, 
= &, Gn, whenever 0<é¢,<1 and De, converges, then 

THEOREM C:° The maximal width of the strip in which a Dirichlet series 
is uniformly, but non-absolutely convergent is = 1/8. 

Bohr showed that S > 2, but could not prove the finiteness of S. In 
the same year, Toeplitz® settled this question by showing that S < 4. 
There exist Dirichlet series for which the width o,—o, of the strip ot 
uniform but non-absolute convergence is arbitrarily close to }. His ex- 
amples were constructed by means of quadratic forms in the x; the co- 
efficients of which are essentially the elements of orthogonal (not normalized) 
matrices, and have the values +1. 

For general Dirichlet series >) an e*® we have to consider the abscissa 
of regularity and boundedness. Hardy, Carlson and Neder proved‘ 


where 
(4) D = lim —2—; 


while Neder showed that this result is the best possible: 


* D. Hilbert, Wesen und Ziele einer Analysis der unendlich vielen unabhingigen Variablen, 
Palermo Rend., 27, (1909), p. 59-74. 

*H. Bohr, loc. cit. Theorems VII and VIII, p. 472 and p. 475. 

° H. Bohr, loc. cit. Theorem IX, p. 477. 

° 0. Toeplitz, Uher eine bei den Dirichletschen Reihen auftretende Aufgabe aus der 
Theorie der Potenzreihen von unendlich vielen Veranderlichen, Géttinger Nachrichten (1913), 
p. 417-432. 

7G. H. Hardy, The application of Abel’s method of summation to Dirichlet series, 
Quarterly Journal, 47 (1916), p. 176-192.—F. Carlson, Sur les séries de Dirichlet, Comptes 
Rendus, t. 172 (1921), p. 838.—L. Neder, Zam Konvergenzproblem der Dirichletschen Reihen 
beschrankter Funktionen, Mathematische Zeitschrift, 14 (1922), p. 149-158. 


y* 
2 
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For every D > 0, there exist types satisfying (4) for which oq —o, = =. 
In the case D = 1 however, the type considered by Neder is not the 
type 24, = logn of ordinary Dirichlet series. 

In a different connection Littlewood® has considered bounded bilinear 
forms in an infinite number of variables. He obtained necessary conditions 
for boundedness and showed that they are the best of their kind. 

In this paper we generalize in the two first sections the conditions of 
Littlewood to cover m-linear forms in an infinite number of variables and 
in the third section to cover symmetrical linear forms and m-ic forms. 
Then we apply the result to power series in an infinite number of variables 
(section 4) and to Dirichlet series (section 5). We shall prove that if o, 
is the abscissa of uniform convergence of the Dirichlet series (1), the series 
> bn n-’, where 

dy, When n does not contain more than m prime factors (the same 
b, = or different), 

0 otherwise, 
m—1 
2m 
these inequalities are the best of their kind. Taking m = 2, we see that 
Toeplitz obtained the largest width o,—o, possible for Dirichlet series 
associated with quadratic forms. 

Then combining forms of different degrees, we shall prove in section 6 
the main result 

THEOREM VII. For any given o in the interval 0 < o < 3, there exist 
ordinary Dirichlet series for which the width of the strip of uniform, but 
non-absolute convergence is exactly equal to o. 

This theorem cannot be generalized to all types of Dirichlet series. 
However Bohr® has extended his results to cover certain types of Dirichlet 
series. Accordingly we are able to extend (section 7) our results for certain 
types and we obtain at the same time new examples proving Neder’s result. 

Throughout this paper we shall write the power series associated with 
(1) not in the form (2), where the summations are subject to the conditions 
4 St <--++<im, but in the symmetrical form 


co 
e+ 2 4i,0i,+ 
1= 





has an abscissa of absolute convergence < o,-+ , and also that 


I/\ 


v2) 


Petit Hi, Li, ++, 


whose coefficients are the old ones divided by binomial factors. 


° J. E. Littlewood, On bounded bilinear forms, Quarterly Journal of Mathematics (Oxford 
series), 1. (1930), p. 164-174. 

°H. Bohr, Zur Theorie der allgemeinen Dirichletschen Reihen, Mathematische Annalen, 
79 (1919), p. 136-156. 
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1. Bounded m-linear forms in an infinite number of variables. 
Let us consider the m-linear form 


1) (2 (m), __ 
(1.1) L (a 7x 7 e+, ) — > Ui i,.. ‘tn xt a4 oe e”, 


where the indices 2,, 72, +--+, @m independently assume all positive integral 


values. The coefficients aij,...;, and the variables a are complex. The 
vector } 
a™ 4 (2, x, tes, ao), e° .} 


is said to belong to the domain (Gp), if for all values of n 
|2?| <1 


DEFINITION: An m-linear form L(x™,---, 2) is said to be bounded by 
H in the domain (Go) if all the truncated forms 


yn, 4, Nn 
Ps p ae Pre 4, Th ve... 


i;=1 i,=1 
are absolutely < H in (Go). 
We can evidently suppose all the N, to be equal, say equal to N. In 
order to generalize the Littlewood inequalities we first introduce the 
following notations 


2m 
oe as 
m+1 
= 1 
2 "1 = (Za, 
S=]. ps lai... |e} » o- |i, sig V5 
dys ttytm=l _ 
where the last sum is to be extended over %,, ---, @v—1, ty41,°°*; %m from 


1 to o; and finally 


™ — 27 " : 


These values S, T;?”, T° may of course be equal to 2. 
The first step in establishing the necessary conditions for boundedness 
is to prove the inequality 


(1.2) se< > THe, 
~ pol 


which shows in particular that S is finite if all the 7™ are finite. If one 
of the 7 is divergent, there is nothing to prove. We may therefore 
suppose all the 7” and hence all the T;, to be finite. We can also 
assume for the proof that all the coefficients Hi,...i, are real and non- 


This definition is equivalent to Hilbert’s, since the truncated forms, containing only 
a finite number of terms, are absolutely convergent. 
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negative and that for every fixed 7, ity is a non-increasing function of i,. 
Should the last not be the case initially, the following permutation of the in- 
dices i,,-+-, im Will ensure it: Consider first the quantities 7{?. A per- 
mutation of the 7, interchanges the . but does not alter 7, nor S, 
nor any 7,” witha» >2. Since Tj,” >0, when i, > 0%, we can rearrange 


the Ti. in non-increasing order of magnitude. Proceeding similarly for 


y = 2,---,m we obtain the desired order. Hence for all vy = 1, 2,---, m 
and all 4, = 1, 2,--- . 
(1.3) ly EM < 7. 


Using the notation bon to indicate that v and 7, are fixed and that 
the summation is to be extended 
1° over those values of 7, ---,%—1, Which do not exceed 2,, and 
2° over those values of 7y41,---,%m Which are smaller than z,, we have 


: , ‘ 2 2 m+ 1 
os ’ — anne 1 ees, A 
by Hélder’s inequality with p = =. mt+1,q= es 
”) ”) aaiey (v) 2 £ 
Vv Vv Vv 
G,) QF i, S (Qe 1) ats | (é,) a; | : 


m—1 = o 
ma, | ye 2 
Ss y | Gy) a; ...1,) . 
Extending the summation in the last sum over the range 2,---, 2-1, 
lytiy***y lm =1,2,--- increases the right hand side; hence 


m—1 QO 


”) 2 mati, mers 
a <. _r . Ti, 


(iy) t,:+thy == 
or 

(") oe 

(iy) MG, ++ +t 
Applying (1.3) we obtain 
(1.4) > oe 


(iy) t+ diy 


IA 


@) m—1 
. Vv m+1 (v) 
(i, 7) 7. 


I/\ 


m—1 
aye 
ty 


On the other hand, as there is always a last largest number in a finite 
sequence of positive integers, every term in the infinite sum S® appears 


in one and only one ol hence 
v 
< ”) @ 
. 
SS = Pp bed qj. .)) 
v=1 \i,=1 


and by (1.4) 


which is the inequality (1.2). 
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We now proceed to the second step. Supposing that H is an upper 
pound of the form (1.1), we are going to compare the series 7’? with // 
and prove the existence of a constant A (determined by m), such that 


(1.5) IM < A-H, 


for all forms (1.1). The proof of these inequalities is based upon the 


following Jemma: *? 
Let 4>0 and let Mj(/) denote the A-th root of the mean value of 
the numbers |/|* with respect to a set of discrete or continuous variables. 
Lemma 1: Suppose that M,(f) > T, My(f) < A'T. (The A’s are absolute 
constants, while 7’ may depend on the function f). Then will 


A".T<M,(fy < A"-T. 


We shall apply this lemma, taking for f the function 


n 


f= D> 4. 


ttt tsb =1 1 m 


(1) (mv) 
ui; . He 


with complex coefficients a;,...i,, of m points P, (x?”, xf,---, 2%). The 
mean value is the mean value of , when each point P, runs independently 
through the vertices (+1, +1,---, +1) of the unit cube in the n-dimen- 
sional euclidean space. 

We first evaluate M,(f). Evidently 


n n 
2 1 - 
V Se ee (1)... am) ~  , pp... gl 
Me (f) Qn-m p> (> a; ar a Xj as i ( @;.. ‘Iu 3 * 





P \t=1 ! =1 
1 a 
— (1) (m) 
—_— a, ‘ . . i’ 30s De ‘ 
Qn-m 2 byt Byes g a dm 


But since 
ss eM a™ = Qr.d. 
?P ty dy 

v 


it follows that 
2 x i a oe 6; i, 1 Oj is 


and we obtain 





nr 
Mmi(f)= 2 la... 
i. @. aa 
n 1 
(1.6) M(f) = , P . ja? is le 
ists tg = 1 - 





"J, E. Littlewood, loc. cit. p. 169-170. 
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We next evaluate M,(f). We have 


he _ a a (1)... 4(m) 
Mf) = am Fe nla es yy so, Om, oy, ME, 08 AE ad i 


—_ ae) (mM) ... alm 
= Fait Honig DOD e+ aD oe Dal... af . 
P, 1 1 ll m m 


5 “m™m i,j,k eq 





But the sum > x” --- x is equal to 2” when either 
Py v 


ce) dy = dy and ky — ly ’ 
(1.7) or 8) dy — ky and dy = ly, 
or 7) ty — ly and jv — ky, 


and equal to zero otherwise. Hence 


Mf) = D ai... 0+ Gt, SD lai, | [aa ag, 


where these sums are to be extended over all possible combinations (1.7) 
for all »’s. The combinations (1.7) are not mutually exclusive; but counting 
each of the overlapping terms separately on each occurence, we increase 
the right hand side and obtain 


(1.8) MAS 2 t 2 tet 2. 


) ahane) ay 


These sums are to be understood as follows: for the indices 7,, j,, ky, ly 
we take the combination @, 8, or y in (1.7) according to the letter in the 
v-th place under the sign =. Then we sum over all n?” terms thus ob- 
tained. The right hand side of (1.8) contains exactly 3” sums. Each of 
them is of the form 


(1.9) a | i, 8, | | Oj, --ndsg | | dete, | | ,---t | 
OL,+ ++, 0, Bye, By, 47 


where the combination @ occurs o,, the combination & , and the 


combination y ws, times and o,+o,+0, — m. Let the indices 
te (= 1, 2,---, n”), ip (= 1, 2, ---, n™) and atthe 2,07, be vier 
respectively the indices 7, 25, ---, tw,3 tw,+1, °°, tw,+0,3 tw,+0,+15 » Ums 


then the sum (1.9) can be written in the form 


D> | digigiy| |i jair| | | | | 
dus 7 iy a ap iy dg Jdply Aji igiy Qj, ipgiy 
Jw Jp jy 


_ ae (2 |. ig iy | | Ua ipiy ) (2 | aisieir | Qj ipiy ) 


i a*palp 
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and using Cauchy’s inequality 


Esl Beal Brn Pe 


Y 


-2 [3/2 [Sf 


7 Vd 


— 


Applying Cauchy’s inequality a second time, we see that (1.4) is 


ZB oa) 


tala \ tty 


[gel [aif 


tatgly 


I 


Since this result is independent of the choice of the combinations, the same 
evaluation applies for every term of (1.8). Hence 


Mi(f) < an ( Ja? |)’ 

re 1 m 
m ; 
(1.10) Mf) <34(, & Coal 


m 
The integer m being fixed, 34 is an absolute constant, and the hypotheses 
of Littlewood’s lemma are satisfied with 


i 
=} > ag P 
_ |S let | ‘ 


There exist therefore two constants A” and A’” (depending only on m) 
such that 


1 1 
(1.11) A” (Dal)? < Mf) <A" (Dlal*)?. 


We can now prove (1.5) without difficulty. The maximum of every 


truncated form 
n 





(1) (m) 
a, , a... wf 
ists eghg =i tm ‘m 
of a form (1.1) in the domain (Go) is equal to the maximum of 
n n | 
; - a2) (m) 
> ai... LD +++ wef 
i,=1 tgs +t, =1 . a4 tg ‘m 


in the same domain. This maximum is larger or at least not less than 
any mean value taken with respect to vectors of the domain (Go). We 
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can apply (1.11) to every term,’ and if H is an upper bound of (1.1) 
we obtain 


n n 1 
H>A* 7 2 @ if 


i,=1 set, =1 


for every n, and therefore 


~ ee 1 


and similarly for all other 7: 


(1.5) TO <A-H 
and using (1.2) 
(1.12) S<A,-H. 


This proves 

THEOREM I. Jn order that an m-linear form (1.1) be bounded by H in 
the domain (Go), it is necessary that T®, T®, ---, T™ and S should all 
be less than A-H, where A is a constant depending only on m. 

2. Theorem I in the first section is the best result of its kind. 
As in the case m= 2, the proof is based upon the construction for 
every n of m-linear forms 


(2.1) ee 
for which 
m+1 
n 2m 2m 
(2.2) | Zz ea ma ha+ has 
tiscee 4m=1 


The value Am is determined by m, independently of n; and H, is the 
maximum of the absolute value of the form (2.1) in the domain (Gp). 
We can express these results by means of the series S, 7: 
THEOREM II. Given any positive ty” and §,..-i,, for which 
(v) 


lim i, = lim S....4, = @®, 


: . : 1° 
iyo ist yg > oo 


there exist bounded forms for which 


2m 


ot TY and > Si,.--i, gg 





are divergent. 
We turn first to the construction of the special forms (2.1). Let || ars || 
be an m-rowed square matrix satisfying the conditions 


2 We use (1.11) for (m—1) instead of m. 
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n 
(2.3) = Art Ast = N- Ors 


| Ars | — 1 . 
Examples of such matrices have been given by Toeplitz'® and Littlewood." 
The simplest is 


oni = 

Qrg =e * (yr, ¢ = 1,2, ---, 2). 

From any two matrices satisfying (2.3) ||ars||, | bpg || (with possibly not 

the same number of rows) we can construct a third by “substituting” the 
second into the first one: 

M1 || Bpq || +++ ain || Bpa'| | 


| 


’ 








Ant wt [| Bye 7 ++ dn || Dpg |) 
the resulting array we regard as a new matrix, whose number of rows 


will be equal to the product of the number of rows of |/a,s | and || bpq/|. 
Let ||a,s|| be any n-rowed matrix satisfying (2.3) and consider the form 


n 
: bia (1)... am) 
(2.4) Pa i,” igs he ™ —* 
i,,-*-f,=1 13 2°8 m—t'm 4 m 
The coefficients of this form are all equal to one in absolute value, hence 


m+1 
T™ —- §=n *. 


We now proceed to evaluate the maximum H of this form in the domain ((@). 
For any vectors x” in (Go) we have 








= | 
" it (m) 
a; i a; - a; x | 
“shim =1 1°2 I'm 1 m 
<3 | = | 
(1) (m—1) 
@. » a x ££ M bs 
m1 ne =1 tt, tm—14n 7 tn—1 | 
a, tn— 





which by ants uit is 





1 
2 
> > Wii, Ajj. +++ U aj a... a 
"ts 4 i,, tte “JJ tn _1ty “J_— 14m uy JIm—1 
bys 6 sae ‘ain 
1 
: ~ ) ; 
” deli. uaa (1 —(m— — ' 
—_—- ? pa Gi,i,° = a 0 The p Win tig Vins tm 
thd eth as in=1 
J49°° 1d 


30. Toeplitz, loc. cit. p. 422-424. 
"J. E. Littlewood, loc. cit. p. 172. 
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a4 
| ( P 
(1) —(m—1) 
= nN 2 Oe igi + iy gig My +e 
[i °° tm—2 tn— 1 
Jy" ie et 


IA 


ame 


7 
n “a Ui Gj, 4, T° a” ; 
since the coefficients of rT are > 0. Repeating this evaluation for 
the summation over the other indices, we obtain by induction 


m+1 
H<=n? 





and therefore 
S= T™> H, 


that is (2.2). The proof of Theorem II proceeds now on exactly the same 
lines as Littlewood’s proof for the case m = 2. 

3. Symmetric m-linear forms and m-ic forms. In the application 
to Dirichlet series, we shall deal with forms 


Q (x) = D> ii,...i, Hi, + * KH, 


of the m-th degree instead of m-linear forms, where the coefficients a,...:,, 
are supposed to be symmetrical. To every such form we associate the 
m-linear form 

L(a®, 2, ---, a™) = >? Oy, ..4,, a) coe i 


and conversely, to every symmetrical linear form there corresponds an 
m-ic form, obtained by putting all z = 2. Denoting by H, resp. 9, 
the maxima of Q(x), resp. L(x®,---, 2™) for the domain (Go), we ob- 
viously have H < $. On the other hand the identity 


(3.1) ; La, «++, a) 
= Se eT He Qa 4 (18+ «+ (12), 
—o the sum is to be extended over «, = 0,1; v = 2,3,---,m, 
shows that 
os “=H. 


Hence: 
A symmetrical m-linear form is bounded in the domain (Go) if and only 
if the corresponding m-ic form is bounded in (Gy). 
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The identity (3.1) can be proved as follows. We have 


7 Et: +8—, (1) a - m km) 
2 (—1)* Qa + (— 1) a + «-- +(—1)* 2) 
€ 
gts +e, bey +---+e ~,) (%,) 
= >(—1) . "1 *m Ai, «++i, ft too 
— (,) a x HO tee -}->>-0 
yy i i iia 
== Oy M..--4, %," i Paco” "1 Ym 15 
a,Vv 
Let «, be the number of »’s equal to r (ry = 1, 2,---, m) for a fixed set 
of values v. We have a@,-+ a,-++ --- +-a@,—m, where the @’s are non- 


negative integers. Then 
mm 
€,+---+é, F a. 
ay = |] a+-—n") 


(3.2) 
7 7 when all «-+ 1 are even, 


0 otherwise. 


In the first case, since a, > 0, all @, (7 = 2, 3,---, m) are positive odd 
integers and therefore 
a, +(m—1)+2a —= oy 


where x is an integer larger than the number of «,>3. Hence x= 0, 
a, =a, = 1 and the sum (3.2) is zero except, when the 1, 2, ---, Ym 
are a permutation of 1,2,---,m, and the proof of (3.1) is completed. 

Theorem I therefore holds for m-ic forms; but as the examples we have 
constructed for Theorem II are not symmetrical, we must refine them in 
order to show that Theorem I is also the best result of its kind for the 
symmetrical case. We can still vary the matrix |/a,s||, subject only to 
conditions (2.3). Let p be a prime er na m. Starting from the matrix 


wa td oni 


(r,s = 1, 2, “++, Dp), 


with p rows, we form suites for » = 9, . --+ the matrices M,,, which 
are obtained by “substituting” the matrix M@,—: into M: 





. 7-8 
2742 —— 


Mu = \le ? Mu-1 ; 
The matrix M, contains p?“ elements, each being a root of the equation 
zP—1 = 0. 
We put 











|| drs || — Mu (r,s= 1, 2, “++, ph) 
and form for this matrix, the form (2.5) 


{4 
>> ah G4 °°? M4, %,°°* %,. 


tet tn = 


'* Whenever ¢: appears, it is put equal to 0, as the coefficient of x) is always +1. 
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The coefficients of this form are all roots of 2?—1=0. It is not sym- 
metrical, but by adding all the forms obtained by permuting the indices 
d,, 72, °++,%m We obtain a symmetrical one. Every coefficient of it is 
equal to 


pl 
> Ix: be, 
k=0 


where the ¢, are the roots of z? = 1, and where the 4; are non negative 
integers, whose sum >A, = m!. Since p is a prime number, there are 
no relations of the form’ 


p--1 
> ki oe = 0, 
k=0 


except possibly those in which all 4’s are equal, say = 4. In such a case 
satisfies the equation 





p:rA=ni, 


which is impossible, since p is a prime number larger than m. Thus 
No coefficient of our symmetrical form is zero. 
Every 24, being < m!, there exists only a finite number of values 
D4: Sk, thus 
There are only a finite number of coefficients different from each other. 
There exists therefore an 7>0, such that all coefficients of the form 
are = y in absolute value. Then 


m+1 
S2y-n? 
and therefore 
(3.3) S 2 Am Hn, (n = pe). 


It is readily verified, that for the proof of Theorem II it suffices to have 
forms satisfying (3.3) for all n = p#. 

Theorem II remains true for symmetrical and for m-ic forms. 

The coefficients of the form (3.1) possess a certain symmetry, since the 


permutation 
( a1 19 ee an 
in 1 ++ & 


leaves the coefficients a;,...;, invariant. In order to obtain a symmetrical 
form it suffices therefore to consider m!/2 permutations instead of m!. 
For m = 3, this enables us to take p = 2 and to construct “best possible” 
examples with real coefficients, these all have one of the values +1, +3. 





‘Such a relation with different 4’s, would imply the existence of a polynomial P(z) 
of degree m—1 with rational coefficients, essentially different from the irreducible poly- 
nomial 2?—'-+ z?-*-++...» +1 and having roots in common with it. 
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4, Application to power series in an infinite number of variables. 
In this section we take the first steps toward the application of the 
preceding results to ordinary Dirichlet series. Bohr proved the following 


theorem.” 
Let Gn be a sequence of positive numbers and 


oo oo 
0, 
Pla, 22, +++, ny) Set Damt+ LD ci,%,2,+- 
i=1 ‘.4=1 °° . 


a power series in an infinite number of variables, bounded in the domain 
'tn|< Gn. Let further ¢, be a sequence of positive number such that 
1° 0<e,<1 and 2° Die is convergent; then the power series P is 
absolutely convergent in the domain |x| < & Gn. 
We now prove the following results, which complete Bohr’s theorem. 
THEOREM III. Jf the power series P is bounded in |an| < Gn: then its 
m-th polynomial Pm 


oo oo 
Pm =ct+ > i xi + vee f Zz Ci,.-i, Vi, ++ Vi, 
7=1 


rr a | 


is absolutely convergent in | xn| << &n Gn, when > e° converges, Om = mae ; 

This exponent o, is the best possible one: 

THEOREMIV. There exist polynomials of the m-th degree in an infinite 
number of variables bounded in |an| <1, such that for every 0>0, the 
polynomial is non-absolutely convergent for xn = &n although the series 
Dd &"*? converges. 

Since 6,2, when m—>© it follows immediately from this theorem that 
the exponent 2 of Bohr’s theorem cannot be increased. 

REMARK: Condition 1° of Bohr’s theorem, namely 0<é,< 1, is not 
essential to the truth of Theorem III. 

Proof of Theorem III. It is obviously sufficient to prove this theorem 
for the domain (G)). We show first the truth of 

LEMMA 2. If the power series P(a,,---) is bounded by H in (Go); then 


H is also an upper bound for the form 


. 
(4.1) . P 2 Ci, + ++i, Xi, eee Xe 
419+ tty =1 





The proof follows the same lines as Bohr’s proof in the case m= 1. 
(Theorem V of Bohr). We have to show, that every truncated form 


7 H. Bohr, loc. cit. p. 462. 
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is in absolute value < H. Let x* be the set of the variables for which 
the truncated form takes on a value H*, which is absolutely the largest. This 
set exists since the truncated domain (G@o):|an| <1, n<N; an =0,n>N, 
is compact. Put x, = ¢-x*, then the truncated power series is a power 
series in ¢, such that the coefficient of ¢” equals this value H*. By 
Cauchy’s evaluation of the coefficients of a power series, we see that 
this value is absolutely < H. 

It suffices therefore to prove Theorem III for m-ic forms. Let ¢, >0 
be any sequence for which > converges. By Hélder’s inequality with 
i ae 2m = 2m 
I m—1’! m+1 








x x Ve (S  (\ 
| bf g++ G1, |G,..4,| S > (éi, 4) ] (Shel a | 
45° yt, = 1 1 : 1 

a 
< E 2 - Am: H, 


where E£ is the sum of the series >)", A, a constant determined by m 
and H an ypper bound of the form (4.1). Hence the sum 


co 


2 | ei, Gj +++ &, 


is convergent, which proves Theorem ITI. 

In the case m = 2, Theorem III shows that the examples given by 
Toeplitz were the best obtainable from quadratic forms. 

Proof of Theorem IV. We use the examples constructed in section 3. 
The integers m and p being fixed, let Q,,(~) be the m-ic form corresponding 
to n =p". The variables which enter in the different Q,(x) shall be 
independent of each other; in order to differentiate between them we use 


a superscript mw: 
pl 


Qu (x) oa bo ee af? --- ai. 


eee => 1 m 
pital 


Let 
4 gy. See 


(4.2) Qe) = Yap" * Que). 
u=1 id 
This form Q(x) is an m-ic form in the variables 


—s WM, @) 2), (8) ’ 
{a,} = {Zp °*%y Ly » Hy y °° %y Lys Hy a °° fe 


It is bounded in the domain (G), because the maxima of the forms Qu 
m+1 


aa. . 1 
(truncated or not) are of order of magnitude py 2, and the series 27 


is convergent. 
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To study the absolute convergence, we use the fact, that there exists 
an 7 >0, such that all coefficients of the forms Q, are in absolute value 
>». The m-ic form Q(x) will therefore be non-absolutely convergent for 
a set of values a if 


oo Pl mi pl ‘y 
(4.3) a Ta P | a |x “al 


n=1 
diverges. 
Given an arbitrarily small number 6>0, p? is larger than one and we 
can choose kK<1, so that 


—d 
h = p?-k — a ee 


We then take all the variables a? of the same form Q, equal to each 
other, 





m—1 
ail > a—-#) 
= (k-p-) : 
- i 
The series }’x”—1 1% is thus equal to 

co pl ’ 2m 1 20, 
a mer hm 2, 

M=1 n=1 uM=l1 


which converges since k<1. 
But for these special values a? the expression (4.3) diverges. It is 
equal to 


1 [ 4, *a-)! S 1 i» 
nae k a. — nae 
Pea "= 2 
and the last series is divergent, since h>1. When 6-0 


- +t mm. 
m—1 1—d m—1’ 





we have therefore constructed a form in the variables z,, bounded in (4G), 
which for any given 0’>0, is non-absolutely convergent for a certain set 
of values x, with convergent Sa%*?; completing thus the proof of 
Theorem IV. 

5. Applications to ordinary Dirichlet series. We now apply the 
results of the preceeding section to ordinary Dirichlet series, with the help 
of Bohr’s Theorems A, B, and C, mentioned in the introduction. We proved 
S = 2, hence by Theorem C: 

There exist ordinary Dirichlet series for which the widths of their strips 
of uniform, non-absolute convergence are arbitrarily close to }. 

Consider now Theorems III and 1V; applying them to the theory of 
Dirichlet series we shall prove 


43 











616 H. F. BOHNENBLUST anp E. HILLE. 


THEOREM V. Let oy be the abscissa of uniform convergence of the 
Dirichlet series 


(5.1) >> An n-%, 


n=1 


If we replace by zero those terms for which n, decomposed into a product 
of prime numbers, contains more than m factors, then the new series is ab- 
solutely convergent in the half plane 
m—1 
o> o,-+ —— 


2m ’ 
and 
THEOREM VI. There exist ordinary Dirichlet series with an = 90, when 


n contains more than m prime factors, which converge uniformly, but non- 


absolutely in strips whose widths are exactly equal to rea 
m—1 
04 — 0, == —~—.* 
a U 2m 


When m = 1, we obtain a result proved by Bohr.’® 

The proof of these two theorems proceeds in the same way as Bohr’s 
proof of Theorem C. 

Let o, be the abscissa of uniform convergence of (5.1). Then by 
Theorem A of Bohr the power series corresponding to (5.1) is bounded 
in the domain |z,| < alia! for every 6>0. Hence by Theorem III, 


and since 
2m 


> pt 


n=1 





is convergent, the m-th polynomial is absolutely convergent in the domain 


m—1 


|an|< p am ~*? By Theorem B of Bohr, the Dirichlet series asso- 
ciated with this m-th polynomial is en convergent in 


¢>4+—-——— 1 426, 


which proves Theorem V.”° 





‘STf the abscissa of uniform convergence is <0, then as Hardy and Carlson (ef. in- 
troduction) have proved, the series >a is convergent. Theorem V states essentially that 
Samim+) converges, if the summation is extended only over those indices n, which 
contain no more than m prime factors. Theorem VI shows that this exponent 2m/(m-+1) 
is the best possible. 

9 H. Bohr, loc. cit. p. 468. 

*” It is interesting to interpret Lemma 2 as a result concerning Dirichlet series. Putting 
certain coefficients of a Dirichlet series equal to zero can change the position of the 
abscissa o, of uniform convergence. Lemma 2 states that o, is never shifted to the right, 
when all coefficients, whose indices contain more than m prime factors, are replaced by zero. 
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In order to prove Theorem VI, we consider the Dirichlet series associated 
with the example (4.2). By Theorem B, the abscissa of uniform conver- 
gence is <0. On the other hand, there exists for any 0’ >0, at least 
one set of real, non-increasing values x, with convergent 





such that the form (4.2) is non-absolutely convergent for these x,. They 
are non-increasing, hence 
2m ' 
gmt +d = Q (—) 


” n 
as n>, or 





But p, being the n-th prime number, we know that for any 6’ >0 





pn = O(n-logn) = o(n'*®"); 
hence 
nate" a o(pn’) 
and 
= m—1 if 
In = olp, am 


for every d6>0O. Thus there exist a constant A, such that 


m—1 , 


— — 


Yn SA-p, 2m e 


This shows that the Dirichlet series associated with (4.2) is non-absolutely 
convergent in any half-plane 





o> 6 (d > 0) 
— ee 
and therefore 
m—1 
> ——-, 
“= 2m 
Since o, < 0 
m—l1 
i TT 


—1 
but by Theorem V, the left hand side cannot exceed ——, hence 








This is not true in general. Given any Dirichlet series for which o.— x is different from 
zero, there exist coefficients, such that putting these equal to zero shifts o. to the right 
by the difference o.— ox. 














618 H. F. BOHNENBLUST ANpD E. HILLE. 


m—1 eS m—1 
2m ’ me >) ae 

6. Solution of the main problem. We give first an example of 
an ordinary Dirichlet series, for which og—o, = 3}. 

In the preceding sections we have only shown, that the inequality 
Ou — Oy < 4 cannot be replaced by a better one. But it is now easy to 
construct a Dirichlet series for which the width of the strip of uniform, 
but non-absolute convergence is exactly equal to }. 

We start from the examples (4.2) 

1 m+1 


Qn(z) = > rs oo: Qu (x), 


~ 
u=1 





Oy = 0, Ou ——— 


where the index m refers to the degree of the form. Dividing each of 
these forms by its upper bound, we obtain new forms Q7,(x) bounded by 1 
in the domain (G@). Let qm be any sequence of positive numbers, such 
that the series >’ qm is convergent. Put 


ie) 
P(x) = zz Ym Qin (x). 
m=1 
The power series P is obviously bounded by > qm in (@), the abscissa 
of uniform convergence of the associated Dirichlet series is non-positive 
Oy. < 0. 


On the other hand, the forms Qm have no term in common, because of 
their different degrees. Hence the power series is non-absolutely convergent 
as soon as one of the forms Q>, is non-absolutely convergent. This implies 


1 
Og 2 9? 
because, if o,< 4, we can find an m large enough, such that the cor- 
responding Qm would be non-absolutely convergent for an = p, °, 


Where 6¢<0)<}3. But since o, < 0 and since the difference o,— 9, < 3, 
it must be exactly = }: 
1 


2 ’ 
We turn now to the proof of the main theorem: 

THEOREM VII. For any given o, in the interval 0 < o < t, there exist or- 
dinary Dirichlet series for which the width of the strip of uniform, but non- 
absolute convergence is exactly equal to o.** 

The preceding example proved this theorem in the case o = 3, we 
therefore can suppose 6<4. We determine m such that 


"1 Cf. Remark at the end of the paper, 


Oa — Ou = 0. 
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m—1 
2m 


INV 


o 


and Theorem VII will be proved, if we can show 
TueorEM VIII. There exist ordinary Dirichlet series associated with m-ic 
; : ; ' , m—i 
forms, for which 6q—%, = 6, for every ¢ in the interval 0 <6: . 
2m 
We take up again the m-ic forms 
plt 
Qu (a) Cit + 0, 
iss 0 * +h =1 1 m 
which were used to build up the example (4.2). By means of a para- 
meter u, O< u <1, we are going to deform them into the worst examples, 


where all the coefficients are positive. We put 


a 


m7 
Qu (ce, u) = b Gj ...4,,(U) G,...4, ae see aly , 


and suppose that the functions «...;,(w) are continuous in u; equal to 
one in absolute value, and satisfy the boundary conditions 
| cé,..-4, | 


&,...;,(0) = 1 and &,...,,(1) = 


call 


Ci a 


Let Hu(u) denote the maximum of the form Q,(w) in the domain (@). 
It is readily seen that for all ~, H,»(u) is a continuous function of w with 
the following properties: 
There exist absolute constants A,, A,, Az such that 
1° for all values w and all » = p# 
m+1 


Hy (u) = A; - n 2 . (Theorem I) 


2° for w = O and all n = p* 
m+1 
Hy, (0)< Agn ? . (Theorem II) 


3° for u = 1 and all n = p* 
Hy (1) => As n™. * 





We have A, < A, and can suppose A; < As. 
Lemma 3. There exist two constants B, and Bs such that for every t, 
m+1 
2 





<t<™m, and every , there exists a tu for which 


B,-n™ < Hp (up) < Be- nn". 


This follows from the fact that there exists an 7 =0, such that | ci,..-:,,| 2 7. 
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It is evidently sufficient to prove this lemma for large values of n. 


Let WN be so large that 
m+1 


A,N 2? <A, N™. 
Then for all n = N, we shall prove 
(6.1) A, n® < Ay (uy) S Ae n*. 


Since (Condition 2) 
Ag n™, 


mti 
Au (0) < Ayn * < ws nt, 
and (Condition 3) 
Hy (1) = As n™, 
we can find a w,, such that 
(6.2) Hu (uu) = Min (Ag n™, As n*), 
This Hy (%,) satisfies (6.1) because 
A; n™ < Min (Az n™, Ag n°). 


Lemma 4. For every e in the interval 1<e <—t and every n = p#, 


there exist m-ic forms in n dimensions, for which 
1 


m n e m 
Cy-n® < CH < | ps Chet <G,Ans Cyne, 
i,--"t=1 
where the constants C,, C2, Cs and Cy are independent of n. 
It is easily verified that the forms Q(z, wu), where u, is determined 
by (6.2) satisfy these conditions. 
2m 


m+1° 





We proceed from now on exactly as for the extreme case e = 
We put 


Qe) = Sere ulate, wy 


and prove that Q(x) satisfies the following conditions: 

1° If Q(x) is bounded in |an|< Gn, then it is absolutely convergent in 
|¢n| < &n Gn; when > &* converges (. = <2} 

2° Q(x) is bounded in |\an| <1. 

3° For every O0>0, there exist a set of real values xn with convergent 


at? , for which Q(x) is non-absolutely convergent. 
The aescinted Dirichlet series will be an example proving Theorem VIII, 


if we take 9 = 





1 
1—o' 








ABSOLUTE CONVERGENCE OF DIRICHLET SERIES. 621 


7. Generalization to more general types of Dirichlet series. 
A theorem similar to Theorem VII cannot be formulated for general 
Dirichlet series Sane “*. The inequality 


D —— logn 


(7.1) 0g — Sy < 9? D = lim i,’ 





is not necessarily the best possible one, when the type {Z,} is given and 
not merely the quantity D, as in the case considered by Neder. For the 
type determined by the Dirichlet series associated with the polynomials 
of the mth degree, (7.1) can be replaced (Theorem V) by 


m—1l D 
a— % S - ©6=" 





the upper limit D being equal to one for this type. 

However Bohr®® extended the results of his paper in the Gottinger 
Nachrichten to cover certain types of general Dirichlet series and for 
these types, with a further restriction to prevent the occurrence of examples 
similar to the one just mentioned, the inequality (7.1) is the best obtainable 
result. 

Suppose that {b,} is a sequence of increasing positive numbers, which 
tend to co and which are linearly independent in the field of rational 
numbers. Consider then the values 


n 
Ps Vy by, 
vy=1 


for any positive n, and any non-negative integral coefficients 7,. These 
values form a sequence, {4,}, which can be arranged in increasing order 


dy Ag ves CAs, 


and whose elements 4, tend to oo. This sequence can therefore be con- 
sidered as the type of a Dirichlet series. The first sequence {),} forms 
an integral base for {A,}; the associated function obtained by putting 
tn =e “isa power series in 2». The methods of proving Theorems A, B 
of Bohr and our results apply in this case: 

For such types the inequality (7.1) is the best possible result. 


Tn the construction of examples for which o,—o, = 2 it is essential 
to observe that 
——— —— | 
D@) = iim—2" = DQ = tim “8”, 
n 








n 





**H. Bohr, Zur Theorie der allgemeinen Dirichletschen Reihen, Math. Annalen 79, (1919), 
p. 136-156. 
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which is equivalent to the statement: 

The exponent D(b) of convergence of the sequence {on} is equal to the 
exponent D() of convergence of the sequence {e"}. 

We have obviously 4, < }, and therefore 


D(b) S D@), 


and it remains only to show that ye converges when >'c ”’ converges. 
For the subsequence {2,}, obtained by taking only the m first elements 
of the base, we have 


, oo —o Xr 1 
ho . a - 
aa > = []_—_~, 


e ty a Pes 
sti a (+ 75a) 


This last infinite product is convergent, proving thus 


D(b) 2 DA), 


ith 
IA 


and therefore 
D(b) = D(A). 


We are able now to construct new examples proving Neder’s result. 
Given any non-negative D, there exist Dirichlet series for which 
D 
2 
of all types {A}, obtained from a base {dn}, Ob < ---bn--->®, 
satisfying 


Og— oy = 





D = jim 2". 
n 
The simplest example is 


1 
, = 7 log n, 


8 
which gives Dirichlet series of the type S'an-n ”, obtained from ordinary 


Dirichlet series by the substitution (s | +). 


PRINCETON UNIVERSITY. 

Remark (added in proof, May, 1931). As Prof. Bohr pointed out to us, Theorem VII 
can be eens more simply as follows. Let f(s) be a Dirichlet series whose o. = 0 and 
whose 6, == 3. If ¢(s) denotes the Riemann Zeta-function (2 = 6, == 1) and ¢ any real 
number 0 < o < , then f(s) + ¢(s-+1—o) is a Dirichlet series for which oa — 6. = 9. 
Similar examples prove Theorem VIII. It may be interesting however, to see that the 


method used to obtain best possible examples is flexible enough to give the whole range 
of possible values for the difference o,— «, 








A STUDY OF INDEFINITELY DIFFERENTIABLE AND 
QUASI-ANALYTIC FUNCTIONS. I.! 


By W. J. Traitzinsky.’ 


In the first few sections of this paper we shall study series of the form 


(1) > xi f (ai x), 


where | f)(x)|<h(p = 0, 1,---) for all real values of z. Theorems and 
cases of interest will be established when, for all real values of x, the 
series (1) represents an indefinitely differentiable function with assigned 
initial values at x = 0. 

Further, by the aid of the two generalized Cauchy formulas established 
by Borel,® we shall investigate some of the properties of Borel monogenic 
functions. These functions form a class of quasi-analytic functions of 
a complex variable. 

Quasi-analytic functions are of interest since they possess an important 
property in common with analytic functions: the values of the function 
and of its derivatives at a point determine the function uniquely throughout 
the domain of definition. A formal Taylor’s series of a quasi-analytic 
function is not necessarily convergent. 

In particular, beginnings of a theory of functions P(x, y) (x, y real)— 
defined in regions over which a Borel monogenic function may exist—will 
be made by establishing formulas analogous to Green’s identities. 

In the second part, to appear later,* several problems of representation 
of quasi-analytic functions are considered. The methods used for the latter 
purpose are, to an extent, of the type utilized by Carleman.° 


SERIES » a; f(ajx). THEIR APPLICATION IN THE REPRESENTATION OF 
INDEFINITELY DIFFERENTIABLE FUNCTIONS. 


1, General properties of the series. We introduce the following 
definition. 


‘Received October 23, 1930. 
* National Research Fellow. 
* E. Borel, Legons sur les fonctions monogénes ---. Paris, 1917, This monograph will 
be referred to as (Be). 

* These Annals. 

*T. Carleman, Les fonctions quasi analytiques. Paris, 1926. This monograph will be 
referred to as (C). 
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DEFINITION. An entire function f(x), such that the inequalities | F(x) |, 
| f'P (x)|<h, p = 1, 2, --- (h independent of x and p) hold for all real 
values of x, will be said to be of class A. Among functions of class A 
are sinz, cos and any of the Bessel’s functions with an integral subscript." 

The following theorem will be proved. 

THEOREM I. Let f(x) be of class A and the a, be real and such that for 
a positive integer p the series & | 1/af| converges. In order that 


(1) S(a) = 2 mf (ax) 
and all the series S‘?)(x), derived by differentiating (1) term by term, should 
be uniformly convergent for all real values of x it is necessary and sufficient 


that 
(2) lim x, a” = 0 (m = 0, 1, 2, +++). 


ko 
Proof. Suppose S™ (x) = Dix,am f™ (a,x) converges uniformly on the 
k 
axis of reals, m = 0,1, 2,---(S® = 8); it follows in particular that 
SO) = f™(0)-Da,,a” converges for m = 0, 1, 2,---. Hence lim x,,a” = 0, 


k—>@ 
m==0,1,2,---. Conversely, if (2) holds, or what amounts to the same, 
if lim x,a™+? = 0(m = —p, —p+1,---, 0,1, 2,---), then |x, a”? |<hm, 
k>@ 


where hm is independent of k and p. Since the a, are real and f(z) is 

of class A, | f™(axnx)|<h(m = 0,1, 2,---) for all real values of z. 

Hence |S™(x)| < 2 | Xe LO (4,2) | <I Z|, 05 | Making use of the 
k 


inequalities |x,|<|h,,/a”*?| we derive 
(3) & |x, 05 (a, x)|<hh,, 2 | aplag? | = hhm 2, | 1/ag| 
(m = 0, 1, 2,--:). 





The series in the last member of (3) converges by hypothesis. The in- 
equalities (3) prove uniformity of convergence for all real values of x of 
all the series for the S“ (x). This completes the proof. 

The following corollary is immediate. 

CoRoLuary. Let 2 | Lag be convergent (the a, real) and let the x, be 


such that there exist finite constants hm independent of k, for which 
| 2,0 |<hm(m =0,1,2,---). For the derivatives of the function S(x), 
defined by the series 2 tk f(x 2) (f(x) of class A, |f|, |f™|<h), the 


Sollowing inequalities hold for all real values of x 





6 For Bessel’s functions we have Jm(x) = + Jes (m@—<a sin 6) d@ and consequently 
0 


for all real values of x | Jm(x)|, | Jm”(x)| <1. 
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(4) |S (x)|<h hy | Lap (m = 0, 1, 2, ---). 


Consider the particular case when the a, =k and the law of decrease 
of the |a,| is expressed by the inequalities 


| 2% |<c-e-¥™, 


The function (Xk) is assumed to be non-decreasing and such that lim w(k) = 0; 
k> @~ 


moreover, its derivative is such that with a sufficiently small positive « 
and for all positive values of x 


xy (x)/W(x) >e. 
Then 
|S (a)| <<h Dk | arn | < ch Dk? ev 
k k 


= h> (ke 9). YO? < (nP)- (max. in k of (k? oO”), 
k 


The last member in these inequalities, with w(x) satisfying the above 
assumptions, occurs in the discussion of trigonometric series by de la Vallée 
Poussin. He shows that 


P 2p Pp 
max. in k of (k? e~¥?)< [ng (22)| 


where »(x) is the function inverse to w(x) and h® is a suitable constant.’ 
Hence the following is true. 
With f(x) of class A let the coefficients of the series 


S(2) = pa? f(kx) 


satisfy the inequalities |x,|<ce-¥™. Let w(k) be a non-decreasing function 
which approaches © with k and which has its derivative such that for a 
sufficiently small positive a the inequality «Ww (x)/W(x)>« holds for all 
positive values of x. Then for all real values of x 


p 
za) (p= 0, 1, 2,-->+), 


a 


|S (x) | << [?. 9 | 





where hy is a suitable constant and g(x) is the function inverse to W (x). 
2. Representation of functions with assigned initial values at 
a point; with the | aj4:/a;| mot necessarily >4>1. We shall call 





70. de la Vallée Poussin, The Rice Institute Pamphlet, vol. 12 (1925), no. 2, pp. 128-130. 
This Pamphlet will be referred to as (V). 


44* 
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the values F'(0), F™ (0) initial values of F' (x) at x = 0; the constants a, 
will be supposed to be real, | ax4i1|>|ax|, |a1| 21, |ax|>o. We note 
that the set of equations with the A; bounded as a set 


8 


(5) F Te = A, (j= 1, 2, ---) 


has been solved by Borel.® If {y} is a solution of (5), making the first 
members of (5) convergent, then the equations 


(6) 2% = Airs = J, i = 0, 1, %, ---) 
c=1 


are satisfied for the x, = ax yx. 

The following is the way a set of solutions of (5) is given by Borel. 
Let 9 (z) = >’ gy, 2 be an entire function whose zeros are the a, and 
are simple; and let 6(z) = > 6,2" be another entire function, such that 





(7) > | ai/9 (a) 0(0,)| 

converges for 7 = 1,2,---. With 

8) 9() 0@Me—a) = S eer, 

the yx are defined by 

(9) m= [3.4] /9%(a) ou)  & = 1,2, --9. 


Let the F™(0) be an assigned set of constants. We shall seek to 
determine the coefficients x; of the series 


ic) 
(10) Sa) = 2 anf (ax) 
so that S” (0) = F (0) (p = 0, 1, 2,---). It will be assumed that 
(11) Dn? | F™(0)/f™(0)|, F(0)/f™ (0) = Fa = Anta, 


converges. Suppose that (7) converges and that in (10) a, = ax yx, where 
the y, are defined by (9) and (8). 


8K. Borel, Sur quelques points de la Théorie des fonctions, Annales de l’Ecole Norm. sup., 
3e serie, t. XII, 1895, p. 44. This paper will be referred to as (B,). Also see F. Riesz, 
Les systémes d’équations linéaires & une infinité d’inconnues, Paris, 1913 (pp. 19-20). 
This monograph will be referred to as (R). 
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Then 
|S (x)| = 





v2) | [oe] 20 

2, % ax f™ (a, x) <h> |x,am| = h Zz ly, amt 
k=1 ! k=1 k 1 

(12) : | 

c= bd |apts( Sep 4.) /9 Ca) a(a,) =G,, (m= 0,1, 2,---). 


Now, since 


Lae ma (2's.2' (26,2) /—a,(1— 2 ), 


ak 
it follows that 
1 i 7 
(13) a petting: [, a" + b, , site dialed 6,4 a, es b,,1; 


where Om = Go Om + G1 Om—1 + ++: +9m% (m = 0,1, 2,---). The fune- 
tions (2) and @(z) being entire, there exists a constant /, independent 
of k such that |g| and | 0,|</,; consequently |bm|<(m+1)hi. This 
together with the inequalities | a,|>1 (k = 1, 2,---) gives 


(14) | |<] bolt --- +[ bn) <a [1 +2+ ---+(n4+1)] 
= hi(n+1)(n+2)/2 = I (2s = 0,1, 2, ---). 
From (12) it follows that 


|S™ (x) |< Gi i<h p> 





amt (ame 1,|4, [9a 0(a,) 


(18) ‘ 
” n( > 1,14, ; | artt/g™ (a,) A(a,)| (m= 0,1,2,---). 
i=1 ie 


The first series in the last member of (15), 
ie.) i?) 

(16) > i|As] = > lizs | F(0)/f(O)| = h' (i’-independent of m), 
i=1 i=0 


converges on account of the convergence of the series (11); the second 
series converges by hypothesis. The inequalities (15) are valid for all 
real values of x, and they justify differentiation term by term of (10) and of 
all the derived series. Furthermore, by (6) (where Ani = F' (0)/f™ (0)) 
it follows that S™(0) = F™(0) (n=0,1,---). In the above demonstration 
as well as throughout the rest of the paper, if for a value of n we have 
f™(0) = 0, then the corresponding numbers F (0), F' (0)/f (0) will be 
supposed to be equal to zero. The following theorem will now be stated. 
THEOREM II. The series 





) 
(17) S(x) al > rf (ann), | Qx+1| >| axl, | a, | et, | ap | > (ax real), 
k=1 
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where f(x) is of class A, is indefinitely differentiable, term by term, for all 
real values of x, and represents a function with assigned initial values F'™ (0) 
(n=0,1,---) at ex=0 provided the following conditions hold. The series 
> n? | F™ (0)/f™ (0)| converges. The xx are defined by the expressions 

n 


(18) «=a, ( } ch, FOO)/fO (0)) [9 (a) o(a,)  (k=1,2,--.) 


where g(x) and 6(x) are suitable entire functions; (x), with the ax for 
simple and the only zeros, and @(x), such that (7) converges. 


Co 
y (2) O(2)/(e—a,) = D 2” 
n=0 


The derivatives of any representation (17), defined as above, satisfy the 
inequalities 
(19) | S&™ (a) |< Gn < hh’ > |amt41/~®(a,) O(a,)| (m=O, 1, 2,-->) 
Sor all real values of x. 

The x; of Theorem II can also be expressed in the form of a contour 
integral 


(20) Le = 





i J. y (z) 0(z) Wz) dz 


22% Jc (¢—ax) g™ (ax) O(ax) ’ 


where w(z) = > F,/z*? (F©(0)/f() = F) and C is a circle with the 
7=0 


origin for the center and a radius greater than the radius of convergence 
for w(z). This can be verified by noting that in 





p(z) A(z) Wz) _ (4 Mz+...). oeeere J ] 
1 \ 2? 2° 


Z— 


the coefficient of 1/2 is (F+ MR, +--+ @ F+---). 

When f(z) is even, Theorem II continues to hold. However a represent- 
ation, in general different from that resulting from Theorem IJ, can be 
derived for this case as follows. We let the F'?(0) be an assigned set 


of numbers such that >)7°|#'9(0)| converges. Assume the Dx real; 
a 


[Dnta| >| Dil, |b] 21, |de|>oo. The a, = di satisfy the same conditions. 
The equations 

oo 
(21) = aj,z, = F,; (@=0,1,2,--), F = F(0)/f(0), 


are the same as (6) and are satisfied by (20) with the Fi denoting not 
F®(0)/f©(O) but F2(0)/f2(0) and the a,, replaced by the b;. In the 
series S(z) = ax f (be x) we take for the a, the above set of values. 
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The following inequalities hold for all real values of x 
/SOm (a) |<h Di | my, am | = G,,, a, = be (m = 0, 1, 2, ---), 
where Gm has the same meaning as in (12). Hence by (19) 
(22) | Sem (ax) | <h, h' & | ap / 9 (a,) A(a,)| = h,S,,. 
On the other hand since 
S(O) = fe (0) 2%, b2? = f0(0) 2%, a. (= @, 1, 8, +++), 


it follows from (21) that 8°? (0) = F° (0). We state the following theorem. 
THEOREM III. The series 





co 
(23) S(x) = 2 tf (hex), bers | >| bel, {br | 2 1, | de|>o0, (dy real), 
where f(x) is an even function of class A, is indefinitely differentiable term by 
term for all real values of x, and represents a function with assigned initial 
values F& (0) (n = 0, 1, 2, ---) at x = 0, provided the following conditions 
hold. The series >) n? | FF” (0)/f (0) | converges. The ax are defined by (20), 
n 


with the a, replaced by the b? and the F, denoting F' (0)/f (0). The deri- 
vatives of the function represented by (23) satisfy for all real values of x the 
inequalities | S°™ (x) |< he Sm (Sm defined by (22)). 

Remark. The validity of the results of this section is asserted only in 
those instances when the expressions (8) and (9), as given by Borel, actually 
furnish a solution of the equations (5). 

3. Representations, for the case a; = 7, in connection with 
certain Fourier expansions. We shall prove the following theorem. 

THEOREM IV. Let p(x) be an even function of class A; let the F°” (0) 
(n = 0, 1, 2, ---) be an assigned set of constants such that 


os (— 1) F% (0) a% 
W(x) = a p (0) - (22)! 





and all the derived series of w(x) converge on the closed interval (0, =). Then 
the series 


(24) by p(0)/2 +3 p(kzx) 


ts indefinitely differentiable term by term for all real values of x and represents 
a function S(x) for which S°” (0) = F& (0) (n = 0,1, 2, +++), provided 














630 W. J. TRJITZINSKY. 


the bx are the Fourier constants of the cosine expansion of a function g(x), 
oo 
g(x) = bo/2+ D> bn cos nx, where 
n=1 


(25) g(x) = W(w)+e%™. 0(x). 


T he power series 0(x) is determined so that the series and all the derived series 
converge on the closed interval (0, 7) and so that g*» (x) = 0 (¢ = 0,1,---). 
A power series 0(x), satisfying the above conditions, exists and may be 
determined by Borel’s method. 

Proof. Letting e~!”-6(~) = g(x), the conditions g(x) = 0 
(¢ = 0,1, ---) may be written in the form 


(26) gary (7) — —— yird) (7) (a — 0, 1, 2, ie ‘); 


where the second members exist and can be found in succession in terms 
of the F°”(0) and the p®”(0). From (26) it results that 


(27) (a) = dj (c = 0, 1, 2,---), 


where the d; are constants which may be determined in succession for 

i= 0,1,2,--- from (26)..(The do; (i = 0, 1, -- -) may be taken arbitrarily.) 

The problem of finding a power series 6(x) = > 6,2” which together 
=0 


with all its derivatives converges on the closed interval (0, 7) and is such 
that 6(a) = G; (where the G; are any constants whatever) is referred 
to by F. Riesz® and has been solved by Borel’®. We shall suppose now 
A(x) has been determined so that (27) is satisfied. The Fourier expansion 
of g(x), 
(28) g(x) = W(x) +e". O(x) = bo/2 +2 bn COS NX, 

n 


is indefinitely differentiable term by term. The various series derived by 
differentiating (28) term by term any number of times are the Fourier 
expansions of the corresponding derivatives of g(x); they are correspondingly 
equal to these derivatives on the closed interval (0, 7)'*. In particular, 
for x = 0 we have 


g(0) = b/2 +2 bn = W(0) = F(0)/p(0), 


(29) gO) = (—1¥D ba- n%# = wo) = (—1)! F®(0)/p® (0) 
(¢ = 1,9,---). 


9(R; 19). 

0 (B,; 38); also see E. Borel, Lecgons sur les fonctions de variable réelles, pp. 70-73. 
Paris, 1928. This monograph will be referred to as (Bs). 

” (B,; 45). 
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To find a law of decrease for the b, the method used by de la Vallée 
Poussin for the case of a Fourier development of a periodic function 
can be employed. Noting that 


2 of 
,, = 2Y g(x)-cosna-dx (n = 0, 1,---); 
0 


mu 


performing the integration by parts p times and utilizing the fact that 
gt) (7) = gt) (0) = 0, we have 


2(—1)? (* 
bn —_ 2 J g” (x) ‘ Qp(n x) . dx, 


where gp(x) is cos x if p is even and sin x if p is odd. Hence 


2M, 
NP 





(30) [On| < » |g (@)|< Mp O0S2< 4a), 


where p is any positive integer. 
Letting S; = > bp nt and using (30) with p—i+2, 
n 


[Si] SD |bn| n§< 2D) Miza- né/ni+?, 
n n 
so that 
(31) > |bn| ni <i Mise G=0O,1,--) A = 2>'1/n?. 
n 


n 


With the 6, defined as above, consider the series 
S(x) = bo p(0)/2 + 3 bap(na). 
It is indefinitely differentiable for all real values of x, since by (31) 
|S®(x)| < 2 |br ni p® (nx) | <h Qi |dn\ ni <i Mis2. 
In particular, for 2 = 0 
(32) $(0) = p(0)- (= + Lis), 8200) = p™ (0)-D an 6 = 1,2,» 


By (29) 
S(O) = p(0) yO) = FO), 
S20) = p (0) (—1)' yw 0) = F@ (0) (i = 1, 2,---). 





This completes the proof of the theorem. 
Theorem IV may be generalized. With q(x) an odd and p(x) an even 
function, both of class A, and the a, and the b, suitable constants, a series 





2(V; 124). 
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of the form by p(0)/2 +X [ang (nx) + dnp (nx)] will represent a function 


with assigned initial valees at « = 0. If for functions of class A in any 
of the representations of this kind trigonometric functions are substituted 
we have a problem solved by Borel.”* 

We shall now seek to determine the b, and a, in 


bo p (0)/2 + = [an q(nx) + bn p(nx)] 


so that this series will represent an indefinitely differentiable function with 
zero initial values at x = 0. The equations 


(33) > nt nm = 0, > ni , = 0, 2+ Dh = 0 ( so 1, 2, +++) 
n=1 


n=1 n=1 


are known to be satisfied by 


1 , 
(34) a, = £ [* L@)-sin (nx)-dzx, 1, = + {" L@)- cos (nx)-dx 


(n = 0,1, ++), 
where 
L(x) = e!™ g(a) +e (a) 


with g(x), w(x) power series determined so that L® (a) = L®(— a) 
(¢ = 0,1,---).* The |a,| and |b,| satisfy the inequalities (30) with 
Mp >|L (a)|"(—a Sa <z). By (1) 


(35) D> lan|né and > |dalni'<h® M2 (i = 0,1,-->) 
n n 
with h® a suitable constant independent of i and m. Hence 
bo p (0 
s(a) = 22O 4 S fan g(n2) + bn p (na) 
n 


is differentiable term by term any number of times; in fact, for all real 
values of x 


|S (@)| < D> (an ni q® (n x)| + | bn n? p® (nx))) 


(35a) . 
<h- > (\an|+|bn|) - n'<2hh! Miso. 


For z = 0, S(O) = p(0)- (bo/2 +> dn) and 


S® (0) = g® (0) > ni din + p® (0) > ni bn (¢ = 1,2,-->). 





'° (Bi), (Bs; 68-74). 
" (Bi; 45). 
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Since p%+9 (0) = g®? (0) = 0, from (33) it follows that S(O) = 0 
(i = 0,1,2,---). Hence the following theorem can be stated. 

THEOREM V. Let p(x) be an even and q(x) an odd function, both of 
class A. Let L(x) = e—¥™ p(x) +e—'” w(x) where 9(x), W(x) are power 
series and are with all their derivatives convergent on the closed interval 
(—2,7). They are determined by Borel’s method so that L® (a1) = L®©(—a) 
(¢ = 0,1,2,---). The series 


sea) = BO +S fan g(nz) + bn p(na)], 
(36) 1=1 


7 
q = 1 [.1@ -sin(nx)-da, by = ~ [-1@ -cos (nx)- dx 


7 ie 
(n = 0,1,---) 


is indefinitely differentiable for all real values of x and it represents a 
function with zero initial values at x=—0. On the axis of reals 


(37) |S(a)|< he Mite (Mi>|L(x)| for —a<xca; i=0,1,---) 


with he a constant independent of i and x. 

The @ and b, of Theorem V are arbitrary to the extent that one of 
the two power series involved in the expression for L(x) can be taken 
arbitrary, provided this series and its derivatives converge on the closed 
interval (—a, a). A greater multiplicity of expressions for the a, and 
the b, may be obtained by using a result of Poincaré which can be stated 
as follows. If the equations 


ice) 
a 2 Cty = 0 (i= 0, 1, 2,---), | ceta| >| cx!, | cx | > 2 
are Satisfied for a set of numbers a, = yx (k = 1, 2,---) such that the 
series >) |ci.y,| converges (i =0,1,---), then the x = yx-7(cx) also 
i 
constitute a solution provided the following holds. The entire function 
r(x) = Draw is such that the series >|7;|-s:, where 5 = 2 Yxe\s 
a i=1 ¢ 


converges,’® 

With c, = k® the equations (38) are satisfied for 2, = yx = dx, where 
the by, are defined by (34). Moreover, with a; = dy and cy, =k’ the left 
members of (38) are absolutely convergent, and by (35) 


(39) = Didy,| = D |Rib|<h Moise (i =0,1,---). 
k k 


' H. Poincaré, Sur les déterminants d’ordre infini, Bull. Soc. math. de France, t XIV, 
1886, p. 77-90. This paper will be referred to as (P). Also see (R; 17-18). 











634 W. J. TRJITZINSKY. 


Thus with r(7) = ane, an entire function such that 2 |r| Moi42 con- 
verges, convergence ‘of 2 |r| si will be secured. With 'r@ so defined, 
the equations }' n™ 2, = ‘0 are satisfied for am = bn -r(n*) (n = 1, 2, ---). 


The |b, | satisfy the inequalities (30) (with M,>|L®(x)|(—a<a2<a)), 
Utilizing these inequalities with a particular value of p, p = 7+ 2, we have 








2 \n'en| = = 2 |n'- br- 7 (n®) |< 2 Mi+e _ ei) h Miso 
(39a) 2 
@ — rm) | 
(ue 2z , just, 1, 


provided > |r (n”)|/n® converges. 
n 


Consider now the first set of equations (33). This set may be written 


in the form 
co 


(39b) > nizz=0, tr=nah (i = 1,2,--+). 


n=1 
Since the x; = dn (ap defined by (34)) satisfy the inequalities | an |< 2M,/n?, 
it follows that for the zn = ndn we have 


(40) |2n|<2M,/n?—, p any positive integer (n — 1, 2, --- 


) 
The equations (38) with cy, = k? are satisfied for xx = 2, = kax (k = 1,2,---), 
where the a, are defined by (34). These specifications along with (40), 
where p = 27+3, render the inequalities | 2, |< 2 Moi+;/k*+? (k = 1,2,---) 
Hence 


(41) 5 = Ql y| = 2 [Fe |< RO Mays Gm @1,--.. 


Consequently with 7; (x) = = 2 r, a, an entire function such that >> | 75 | Mei+s 
converges, the convergence of 2 | ri|si will be secured. By. Poincaré’s 
result, the equations xn Zn = Ent ag = 0 (i=1,2,---) will then be 


satisfied for z, = Nan? i(n*) (n= 1,2,---). That is, the first set of 
equations (33), if written in the form Sit 2, = 0 (¢=1,2,---), will be 


n 
satisfied for xn = an71(n*) (n= 1, 2,---), the a, being defined by (34). 
Using the inequalities | an|<2M,/n?, p = it2(n=—1, 2,---), we shall 
have 
. , . i| 3 

ae |n*an| = = in! ants (n®)| <2 Mite Bosal 
n n n 

=a = 1 Mess (hP =2> |r, (n)\/n?; i=0,1,-->), 


provided > |r, (n2)|/n? converges. 
n 


(41a) 
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Let us now consider the series 


0 0 ~ , 
” S(x) = BO + S toxg(na)+anp(na)], 


Xn = bar(n*), Xe = Ant, (0). 
It is observed that for all real values of x 
(43) |S (x)|<h 2 (\aan'| +| an n'|) (i = 0, 1, ---), 
r= 


where h is a suitable constant independent of 7 and x. By (39a) and 


(41a) we have | S@(x)|<2hh® Mis. where h® is the greater of the two 


constants h? and k®, These inequalities show that (42) is indefinitely 


differentiable term by term for all real values of xz. For x —0 


S(0) = pO) (a/2+ > x), S% (0) = p®(0) > xy n2 (i = 1,2,---); 
) n 
SHO) = gO) Day v4 G = 0,1,---). 


Hence S(0) = S®(0) = 0 @ — 1, 2,---), and the following theorem can 
be stated. 
THEOREM VI. Let p(x), q(x), L(x) and the constants M; be defined as 
in Theorem V. Let r(x) = DS riz’, ri(x) = D ri xt be entire functions such 
7 a 


that the series 
D> |ri| Maze, D|ri| Mess, DirG)\/?, Din@|/? 


converge. Then the series 


S(a) = zepi) +. 2, [an q(nx)+2n pP (nx)], 
(45) oe a ad 
=r (n*)—- | L(w)sinnaxdx, ay = r(n*) 4 | L(x) cos nx dz, 


— == 


is indefinitely differentiable for all real values of x and represents a function 
with zero initial values at x =0. On the axis of reals 





(46) | S$ (zx) |< hs Mi+2 (2 sae 0, 1, tie ‘) 


where hs is a constant independent of i and x. 


00 F — ' 
4, On some series of the form > x f(axx) with | az, >, |a-« >9, 
—oo 


as ko. Appell has solved the set of equations 
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(47) e(—1)?+ Ds Cr A? = 0 (p = 0, 1, 2,---), A>1, 


in connection with the study of elliptic functions. Poincaré gave a rigorous 
proof that the numbers 


— —1y|| aoteme (1+ =] Il (1— + | (n =0, +1, +2,--.) 
(47a) ‘i: 


constitute a solution of (47). 
From (47a) it follows that 


(47 b) | cn | < hy A lad (n = 0, +1, +2,---) |e|<h, 


where h, is a suitable constant independent of ». Now the series 
(48) Sa) = cf(—a)+ 2 nf (a) 


is indefinitely differentiable for all real values of x, since for (p = 0, 1, ---) 
and all real values of x 


/§$@()| < fe(— 1) fF (—a)|+ > [cn arf ana)! 
(48 a) haan 


v2) ice) 
<h le | + za | Cn i <hh, E a Ps anism = Sp, 
n=—Oo n=—CO 
where the series in the last member converges (py = 0,1,---). For x=0 
SO) = c(—1)?+ S qd” = (p=0,1,2,--). 
n=—co 


By (47) it follows that the S‘”)(0) = 0. Thus the following result can 
be stated. 
Let f(x) be of class Aandi>1. The series 


Sa) = cf(—a)+ S nf" a), 


¢=—1/[2TT +4) 
= Corfe (+4) TT —H)] 


‘6H. Poincaré, Remarques sur l’emploi de la méthode précédente, Bull. Soc. math. de 
France, t. XIII, 1885, p. 26. He uses g=1///A. 


where 
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is indefinitely differentiable for all real values of x; it represents a function 
with zero initial values at x = 0. On the axis of reals |S‘ (x)| <8 
(p =0,1,---), where the Sp are defined by (48a). 

We shall now consider a set of equations of the form 


v2) 

(48b) > bn = 0 (p = 0,1, 2, ---) 
n=—oo 

differing from the set (47) in having the term c(— 1)” absent. According to 

Poincaré the equations 2%, a? = 0 (p=0,1,---) in which |a 


5 in, 
n+l ay, ’ 


lim |ay| == 0% and Jim. ‘a_.| = = 0, are satisfied by 2, = A, (n = 0, +1, +2, ---), 
nwo 


where A, is the "residue at x = am of a certain function 1/ Fle). The 
poles of 1/F(a), each of them simple, are the points « = a, (the origin 
being consequently an essentially singular point). Moreover, F(x) should 
be such that 


(49) lim c, [x?/F@)] dx =0 (p= 0, 1, 2, +++), 


nt 


where C’, is a circle with center at the origin and radius 7, |@n|<7%n<@n41). 
The a = A, make the left members of the equations convergent (not 
necessarily absolutely).'’ Having this result in view we form 


F(x) = @—]] (\-x) I ( = i) 


_ IT] it (e+4)+ =| 
= 1, Vz 6, (logz) = 4, Vz g(a), 


(50) 


where 6,(x) is a function denoted thus by Briot and Bouquet.*® 
Let 











; av" dx : _ ada 
"te Veew’ 
(51) id ude 
"42 
Ann = ein oF a Ee 
J. y (x) 








where Cy is a circle of radius rm, 1m41/4 = rm (m = 0, +1, +2, ---)."” 
Then, since on Cy», we have |Va| = = V rm, 


7 
8 See (P; 24). 
‘The same assumption is made concerning the rm in (P; 24). 
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' 1 
(51a) | Fm, n | <= Kinn aeaeal ——=— Mays (m — 0, +1, +2, EY ( ie 0, 1, ree), 
Virm 
Poincaré has shown that, with the rv, defined as in (51), 
Am+i,n/Am,n or 5 A204+1/7p, 


where 6 is a constant depending on the function y. Hence 


(51 b) Kintin at Amsinl Vrms. ad 6 Aen 


Ke n Am, n V rm V rm Ym+1 





— hm, ne 





Now, when m>®, 7m—>® so that lim hm n=O (n=0,1,---). Hence 


m— > 
lim Knn»=0O (n=0,1,---). On the other hand, when m>—o, 


mn 
tm—>O and Imn>0o (n= 0,1,---). Consequently lim Kn» =0 
m—>— oo 
(n=0,1,---). Therefore, from (51a), it follows that lim |Jn,n| = 0, 
mo 
lim |Jmn| =O (n=0,1,---). The conditions (49) are thus satisfied 
m—>—e® 
when F(x) is defined by (50). Hence the b, = A, (n=0, +1, +2,--:), 
where A, is the residue at x = 4” of the function 1/F(a) (F(a) defined 
by (50)), constitute a solution of the equations (48c). 
The constants c, of Theorem VII are the residues of a function 


(52) 1/a,-(a@ +1) Vx p(x) = 1/(a@+1) F(z) (F(x) given by (50)) 


at the points « = 4”.*° The residues A, of 1/F (a) can be determined in 
terms of the c, as follows. In the neighborhood of «= 4” 


U/F@) = —* +P); @+) F@ = —* yp +e), 


xa— An 


where P,(x) and Qn(x) are regular near « — 4”, Hence 


(a —4")/F(a) = An+(a—4) Pale) = en(e@ +1) +(e +1) @—2) Qa), 
so that (using (47b)) 


(53) An = Cn (An 1), 
|An|< gd" | en|< gh, acm —inl+2n/2 (n = 0,+1,+2,---). 
The series 
ic,2) 
(54) Se) = 2 An f(A" 2) 





20 (P), 
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is indefinitely differentiable for all real values of x, since for p= 0,1,--- 
and for all real values of x 


i?) a 
|SP(x)| << De [Ande fP(ana)|<h D | A, a) 
(54 a) n=—o ve 
it , n 2. didi ran 2np)/2 — S) ’ 


where the series in the last member converges (p= 0,1,---). For2—0O 


SY(0) = f”0) > A,r (p = 0, 1,---) 
so that, by (48b), S“”(0) — 0. The following result can now be stated. 
Let f(x) be of class A and 4>1. The series 


S(a) = = An f(A" x), 


where 


00 
A, = (-— 1 | [ame [I (:—+)] (n = 0,+1,+2,:-- ‘), 


i=1 


is indefinitely differentiable for all real values of x and represents a function 
with zero initial values at x = 0. On the axis of reals |S‘ (x)| <8) 
(p = 0,1,---), where the Sp are defined by (54a). 


BoREL MONOGENIC FUNCTIONS. 


1. Representations of Borel’s monogenic functions. Borel has 
generalized the notion of monogenic functions of a complex variable z. 
His‘monogenic functions have, in general, divergent power series expansions. 
At the same time they have the property of quasi-analyticity;*’ that is, 
the initial values of the function, at any point of the domain of definition, 
determine the function uniquely throughout the domain. It is known that 
quasi-analytic functions, representable by series of the form > ¢n/(2 — an) 


nv 
where the a, are everywhere dense in some portion of the plane, are 
a particular case of the generalized monogenic functions.”* The general 
expression for these functions in terms of rational fractions, as far as 
I know, has not been derived. With the latter purpose in view it will 
be recalled that the domain of definition C (Cauchy domain) is defined as 
follows. Let the a, form an enumerable everywhere dense set of points 





*" (Be; 125, 144). 
2 See an example in (B.; 144). 
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interior to a closed region R. About each point a,, as center, describe 


a circle S,” of radius r,/2"; the numbers r, being such that 


oe 
%, r . 1 
(1) > rn converges, > th< —, lim n/log log log (—-] == @, 
n n+1 + n> Yn 


There exist numbers r™ such that 


(1a) 7 [Pt << (2 Gv, hk = 1,8,---) 


and such that, if S” denotes a circle of radius ro, its center at ay, then 
the circles SY” (n = 1, 2,---) do not cut each other. The perfect set C” 
is defined as the set consisting of the points of R, the interiors of the 
circles S”” (m = 1,2,---) having been excluded. The point set C 
consists of points P, each one of which belongs to C™ for all h>Io, 
where fo depends on P. We have C = R—G, where @ is a certain 
point set of measure zero and contains the points a,; furthermore, G is 
of the power of the continuum. ‘Reduced domains” /“” and I are defined 
by means of a set of numbers gp, 


(2) 1/e? < log log (1/rn), lim 7* 9, = 0 
(« any fixed number; n = 1, 2,---), 


in the same way as the C‘) and C were defined with the aid of the 7p. 
We note that 7™ is contained in C (p= 1, 2,---) and I in C; C con- 
tains also some points not belonging to I. 
A function f(z) is monogenic in a domain C 7f: 
1° It is continuous in C. 
2° It possesses at every point P of C a unique and continuous derivative. 
Monogenuity may be similarly defined in C™. In every case it is assumed 
that the increment ratio approaches the derivative uniformly. 
With this definition Borel gives the following representation 


(3) fey = 1. ( fO4_yr1 ( f@de 


2ai Je 2—2 mn 271 Js”) z—ax’ 





where x is any point of I and p is sufficiently great so that x is also 
an interior point of a perfect subset (” of I. Kis a simple closed curve 
all of whose points are interior to C”; moreover, K contains x in its 
interior. The summation refers to all the circles S‘” interior to K and 
exterior to each other; and the integrals are taken in the direct sense. 
When we say that X is interior to C™ it is meant that K is interior 
to & and that no point of K belongs to the frontier of C”. The frontier 
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of C’ consists of the contour of R# and of the circumferences of all those 
circles S¢” which are exterior to each other and are interior to the region R. 
In the sequel R, in general, will not be mentioned. It is also to be noted 
that the Li” are the circles used in defining 7”. The center of L\” is 
at a, and its radius is 9?, 





0, /2P41 < oP) <9, /2?. 
We consider 
_ =] I (2) dz 
« oat) = Fai Ja e—a 


About the point a», as center, there are two concentric circles S\”, Li” 
with radii r” and 0”), respectively (<0), The point z is on S‘?’, 


and z is exterior to Li”. Hence 


je—2|>e&P— rip, 


The function PF n (x) represents two different analytic functions exterior and 
interior to S. The point x is in”, that is, exterior to Sf. Accord- 
ingly, consider the analytic function, regmettind by (4) exterior to S,”’. 
Expanding 1/(e— x) in powers of 1/(2 — ap) 


(4a) pn a) = 2 DPM an)", = 5 Jo SO C—an™ de. 


In (4a) |z—a,| =r. Letting | f(z)|<M for all z on C, 
(4b) | nb? | < M (ri?) < M(rn/2”)”. 


With the summation, with respect to extended as in (3), the double sum 
(5) DS von (a) =X" Ewa — an)” 
n n m=1 


is seen to be absolutely convergent for all zin 7‘. This can be shown 
by noting that, for x in I, |x—a,| > oe? > @,/2?* so that |1/(¢—a,)" 
<(2?+1/o0,)™, This latter inequality, together with (4b), gives 


= 2, | bP a — an)” | a a Sy 
1 2rn 1 ’ Tn 
_ p> ‘ Fear => 


On 1 ida 


(5a) 





where 27n/on<4<1 (n = 1,2,---). The assumption 27n/@n<4<1 
entails no loss of generality. The series, in the last member, converges 
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since, by hypothesis, the , > 0 much more rapidly than the e,. Concerning 
the integral around K, it can be said that it represents an analytic function 
of x (x interior to K). Thus with c, a suitable point interior to K, 


1 fedz _ Su» ym , J (2) dz 
6) = Sade", a 7 


Qui JK e—2x ane 212 (g— cmt" 








Hence the following theorem can be stated. 

THEOREM I, Let the 1°n (as given by (1)) define, by means of the circles S\””, 
a sequence of domains C‘?), These domains will be supposed to determine 
a Cauchy domain C in connection with a set of points {an}, which may be 
everywhere dense in the whole of a region R or in some portions of this 
region. Let the on (as given by (2)) define reduced domains I?) and T by 
means of the circles Li”, Let K denote a simple closed curve all of whose 
points are interior to C', Every Borel monogenic function f(x), defined 
on C, is representable when x is in IT and is interior to K by the double 
series 
(7) f(x) = Py dip? (a — 0" + z = nbs /(ce — an)” 

n m=1 
(c a suitable point interior to K). 

In this representation the nb? and d? are given by (4a) and (6). The 
integer p is any integer such that p = pi, where p, is the smallest integer 
such that x is interior to?”, The series (7) is absolutely and uniformly 
convergent in I‘?), 

We have shown that, except for an additive analytic function, a Borel 
monogenic function is representable by a series of the form 


(8) Fe) = 3 an 


=lm=1 (x — an)™" 


Conversely, we should expect that it is possible to specify the law of 
decrease of the |bn,m| so that the series (8) represents a function Borel 
monogenic in some C, The a priori possibility of this has been indicated 
by Borel.” 

Accordingly, we proceed to find such a law of decrease of the |0n,m 

By definition it is sufficient to have F(x), F™ (x) unique and continuous 
in C™ and, given «(>0), have a number hf so that 


F(x) — F(x) 


Ym— 2x 








— F” (z)| <e, 


*° (Be; 152). 
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whenever 2,, 2 are points of C) for which 


|a,— x] <h, .* 
Letting | 
1 1 1 m 
am (m1; x) ae (x, — 2x) tem As a An)” Ps (¢— an)™ ) + (a@— Ay)" ’ 
it is seen that 
| F(x) — F(@) 
iy — £ 








— Fo (2)| <x Ri | Dn, m| Jn,m (x1, x) 
n,m 


provided the second member converges. 
Now 





Saas (x, ; x) — | (a << An) [(a— a,)""* + i it - (ay — An)*—*] —m (x, a in)” 


(a a (ln)™ (a Les ay) 


€9 (ar, — in)” +e, (ary —An)™—2 (ae — a4) + ++» + em—1(a— a)" | 








(a, — Gn)™ (x — An)™* 1 





= |r—a| 





where 


& = CPO +--+, 4 = FON +--+, 
(8a) : m 25 


°°, Cm—1 = Um- 
Without any loss of generality it may be assumed that 


| %—an| <1; 
moreover, for x, 2, in C™, 


| - x Pp), - 
a’ = n 


|a,—a,|; |a—a 
Hence, whenever x, x, are in C™ and 


| L—— Dy | <. h, 
it follows that 





» (m) 
Gn,m(L1, H)<h epyaetT 
where 
(8b) nim) = otahmt+-::: + em-1 _ (hy >h). 
Consequently 
F(x) am F(z) | Dn, m | ni (m) bt ' 
on ial Fo (x) <hd ~ (rpm = h S; ° 





Here it will be necessarily assumed that the |bn,m| are such that the 
series for S, converges for some positive /,. 








24 See (Bs; 135). 
* The C; are binomial coefficients. 


45 
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With this assumption, given «(> 0), a constant h (h<e/S,) can be found 
so that, whenever x and 2, are in C™, the inequality |a,—2|<h will 
imply that 





F(x) — F(x 

i Yy—2z 
Moreover, the convergence of the series for S; implies convergence of 
the series 


n,m (rym ? 9 (rip))m-+1 ? 





> [lnm % m | Dn,m | ' 





that is, existence and continuity in C™ of F(x) and of F(z) 
(F® (2) = >} —mdn,m(a@—an)~-™™) +will be secured. 
THEOREM II. The function F(x) of the form 


oo 
7 Dn, m 


8 ret. 
( ) n,m=1 e— An)” 


is Borel monogenic in C\ if the series 


7 | Dn, m | Ni (m) 
(r‘ pe +1 





(9) 
n,m 
converges for a positive h,. Here g,(m) is defined by means of (8a) and (8b). 
Suppose now that a,+0 (n=—1,2,---). What are the conditions 
under which a given point, say «=O, will belong to C‘?? This is 
equivalent to the requirement that 2 = 0 should be on or exterior to all 
the 8,” which constitute the frontier of C‘. We see therefore that it 
is sufficient that, in addition to (1), the inequalities 


(9a) (1 <) SES lan (n = 1,2,-:+) 
should be satisfied. 

On the other hand, a closed interval (a, b) will consist of interior points 
of C‘”) under the following conditions. There are no ad», (n = 1, 2,---) 


on the interval (a < «< b); in addition to (1) the inequalities 


(P<) 1,,/2? < |¥a,, | (a< Ra, <)), 
(9b) Wn’ <)s,/2" < | dn, — a (Ran, <a), 
(ni <) 1'n,/2” > | an, — b| (b< An,) 


hold. 

A similar discussion may be given with C™ replaced by any reduced 
domain /“”, This eventually would amount to additional restrictions on 
the 7‘?), 

n 
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Thus we see that zt zs possible to specify the law of decrease of the |\bn,m| 
so that, provided none of the an are on (a< x <b), the series (8) represents 
a function F(x), Borel monogenic in a region C; the region C itself or 
any reduced domain containing in its interior the closed interval (a, b). 
A similar result may be stated with the interval (a, b) replaced by a single point. 

2. Some properties of Borel monogenic functions. A fundamental 
property of these functions is that there exists for them a generalized 
Cauchy integral (3). This circumstance makes the class of Borel monogenic 
functions especially susceptible to study. On the other hand, the problem 
of quasi-analytic functions of a complex variable, in its greatest possible 
generality, it seems, would have to be studied by other methods.” At the 
present time this more general problem will not be considered. 

For brevity let 

S@) = 


(10) 22 JK §$—2 k 42 Js”) >—e2 


Af fOa_ yi ( sat 
9 


Here f(z) is Borel monogenic in C, K is a simple closed curve interior 
to C”, and the summation is extended over those S,”” (forming the fron- 
tier of C™) which are interior to K. The formula (10) is valid for z 
interior to K and interior to a reduced domain /” (the latter, as noted 
before, is formed by means of certain circles Ly”). A fortiori (10) holds 
for z interior to K and in F?-», 

An analogue will be derived of the theorem of Weierstrass on the 
analyticity of the limit of a sequence of analytic functions converging 
uniformly in a Weierstrassian domain. The known extensions of Weier- 
strass’s theorem, the Stieltjes and Vitali-Porter’s theorems, cannot be con- 
veniently extended, by means of (10), to Borel monogenic functions.*' 

Let Ci” denote the region consisting of K and of the part of cC”” interior 
to K. Let Q be a simple closed curve interior to K and interior to 1°?~”; 
and let y”~” denote the region consisting of Q and of the part of lila 
interior to Q. 

The following theorem will be proved. 

THEOREM III. Let 
(11) File), fale), -+*, Sul2), °° 


° ° ° (p) 
be a sequence of functions each Borel monogenic in C;"”. 





** Note, for instance, a theorem of Carleman in (C; 99, 100). 

7 Montel states, without proof, that the Vitali-Porter theorem, holds for quasi-analytic 
functions. See, P. Montel, Les familles normales ..., Paris, 1927, pp. 30. This mono- 
graph will be referred to as (M). 


45* 
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If this sequence wong wenet format y on the frontier of Ci” to f(2), it 


converges uniformly in Ty?” to a function fo(z). This function is in- 
definitely differentiable in Ty {?-» Moreover, the sequences 
ff), # ©; -++, fa” (2), tails (m = 1,2, +++) 


will converge uniformly in I ‘?—) to the fs” (2), respectively. 
We have 
Jn (z) as B(fn; K, (AM, = 2) 


for z in Zy”-”. Since it is known that B is indefinitely differentiable, 


term by ne we have 
Ft (2) = B™ (fn; K Cc”, C: z) 
_. m! In(Q) do ym! Fn (O) ao 
(12) = {. 2 7 a 


271 C—<" 277i Js» (C —z)mtt 
(m = 1, 2,---). 








Consider the function 
So(z) = B(S; K, C™, ¢; 2) 


which exists since, by hypothesis, for ¢ on the frontier of CY”, the fune- 
tion f(¢) exists and is necessarily bounded. Thus |/(¢)|< M; moreover, 
for z in M{?~” and ¢ on S” 


WE —2)|<VeP—riP), (oP ?> eo). 


Hence, in virtue of the convergence of the series 


yr Pp) 


! k _. gap — ene 
(12a) 2 (QP — ripymtt — Gin (m — 0, iF 2, ) 





it follows that for z in I\”~” the series B(f/; K, C, €; 2) is indefinitely 
differentiable term by term; the series itself and all the derived series 


being absolutely convergent in 7}”~”. Thus f(z) is indefinitely differentiable 
in ill wt 


Form 


fn (2) —fole) = Bi fa—JS; K, C®, €; 2), 
fe” (0) — f(D) =_—&BB™ (fa—f; K, CO, €; 2). 


Now, by hypothesis, for ¢ on the frontier of C{” 


lin) —f()| <e (n = N()). 





*5 See (B.; 140). 








QUASI-ANALYTIC FUNCTIONS. 647 


Hence, if d(>0) denoted the least distance from a point on Q to a point 
on K and if the length of K is denoted by 27/, we have 


<p) 
(m) m) a l rk oti p 
\fn- (z) —fn (z)| <em! sh] +Zla@e ppm 1 | mation Qn 
(m rasa 0, 1, 2, ++), 


The numbers Q\? (m = 0,1, 2,---) all exist since the series (12a) all 
converge. Consequently, the sequence (/;, (z)) converges uniformly in P’}”~” 
to f(z) and, in the same region, the sequences (f,” (z)) (m = 1, 2,---) 
converge uniformly to f(z) (m = 1,2,---), respectively. Thus the 
theorem has been proved. 

By means of (10) it is possible to derive some results concerning families 
of Borel monogenic functions. A theorem will be proved involving equi- 
continuity. 

Suppose f(z) is a bounded family of functions Borel monogenic in C”, 
Thus, for z in [?~” 

Se) = Bf; K, C™, ¢; z). 


If z’ is another point of Z\”” it follows that 


_ay — 1. ({ €—2)¢@at 1 Sf —z)f@at 
F(Z) Se) — oni x €—oC—?) 2ni + s(n (€—2)(¢—Z)’ 








Whence, noting that |¢—z|, |¢--z2'|>d>0, for ¢ on K and z and 2’ 
in F{?-, and observing that |¢—z|, |¢—2z’|>el”—r (> 0) for ¢ on 
S.” and z and 2 in T{”~”, we have 

7P) 


0101 <M ie + 2 gp app 


Here 271 is the length of K. 
Thus there exists a number k” such that the inequality 


IFO—SFE')| S kP le—2" | 


is verified for all functions f(z) of the family and for whatever points z, 
Z of My?” Consequently, given ¢, we have for all /(z) 


IF@)—FE)|<e 
provided |z—2z'|<60 (= e/k), 
THEOREM IV. Let f(z) form a family of Borel monogenic functions defined 
and bounded as a set in C'?, 
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In every reduced set T{”~? of C the functions of the family satisfy a con- 
dition of equi-continuity. 
Borel has established the formula 


(13) ff az—D fun S(e) dz = 0 


which is valid for functions f(z) monogenic in C™.”° 

The following definition will be given. 

DEFINITION. A function f(z) will be called Borel meromorphic 7f there exists 
a polynomial P(z) such that the product P(z) f(z) is Borel monogenic. 

As an application of (13) a result will be derived concerning the zeros 
and poles of a Borel meromorphic function. Let f(z) be defined in C 
and have no zeros nor poles on the frontier of C{”. We shall denote 
the interior points (the points not belonging to the frontier) of a region G 
by G@. In Ci” let z1 be the only zero or pole, of multiplicity m. We have 


f@) = @—a)" A) 
where m is a positive or negative integer and f,(z) is Borel monogenic 
in C‘; moreover, 
lA (2) |>M>0 


for z in OQ”. Thus fo(2)/A is monogenic in Cy” and 




















FO (dz f fi’ (2) dz an 
(13 a) f, ja @ le xa * 

Let us calculate the expression 

: 1 { f®°@as _ SOC) dz 
(13 b) N(f) = 2ni JK t(2) I 5 si?) tS) . 
We have 

. i m Pw (2) 
MS) = ag Ses 7. A) } ae 





r. m 1” (2) 
st delete fe) 
” 1 f £0 r 1 APO (2) 4 
= m+ Qni x fi(2)~ de— 2 2Qni sir) “hie” 
Hence, by (13a), 
N(f) = 





9 (Be; 135). 
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Thus, counting a critical point of multiplicity m, as m points, we have 
the theorem. 

THEOREM V. Let the zeros and poles of a Borel meromorphic function f(z), 
defined in C®, be isolated in Ci? . and let there be no zeros or poles on 
the frontier of Cx”. 

Then 


ae f%(2)dz yw 1 f%Q)d2 
ae Ji f2) x | ee id 








272 k 272 


where 3 denotes the number of zeros and p the number of poles in C{”” (that 
is, interior to K and exterior to the Sx” which Sorm the frontier of C 
interior to K). 

The following corollary will be proved. 

CorOLLaRY. Let (fn(z)) be a sequence of functions Borel monogenic in 
C” (fn =a). Assume that for z on the frontier of C{” the sequences 


ji (@), Sa (2), me Fn (2), 
FP), J ©), Te SO}, 


converge uniformly to f(z) and f™ (2), respectively; the function f (2) being 
Borel monogenic in C), Let the functions 


S@—a, frle)—a (n > m) 


have no zeros on the frontier of C;””; let there be only isolated zeros in C;”” . 
Then, for n sufficiently great, (fn(z)—a) will have in C\” as many 
zeros as (f(z)—a). 
It is sufficient to prove this corollary under the assumption that (/(z) — a) 
has only one zero, z,, in C;”; let it be of multiplicity p. From Theorem V 


it would follow that 
N(f—a) = p. 


Here WN is formed by means of (13b) and for K we may choose a circle 
with z, for center.*° 

On the other hand, if p», denotes the number of zeros of (f: (z)—a) 
in CY” by Theorem V we have 


ie N (fn — a) . 
Let 
f® (6) m (6) 


m) = FH—a fH—a- 


“It is possible to construct a circle K, of an arbitrarily small radius, which will 
consist of points of C”. See (By; 139). 
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By hypothesis | 
gn(S) |<ceé (n 2 n (e)) 
when ¢ is on the frontier of C;”. 
Thus 
|p—pn| = |N(f—a)—N(fr—a)| 


= | {mG ar— > Jie. gnerae| 
<e[l+ 2 re] (n > n(e)). 
Hence there exists an integer , such that 
pn = Pp (n = m). 


This completes the demonstration of the corollary. 

By means of (10) and (13) we may get a result which is an extension 
of a theorem of Painlevé*! on, what will be termed Borel monogenic con- 
tinuation. 

Let AB be a rectifiable are joining two points A and B of K; K, as 
before, being a simple closed curve interior to C’). Except for the end 
points the arc AB will be assumed to lie in C;”. Let APB and BQA 
be the two arcs into which K is separated by the points A and B. These 
points will be so chosen that APBQA will denote the contour K described 
in the positive sense. 

Further, we let O, denote the open region whose boundary is APB4A; 
on the other hand, O, will denote the open region whose boundary is 
BQAB. 

The following theorem will be proved. 

THEOREM VI. Let f,(z) be Borel monogenic in the region consisting of 
APBA and the part of C™ interior to AP BA; let f(z) be Borel mono- 
genic in the region consisting of BQAB and the part of C™ interior to 
BQAB. Moreover, let f(z) = fo(e) on AB. 

Then by means of the expression 








ee AiO) dé 1 F2(0) de 

(14) Oh, fas 2) 2mi Japp $—z 272 BQA C[—z 
ae AG dl yl Ar(Qyat 

2 2ni Js? C—z a 2ni Js C2 ’ 


Borel monogenic continuation of f,(z) into fe(z), and conversely, can be 
effected as follows. 





31(M; 46). 
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When z is an interior point of T™, in O,, then 
GA, fe3 2) = A; 
when z is an interior point of T™, in Og, then 
GA, 32) = fo). 


- > ‘ ‘ ( - 
The first summation in (14) is extended over the Si? in O,. the second 
‘ . (p) - 
summation is extended over the Sj’ in Ox. 
In fact, for z an interior point of 7” in O,, we have 





naaaa Ad , 1 ( Ads 
Ae = 2i Japp O¢—z 2ni Jpa S—zZz 
yr tf A@ar 
gE 2ni Js C—z2z © 
Moreover, 
ig Aydt , 1 fxd 
21 Jpga $—zZ Qi Jap S$—Zz 
wir = 1 AO adc 


oni s” C—e2 
Noting that 
AOM _ _ sf Aad 


’ 


AB $—2z BA 6$—2Z 
Ai) — G(A,A3 2), 


where G(f,, fo; 2) is given by (14). 
Repeating the above reasoning when z is an interior point of 7” in 0,, 


we obtain 
S22) = GA, fas 95 
from which the theorem follows. 

The purpose of this section had been to indicate the possibility of 
studying Borel monogenic functions by the aid of the formulas (10) and 
(13), just in the same way as analytic functions are studied by means of 
Cauchy’s formulas (which are particular cases of (10) and (13)). The 
extension is not immediate since from the preceding discussion it can be 
seen that, in the “Borel monogenic theory”, when a subset of a given 
region is taken, this subset cannot be arbitrary but must satisfy certain 
conditions securing convergence of certain series. 

3. Quasi-harmonic functions. The following definition will be 
introduced. 


it follows that 
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DEFINITION I. Every function h(a, y) (x,y real) such that, for some 
function f (2) (g = «a+iy) Borel monogenic in E, we have 


(15) Rf (2) — h(a, y) (or oS ©) — h(x, y)) 


will be said to belong to the quasi-harmonic class or the class H, in E. 
For simplicity, though that is not necessary, we shall take HE = C‘), 
Let p(x, y) be of class H in C; then there exists a function q(z, y), 
of the same class, so that 
Op bq tp .. —¢ 


(15a) Ox oy’ Oy Ox 


for (x, y) in C™.** Evidently, in C™ we have 





Furthermore, we note also that dp/@x, ap/dy are unique and continuous 
in C®, and the partial derivatives of all orders exist in CC’. The same 
is true of the function q(x, y). 

Borel has shown that 


(16) in a dy =| pdx—>, pdx. 
JK oy (K) n (s'?)) 


Here the (S\”’) and (K) denote contours; K denotes the area bounded 


by (K). In the double integral we let dp/dy denote zero interior to 
the (S,””). Also 


> rY cy . 
(16a) ff Bacay =| pdy—> p dy. 
K (RK) n (s)) 


It will be convenient to introduce a class H’. 

DEFINITION II. A function h(x, y), not necessarily such that 4h =0 
(in C), will be said to belong to the class H' provided that h, dh/dz, 
dh/dy exist and are continuous in C®, and provided formulas (16) and 
(16a) hold. 

Every function of class H is also of class H’. At present we leave 
undecided whether the class H’ is more extensive than the class H. In 


the sequel, whenever necessary, we assume the existence of the partial 
derivatives. 








3? (Be; 155). 
33 (B.; 155). 
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With p and q belonging to H’, as a consequence of (16) and (16a) it 
follows that 


3 3 | 
ff(2 _ or 3 )axdy _ {_ (p dy —q dz) 
e/J (K) 


—>" (p dy—qdz). 


7 (st?) 


(16b) 


Imitating a known method of deriving Green’s first identity, we let 


npr meen. 
PS OR’ ies oy” 
It follows then that 
| I. SR Rs A 
ia ie «Oa is * te is? ~ 


Thus, by (16b), 


ff. pdudedy+ ff (so oe + i aa) dx dy 


Ou Ou ! Ou au 
== i te" | —»> § o(5* dy — — de). 
(K) o( Ox KE Jig \Ox ay 


This formula is valid in C™, provided that the functions 


(A) 


belong to the class H’ (in C™). 
Interchanging « and wv in (A) and subtracting the resulting identity 


from (A), we obtain 
—f [_(de—vda) dx dy 


Ou Ov Ou Ov 
Bf [lu 2) ay (0 uF) ae 
SJ. (ve —u 22) ay— (,2% —u 22) a], 





(B) is a generalization of Green’s second identity; it is valid in C%, 
provided that vdu/dx, vdu/dy, udv/dx, wdv/dy belong to the class H’ 
in C®, 

Letting 0/8 denote the normal derivative taken in a suitable sense, 
(B) may be written in the form 
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ff, cdv—vdw dx dy 
(B’) ft au Seg | pe m" 
JK) ( an | Om k Jig) \ On On} 


This formula is valid under the conditions securing validity of (B). 

As before, we let G denote the set of points of G which are not frontier 
points of G. Let d(=o-+7#) be in Tr, There exists a sequence of 
concentric circles ysq (q=), each with center at 6, such that the 
circle 7s) belongs to C‘” and its radius s(q) satisfies the inequalities 








1 
27 (q == Gy a+l, ee -) 34 


1 
gH <8@)<- 


Now let g(z, 9) be the Green’s function corresponding to the region 
bounded by (K). Thus, 


h(z, 0) = g(z, 9)+log |z—d| (ge=x+iy) 


is harmonic for z interior to (K), and g(z, 0) = O for z on (K). Let 








v (a, y) _ 2 (z, 0) (= 9), u (x, y) = u (2) (— u), 


and let w be of class H in C™., Apply (B’) to the closed region K, 
consisting of the part of C™) which lies between ys) and (K) and of the 
contours ys, (K). We have then 


SJ, (wAg—gAu)dxdy = fo(e2 (u —g su) as 


: ag ot ” ( 0g a) 
~— —— ds— —— —g——] ds. 
&, an 7 an}“° 2 i; “on 7 an m 


Here the summation refers only to those of the S,” which are exterior 
to each other and lie between ys and (K). Since for z in Ky 


4g=0, Au = 0, 


and since for z on (K) g = 0, it follows that 


ag ou) -{. a9 
J. (1 an 7 an vlan On nas 
_— ow 6g 4 
= Joan (. an "an on 


(17) 





as (Bs; 139). 











QUASI-ANALYTIC FUNCTIONS. 655 


When z is on S2” we have, ¢ being exterior to Li”, 


(1 =) le—d > dP —rP. 





Hence 
log |z—6|| < log eP— =P’ 
| Blog |e—¢) | h' 
an | ~(eP— ry 
Consequently 


Ss 
ea ‘on 7 on | 


- £h = (1 —+| 24 — plegle— ela, 
(17a) = San lle2 h 7 g|2—3| oy OB Nas 


am 1 
<n M (1+ 08 Oa rp + aa) = 


where M is a sufficiently great constant independent of k. 
It can be shown that the series 


(17b) PET 


converges. 
Noting that, with z on 7sq, log |z—dé| = logs(q), we write 


f (u 22g oe) ds = Ih()+¥(), 
Ys(a) 0 





on 
Oh Ou 
M, (6) = (24 14 8") as + tox oa) J SO ag, 
: Ys (a) on Ys) on 
—d 
ita ~~] ee 
V2 (a) on 
It is observed that 
lim M,(6) = 0. 
qn 
Now 
N, (6) = — { « a s uds 
e! 7/s(9) ‘Te— |ze— | s(q) Ys(a) 


= — 2m7-u(d+s(q) €9%), 


where 6(g) is real. The numbers N,(d) (q > 4q:) all exist since u(a, y) 
is defined on every 7s(q)- 
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Thus 
bg a —— ie io(q) 
(17¢) =. J. (« an 7 an ” Pasa OE Te 
= —2nu(d) = —2zmu(¢, 2). 





When in (17) q is replaced by a greater integer g’ the summation in- 
volved in (17) will be extended over an increased number of circles. In 
fact, there will be added, in general, an infinity of terms corresponding 
to the S,” between Ysq and 7sq). As & approaches infinity, in the limit 
the summation will be extended over all the S,” interior to (K ). The 
existence of the limit follows from inequalities (17a) and from (17b). 
Making use of (17¢) we obtain the relation 





Og WY ( Og a 
NY 9 0 mami. ~eacias —_— ds A ee pee 8. 
(C) mu u(d) fo a ds+ 2, = Pa ds 


k 
We can state the following theorem. 
THEOREM VII. Let 
u(x, y) (= uz); 2 = xa+iy) 


be a function of class H (in C). Let g(z, 0) (0 = 6+ t) denote the Green’s 
function belonging to the region K bounded by a simple closed curve (K) ((K) 
interior to C), 
Then the formula (C) will hold for all 6 interior to (K) and interior to I’. 
Of special interest among the applications of (A) we have, assuming 
that uw belongs to H and v — 1, 


Ou — Ou 
(18 [ a { wat de me ® 
JK) On ~ (sf) On y 


and, when v = wu and belongs to H, 


R ou \2 9u\2 
J SAG + (34) | az dy 
(ga), . 
ut Ou yy Ou Ou 
= u Fe ty—Ge ax|— J, (Ge — — 1). 
ba (5 dy dy da 2 a ea dy dy dx 


The relation (18) means that the integral of the normal derivative of 
a function of class H, extended over the contour (K) and the frontier 
of the part of C™ interior to (K), is zero. 

Some consequences analogous to those of the ordinary theory can be 
derived from (18a). For instance, we have the following theorem. 
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THEOREM VIII. Ifus is of class H and 7f the normal derivative of u vanishes 
on (K) and on the (Sx), which form the Frontier of the part of C” interior 
to (K), then u is a constant in C'?, 

A function of class H is determined, except for an additive constant, by the 
values of its normal derivatives on (K) and the (S:”). 

Among the consequences of (B’) we have, when w and v belong to H 
(in C), 


(19) J (u 5° —o 2" ds— 2 (w see) ds = 0, 
(K) (sf 


aon On 


Another identity may be obtained as follows. Let 6(= o+ 7?) be in 1”, 
v = logr (ry = |z—0| = V (a — o)?+ (y — 2)? ); assume that wu is of class H 
in C, and let the 7sig be formed as before. Apply (B’) to the region K, 
(between (K) and ysq@). Since Alogr = 0 it follows that 


— t hi. Ls eon) 
(K) 0 


on 


—_ (u ar — log ron|ds—>" (« sc —logr at) as, 
Yea) on r (3) on 0 


Here the summation is extended over all the (4; 
lie between ysq and (K). 
As shown before, 


, 0 logy 
jim J aoe de = 2nu(d), 
Y “Ys() " 


oe r 

lim | logr ds = 0. 

q Ye (a) " 
Moreover, for z on (S;”) we have 


1 | dlogr h 
~ x *. (nlp) — a p))2 
eo?) — oD \- an ~ ri?) 





(20) 





. *,° (p) ° 
S), limiting C”, which 


|logr | < log — 
Since the series 


.. k 
any log So — rip)’ pe (oP) — ri 


converge it follows that in the limit, as qg approaches infinity, the second 
member of (20) approaches a limit. Hence 


27 u(d) ={ (1. 2208" — Jog 5) ds 
(D) aia iene tp nil, 


0 log r an) 
a wo" —— log? ds 





on 











658 W. J. TRIJITZINSKY. 


where the summation is extended over all the (S,”), limiting C™, which 
lie interior to (K). 

The following theorem can now be stated. 

THEOREM IX. Let uw be of class H (in CC). The identity (D) will hold 
for 0(= «+ it) interior to (K) and interior to I, 

Apply now (D) to a Borel monogenic function 


St (9) = po, ) +79, 2b. 
Since 
ae, — fu 
on +s on and ®) P@) 
it follows that 


] 
(D’) + te a (r = |z—3)). 
a a ” (7 Br — f(z) log) \dz| 
rr (s(?)) 


27 On 
THEOREM X. Let f(z) be Borel monogenic in C™. For 6(=o-+it) 
interior to (K) and interior to I the identity (D’) holds. This formula 
expresses f (0) in I‘? (interior to (K)) in terms of the values of the function 
and of its first derivative on (K) and on the frontier of the part of C 
interior to (K). 


Brown UNIVERSITY. 

















A STUDY OF INDEFINITELY DIFFERENTIABLE AND 
QUASI-ANALYTIC FUNCTIONS. II.! 


By W. J. Tru1tzinsky.? 


SomE PROBLEMS OF REPRESENTATION OF QUASI-ANALYTIC FUNCTIONS. 


1. Representations based on minimizing a certain definite 
integral. An indefinitely differentiable function f(x), such that 


(1) \FO@|< RRA (=1,2,---;0<a<a) 
where 


(1a) 31/va 


diverges, is quasi-analytic on (0, a). (Theorem of Denjoy.) 
In order that a function F(x) satisfying (1) should be quasi-analytic it 
is necessary and sufficient that the integral 


i.) ie) ] r 
(1b) { log ( 4 r/ al) 
0 i=0 r 
should diverge. (Carleman’s theorem.)* 
We shall also note that a quasi-analytic function satisfying (1) is said 
to belong to the class C4 of quasi-analytic functions on the interval (0, a). 
In connection with minimizing a certain definite integral Carleman 
established the existence of a double sequence of functions »,;(x) deter- 
mined by and depending only on the 4;(i = 1,2,---). By the aid of 
these functions the following representations of a quasi-analytic function 
with assigned initial values may be given. If there is a function f(z) of 
class C4 having the constants f™ (0) = cmm! for initial values at x = 0, 
then 


n—1 
(2) f(a) =lim D con, i(a); 
n> wi=0 
; n—1 
(2a) f(z) = lim >» On i Ci X*, ®n,i = Wn,i(1)," 
n—>owi=0 





‘Received October 23, 1930.—In this part of the paper use is made of definitions, 
notation and references of the first part, these Annals, preceding paper. 
* National Research Fellow. 
3(C; 61). 
4(2), (2a) are found in (C; 68, 70) and (C; 72), respectively. 
659 46 
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Using Carleman’s method I derived another representation of the form 








n—1 
dai. ai 
where 
a ae . a 
Ga) a@ = > Se —p@yrrr@) (n= Z o 4), 


with p(a) a suitable analytic function and c7! = f(0) @ = 0, 1,---). 
Let 

(4) pu (x, t) = xt + t(t—1) px (x) (px (x) analytic), 
(4a) F(t) = f (gx (x, 4) O<2<a). 
The development (3) was derived by applying (2a) to the function 
F(t) = f(ai+t(t—1) p(@)), considered as a function of ¢, and by letting 
subsequently ¢== 1. In (3a) 7! G(x) = F(O). Since (2a) is applicable 
to functions of class C4, p(x) had to be such that F(¢), as function of ¢, 
would belong to the class C4 (on some closed interval (0, 6) containing ¢t = 1). 
In general, the term a “suitable analytic function” will mean a function 
such that F;,(¢), defined by (4a) as function of ¢, belongs to the class 
CaO <t<b,b=>1;0<2< a). With these preliminaries in view, 
consider the function F, (4) = f (9, (az, #)) formed with p,(x) a suitable 
analytic function. Instead of applying the development (2a) we shall apply 
to F(t), as function of ¢, the development (3). Thus 


n—1 
F,() =lim D on: G (0), 
n—>owoi=0 
(5) 








=~ oy HEN (a) aiid = 1) 
c(t) = ri(i—2r)! (t — p(d)) "p (t) (r — Q or 2 ’ 
where the 1¢;(x)- 7! = 1F(0) are formed by replacing in (3a) p(x) by pi (x); 
thus 

oe ae “ (a = r)! Ci— i 
(5 a) 1% (x) rs 2 r! (i nea an! (x —~Py (x)) af (x), 
with c 7! = f(0) (( = 0, 1, ---). Inserting ¢ = 1 in (5), the first member 
becomes f(x). Hence the following theorem results. 

THEOREM I. Given a set of constants Ao, A,,---, Ai, +++ defining a class C4 
of quasi-analytic functions, there exists a set of numbers wn,; depending on 
the A; (and independent of the c, p(x), p(x)) such that, if there exists 
a function of class C4 for which f©(0) = Gi! (i =0,1,---), the following 
representation holds 








°W. J. Trjitzinsky, On quasi-analytic functions. These Annals, vol. 30, October, 1929, 
pp. 526-546. 
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n—1 


f(a) = Tim & on,:G(1), 
a) = SEH MLA =O) p(t) 


r!(i—2r)! 1G—+ (2); 


(6) 





where 
= — 1): Gir ; jee. 
(6a) 14 (x) = ze “yn 7 poem y 2 r)! (x — p, (x))*-*" pt (a) (r = = or - 5 


p(x), pi(x) are suitable analytic functions and the w,; are the constants 
involved in (2a). 

Suppose that p(1) = 1, then in (6) ¢(1) = O for 7 odd and ¢; (1) 
= ,Gj2(x) for 7 even. Consequently 








1"n rs 
(7) Fe) = lim >" oon, 04- stu(@) (ur mv RE ey “), 
n—->wi=0 2 2 
To Fi(t) = f(xt+ t(¢—1) pe(x)), considered as function of ¢, we apply 
the development (7). This gives 


1"n 


F, (t) = lim 2, 2° 1c (t) ; 


n—>o i= 
whence 


F,(1) = f(x) = lim Pa Gn, 24 + 10; (2). 
nn >ni=0 


Suppose that the function p, (x) involved in the 1¢;(x) is such that p, (1) = 1. 
Then, as before, it follows that 14¢;(1) =O for 7 odd and 1¢@(1) = 2€ij2 (x) 
for 2 even (2¢m(x) will be given by (6a) with p,(x) replaced by p.(x)). 
Thus we have 


2"n we . om at 
(7a) St (a) = lim Pe On 46° 2Ci (x) (or = =. or : ). 
n—>woi=0 2 2 


Assuming px (x) = p(w) (k = 1,2,---,(s—1)), p(l) = 1 and p(z) 
a suitable analytic function, the s-fold repetition of the process which 
rendered the developments (7), (7a) will result in the following representation 





Ln 
: . —10n eed. 
(8) f(a) = lim > ene fla) — (te = SI or SS *). 


The subscript s in the sc(a) may be deleted if ps(~) = p(x). It may 
be deleted otherwise, but with the understanding that ps(1) = p(1) is 
not necessarily equal to unity. The development (8) may be written in 
the form 


se 


f(z) = lim Do, Gz), ¢ = nm (Mmi> Nm; m = 1, 2,---). 
m—>ni=0 ” 


46* 
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Letting m» = m2%+1 and using the relations given for the sr, by (8), 
we get se = m. Hence the following theorem is proved. 

THEOREM II. Given a set of constants Ao, A;,---, Ai, +++ defining 
a class Ca of quasi-analytic functions, let the wn, be the sequence of constants 
of Theorem 1. If there exists a quasi-analytic function f(x) of class Ca for 
which f (0) = Gi! (¢ = 0, 1,---), such a function admits the representation 


m 
(9) f(a) = lim Dio, y,-G(z),  e = m2+1, 
m—>oi=0 ° 
In (9) s is any finite positive integer; and the c% (x) are given by (3a) with 
p(x) a suitable analytic function. The representation holds provided that, 
for an analytic function p, (x) (pi (1) = 1), f(wt+t(t—1) p: (a) ts of 
class Ca in t fon 0 < t < 1 and for x on a suitable interval. 

In (9) let p(x) =0. Then, from (3a), it follows that G(2) = qa 
(i = 0, 1,---); thus the following corollary results. 

CoROLLARY. Suppose the set of constants Ao, Ay, ---, Az, «++ defines a class C4 
of quasi-analytic functions. If there exists a function f (x) of class Ca, to 
which Theorem II is applicable and for which f® (0) = qi! (¢ = 0, 1, ---), 
such a function admits the representation 


m 
(10) JS (x) = lim a Oo, Gx, € = Mm = m2s+1, 
m—>oi=0 ‘4 
In this representation s is any finite positive integer and the on, are the 
constants involved in Theorem I. 
The representations (2a), (3) and (6) generally depend on the limiting 
properties of the constants in each row of the double array 


1,0, 2,0, ***, @no, ***, 
@11, M21, ***, Wnty ***y 
1 2%» se Onis ai 


The representations (9), (10) depend on the limiting properties of the con- 
stants just in certain subsequences of the rows of (10). 

_ In general, a great multiplicity of representations results by applying to 
F(t) = f(et+t(t—1)p(a)), as a function of ¢, any of the various 
representations already known. As remarked elsewhere, it is possible to 
derive representations for f(x) from the consideration of a function 
F(t) = f(xt+t(t—1) p(a, 0), where p (a, t) is an analytic function of 
x and ¢ such that F'(¢), as function of ¢, is of class C4 forO<t<b 
(6>1,0<2<a). These representations, with p (zx, ¢) not restricted any 
further, would be unduly complicated. We shall now consider the case 
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when p(x, #) is independent of x. Thus, suppose that p(¢) is an analytic 
function such that 
(11) F(t) = f(xt+t(t—1) p(d) (0<r< a), 


as a function of ¢, is of class C4 for O< t¢<b (b>1). Any of the 
developments of this section can be applied to F(t); but we shall restrict 
ourselves to the application of (2a). For the latter purpose it will be 
necessary to compute the F™ (0) (n = 0,1,---). Now, 


Fo (2) =— 





af (u), u = zt+t(t—I1)p() = zt+q(. 


Hence 


(12) FM) = at (wu) — ¥ a (aria. id wet 


ts star" * sty i! dg! see les e! 


(p= at---+%), 





where 
Ou O° u 
m= = e+, w= FR 
and the summation is extended over the positive integral values 2, %, +++, Ze 
such that 7,+2%+ 32+ ---+e2= n.° Substituting t — 0 





= q(t) (¢ = 2, 3,---) 








n mi fP(0) (a+g®(O)\* (gO) \*% (0) \* 
on 4a sa, il tel ++ Gel ( 1! ( 2! _ we, 
— = n! [en o-+ en1 (e+ (0/1 + +> + ennlr + ¢(0))*/nl], 
(p =iteat-:---+%), 
here 
aa er Cp p! (for) (gry... (2) 
(12b) ig Ama, tal igh--- de! | 2! 3! e! }’ 
Cp! = f'(0), (p=itiet--> +h). 


The summation in (12b) is extended over the positive integral values 
tg, 23, +++, de, such that 22.+3%,+--- +e = n—i. Applying (12a) 


we get 
n—1 


F(t) = lim > on; F(0) tit. 
n t=0 
Hence 
n—1 
F(Q1) = f(z) = lim D oy; F(0)/i!. 
n t=0 
THEOREM III. Given a set of constants Ao, Ay, ---, Ai, «++ defining 


a class Ca of quasi-analytic functions; if there exists a function f(x) of 





6 (12) is a direct application of a formula given by Faa de Bruno, Quarterly Journal of 
Mathematics, vol. I, p. 359. 
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class Ca, for which f%(0) = ci! @=0,1,---), such a function admits 
the representation 


n—1 — =; 
(13) S (x) = lim p> On, i P;(x), P;(x) = cote, ay + viene +045. 


Here & =x+q™(0). The cni are given by (12b). The function q(t) 
involved in (12b) is defined by q(t) = t(t—1)p(® where p(t) is any 
analytic function such that f(xt+ q(t), as function of t, is of class Ca 
for 0O<t<b (021), OS a<a. 

Remark. The existence of representations of this section is seen to 
depend on the existence of a function p(x, ¢) such that the function of ¢ 
F(t) = f(at+t(t—1) p(a, 0) is of the same class as f(x). Suppose 
that, with a given p(x, ?), F(é) is of class Cg, different from the class C4 
to which f(x) belongs. Then, if Cz is a quasi-analytic class containing 
both C4 and Cg, as subclasses, we may derive a new representation for 
JF (x) by applying to F(t), as function of ¢, a known expansion of functions 
of class Cy (the m,; defined by the Z,). In the.development, so derived, 
we let ¢=1 (F(1)=—/(a)). 

2. Necessary and sufficient conditions for quasi-analyticity. 
The class of quasi-analytic functions (any particular class) possesses the 
property that a function of such a class is identically zero throughout its 
domain of definition if its initial values at a point are all zero. Carleman 
has proved a theorem establishing necessary and sufficient conditions which 
should be satisfied by the «, in order that the function which is represented 
by the series ay+a, cosx+aycos2a+---, |an|<gan (n = 0,1,--:) 
should be quasi-analytic.’ We raise the question: what are the necessary 
and sufficient conditions in order that the function, represented by the 
series 


(14) F(x) = wt > an p(nx), |arn|<gen, p(0)=—1, 


(p(x) being an even function of class A), should be quasi-analytic? It 
will be necessary to distinguish between any even function of class A and 
those belonging to a subclass A’ of A. The subclass A’ will be defined 
as follows. 


DEFINITION. An even function p(x) of class A will be said to belong to 
the subclass A’, if the relation > An p(nx) = 0, for all real values of x, 
n=0 


implies that an = 0 (n =0,1,---). 
An example of a function of the subclass A’ is p(x) = cosa. 





7(C; 95). 
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The reasoning which we are about to employ for the solution of the 
problem in question follows closely the method used by Carleman in proving 
his theorem concerning the cosine series.® 

Let the 7; (@ = 1, 2,---) be a given set of positive constants. Under 
the conditions 


(15) %m=1, Lu” =0 (p=0,1,---,n), 
‘= 

the expression 

(16) Ja) = Dra 


possesses a minimum e,. It is known that the sequence of the e, 
(n = 1, 2,---) is or is not bounded according as the Stieltjes problem of 


moments 
le) oo 
J x? dB (x) = = 2,8 PP /y; (p = 0, 1, 2, --+) 
0 i=1 


is indeterminate or determinate, and conversely.” Let us denote by 
a” (¢ =0,1,2,---), a” = 1, the set of constants rendering J(a) minimum 
under conditions (15). We have then e, = J(a”). Let Fi(x) be the 
function corresponding to the set a” (i =0,1,---) and defined as follows 


(17) F(x) = a® + a®™ p(x) + a® p(2Qa)+--- +a” plix)+--- 


From conditions (15) it follows that F°” (0) = 0 (p = 0,1,---, m). We can 
say for brevity that F,, (x) minimizes 7 (a) by —s J (a) = J(a”) = 
Suppose J (a) = on< S?, S>0(n=0,1,---), with § independent o wi n. 


This assumption is aati to the set of inequalities De (a)? < §* 
(n = 0,1,---), from which it follows that 7,(a™)*? << 8®. Letting 7, = 1/e?, 
where he i a; are the constants of (14), it follows that 


(17a) la” | << Sa (i,n=0,1,---). 


With the assumption that the series P a,i™ (m = 0, 1,---) converge, 
the following inequalities are satisfied lor all real values of x 


| Fn (x) | <h D> | a” | < ns > a os A,, 
(17b) 
| FO (x)| <h Salim <as Saji” = An (m=0,1, 


—  ¢=1 i=1 





8(C; 92, 95). 

®See (C; 93). When ¥ (a) is a solution of the problem of moments, this problem is 
said to be determinate provided that every other solution differs from ‘”(x) by a constant 
at every point of continuity of ¥ (a). 
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The sequences of functions 
(18a) F, (2), F, (2), als. Fy (x), 2 Ne 
(18b) FY” (2), FS” (2), tee, Fe” (x A. (m oo Be 2, ve -) 


are each bounded and equi-continuous; the equi-continuity of the sequences 
(18b) being inferred in succession from that of (18a) by means of the 
relations 


P ae . 
2@ = [RY ay (<n—1)." 


Consequently it is possible to find a sequence of indices 7, mz, ---, ni, --- 
such that the sequences 


Fy, (x), F,, (2), oe Fru, (x), 


(19) mr x), Fn.” (2), reey Fn” (2), - (m = 1, 2, sil ‘) 


are all uniformly convergent, the function F(x), defined by 
(19a) F(z) = = tim Fy, (a), 


being indefinitely differentiable (for al real values of x). The derivatives 
of F(x) are given by 
(19b) lim Fx” (2) = F™ (x) (m = 1, 2, -++). 


Since Fy, (x) = ag?+ a” p(x)+asp(2”)+---, and in virtue of the 
convergence conditions, it follows from (19a) that 


(20) F(x) = antap (x) + aap (2x2)+---+taxp(kax)+-:--, 


where a; = lim ay”? and (by (17a)) | ax| < Sax (k = 0, 1,---). Moreover, 


F(0) = F™ (0) =0 (m = 1,2,---) With p(x) belonging to the sub- 
class A’, we have a series (20) not all of whose coefficients are zero." 
Therefore the function F(x), represented by (20), cannot be identically 
zero (on the axis of reals); that is, it is not quasi-analytic. Hence, if the 
én form a bounded set (the problem of moments with 7; = 1/«? being 
indeterminate) then the class of functions, defined by (14) and formed with 
p (a) of subclass A’, is not quasi-analytic. 

Let us consider the other alternative. Suppose that the problem of 


sa 20 
moments f, a” dB (x2) = >} a?" is determinate, then the same will be 
Fm 





10 Compare with (C; 65). 
1 At least ao+0, since a = lim af? =1(@=1; n=0,1,--»). 
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Co 

true of the problem [2 aE (x) = > i? a? > (n =0,1,---).!* This, how- 
i 

ever, would imply that the e, (n = 0,1, ---), where @, is the minimum of 


co 
(21) iJ (a) = 2 az / a? ce? 
‘= 
under the conditions 
2) 
(21a) a = 1, = 147? = 0 (p = 0, By, n), 
{= 


approach infinity with m. Let the set of constants, satisfying (21a) and 
rendering (21) a minimum, be denoted by ,a” (i = 0, 1, ---), 1a” = 1, 
Then 


in2) 


(22) en = 1d (a) aa” (,a™)*/ a? a? (n = 0,1, ---). 
We form . 
(22a) Fa@) = 2 sa pla), pO=1, a= 1, 


By (21a), Fx” (0) = 0 (p = 0,1, -:-, n). The coefficients of (22a) minimize 

(21). The conditions ,a” = 1, 1a = 1 or a = 1 can be replaced by 
N 

a condition of the form » a: 4; = 1,” provided not all the a; are zero. 
i=1 

With this in view we shall examine whether or not there exists a function 

co 
F(x) = D> aplixz), p(0) = 1, satisfying the following conditions: 


=o 


a 
1° F&P (0) = 0 (p = 0,1,---); 2° |ai|< Sa; (i = 0, 1,---); 3° PF) $0. 
On account of (3°) not all the a are zero. If a+0, we define M by 
Ma =1. The function 
(23) if (2) = MF (x) = 2, 14; p (ix) (ai = Ma) 
i= 


will have | ,a;|<| M| Sa; (¢=0,1,---), :F° (0) = 0 (p = 0, 1, ---) and 
i149 = 1. With the a; =a; the expression ,J(a) of (21) becomes 


(23a) 1J (1a) = 2G /? a< MS? D> 1/2 = gw. 


Consequently the e,, as given by (22) and derived under the condition 
4%)” = 1, are such that @ <g, (since @} < ,J(,a)). This contradicts 
the assumption that lime, — «©. Hence, ,F(x) and therefore F(x) are 


n 
identically zero if conditions (1°), (2°) are satisfied. 





12(C; 94). 
3(C; 94). 
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If a = 0, let i, be the smallest subscript such that a; +0. Define 
the e’ as before, except that the condition ,a” = 1 will now be replaced by 
i, 
> a” 8, = 1, 8, +0. Then for a constant 7 
i=1 . 
i, 
1 2, % Bi = 4 10;,: Bi, = 1. 
i= 
The function - 
(24) 1F(e) = 4 Fle) = 2 sup (iz) (ai = 4a) 


will have |1ai|<|4| Sa; (¢ = a1, 1: +1, ---), 1F°? (0) = 0 (p = 0,1, ---) and 


> 148i = 1. The ia; of 1F(x) (as given by (24)) render 1J(a) of (21) 

i=1 

equal to J(,a) = > ,a7/Pa2<7?8? D> 1/? = g,. Hence, if the g are 
v . 


I 
defined by (22) with the conditions ,a®” = 1 replaced by = a” 8, = 1 


(8; + 0), then @n<g. (n=0,1,---). A contradiction arises again and 
therefore , F(a) as well as F(x) are identically zero. Thus a function 
satisfying conditions (1°) and (2°) has to be identically zero for all real 
values of x. 

THEOREM IV, Let F(x) be defined for all real values of x by the series 


(25) F(x) = antap(x)+asp(2x)+---+anp(nxz)+---, pO) = 1, 


where p(x) is an even function of the subclass A’ and the |\an| satisfy a law 

of decrease | an|< Aan (n=0,1,---). Let the series Si? «; (p = 0, 1, -->) 
a 

be convergent. F(x), as defined by (25), is indefinitely differentiable. In 

order that F(x) should be determined by its initial values F°? (0) at x = 0 

at 7s necessary and sufficient that the problem of moments 


[, way@) = dae io ma-9 
i=1 


should be determinate. The sufficient part continues to hold when p(x) is 
any even function of class A (p(0) = 1)."4 

3. Application of the Stieltjes continued fractions. The problem 
of representation of quasi-analytic functions in terms of its initial values 
is very difficult, and therefore it seems of interest to mention first a case 
of a very simple representation. Unfortunately, this representation will 
depend on the possibility, as yet not established, of having at the same time: 





‘A theorem of this type is given by Carleman for the case p(x) = cosa in (C; 95). 
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1°. A set of values, f(0) (n = 0,1,---), which are the initial values 


of a function f(x) belonging to a quasi-analytic class eu( >| V Mn 


divergent, Mz >1;0<2< ‘). 
2°. A function p(x), of class A, such that |p™(0)| > k">0 and 
c = f™ (0)/p™ (0)>0 (9 = 0,1,2,---). 
Granted (1°) and (2°), it follows that 


Fa) = [" pita) amy, 
f(a) = [emp (ta) aw) (m = 1,2, --) 


where Y(t) is a uniquely determined function. 
In fact, we have 


(26) 


2n 2 ~ —— _ 
Ven < VMA/VI < VM /V iE. 
nr 
Hence, from the divergence of '1/V M, divergence of 
> 1 
a 2n 
V cn 


can be inferred. Consequently, by a result of Carleman,’® the problem of 
moments 


«oo 
(26a) f, t” dU (t) = ep (n = 0,1,---) 


is determinate. Thus we have (26a) satisfied for a non-decreasing func- 
tion 4(¢) which is unique except for an additive constant. The integral (26) 
will be indefinitely differentiable for all real values of x. In fact, 
2) 
| 7™ (a)| < nf. t™ dU (t) = hem = hf™ (0)/p™ (0) 
hM, 

< i (|p™ (u)| <h; m=0,1,--+). 
Moreover, as seen from the above, the function represented by this integral 
will be of class Cy. It will possess the assigned initial values, as can be 
seen differentiating (26) and using the fact that %(¢) satisfies (26a). 

In the following better, though more complicated, representations in 
terms of initial values will be derived. They constitute an extension of 
a representation given by Carleman;’® the latter uses cosx in place of 
our more general function p(z). 











(C; 81). 
6(C; 95, 96). 
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DeFINITION I, An even function p(x), of class A, will be said to belong 
to the subclass B if there exists an odd entire function g(x) so that 


q(ix) = p(x) +729(x) possesses the property that 
(27) lim M(r) = 0. 


r—> wo 


The function M(r) is the maximum in 0 of 
latre)|  (F+e<o< =e; t>0), 


Here € approaches zero when r approaches infinity. 
An even function p(x) which belongs to the subclasses A’ and B will be 
said to belong to the subclass B’. (B’ is, of course, a subclass of B.) 
Lemma. If p(x) is a function of the subclass B then 





— ati” 2 a(tz) dz 
(27a) plt Vu) = 210i Ja—ico “ute (a, U, t>0). 
To prove this lemma we form a contour 
c& = Iy+ R;,. 


Here Z, is a circular are for which 
iar, WrHesuees 24, 
2 a - 2 
and R, denotes the two segments of straight lines joining z = a with 


z= ré@72—®) and zg = re“?*®), respectively. When r is sufficiently great, 
so that the points +iVu are interior to C;,, it follows that 


1 fees oe 5 la (itVu) + q(—itVu)] 


Qui ute 
= FlotVin) + ig Vu) + (tVn) —ig tVn))] 
- pl(tVu) ; 


870 
sees 
va f q(tre®) dé 
Rie 1+ we 8 /y? | 


: eq(tz)dz __ 
=. J u+2 wai cs 


r 





We note that 


S, eae 


so that 











<7 Me) (Ve<o), 


On the other hand, 
tim f eq(tz)dz __ {- zq(tz) dz 
r JR, Ute aio |3O Ue” 
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Consequently 


= %a+i00 
Qnip(tVu) = iim f +lim f -{ 2q(tz) de 
r L, r R, —t00 u+2* 


The function used by Carleman, p(x) = cosz, is of subclass B (q(a) = e*); 
as matter of fact, it belongs to the more special subclass B’. While 
existence of functions different from cosz and still of subclass B’ is left 
undecided, we shall show that there actually exist functions of the sub- 
class B which are different from cos x. 

In fact, every function of the form 


b 
(28) p(a) = J. cos 9 (y)) ag 
is of subclass B, provided 


0<4< 9) <1 (a<@p<b). 
The function g(x), corresponding to p(x), will be defined by 
b 
(28a) g(a) = J sin(e9(y)) dg. 
We have 


'b 
pa) = [° (—1)" cos (a9 (y)) 9"(9) ag, 


b 
pato(a) = J (—1y4 sin (eH) F"41(H) dg, 
so that for all real values of x 
|p (a)| < (b—a) (n= 0,1,---). 


Thus, p(x) is an even function of class A. Using (28a), 


b 
q(ia) = pla) + ig(a) = [eT ay, 


b 
q(u) — J. ev PP) dg ‘ 
It can be shown that 
| q (tre) | < (b— a) eftr ors 6 
i - 37 
< (b—a) e~**rsine (F+eso<- 4. 


Hence the choice ¢« = log r/r will insure that 





lim M(r) = 0.° 


ron 


We shall prove the following theorem. 
THEOREM V. Let p(x) be of class B and let the on be such that the pro- 


blem of moments 


(29) f a" dB (a) = D a? m™ (n = 0,1,---) 
0 . m=0 
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is determinate and that the series 


(29a) , a (4, a = i no 


. Qn 
V An 
diverges. 


Let the set of constants f™ (0) (n = 0,1,---) be the initial values, at 
x = 0, belonging to the class of functions of the form 


fa) = Sanp(n2) (pO) = 15 |u| < Ae). 


The function f(x) (which will be quasi-analytic) is expressible in terms 
of the f™ (0) as follows. 











1 1a+ic0 
f(a) = AF(x) — -| . zqg(xz) Q(z") dz, 
(29b) 2107 Ja—io 
F(x) = D> an p(nz) (a> 0). 
Here the continued fraction 2(z) is the development of the series 
Se (= 1)" (AF 0) — fF 0) 
(29¢) 2, pe? (0) eH ’ 


and q(ix) = p(x)+ig(ax), the function g(x) being the one associated with 
p(x) by means of Definition I. 
Tf p(x) is of subclass B’, and the en are such that >anp(n2x) represents 
a quasi-analytic function, and the series (29a) diverges then f(x) is represent- 
able by (29b). 
Suppose first that p(x) is of subclass B. In the condition (29a) it is 
implied that the series r 
An = > mm (n = 0,1,---) 
all converge. re 
Hence the series 
(30) f(a) = Lanp(nz) — (pO) = 15 |an| << Aen) 
and the series obtained by differentiating (30), term by term, any number 
of times are absolutely convergent for all real x. Since the problem (29) 
is determinate, by Theorem IV it follows that the series (30) and the 
various series of the derivatives represent a quasi-analytic function and 
its derivatives, respectively. 
We have 
A Fe (x) — f2P (4) = 3) (Aam— am) p2 (max) m?. 
Hence ’ 
A F& (0) — fe (0) 
p™ (0) 





a Zz (A @m— Am) m? > 0 
m=0 


since |dm|< Agm and the am are real. 
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The problem of moments 
AF® (0) — f® (0) 


J, #40) = re 


has a solution.which by substitution can be verified to be such that: 
1° w(x) is constant in (m?, (m+ 1)’); 
2° w(x) has discontinuities 


w(m? + 0) — w(m?— 0) = Aan— an (m = 0, 1,---). 





= C, (>0) 


Observing that in virtue of the inequalities 


A Gn — On< 2AGy 
it follows that 
Cp<2AAp (p =0,1,---), 


we infer divergence of the series 


2p 
D> 1/V CG, 
from that of the series (29a). 

Hence, by a theorem of Carleman,' it follows that the problem of 
moments (29) is determinate. The function w(x) is therefore the only 
solution. 

By the theory of continued fractions 








i) (—1)? e. 
(30b) 2, pH a 
is developable into a continued fraction 
2) = = 
kyz -- —— 1 
wr het. 
(30c) “ - 
dw(u) da 
_ Parca. wn >0; m=1,2,--- 
J oe (km >> 0; m 2 ) 


which is convergent except for negative values of z.’* 
We observe that, with w(x) defined by (1°) and (2°), 


fo ved dw(u) = P (A a@m— Am) p(m t). 


Thus, this infinite integral represents AF (t)—/(é). Since p(x) belongs 
to B the lemma is applicable so that, using (27a), 





"(C; 81). 
8(C; 96). 
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oo at-ico 
AF()—f() = f (sty f - £00 28 N ayy, 
By (30c) this becomes 


a+ico 
AF(t)—f/() = =) eq (tz) Q(z’) dz. 


277 


se 


Since, with p(x) belonging to B’, both the necessary and sufficient con- 
ditions of Theorem IV hold, in this case it is not necessary to assume that 
the problem of moments is determinate. This problem will be determinate, 
by Theorem IV, in virtue of the assumption of quasi-analyticity of the 
function given by the series >a, p(nx). With the problem (29) deter- 
minate, the reasoning would be as for the case when p(x) belongs to the 
subclass B; and the same representation (29b) will be derived. 

The above method can be applied for the purpose of deriving repre- 
sentations in terms of initial values of functions, quasi-analytic for all 
real x, of the form ° 


(31) f@ => 


(|an|< Aon; n= 1, 2,---). 


Since the class of quasi-analytic functions defined by (31) is very special 
we shall omit the proof. 
Noting that 
1 1 | ists zg erilut2) dp 
t—i/u Ami Jaw (te +) (ut+2) 


and assuming that 
1 ~ 9 
» a (4 a cnr) 
V Ap 
diverges, we observe that a quasi-analytic function f(t), of the form (31), 
as representable in terms of its initial values at t = 0 as follows. 


(a>0; 0<t<1/a) 








1 taro» eanit O (2) dz 
31 t) = ii 
(31a) I () AF (t) - a 





(0< t< 1/a) 


where the continued fraction 2(z) is the development of the series 





Se (dH (AF 0) —F0 ©) 
(1b) P i ro f? 0) 
and 
(31¢) a. YS 


n n2t—i- 





°The law of decrease of the |an| can be so assigned that (31) should represent a quasi- 
analytic function. See Part I (Borel monogenic functions; § 1). 
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4, The method of linear inequalities. In this section we shall use 
the method due to de la Vallée Poussin and applied by him to trigono- 
metric series.*° 

Let K(a@, p) denote the class of functions of the form 


2) 


(32) Sia = , Qnp(nx) (p(0) = 1; | a,|< Ae) 


r= 
where p(x) is even and of class A. We recail that sufficient conditions 
for quasi-analyticity of K(@, p) are known when p(z) is of class A, and 
both necessary and sufficient conditions for quasi-analyticity of K (@, p) are 
known when p(x) is of subclass A’ (§ 2). 

We wish to solve the following problem. 

Tf a set of values f™ (0) = Cn belongs to a quasi-analytic class K (@, p) 
(that is, if there exists a function f(x) of class K(a@, p) with these initial 
values at x = 0), determine the coefficients an of the series (32). 

By hypothesis there exist a,(r = 0, 1,---) such that 


(32a) Cx = > p® (0) r* a, (i = 0,1,--+) 
r=0 


We assign two positive numbers « and »; « being arbitrarily small and 
m—an integer arbitrarily great. 

The series (32) being convergent, there exists a number p, depending 
on ¢, mn and the a@,, such that 


T= 


Cs-- p™ (0) r# a, 
=0 


r 


(32b) (< hA > ri «) <eé 
r=p+1 
(i = 0, 1, 2,---, (w—1)). 


The set of inequalities (32b) together with the inequalities 








| ay|< Aa, (r = 0,1, ---, p) 
is satisfied by a particular system of solutions 


ad, ai, eee, Ap. 
The function 
(32c) gy (x) = apt ap (x) +---+ app (px) 


is an approximate solution of the problem. 


Take a sequence of values 
(En, Pn) (n = 1, 2, ds én 0, pn). 


Let yn (x) be the function corresponding to &,, pn. We shall show that 
a subsequence (ym, (x)) exists such that 


(33) lim 9m, (x) = 9(@). 


0(V; 157, 162). 





47 
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It is observed that, since the a}, aj,--- satisfy the inequalities 
|am|< A@m, 
each of the sets (ao), (ai),--- is bounded, and consequently each set will 


have at least one limiting point. Choosing from the sequence (yn) a sequence 
for which lim a) exists, from this sequence we choose another sequence 
for which lima; exists. Continuing this process, we derive a_ sub- 
sequence (%m,) for which the limits 


lim an, = Gn (m = 0,1,---) 


all exist. Noting that the |a*| satisfy inequalities of the same form as 
the |am|, we have 


(33a) lim 9m, (x) = (x) = Dian p (ma) 


where the series as well as the series derived by differentiating (33a), 
term by term, any number of times are all absolutely convergent for all 
real x. The function g(x) is of class K(@, p); moreover, it has the 
assigned initial values at x = 0. Hence 


y (x) = f(a). 


If p(x) is of subclass A’ we have 
lim gn (x) = f(z). 
n 


Otherwise, say, the set (aj) would have at least two limiting points and 
there would be two series of the form (32) representing the same quasi- 
analytic function. The difference of these two series would be identically 
zero without all the coefficients of the series being zero. This would 
contradict the assumption that p(x) is of class A’. 

Let K(a@; 8) denote the class of functions of the form 


ice) 


@) so=Fo+ y _anm F(a) = Zor 


n,m=1 (zg —yn)™’ r! : 


|dn,m|<A@nm,  |br|< AB, (n,m > 1; 7r = 0) 


where the 7, may be everywhere dense in some portions of the complex 
plane and yn + 0 (n = 1). The importance of this class is due to the 
fact, according to Theorem I (Part I; Borel monogenic functions), that 
every Borel monogenic function is representable by a series of the form (34) 
(except that g(x) may be in powers of (x— d) with d + 0, but this is 
not essential). Moreover, taking account of (Part I, Borel monogenic 
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functions; § 1), it follows that conditions on the «,, 8, can be found such 
that the following is true: 

1°. The series (34) and all the series obtained by differentiating (34) 
term by term, are absolutely convergent in a region containing z = 0. 

2°. The series (34) represents a function quasi-analytic in a region con- 
taining z = 0. 

Let Ko(«; 8) denote the class of functions belonging to K(a; 8) and such 
that the conditions (1°), (2°) hold. 

We shall solve the following problem. 

Given that a set of values f™(0) = Cn belongs to class Ky(a; 8), deter- 
mine the coefficients bn, n,m of the series (34). 

We have 
f°) = CG = b+ +o eet Dam G=0,1,-+>) 


vai 


? 





As before, we assign two numbers « and m. The series involved here 
being all absolutely convergent, there exists a number (depending only on 
é,n and the class) such that 


(34a) eee eet 8, |. 





m=1 yr 

G = 0,1,---,(m —1)). 
Moreover, 
(34b) | dr,m| <A Gr, ms \bi|< AB 


Q<r,m<p; O<Si<n-—1). 


Thus, we have p?+ 2n inequalities (34a), (34b) involving p* + » unknowns. 
Let the numbers 


Ar, m (l<r,m<C p), bi (0 <ign—l) 


constitute a particular system of solutions. 
We form the function 


' = mm? ~ 
(4c) 9) = w+ BE 4... 4 eae ar 


(n — - r,m=1 (e— ye)" 











With the sequence (én, p»), formed as before, there is associated a sequence 
(yn(z)) of the form (34c). 

Each of the sets (bj), as well as each of the sets (a;,m), is bounded; 
hence using the method of selecting sequences, applied before, we get a 
subsequence (g,’) for which the limits 


(35) limb; = b5 


47* 
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all exist. From this sequence by a similar process we select a sequence (yp’) 
for which not only the limits (35) but also the limits 


(35a) lim 4) om = % 
all exist. 

Noting that the |b; | and the |a;,m| satisfy inequalities of the same form 
as the |b;| and the |a;,m|, respectively, we have 


™ 


e li >> b; Z * . OF m 
(35d) Tim gw @) = 9@) = Gn 


where ¢(z) is of class K,)(@; 4). On the other hand, 


g(0) = G. 
Consequently 


y (x) —_ I (2); 


so that (35b) is a solution of the problem. 

In connection with the above method it is impossible to find effectively 
necessary and sufficient conditions to be satisfied by the set (Cj) in order 
that there should exist a function of an assigned class. It is necessary 
and sufficient that each of the successive systems of linear inequalities 
should be compatible, however, as de la Vallée Poussin remarked* in his 
discussion of the cosine series, if we have encountered no incompatibility 
up to a certain step there is no certainty whether an incompatibility will 
or will not be encountered at a later stage. 

However, at least theoretically, necessary and sufficient conditions on 
the initial values C; may be found, in particular for the cosine series, 
applying a method involving least squares. While this method has been 
applied by de la Vallée Poussin for constructing a function, represented 
by a cosine series, in terms of its initial values, he has not pushed the 
method further to determine necessary and sufficient conditions on the C; 
(in so far as they relate to a trigonometric series). 

This deficiency will be remedied in the following section not only for 
representations of quasi-analytic functions in the form of a trigonometric 
series, but also for representations by means of certain other series. The 
method for determining necessary and sufficient conditions on the initial 
values will be somewhat of the type used by Carleman in connection with 
a representation based on minimizing a certain definite integral.** In our 





71(V; 162). 
72(V; 160, 162). 
3(C; 65, 73). 
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discussion the definite integral is replaced by a quadratic form. On the 
other hand quasi-analytic classes we define by the law of decrease of the 
moduli of the coefficients of certain series. 

5, The method of least squares. In this section we shall modify 
the definitions used in the preceding section. Thus 

DeFINITION I. We let C(a, p) denote the class of functions of the form 


(36) S@ = Z An p (nx) (p (0) = 1; | an| << (Aa@,)”) 


where p(x) is even and of class A, the function p(x) and the ay being real. 

The following problem is proposed. 

If a set of real numbers f™ (0) = Con belongs to a quasi-analytic class 
C(a, p), determine the coefficients an of the series (36). 

It will be assumed that the quasi-analytic class C(a@, p) is such that 
there exists another quasi-analytic class C(a*, p) so that the series 





2n 
(36.) D(AS)", Degn (§=0,1,--) 
n a, n 
converge. 
Since the Cx belong to a quasi-analytic class C(a@,p) there exists 
a function ” 
(36b) F(x) = p> dnp (nz), | an|< (Aan)”, 
(36c) ren (0) = Con (n = 0,1,--*). 
We have 
iv) 
Cy = 2, p* (0) n* an (¢ = 0, 1,---) 
i= 


where the series all converge (absolutely). 
Given €,, m we may chose px so that 

















Dy—1 - 
Cx — > p (0) nan} = | > p® (0) n* an 
(37) a tiates aa 
< h S nv (dany<|/ O<i<m™%—1). 


n=PpP, 


Consider the following positive quadratic form 


n—1 p-1 2 p;-1 y? 
(37a) Ei (y) = D |Cr— D> p™ On” rl +62 an 
r=0 n=0 n=0 “n 


Let the 


Yn = itn (0<Sp—!) 
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minimize E;* (y). Determination of the a, will involve solving a set of 
linear equations. For the minimum we have 


E; (;a) <. E; (a). 


Now the a» belong to the function F(x) which, by hypothesis, is a solution 
and is therefore of class C(@, p). 
Thus, using the inequalities 











|an| << (Aa@n)” 
and (37), we get — 
, Kd) n 
(38) Ej (sa) <i (=) +e > ( “ 
Ni n=0\ &, 
<G-+& (¢ = 1, 2,---) 
since the series (36a) converges. 
From (38) it follows that 
p-l 
(38a) Cy — >) p™ (0) n® sain| << VE i”, 
n=0 
(38b) | ian| << VG on” (0 <n < pi—1). 
We form a sequence 
a let (&, ni) (¢@ = 1,2,---; &>0, n>) 
and le om 
(38¢) gi (x) = >) itn p(nz) 


be the function corresponding to «, ;. By (38b) the set (ian), formed 
by letting 7 = 1,2,---, is bounded. Hence, using the process of § 4, 
we show that there exists a subsequence (;) such that the limits 


lim an = an (n = Q, 1,---) 
a 
all exist. 


Since the |a*| satisfy inequalities of the form (38b) and since the series 
(36a) converge, we have 


(39) lim 9, (x) = 2, a* p(nz) = 9 (a) 
where (x) is of class C(a*, p); moreover, by (38a), we have 
gy” (0) = Cn.™ 
G(x) = F(x) —9(x) = D (a,— a%)p (na), 


**The reasoning here is of the kind used by de la Vallée Poussin in (V; 16i). 


Letting 
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we note that G&”(0) = 0. On the other hand, 
|a,— a*| < (Aa, "+ VG a, 


so that G(x) is of class C(a*, p), that is, quasi-analytic. Consequently 
G(x) = O and 
g(x) = F(z). 


Thus g(x), as given by (39), satisfies the problem. We have the 
sequence (9;(x)) itself convergent; thus 


(39a) lim 9; (7) = F(z). 
In fact, if the sequence 
pen = 5 Fee*?* 


does not converge, there exists a subsequence (9;) such that 
lim yy (x) = h(a) 


where A(x) is different from » (x) (, (x) being the limit of the sequence 
(9; (x))). Now, by the method which we have used to show that y(x) = F(a), 
it can be shown that h(x) = F(x). We have then h(x) — g(a). Con- 
sequently it is impossible for the sequence (9;(z)) to have two different 
limiting functions. Hence (39a) follows.”* The possibility of two different 
series of the form (39) representing the solution is not excluded when p (x) 
is of class A; this possibility is excluded when p(x) is of subclass A’. 
Noting that Ej (a) is a function of the Cx, a, &(0<k<n—1; 
0<n<pi—1), we let 
(40) Ej (sa) = Ly (C, «*; &). 


From the preceding it is seen that in order that the Cx, should be the initial 
values belonging to a quasi-analytic class C(a@, p) it is necessary that the 
Cx, should satisfy the inequalities 


(40a) =; Is (C, a; 6) <G@ uct, B+ 


Assume that the Cy belong to a quasi-analytic class C(a@, p). Let F(x) 
be the function of this class 


(41) F(x) = > Qnp(nx), |an|<(Aap)", F” (0) = G. 


Form £;(y), replacing in (87a) the «* by the a. Let p; be defined as 
before (by means of the @,). The minimum of £;(y) can be obtained 





** This reasoning is of the type used by Carleman in (C; 70, 71). 
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replacing in (40) the #* by the «,. Letting the ian(0 << pi—1) denote 
the minimizing constants, this minimum will be given by 


E; (i:a’) = Ly(C, @; &). 


Now, with the a» satisfying (41), we have 





n—1 p—-1 2 Pl 42 
Li (C, «; &) < E(a) = es lo , pO” (0) n® ad +6; 2, ~ 





= 2n 
(41 a) | Min sgt ina an 
<m (2) +e ¥ (A%)"= (14 24) a= Ge 
Ni n=0\ &n 0 


provided A<1. 

On the other hand, sufficiency of the inequalities (41a) can be proved 
easily. Accordingly, we shall state the following theorem. 

THEOREM VI. Let A<1. In order that an assigned set of real initial 
values Co, should belong to a quasi-analytic class C(@, p) it is necessary and 
sufficient that the sequence 


+ 14(C, «; «) (i =1,2,--4 


should be bounded. (A<1 for the necessary part, else A = 1). 

We shall consider now the analogous problem for quasi-analytic functions 
representable in terms of rational fractions. 

It will be assumed that the Cn, bn, dn,m,¥n (¥n +) are all real. 

Let C(a@; 8) denote the class of functions of the form 











a . n,m — poe Ry by 
(42) f(@) = g()+ 2 G—y,7m” g (z) = 2 a 
| dn,m|<(Aeen,m)"t™, | br| < (ABy)” (n, m>1; r>0). 


DEFINITION II. Let Cy(a; 8) denote the class of functions belonging to C(a; 8); 
and let Cy (a; 8) be such that the conditions (1°), (2°) (§ 4), as applied to (42), 
hold. 

We assume, moreover, that the quasi-analytic class Cy(a@; 8) is such 
that there exists another quasi-analytic class Cy) (a*; 8*) so that the series 


(42a) >> cain >( A By y 








n,m ies B* 
converge. 
We shall solve the following problem. 
Tf a set of real numbers fo) = C; belongs to a quasi-analytic class Co(@; 8), 


determine the coefficients dn,m, br of the series (42). 
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Let nid 
S15; 2 . n,m 
F =a - tt Da 
(42) O= 2 +2. 0a’ 


| An, m | < (Aan, m)"™, | by | < (AB,)" (n,m>1;r = 0), 


be the function for which Fi) = C; (i = 0, 1,---). 
Choose p, so that 


c—[o+ — ee ts—0) anvn| 

















n,m=1 > i | 
< m---(m+i—1 
< ae 
n,m=p,+1 ln | 
(42c) 
n,m=p,+1 | Yn a = 
&k — 
— <i<m—1). 
“a (0<i< m—1) 


This is possible since the double series 


>> m-+-(m+i—1) (Aen, m)*+™ (= 0, 1, 2,---) 


n,m lyn ‘aes 





all converge. 
Consider the following positive quadratic form 





n—1 D; 2 
: ee eee _— 
Ren == la-(n+ > rete). 
 r=0 n,m=1 Vn 
(43) D; y? n,—1 x 
n,m r 
tei 2 gana + 6 2 ro 


Solving a set of linear equations we obtain the constants 


Lr = iby, Ynjm = idn,my; 





which minimize (43). Let F;(:b; ia) be the minimum. 
Using (42b) and (42c), we have 


Fi (b; sa) < Fi (b; a) 
colt) tag (Aen (Ae 


* 
n,m n,m By 





(in (43a) the b and the a belong to the function F(z) and therefore 
satisfy inequalities (42b)). In virtue of the convergence of the series (42a), 


we have 
(43b) EF (ib; sa) < Ge. 
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Consequently 


PD; m ar 
o— (e+ y oie: -@rr > nm) 


nym=1 


<VGéq", 











(43¢) | itnm|< VG (anm)", — |db9l < VE (Bry 
1cnmSlp;0lor<c u—})). 
We form a sequence 
(&, ni) ((=1,2,---;&20, n; >). 
Let - 


D; 
a iby 2” Sinn 
(44) i (2) a = y! Tm, (z or ¥n)™ 





be the function corresponding to «;,;. By a process of selecting sub- 
sequences we get a subsequence (;’) for which 


. * . * 
lim iby = by lim z’’An,m — n,m 


We observe that the |b*| and the |a*| satisfy inequalities of the same 
form as the |,b| and the |;a!. We have 


(44a) lim yer(2) = 9) => Ee > 


n,m ree n)™ 


where »(z) is of class C)(a*; 8*). Now the series (44a) is differentiable, 
term by term, any number of times, the resulting series being all convergent 
(absolutely) in a region containing z — 0. Hence, by (43c), it follows 
that 








g”(0) = CG, (r > 0). 
Form 


(44b) G(e) = Fe)—9(2) = je oe = e+) os 
Here — " 








| by. — br |< (AB) + VG BF", 
| n,m — un! < (A _ PP cis 4 V@ (an. we ; 


Hence the function G(z) is of class Cy(a*; 8*); moreover, G (0) = O(n = 0). 
Consequently G(a) = 0, and 


g(z) = Fi). 


Thus y(z), as defined by (44a), is a solution of the problem. Using the 
reasoning employed before, we show that 


lim y:(z) = g(z) (= Fe). 
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We note that the assumption that the C; are initial values belonging 
to Cy(@; 8) implies that the sequence of the minima, 


Fy (ib; sa) = G4(C; y, a", B*: &) 
(Ci, Bi (0 <k<n—1); Ca. yn(1 < n, m < p)), 
satisfies the inequalities 
(45) = GC; y, a*, B*; a)<G (¢=1,2,---), 


(44c) 


Thus, 2x order that the Cy should be initial values belonging to a quasi- 
analytic class Co(a; 8) it is necessary that the C, should satisfy the ine- 
qualities (45). 

Assume that the C;, belong to a quasi-analytic class Cy(@; 8). Let F(a) 
be the function of this class, given by (42b). Form F; (2; y) (in (43) replace 
the «*, 8* by the a, 8). Let p; be defined as before. Let the numbers 
x = ib’, y = «a render F;(x; y) a minimum. We have 


F; (i; ia’) = Gi(C; 7, «, B; &) 


where the function G; is the same as in (44c). Since the an, and the b, 
satisfy (42b), it follows that 


Gi(C; 7, @, Bs &) < Fi(b; a) 








n,m=1 n 
DY; b 
a, m 
(45a) + &j = amten +; 28 
nym=1 
D; n—1 

° & . bose (fe) 
<n(H)tea 2 | n,m T & »> By 
< G’ &j 


provided A<1. Thus we see that the inequalities (45a) are necessary; 
sufficiency of these inequalities can be proved without difficulty. Accordingly, 
we state the following theorem. 

THEOREM VII, Let A<1. In order that an assigned set of initial values 
(real) should belong to a quasi-analytic class Cy(a@; 8) it is necessary and 
sufficient that the sequence 


~ Gi(C; 7, @, 8; 8) (i = 1,2,--+) 


be bounded. (A<1 for the necessary part, else A = 1). 


Brown UNIVERSITY. 











THE LAPLACE DIFFERENTIAL EQUATION 
OF INFINITE ORDER.’ 


By H. T. Davis. 


1. Introduction. The object of the present study is the Laplace 
differential equation of infinite order, 


(1) >> (Ano + ani & + Ana v*+ +++ + Any x”) u(x) = f(a), 


where p is a positive integer and not all the quantities any are zero. 

It will be immediately observed that the general theory of equation (1) 
formally unifies the theories of the following essentially different types of 
linear functional equations in which the p;(x) are polynomials of degree 
not greater than p: 


(a) wtf = pi(x) pi(t— x) u(t) dt = f(a), 


where we assume that the g;(x) behave at infinity in such a manner that 


f, “9i(s) s” ds exists for all values of n; 
bm 
() wat [3 nie) ait) wle+et) at = f@) 
(c) pm (x) u(a+ m) + pm—-1(x) u(a + m—1) + --- + po(x) ula) = f(x); 


(d) the Laplace differential equation of finite order. 
The formal equivalence of these types with equation (1) is exhibited 
by means of the following Taylor’s expansion: 


u(T) = u(x) +(T—2) w(x) + (T—2z)? w(x) /2!+ ---. 
If we replace 7’ by ¢ and substitute in (a) we obtain an equation, 
(2) Pow) uw) + Py (x) w(x) + «+» + Pr(w) u(x) + --- = f(a), 
the coefficients of which are, 
Py (x) = +3 ie) [9 (s)ds, Paw) = P ite) gi(s) 8” ds/n}, 
n>0. 


Similarly for (b) we let 7 —x-+cé and obtain equation (2) with the 
coefficients: 





‘Received May 19 and November 25, 1930. Presented to the American Mathematical 
Society, November 30, 1928. 
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bm bm 
Pj (x) = +f = vila) qi(t) dt, Pn(x) ={ = vio) gi(f) (ct) dt/n!, 
n>0. : 


Equation (c) is transformed into the desired type by replacing 7’ by 
atr, r=0,1,2,---,m. We thus obtain the coefficients: 


Py (x) ~ pilx), Pr(x) a 2” pi(x)/n}, n>0O. 


The Laplace equation of finite order is derived from (1) by assuming 
that dni = 0 for all values of nm greater than a fixed n’. 

In this paper we shall be concerned only incidentally with the case 
for which py = 0, since this equation already has an extensive literature 
of its own.” This case, however, is essentially included in the statements 
of Theorems 4 and 6. The theory of what is now generally referred to 
as the Heaviside operational calculus, devised by Oliver Heaviside to 
simplify the study of electrical currents, in complicated net works, is also 
embraced by proper specialization.® 

Historically the first discussion of equation (1) for p>0O was made by 
T. Lalesco* in 1908 who, incidental to a consideration of the problem of 
the inversion of Volterra integrals, applied to the homogeneous case the 
Laplace transformation, 


u(x) =| v(t) dt, 


where the path is a conveniently chosen one depending upon the coefficients 
of the equation. This method was later developed in more detail by 
E. Hilb.° 

O. Perron, returning to the problem in 1921,° derived a limitation upon 





See especially: C. Bourlet, Annales de I’Ecole Normale Supérieure, 3d ser., vol. 14 
(1897), pp. 133-190; T. J. Bromwich, Proc. London Math. Soc., vol. 15 (1916), pp. 401-445; 
H.T. Davis, Amer. Journal of Math., vol. 52 (1930), pp. 97-108; H. von Koch, Arkiv fir 
Mat., Astro., och Fysik, vol. 15 (1921), No. 26, pp.1-16; S. Pincherle, Memorie della R. 
Accademia di Bologna, ser. 4, vol. 9 (1886), pp. 45-71; Acta Mathematica, vol. 48 (1926), 
pp. 279-304; J. F. Ritt, Trans. Amer. Math. Soc., vol. 18 (1917), pp. 27-49; F. Schiirer, 
Leipziger Berichte, vol. 70 (1918), pp. 185-246; I. M. Sheffer, Annals of Math., vol. 30 
(1929), pp. 250-264; Trans. Amer. Math. Soc., vol. 31 (1929), pp. 250-264; G. Valiron, Annales 
de l’Eeole Normale Supérieure, 3d ser., vol. 46 (1929), pp. 25-53; N. Wiener, Mathematische 
Annalen, vol. 95 (1926), pp. 557-584. 

*For this see the author’s paper: loc. cit., p. 107. 

‘Journal de Mathématique, vol. 73 (1908), pp. 125-202. 

*Mathematische Annalen, vol. 82 (1920-21), pp. 1-39, vol. 84 (1921), pp. 16-30, vol. 84, 
pp. 43-52. 

®Mathematische Annalen, vol. 84 (1921), pp. 31-42. See section 6 of this paper. 
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the number of solutions of equation (1) by means of an application of 
known results concerning the solution of the linear system, 


0 
2 (dn + dmn) ten = Cm» m = 0,1,2,---. 
n= 


At the same time E. Hilb investigated the non-homogeneous equation 
by a method of considerable novelty. He replaced (1) by an infinite 
number of equations in an infinite number of unknowns through unlimited 
differentiation of the equation. The system thus obtained was found to 
come under the Hilbert-Schmidt theory of linear equations in an infinite 
number of unknowns as applied to Laurent forms and a solution of the 
system was thus explicitly obtained.’ A distinguishing feature of Hilb’s 
investigation was the attainment of conditions assuring the uniqueness of 
a solution obtained by means of an operator expansible as a power series 
in 2. 

I. M. Sheffer in two papers published in 1929* considered the details 
of solution for the cases pO and p= 1. In the first of these, writing 
the equation in the form, {Ay (z) +A, (z)} > u(x) = f(a), 2 = d/dz, he 
discussed the cases (a) A; (z) = z — a, and (b) A; (2) = (¢ — a) (e — D), and 
further showed that if A,(z) has ry zeros of multiplicities p,, po,---, pr, 
then equation (1) can be replaced by an equation of finite degree m, where 
m = pit pet -++ + pr. 

In the second paper Sheffer employed methods similar to those used in 
somewhat more general considerations by S. Pincherle (loc. cit.), reducing 
equation (1) by means of a Laplace transformation to a contour integral 
equation and expressing the resolvent kernel by means of a second contour 
integral. He further proved that if f(x) is expansible in a series of Appell 
polynomials, then a solution w(x) can be expressed simply in terms of the 
coefficients of the expansion. 

All writers who have previously studied equation (1) have restricted 
their investigations to the class of unlimitedly differentiable functions {g(z)} 
of bounded grade (Stufe). By this term we shall mean a value q defined 
as the following limit: 

tim SUP dn = 9; 


where we abbreviate, gn = |g™ (x)|!", 
As the author has shown elsewhere, however, important equations are 
excluded from consideration by this limitation. For example the solution 





’ See E. Hellinger and 0. Toeplitz, Grundlagen fiir eine Theorie der unendlichen Matrizen. 
Mathematische Annalen, vol. 69 (1910), pp. 289-330. 

*(1) Annals of Mathematics, vol. 30 (1929), pp. 345-372; (2) Trans. Amer. Math. Soc., 
vol. 31 (1929), pp. 261-280. 
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of such equations as u(x+1)— u(x) = 1/x and u(x+1) —au(zx) = 0, 
that is to say, the differential equations (e& —1)—>u(2) = 1/2, and 
(@— 2x) >u(x) = 0, e = d/dx, are important functions of unbounded 
grade. The exclusion of these equations from the applications of a general 
theory would appear to be an unfortunate blemish upon it. It is to be 
admitted that difficulties are thus introduced which appear usually in the 
form of divergent series, but in many cases these solutions can be rescued 
by means of Borel’s method of summability’ or can be identified as asymp- 
totic series in the sense of Poincaré.’ 

The first object of the present paper is to discuss the theory of the 
Laplace equation by means of the calculus of operators. In this development 
we shall exhibit the efficacy of the Pincherle-Bourlet method of symbolic 
operators in which the generatrix equation instead of an infinite system 
of equations plays the dominant réle.'’ By this means the formal solution 
of equation (1) can be reduced to three useful forms. 

The second object of the paper is to discuss the validity of the solutions 
and the domain of functions to which the operators apply. A first step 
in generalization has been taken through the admission to the permissible 
domain of those functions which possess an infinite number of derivatives 
in the neighborhood of a point, but for which g, may approach infinity 
as O(n*),0 << a<1. In this manner we adjoin to the domain considered 
by previous writers all entire functions (0 < a< 1) and all analytic functions 
with poles (a = 1). The difficulties admitted by this extension have not 
been entirely resolved, however, since they have been discovered to be 
inherent in the nature of asymptotic and summable series, the theory of 
which is still obscure in many points. 

2. The generatrix equation. We shall survey briefly that part of 
the Pincherle-Bourlet theory which is necessary for our purposes. 

Let us consider an operator developable in a power series: 


(3) F(x, 2) = a(x) t+ a(a)e+---+an(a)e"+---, 


where 2” is symbolic for the differential operator d”/dz”. The functions 
ai(x) we shall assume to be analytic in a common region # for every 
value of which the power series in z possesses a radius of convergence 
not smaller than 9 >0. 

By the symbol F(x, z)>/f(x) we mean the function obtained when 
F(x, d/dx) operates upon f(a). We shall postpone consideration of the 





*E. Borel, Lecons sur les séries divergentes, Paris (1901), chap. 4. 

0H. Poincaré, Acta Mathematica, vol. 8 (1886), pp. 295-344. 

"This method, although used also by Sheffer (loc. cit., p. 266), was known some years 
ago by the author. See Bull. Amer. Math. Soc., vol. 32 (1926), p. 221. 
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limitations to be imposed upon f(x) to a later section and shall examine 
here only the formal aspects of the theory. Designating by /;(x) the 
function obtained by operating with F(x, z) upon z*,7 an integer or zero, 
that is to say, fi(xz) = F(x, z) >a’, one easily demonstrates that the 
coefficients of (3) are expressible in terms of fi(x). We thus obtain: 


(4) an(x) = {fa—nxfratn(n—1)2? fr—o/2! — --- +(— 1)" 2" fo} /n!. 
Let us consider a second operator, 


(5) X(a, 2) = bo(x) +d; (x) 2+ de(x) 2? + ---, 


with coefficients analytic in R and convergent in z within a circle of 
radius e>0. 

Bourlet designates the operation of X(x, z) upon F(a, z) by the symbol 
[X-F] (x, z). It is occasionally useful to employ the symbol X—F' for 
the same operation. This symbolic product in general defines a new 
operator which Bourlet shows to be formally equivalent to the series, 


X>F = [X-F\(a, 2) = F(a, z) X(a, z) + (0 F/dzx) (0 X/8z) 
(8) 4 (92 F/aa%) (0®X/02%)/2!-+ --- + (0"F/0a") (o"X/d2")/nl + ++. 
If F(x, z) is a polynomial in x or X(a, z) a polynomial in z then 
series (6) is of finite order and [X-F'] is again an analytic function in 
z for some domain R’ of x. Since the former constitutes the circumstances 
of the present paper, it will be unnecessary to examine here the general 
case where (6) is an infinite series. 
Let us consider the functional equation, 


(7) F(a, z)>u(z) = f(a). 


It is obvious that the formal solution of (7) depends upon the discovery 
. of a new operator, X(x, z), which will solve the generatrix equation, 


(8) [X- F] (a, z) = 1. 


This operator we shall call the resolvent generatriz. It is clear that 
its rdle is analogous to that of the resolvent kernel in the solution of 
integral equations. 

In general X(x, z) will depend upon several arbitrary functions of z 
and may be written in the form, 


X(@, 2) = Die) Xie, 2) + Xol@, 2), 
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where Xi (x, z), 2 = 1, 2,---,s8, are s linearly independent solutions of 
the equation, 
IX - F](x,z) = 0. 


Let X(x, z) be expanded in a power series in z as in equation (5). Then 
X(x, 2) ax’, i an integer or zero, is a solution of the equation, 


F(a, z)>u(a) = 2. 


Designating this solution by u;(x) we see from (4) that the coefficients 
of (5) and hence X(za, z) itself are formally expansible in terms of a set 
of special solutions of (7), namely, u(x), 7 = 0,1,2,---. Since the 
coefficients of (5) are by (x) = (8" X/82"|,~0)/r!, we obtain the identity:'® 


(9) (8° X/02)\\e=o = Ur (x) — remit r(ry —1)a*u—2/2! —--- Law. 


3. Calculation of the resolvent generatrix. Returning to equation (1) 
we define F(x, z) to be the series, 


F(a, 2) = 2 (dno+ ini & + Ane x?+ eee + dnp xP?) 2", 


The solution of equation (7) is reduced by (6) and (8) to the problem 
of finding a solution of the equation, 
(10) Ap(a,2)X (x,z)+ Ay (x,z) 8X/02+ Ay(a,2) 07X/02*+ --- + Ap(a,z)6?X/82”? = 1, 


where we abbreviate, 
v2) 
A; (z,2) = > > Anm m! 2™— 2"/(m — r)! r!. 
n=O0m=r 


In order to integrate (10) let us assume that X(z, z) is a function of 
the form X(z, z) = e~* X(z). Taking successive derivatives with respect 
to z we obtain, 


0" X (a, 2)/Oa" = e-** [X™ (z)— nx X"— (2) +n(n—1) a? X (2)/2!— --- 
+++ $+ (—1)" 2" X@)], n = 1,2,3,---. 


When these values are substituted in (10) an interesting simplification 
takes place and the generatrix equation reduces to, 


(11) {Ao (2) X (2) +A, (2) Xe) + As) X"@) +--+ + Ap OX Ole” = 





2 Sheffer refers to the functions uw, (x) as Hurwitz polynomials for the case where 
F(x, z) = zA(z)+B(e)+axzB(z), BO +0. 


48 











692 H. T. DAVIS. 


where the A;(z) are the functions, 
(12) A(z) = 2 ani 2 
a= 


Making the convenient restriction that do» shall be different from zero,’* 
the homogeneous equation, 


(13) Ao (2) X(e) + As (2) X" (2) + Ao (2) X" (2) + «++ + Ap (2) X™ (2) = 0, 


is seen to have z =O as a regular point. There will then exist p line- 
arly independent solutions regular at the origin which we shall designate 
by Xi (z), Xo (z), Xs (z), --+, Xp (2). 

Similarly the adjoint of equation (13), the adjoint resolvent, 


(14) Ao (2) Y@)——* [Ale Y@)\+-- + (= 19 [Ap (2) Y()] = 0, 


will have a set of p linearly independent solutions, Yi (z), Y2 (2), Ys (), 
--+, Yp(2), regular at the origin. As is well known™ these solutions can 
be calculated in terms of the X;(z) by means of the formula, 


(15) Yi (2) = (8 log W/0 Xt? -”)/ Ap (2), 


where W is the Wronskian, W= |X|, 1,7 = 1, 2,---, p. 
The solution of equation (11) may then be written in terms of the sets, 


{Xi (z)}, {Yi(e)}, and we thus obtain as the formal value of the operator 
X (ax, z) the function, 


(16) X(z,2) = «@ {> C; (x) Xi (z) + fie Wiz, t) at, 


where we make use of the abbreviation, W(z, t) = X, (z) Y; (t) + Xe (z) Y2(d) 
+..-+X,(z) Yp(#). The functions C;(x) thus far enter the solution 
arbitrarily, but we shall see that they are uniquely defined. 

It is well known that W(z, ¢) has the following properties: ” 


av Wz, t)/aeatvi_, = 0, itj<p—l, 


(17) atti We, t)/02 Oth, = (—1)//Ap(e), it+j—=p—l. 





**When this is not the case Perron (loc. cit., p. 41) suggests the transformation, 
u(x) = e* v(x). In the transformed equation A,(z) as defined by (12) becomes A, (z) 


oo oo 
= Po Anp (2 + a)" and A, (0) = p 2 Anp a”. 
n=0 n=0 


“For this and other relations between the adjoint functions see G. Darboux, La théorie 
des surfaces, Paris (1889), vol. 2, pp. 99-106. 
© See Darboux, loc. cit., p. 103. 
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From these relations it is clear that we shall have, 
ar X(, 2)/B2"|e—0 = (07/02") {e-™ [Ct (a) Xa (2) + +» + Cy (a) Xp (emo 
= (4-2) {A @O+t--- + @)Xp Oho, 
for r less than or equal to p—1. 


If this last equation be expanded and the coefficients of « compared 
with the coefficients of x in equation (9) we obtain the following system: 


Cy (a) X{? (0) + - +++ Cy (x) Xp” (0) — ui (x), i= 0, 1, 2, -++,p—l. 


If we further specialize the functions X;(z) so as to satisfy the conditions, 
(18) xP (0) = 4y, 


where 6; = 1, dj =0, i+, the arbitrary functions are identified with 
the special solutions u;(x), namely C; (a) = w-1 (2). 
We may formulate these conclusions in the following theorem: 
THEOREM 1. The resolvent generatrix X(x,z) of equation (1) is expansible 
in the form 


(19) X(z, 2) = «= av (x) Xi (2) + “et We, t) dtl, 
=1 0 


where the u;(x), i= 0, 1, 2,---, p—1, are solutions of equation (1) when 
JS (x) = 2x*, Xi(z) are solutions of equation (13) subject to the defining 
conditions (18) and W(z, t) is defined by (17). 

We proceed next to an explicit determination of the solutions u;(z). 
Designating by H;[Y](¢) and %,[Y](é the following functions: 


(20) AY] = 4 YO—[4uOVO!+---+(—1? [4,0 YOl?, 


or) ELLIO = flo Aol) YD! tS?) Y(0)/—2)! 
+++ +(—1)F Apa(9) Y()] ds, 
we can state the following theorem: 


THEOREM 2. The solutions w(x) of theorem 1 are explicitly determined 
Jrom the formula, 


(22) = eo? { et Y(t) dt, 


where U(x) is a solution of the homogeneous equation and I; is a path of 
integration between zero and any other point in the complex plane for which 
A; [Yi] (t) e* |; —= 0, j = z, i+1, s8%, DP, and Ti. (Yi) (t) e* |r, = 0, k= i, 2, 
-++,4—1, where the Y;(t) are the adjoints of Xi (t) as defined by (15) and (18). 


48* 
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Proof. We first observe that our definition of the solutions X;(t) at 
t = 0, condition (18), has uniquely determined the values of the adjoints 
Y(t) at the same point. Thus setting ¢ =z in equations (17) we have 
the bilinear relations, 


{at Wz, )/d2}:-. = 0, ix<p—l; 
{a*W(z, t)/d2} |:-2 = 1/Ap(e), i = p—1. 


Setting zg = 0 and noting the initial values of X;(z) we obtain, Y;(0) = 0, 
i= 1,2,---,p—1, Yp(0)=1/A,(0). Similarly letting 7 = 1 in equations 
(17) we get Y;(0) = 0, i= 1, 2,--+, p—2, Yp-1(0) = —1/A,(0); and 
in general, 


(23) Y{? (0) = 0, 7=—1, 2, 2+, g-ng-—I, Yi — (—1)*/ Ap(0). 


From these values and those obtained by successive differentiation of 
equations (17) we obtain the following numerical results: 


(24) A[¥iJ(0) = 0, 7 =0,1,2,---,¢—-1,¢+1,---, p, Hl¥JO) = 1. 


Assuming proper convergence of the integral in (22) let us differentiate 
vi-s(x) = uj-1(x) — U(x) n times. We thus obtain, 


vale) = —f et mY at. 
7 
Substituting this function in the expression F(x, z)> u(x) we get, 


(25) F(a, z)> A(z) = — fe Yi(t) {Ao (4) + Ai (f) @+ «++ + Ap (d) x? } al. 
Let us define now a new function, 
Ti(A) = [YO AW ts as/@—D!, 
which evidently has the property, 
a” U;(A)/dt” = Up-+(A), k=r. 


Making use of this relationship and integrating by parts over any path L 
free from singularities we establish the identity, 


{roo em dt = {U, (A) —2U,(A)+---+(—1)1 a2 U;(A)} |, 
+ (—1kok fet U,(A) at. 


Employing this identity and recalling the definition of J,(¢) we obtain 
the following expansion: 
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jie Y(t) [4o() + Ai () a+ --- +.4;-0(t) a*2] dt 
(26) = {L(—ad,(t) +2? I(t) — --- +(—1)** a? F_s ()} e* |, 
tena ett swat. 
A different integration by parts yields the following identity: 
{ro A(t) edt 
(27) = {YA]x—(Y A)'/a®+(VA)"/a®— --- +(—1)F 1 (Y A)®-Y/a*} ert}, 
+(— 1) ft (YA) atic 


Making use of this expansion and recalling the definition (20) of H;(?) 
we obtain the following: 


(28) je Y(t) [Ai () a1 + Ai(t) wt+ --- + Ap(t) x? dt 
= {ai H(t) +at Hiss (+ --- +2? Hy (d)} |p +24 fe Hy-(t) at. 


Combining (26) and (28), in which we now make the specialization 
L=1;, we get for (25) the expression: 


F(a, 2) > vi-1(x) 
i—1 
a) = {Sy nimdoe+ Y mira fo", 
2 - 
gi J, ot Hy (YA ()-+(—1) Lal VO} at. 
We next establish the identity, 
(30) LalYd()+(— 1) Hal¥d® = fo (t—9)* Hol VA 6) ds/(i—2)}. 


To prove this consider the integral, 





t 
[, HolXd@ as = (LITIO@—H VIO} |. 
From equation (24) we see that H,[Y2](0) = 0 and the identity is estab- 
lished for i= 2. Similarly we have 


[e—9 HivA@ ds = { hIVI)+ HIIO) 


From this integration and the observation that H,[Y;](0) = 0, the identity 
is established for i— 3. The extension to the general case follows in 
an identical manner, 
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Returning now to equation (29) and recalling (30) we see that the 
integral of the right member vanishes identically since Hy [Yi](s) is 
identically zero. Furthermore we have %[YiJ(0) = 0 for every k and 
from (24) H;[Yi](0)=1, Hj[¥iJ)()=—0, 7 +7. Hence, making the 
assumptions of Theorem 2 that there exists a path J; from zero to some 
point a such that jim (YJ @®e = 0, k = 1, 2, ---, t—1, lim 


=6 t= a, 
HA (YiJ Oe =0,7 = ‘ i+1,---,p, then it is clear that w;—: (x) defined 
by (22) is a solution of equation (1) in which f(~) = <2*. The negative 
sign is chosen for the integral of (22) since we have arbitrarily assumed 
that zero is the lower limit of integration. 

Coro.uaryY. If the conditions of Theorem 1 are satisfied and if there exists 
a unique limit a for all the paths /; satisfying the conditions of Theorem 2, 
then the resolvent generatrix of equation (1) takes the form, 


(31) X(x, 2) = Ula) e™ X() +e f, ” Xi(e) Yilt) et dt. 


& 
Since an arbitrary solution of the homogeneous equation is C; U(z), 
we get for the term of (19), independent of the integral, 


U(x) e~* ps C; X; = U(x) e- X(z). 


4, Expansions of the resolvent. It will now be desirable to state 
three useful forms which can be assumed by the resolvent generatrix. 
These expansions are contained in the following theorem: 

THEOREM 3. If there exists a point a in the complex plane for which 


we have, , ; 
lim HlYid() @ = 0, j=t,i+l],--+,p; 
=a 


lim I. (Yi () e* = 0, k=1,2,---,#—1, 
= 
then the resolvent (16) can be expanded in the following series: 


(82) (A) X(e, 2) = Ue) e-* XO+Y Yla) 2m/m, 


where we abbreviate, 


Wm (x) = Um(x)— mex Um—1 (x) + m(m—1) a? Um—o(x)/2!—--- LE a™ uo (x), 
m < gi, 

Ym (2) = (ui-a} (a) [Xfm {YJ® [Xil"2-+ m(om—1) (Fe) (XIM-2/2 

+++ {Yr (XP, m>p—t, 


in which we write, 


u(x) = — [re Y;i(é dt, 
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| 


[xy" = Xi" O—ma Xi" 0) + m(m—1) a? Xi" (0)/2!—--- 4.0 XO), 
(yi}" = Yi" O+mzx¥;" ?0)+m(m—1) 2” ao nennhetarets ¥;(0). 
If the additional conditions are fulfilled, 


lim e™* Yi” (0) =— 0, m= 0, Ra 5. ate 


then the resolvent has also the expansions, 
X(x, 2) = U(x) e~* X(z) 
+ {(—1)?1 e&?-9/x(a@+1) --- (a+ p—1)} 
>< {wp—s(2z, 2) —wp(z, 2) &/(x+ p) 
+ wp41 (2, 2) &/(a+p) (at+p+1)—--+}, 


(33) (B) 


where we abbreviate, 


(34) Wn(z, t) = ia a ; Wn—1(Z, her » Wo (z, t) = Wiz, t) = p» Xi(z) Yi(t). 


X (a, 2) = U(x) e"™ X(e)+ {(— 1)? */a?} 
x { Wyle, 2)—W lz, z)/a+ Wp i(2, 2)/x*—--+}, 
in which we use the notation, 


(35) (C) 
F) > : , 
(36) Wr, = rYi Wr-rlz, t), Wolz,) = We, t) =. ~ Xi (2) Vi(t). 


Proof. The derivation of the formulas contained in this theorem proceeds 


from the formal expansion of the operator (31). If X;(z) e~** and . ‘ett Yi() dt 
be expanded in power series in z and account taken of the defining con- 
ditions (18) and (23) we obtain (32). (A) is thus the power series solution 
of the generatrix equation (10). 


Assuming next that a point exists such that lim e yi” (t) = 0, we can 
t=a 


perform the following integration by parts: 


[ewes at = &# We, d/e— [ico (0 WE, D/o1} et at/x 
= @* We, ia e {etd Wz, t)/dthi—2/x(x4+1) 
+f" goin > (aW(e, t)/9t] et} et dt/a(e-+1), 


= & {wy (z, Pei (2, 2) &/x(a+1) 
+ we (z, 2) &/a(x+1) (29 +2)—--+}, 





where we use the abbreviations (34). aa 
From (17) however, we observe that the first p— 2 terms are identically 
zero and we thus obtain expression (33). 
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Finally the operator (C) is derived by means of a similar integration 
by parts and the employment of (17) to eliminate the first »—2 terms. 
An interesting illustration is furnished by the classical equation, 


(37) u(a+1)—xu(2) = (@—2z)- u(x) = f(a). 

Computing the values of X(z) and Y(z) from the equations, X’(z)—e? X(z) = 0, 
Y’ (2) +e Y(e) = 0, subject to the restrictions, X(0) = 1, X(z) Y(z) = —1, 
we find: X(z) = e/e, Y(z) = —e-e*. 


Obviously the point a may be either +o or — oo. Choosing the latter, 
introducing new variables u = e, p = e’, and recalling that the general 
solution of the homogeneous equation is U(x) = W(x) I(x), where (zx) 
is any function of unit period, we have, 


X(x, 2) = e™ X(z) M(x) T(x) —p* 4 yX—1 ep—u dy, 


The integral is recognized as the incomplete gamma function which has 
the expansion, 


7(p) =f eP—™ du = p*/a tp? Y/a(e+l) + p*/e(~+1) (@+2)+--. 


Noting the operational identities, p"— / (x) = f(a-+n) and e~” X(z)—>f (x) 
= a constant, the solution of equation (37) becomes,’ 


u(x) = W(x) P(a)—{ f(x) /a+fe+1)/2 (a+ 1I)-+f (@+2)/a(e+1)(@+2)+ +++}. 
Employing a second expansion of y(p) we obtain, 
p-* y(p) = e? p-® F(x) — {1/p + (e@—1)/p? + @—1) (—2)/p®+ -- +}. 
Operating upon f(x) with this new form of the operator, we get, 
w(x) = M(a) P@)—{ fO)+fQ)/1!+f(2)/2!+ ---} F@) 
+i f@—1)+ @—1) f@—2)+ @—I1) («&—2) f@—3)4+ --+}. 
The power series expansion of the operator is found from (32) to be 


X (x, 2) = W(x) V(x) e~*? X(z) — fw eb“ du{1+ (1—a)z+(2—2a+a*)2/2 


+ (5—6a2+32*—2*)2°/6+---}—{z+(1—a)e*/2+ (8 —2a-+ 2)2°/6+ ---}. 

5, Resumé of the properties of the grade (Stufe) of unlimitedly 
differentiable functions. Having attained in the preceding section the 
resolvent operator and the formal expansions to which it leads we now 





©This is a well known result due to H. Mellin, Zur Theorie der linearen Differenzen- 
gleichungen erster Ordnung. Acta Mathematica, vol. 15 (1891), pp. 317-384. 
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propose to show how the convergence, or in the case of divergence, how 
the asymptotic and summable character of the formal solutions can be 
established by means of the properties of the grade (Stufe) of functions 
which possess differential coefficients of all orders over a range a<x <b 
of the independent variable. tes 

It will serve our purpose merely to recall here without proof how far 
an infinitely differentiable function may be characterized by its grade, the 
meaning of this term having been explained in section 1. 

If f(x) is an analytic function with a pole, branch point, or essential 
singularity in the finite plane then q is infinite. Moreover, gn = O(n). 
If f(x) is an entire function of genus p>1, then q is infinite and 
Qn = o[n?P+D], If f(x) is an entire function of genus 1, then q is finite 
and different from zero. If f(x) is an entire function of genus zero then 
= 0.2? 

It will also be convenient to have the following theorems relating to 
the grade of a function f(x) where q is assumed to be finite: 


A. If f(z) is a function of grade qg, then f(x) and f <r f a S(t) dt” 
are of grade q. 

B. If fi(x) and f2(x) are of grades q, and gz respectively where q; < qe, 
then a, f, (x) + az fe(x) will be at most of grade qo. 

C. If f(x) is of grade q then f(az) is of grade |a|q. 

D. If f(z) is of grade q and f2(zx) is of grade q., then f(x) = fi (x) fo (x) 
is at most of grade q,+q. 

6. The homogeneous equation. Before we can discuss the grade 
of functions obtained by an application of the general operators of Theorem 3 
it will be necessary to know the function-theoretic character of the solution 
of the homogeneous equation, 


(38) F(a, 2) > U(x) = 0.” 


Theorems stated in subsequent sections of this paper apply only to the 
restricted form of the Laplace operator obtained by omitting the term 
e-* X(z) U(~). Hence a knowledge of the grade of U(x), when such 
solutions exist, permits an immediate extension of these subsequent theorems 





'7 See H. Poincaré, Bull. de la Soc. Math. de France, vol. 11 (1882-83), pp. 136-144. 

'8 See 0. Perron, loc. cit., pp. 31-32. 

19We assume that there exists no factor common to all the A;(z). If such a factor, 
B(z), does exist then the solution of (38) will contain as a subset the solutions of 
B(z) > U(x) = 0, since F(x, z) > B(z) = [F-B] (x, 2) = F(a, z) Bz). If v(@) is 
a solution of the equation reduced by removing the factor B(z) then the general solution 
is obtained by the inversion of the differential equation of infinite order with constant 
coefficients: B(z) > U (x) = v(x). 











700 H. T. DAVIS. 


to include the case of the general operator. Because, however, limitations 
of space and the extensive nature of the considerations involved preclude 
an adequate discussion in this place, we shall give only a resumé of the 
results for the homogeneous equation. 

Proceeding by classical methods we assume the existence of a solution 


in the form of a Laplace transformation, U(x) = I, et Y(t) dt. If we 
refer to equation (28) and set 7 = 1, we conclude that U(x) will be a formal 
solution of (38) provided Y(t) is a solution of the equation H,[Y](t) —0, 
more explicitly (14), and Z is a path at the extremities of which we have, 


(39) H,{Y] (t) et |r, — 0, i= 1, 2, "tty pe 


The determination of the path Z is the problem of the homogeneous 
equation. For the purposes of the ensuing discussion it will be sufficient 
merely to state that the solution of (38) falls into four convenient classes 
depending upon the following choices of L: 

If m is the number of zeros of Ap(z) (multiplicity counted but in no 
case exceeds p), then there exists: 

(1) »—p Pochhammer circuits about pairs of zeros of A,(z); 

(2) s Cauchy loops corresponding to zeros of A,(z) in the neighborhood 
of which there exists a regular solution of equation (13); 

(3) p—s loops to infinity about zeros of Ap(z) in the neighborhood of 
which the solution of (13) possesses a branch-point singularity; 

(4) Circuits not included in the first three classes. These circuits are 
frequently infinite in number. 

The classical equation, (e?— x)— U(x) = 0, is an example of this last 


class. This equation leads to the solution, U(x) = J e-¢+* dz, where 


the path may be any line from +o to —oo within regions bounded by 
the lines y = (4n —1)a/2 and y = (4n+ 1) 7/2, nm=0,1,2,---. The 
solution yields the classical result U(x) = 2 (zr) f, et e-1dt= n(x) T(x), 
where a(x) is any function of unit periodicity. Because of the polar 
singularities of (a) the solution is of infinite grade. 

Perron employing quite different methods has proved the following theorem 
which defines the solutions of finite grade: 

If in equation (13) all the functions A;(z) are analytic in the circle |\z| <q 
and if within the domain considered there exist n zeros (multiplicity counted 
and in all instances assumed less than or equal to p) of Ap(2), then there 
will exist n—p-+s linearly independent integrals of (38) the grades of 
which do not exceed q, where s is the number of linearly independent integrals 
of (13) analytic within the circle |z| <q. 
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Since classes (1) and (2) above coincide with the class of solutions of 
finite grade obtained by Perron, we are able to infer that solutions corre- 
sponding to the circuits defined by (3) and (4) are of infinite grade. Class (3), 
however, is closely related to classes (1) and (2) since the essential nature 
of these solutions is determined from the regular singularities of the operator. 
Class (4) on the contrary is determined by the essential singularities of the 
operator as one sees from the classical example stated above. 

7. Concerning the grades of functions generated by special 
operators. We can now establish the following theorems relating to the 
grades of functions obtained by applying differential operators of Laplace 
type to functions of both finite and infinite grades: 

THEOREM 4. If f(x) is a function of grade q and if F(z) is an operator 
with constant coefficients which possesses a Laurent expansion about z = 0 
within an annulus that contains 2 = q within it or upon its interior 
boundary, then the function F(z)—> f(x) is at most a function of grade q. 

Proof: Expanding F(z) in its Laurent series in the annulus described 
we shall have, 


F(z) = (ag taetage*t --) + 294+ ett eee tone t ee), 


Operating upon the function F(z) > f(x) with 2” and taking the absolute 
value of the result we obtain, 


|e" > {F@ > f@}| = |F@ > {> f@}| 
(40) < {fa f| far fet? | HfL SO? | [bef | + Fn | 


+ i” [onti+ Dn+2 (x — t) hE Dns (a an t)?/2! aL ‘? AG) dt . 


From (A) of section 5 we know that if x be restricted to some inter- 
val (ab) we can find a sequence of positive numbers M,, n = 0,1, 2,---, 
such that lim [M,]”" = 1, for which the following inequality holds: 

n=20 


IF” (@)| S Mra". 


Let us assume, moreover, that M, < Mn+: so that the sequence {M,} 


is non-decreasing and thus has no null elements. Under this condition 
we know that lim [¥,]}/” = 1 implies the limit lim Mn4)/M, = 1 for 


nrn=A n=o 
every value of p. 
Replacing the various terms of (40) by these dominating values and 


using the abbreviation m,(n) = Mn+p/Mn, we then get, 


"> {F@)-f@}| < & M[h@) + 4 (n)] + Is(n), 
where we abbreviate, 
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n 


T(n) = S\am|me (nar, Tea) = DY lem (aa, 
I3(n) = f 2, [Dn+m+i| (a — t)™ f(t) dt/m!. 


From the condition, lim m,(n) = 1, which holds for every value of r, 


r=o 
we are able to conclude that m,(n) is dominated by Kg, where K is 
a constant independent of m and r, and do is an arbitrarily small positive 
quantity. Since, moreover, g is an znterior point of the annulus of con- 


vergence of the Laurent expansion of F(z), the series = K le | gitar 


converges and we have the inequality, Z,(m) < 4, for all ‘vale of n. 
Moreover we obtain from M@, < Mn-+15 the inequality m-.,< 1, O<r<yn, 


and hence conclude that, J:(n) < b- lb-|q-” = Jz, for all values of n. 
Finally since jim |b,| = O and since J( is bounded in (a, b) we can 


write, Z3(n) < ref’ e=—) dt = I,, where |f(é)|<F and |b,|<B. 
Taking the nth root of the inequality, 


lI“ > {F@-f@)}| << ¢MA+h)+h, 


and noting the inequality, [A”-+ B"}/”"<A+B, for A and B positive, 
we obtain, lim lz” > { F (2) > f(x)} |" <q, from which the theorem follows 


as an immediate consequence. 

Theorem 4 which applies to differential equations with constant co- 
efficients may be extended to operators of the type introduced by the 
solution of the Laplace equation. This result may be stated as follows: 

THEOREM 5. If an operator F(x, 2) can be represented in the form, 


Fle, 2) = «= , “et Y(t) dt, 


then the function defined by F(x, z)>f (x) exists and is of grade q 
provided f(x) is of grade q and Y(z) is analytic throughout the interior 
of the circle @e = R, where R is greater than q. 

Proof. Since f(x) is of grade q it is dominated by a function of the 
type P(x) e+ G(x), where P(x) is an entire function of genus zero 
and G(x) is a function of grade lower than g. We can, therefore, limit 
our attention to the operation F(x, z) > P(x) e%. 

We shall begin with the identity, ?° 


(41) F(a, 2)>(uv) = uF (a,2)> 0+ F' (2,2) > 0+" F" (x, 2) > v/2!4 + 





See S. Pincherle, Funktionaloperationen und Gleichungen. Enc. Math. Wiss., II A 11, 
pp. 761-817, in particular, p. 769. 
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Specializing this formula by setting u = P(x) and v = * we get 
(42) F(a, 2)> Pet = {PF(w, q) +P’ Fy(a, 9) + P" Fy (a, q)/2! +++} et. 


Employing the abbreviation D = d/dq we also note that D" > F(x, q) 
—= e #(D—x)"—> I(x, q), where we set, 


(43) I(e,q) = fret Yat. 
Substituting this in (42) we obtain, 
(44) F(a, 2z)> Pe” = > Pp (x) (D—-2x)" > I(x, q)/n!. 
n=0 


But we see from (43) that D>I(x,q) = e&”Y(q), D?>1 (x, q) 
= e®(D+2)—>Y(q), and in general, 
(45) D*>I(xz,q) = e& (D+2)""- V(q). 
Making use of this we are able to derive, 
(D—x)" > I(@, q) 
= ef {((D+a)l —na(D+a2)l"2+-n(n—1) 22(D+a)"/2!—--- +na"} 
> Y(g)+(—1)" 2" I(@, q) 
= ef {[D"—(— 1)" 2"]/(D+2)} > Yq@+(—1)" 2" Ia, q). 

But since Y(q) is analytic its n-th derivative, by (4) section 5, is 
dominated by M,a"n! where im (M,)/" = 1. Hence the function 
{[D"™—(—1)" 2"]/(D+2)} ~ Y () is dominated by M, A” n! where A is 
suitably chosen. But since P(x) is an entire function of genus zero we 
can find a set of values mp» such that | P™ (x)|< m,/Q", where Q is 


arbitrary and (m,)“"—+1. From this we see that the series expansion 
of F(x, 2) > P(x) &”— P(0) T(z, q) is dominated by the majorant, 


(46) > Mn mn(A/Q”", Q>A, lim (My mn)!” = 1. 
n=0 n=0o 


We are thus able to conclude that (44) is uniformly convergent. 
In order now to show that F(a, z) > Pe” is a function of grade g we 


observe the identity, 3° P™ (z)(D—2)"/n! = P(D), and write (44) in 
n=0 
the form, 


F(z, 2) > Pet aaa P(D) > I(a, q) 
Making use of (45) we achieve the further simplification, 


P(D) > I(x, q) = PO) I(x, +e” Q(D+2)- YQ, 
where we write Q(z) = [P(z)—P(0)]/z. 
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Expanding Q(D-+ 2) as a series in D and operating upon Y(q) we get, 
Q(D+2)-Y@) = Q@) YQ+E@) V'@+-- +Q™@) LY |)/m!+ --- 


Let us now operate upon this equation with 2" and discuss the result. 


Sy (e) = + {Q(D+2)>Y@} = M@) YO+E"@) Y'@ 
+. Q(x) Y"(g)/21f ++ + Qetm (aw) YO(G)/m! «+. 


Since Y(z) is analytic throughout the interior of the circle 9 = R, 
Yq) is dominated by Mya” m!, qa<R, Jim (Mun)!™ = 1, Mn>0. 


Moreover, since Q(x) is an entire function "of “genus zero, Q(z) is 
dominated by a sequence of positive values w, which has the property 
that Jim A" Wy, = 0 for all finite values of A.** We can also assume 


without loss of generality that YW, > Wn41. Hence we attain the inequality, 
| Sn (x) | < z Mn Wnim a”. 
m= 


Making use of the limiting property of the sequence {y,} we see that 
this series converges and hence furnishes a Weierstrass majorant for the 
function S,(a) for every value of m and for x in any finite interval. 

Furthermore, from the assumption Wp, = Wri1>0, we obtain, 


| Sn (x) | < Wn 4 Mn (Wrim/ Wn) a™, 


But from the limiting property of the sequence {w,} there exists 
a positive quantity C, independent of mn, such that w,<C/A", A>a. 
Hence we can write, 


|Su(2)| <A” YS Mn (al Ay 


From the limitations upon MV, this series is seen to converge and the 
majorant thus obtained establishes the fact that Sy(x) = Q(D+2)-Y(q) 
is a function of genus zero in the variable z. 

Combining these results we can write equation (44) in the form, 


(47) F(a, 2z)>Pe = P(0) Ie, +e” Sa), 


where S(x) is a function of genus zero. 
We now need the lemma: 


Lemma. The grade of I(x,q) does not exceed q. 
The proof is immediately attained by use of the Schwarz inequality, 


Siee@lat [lero ae > | (uo v@ atl. 


*1See J. F. Ritt, loc. cit. 2, p. 34. 
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Forming the n-th derivative of I(x, q), I™ (x, q) = [ie ” Y(t) dt, we 
specialize u(t) = e“ Y(t), v(t) = ?", and thus obtain, 


1 (@, @)| <1 flex 2H) ath gr @nt1y. 


Since the integral exists by hypothesis we obtain at once the desired 
inequality, lim [Z™(z, q)]/”" = q. 
n= 


Employing this lemma and making use of Theorems (B) and (D) of 
section 5, we are able to conclude that the grade of the function defined 
by (47) is q. 

CoroLLARY 1. Jf F(x, z) is the operator, 


F(z, 2) = em [ e Y(t) dt, 


then the function F(x, z)—>f (x), where f(x) is of grade q, is of grade 
not larger than the larger of the two numbers |a| and q. 
The proof is immediate if we write 


F(@, 2) =e*{ { et Y(t) dt+ J "Y(yat} 
and note that 


c= [Pr atos@) =sO) [eV oat. 


The result of the lemma proved above combined with Theorem 5 is a 
statement of the corollary. 

CoroLuaRy 2. If F(x, z) is defined to be the operator of Theorem 5 and 
if P(x) is a function of genus zero, then F(x, 2) > P(x) is a function of 
genus zero. 

The situation with respect to the application of operators of Laplace 
type to functions of infinite grade is greatly complicated by the appearance 
of divergent series. However, if Borel summability be employed the 
validity of the operations can in many instances be restored. The counter- 
parts of Theorems 4 and 5 in this more general situation are given by the 
two theorems which follow. 

THEOREM 6. Under the following assumptions: (a) f(x) = g(a) h(z), 
‘where g(x) is a function of finite grade g and h(x) is of the form, 
h(x) = IWy/x + he/x? + hg/x®---; (b) the functions Q(t) = h+het 
+h #/2!+-.-- and F(z) =a tametage*?+--- are of finite grades Q 
and F respectively, then the operation F' (2) >f (x) defines a series, in general 
divergent, which is summable by the method of Borel to the form, 


F(2)>f(«) = , “e=Q(0| Zz g” (22) Fo (—o/nt} at, 
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where the real part of x, R(x), satisfies the inequality, 
Q+F<R< R(x) < Rw. 


Proof. The proof slightly generalizes one previously employed by the 
author.*® Formally expanding the function V(x) = F'(z)>h(x) we get, 
V(x) = hy (ao/a— a,/a*? + 2! ag/x*®—3! ag/x*+ ---) 
+ hy (do/x® — 2! a,/a® +3! ag/a*—A4! as/x°+ ---) 
ieaaagiliiians asin ore ae x —5! — " a 


In general this series will be seam but it is nile summable by 


the method of Borel.?® This makes use of the identity . e*s"ds =n! 
from which we obtain V(x) in the form, 


(48) Vie) = (1/2) f, " €* Qld Pl—cidide = J, * e-* Q(t) F(—2) dt. 


As is well known the existence of this function is confined to the 
exterior of a polygon formed by drawing through the singular points of 
V(x) perpendiculars to the lines which join the singularities to the origin. 

In an entirely similar manner we define the function, 


Tala) = F(@)->h(@) = fr "QW F(—Hat. 


To discuss the region of existence of this integral we note from (A), 
section 5, and from hypothesis (b) that the function F™ (— ?) is of grade F. 
Hence | #™(—+?)| is bounded by the following inequality: 


Sn; 0O<tix<h, 

Sp 6%, t > bo, 

where S, is a positive quantity independent of ¢ such that lim (Spy" = F 
r= 


and d is an arbitrarily small positive number independent of | n. 
There exists a similar majorante for Q(¢) where 7'(¢) is substituted for 


Sn(t), T for S,, and Q for F. 
We are thus able to attain the inequalities, 
0 iv) 
| Va (a) |< Sy r{ e—'P att | e—t(p—2d) ty, 
< Sp T{(1—e~”)/p + 6 8? 9 /(y —26)} < Sy TUA+E6%)/p, 
where we have p = x—Q—F, R(x) > Q4+ F426. 


| Po(— t) | < Sp (t) r Sp (Z) _ 





* American Journal of Mathematics, vol. 52 (1930), p. 104. 
*8 See E. Borel, Legons sur les séries divergentes, Paris, (1901), chapter 4. 
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Operating upon f(x) with F(z) and employing the Leibnitz formula (41) 
in which we write u = V(x), v= g(x), we derive 


F(z) > f(x) = > (x) Vn(x)/n!. 


Employing the inequality just written down and hypothesis (a), from 
which we have |g”(x)| < Rng”, where lim (R,)"" = 1, we may write, 
n= 00 


IFO>S@|< XRG" wTA+e2%/nlp, — R@)>Q4F+2. 


Hence the series for F(z) > f(x) converges uniformly for values of x in 
some region Q+F<R< R(x) < RR <c. Therefore, since each integral 
representation of V(x) exists in the specified region, we may interchange 
integration and summation signs and thus attain the statement of the 
theorem. 

A similar theorem applies to operators of the type introduced by the 
Laplace equation. 

THEOREM 7. Under the following assumptions: (a) f(x) = g(x) h(x) is 
a function of finite grade g and h(x) is of the form h(a) = hy/x + hy/a* 
- hs/2* + - +3 (b) QO) = Ay thet +h t?/2!+---- exists and defines a function 
P(¢) == f Q(é) dt throughout the interval 0 < s < ©; (c) Y (8) is a function 
such that the following inequalities hold: 


Ch, 0<t 
C,e™, {<< t 


to, 


oa) 


IPO Y(—H| < { 


AIA 


, 


where lim (Cy)"" = C, Cn4i > Cr, m>0, then F(x, 2) > f(x), where F(x, 2) 
n= 


is the operator of Theorem 5, defines a series, in general divergent, which 
is summable by the method of Borel to the form, 


F(x, 2) > f(x) = f et Q(t) > @) Anle, t)/n! — 9 (0) P() Y(— of dt, 


n=1 
for x in the region, m< R< R(x) < R’< am, where we employ the abbre- 
viation, An(a, t) = [{D"— (— x)"}/(D+ 2) > Y(@))-=-1, D= d/dz. 
Proof: By an argument which coincides with that of the previous theorem 
since it is unaffected by the parameter x in F(x, z), we express the operation 
F(x, 2) > f(x) in the form, 


F(a, 2) > f(x) = 2, g™ (x) Wn(x)/n! 
where we abbreviate 


Zi ) n n 
Wi (a) = f, e“ Q() F(x, —b-dt, Fi?(a,—) = 0" F@, 2/02" \,=-+4. 


49 
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Since we have Fy” (x, z) =e ”(d/dz —x)” > I(x, z), where I(a, 2) is 
defined by (43), we get from (45) and its consequences, 


cle.) 


Wale) = fe QW Arle, Nat+(—ay f™ QW T@,—dat, 


where An (x, ¢) is defined above. . 
Substituting this value in F(x, z) > f(x) and noting that g(0) = » g™ (x) 
n=0 


(—x)"/n!, we get 


F(a, 2) > f(z) = 4a e—*t Q(t) An(x, t) g(a) dt/n! 


0 


(49) - 
+90) f Q(t) I(w, —#) at. 


Considering the second integral we write, 
oe) oo t 
J, e Te, —o at = —[ a atf’ = Y(—9) as 


oe 
= —{ e—*8 P(s) Y(—s) ds. 


The second equality sign is seen to be justified by hypotheses (b) and (c) 
of the theorem which permit the interchange of the order of integration 
by Dirichlet’s formula and insure the existence of the infinite integral. 

Referring finally to the first integral of (49) we are able to attain from 
hypothesis (a), i. e. that |g™(x)| < Rpg”, lim (R,)”” = 1, and from 
hypothesis (c), the inequality —— 


f * et Q(t) An (a, t) g™ (a) at 
a) n—1 
< Eng f e#*S QQ rep] |ah Jat] 
r=0 
< Rig” Cra{i—|a|")/A—|al)} (1+ eo) /| x—m 
< Rig’ GaAdl+R) (146%? ™}/\z—m|, 





where x is limited to the region m< R < R(x) < BR <ow. 
ve) 
Hence within the stated region the integrals J, (x) = f e—*t Q(t) An (x, dt 


all exist and the series 2 In (x) g™(ax)/n! converges uniformly. Therefore 
n= 


we can interchange summation and integral signs and thus attain the 
statement of the theorem. 

8. Solutions of unbounded grade not included in the preceding. 
In the last section theorems were developed which apply when the Laplace 
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Zz 
operator is of the form F(z, z) = f. et Y(t) dt, where a is finite. When 


this is not the case it is still possible to discuss the solution provided f(z) 
is limited to the class of functions of finite grade. 

The first result we shall state as follows: 

THEOREM 8. If Y(z) and f(a) are functions of finite grades Q and q re- 
spectively, then equation (1) has at least one solution in the region |x| > Q, 
which is in general of infinite grade. 

Proof: To establish this theorem we employ formula (35), which for 
simplicity we limit to the case p = 1, 


(50) Xo (x, 2) = X(e) {V(2)/x—Y' (2)/2?+ VY" (2)/2*—---}. 


From Theorem 4 we know that X(z) Y(z)—>/(z) is a function of grade qg 
and hence, from the assumption regarding Y(z), we have X(z) Y (z)>/(2) 


< M, Q", where lim M,’” = 1. Hence we find a majorant for Xp (x, 2) > f(x) 
n=e 
in the series, 


Mo/|x|+M, Q/| a |? + Me Q?/| x |*+ Ms Q*/|x\*+---, 


which from the fact that lim M)’” = 1 is seen to converge for |x >Q. 
n= eo 


We thus establish the existence of a function in a region which does 
not include the origin in its interior. Since, in general, the origin is 
a singular point for u(a) = Xo(x, z)>/f(x), the solution is in general 
of infinite grade. 

If we admit the validity of semi-convergent or asymptotic series of the 
form, 


(51) g(a) {ao +a,/x2+ ag/x*?+ ag/x*+---}, 


to represent a function w(x) asymptotically, where the expression in braces 
satisfies the Poincaré criterion™, a further extension of the region of 
definition of w(x) is possible. This we state in the following theorem: 
THEOREM 9. If Y(z) is a function of unbounded grade but otherwise satisfies 
the conditions of Theorem 3 for the case p = 1 and if f(x) is a function of 
grade q then Xo(x,2)>f (ax), where Xo (x, z) is defined by (50), yields a semi- 
convergent series which is the asymptotic representation of the integral, 


(52) u(x) = Xo(x, 2 > f(a) = (t/a) [~ et V(z — t/x) > {X(z) > f(a)} dt, 


in the sense of (51), where g(a) is a function of grade not greater than q. 


*4 Acta Mathematica, vol. 8 (1886), pp. 295-344. 


49* 











710 H. T. DAVIS. 

Proof. Representing by S, (x, z) the operator 

8, (x, 2) = X(e) = (—1)"-1 Yo (2)/a™, 

let us consider the remainder operator, 
Rn (x, 2) = Xo(x, 2) — Sn (x, 2) = (—1)" e-™ X(z) (A/a [ie Y™ (#) dt. 

Making use of equation (47) we obtain the inequality, 

|2|" | Rn (x, 2) > f(@)| 
<n fer wail +|Po [Petr @ ar +\e"5@)), 


where (X/) is the constant e~* X(z) > f(a). 
By hypothesis Y”(¢) is bounded by M,A”n!, lim M,” = 1 and 


n= 
satisfies the assumptions of Theorem 3. Hence the inequality may be 
reduced to, 





||" | Rn (aw, 2) >f(@)| 
< {ce M, A” n!+|P(O)|e% M, A” n! |x| + e% |S(x)| |x]}/|x| 
< el” T(x) {M, A” n}/|x\}, 


where 7'(x) is a positive function of zero grade which dominates both |z| 
and |S(x)| |z]. 

We then conclude that the function g(x) of (51) is dominated by 
a function of grade q and hence is a function of grade which does not 
exceed q. 

In order to attain the integral of which (50) is the asymptotic represent- 
ation, we apply Borel’s integral to (50) and thus obtain, 


Xo (x, z) = X(z) (1/0) [et Y(ze— t/x) dt. 


The integral representation of u(x), (52), follows as an immediate con- 
sequence. 


As an example illustrating Theorem 9 consider the equation: 
(53) [(i+2)+2+2+2+ ---J>u(z) = f(z). 


Since we have X(z) = 1—z, Y(z) = 1/(1—2), the solution is given 
by the operator, 


u(x) = e-* (1— 2) .. {e/(1— t)} dt > f(x) 


Of) = {1le—1V(1—2) + 2(1— 2) 31/(1— 282+ +} > F@). 








DIFFERENTIAL EQUATIONS OF INFINITE ORDER. 711 


If we set f(x) = 1 we replace z by zero in (54) and thus obtain the 
asymptotic development of the integral, 


u(x) =| {e$/(a+s)}ds. 
If, however, we set f(x) = e”, O0<a<1, we get 
(55) w(x) = e% {1/~e —1!/(1 — a)x*+ 21/(1— a)*x®— 3!/(1—a)8at+ ---}, 


This series is the asymptotic representation in the sense of (51), where 
g(x) = e*”, of the formal solution of (53), 


w(a) = (1a) [ {e-*/[(1— a)e-+ s]} ds. 


9, Convergence of the factorial operator. We proceed finally 
to a consideration of the convergence of series (33) which for convenience 
we shall specialize for the case p—1. Since the n-th term of the series 
is readily seen to be of the form, 


Wn (z) e& = (D—n+1)--- (D—1) D> Y 
= (—1)"-!(n—1)! D(1—D) (1— D/2) --- [1 — D/(n—1)] > Y(2), 


where D = d/dz we are led to a consideration of the operator, 


An(D) = D(AA—D)(1— D/2) --- 1 —D/(n—1)]. 
Product operators of the form, 


D(1—D/a;)(1—D/az) --» (L—D/an) «++, 


ivc) 
where > 1/|a,| converges, have been extensively studied by J. F. Ritt,” 
n=1 


but it is clear that the condition imposed by him is not satisfied in 
the case of the operator lim A,(D). 
n= 0 


We may then proceed as follows: Introducing convergence factors 
elm into the product A, we have, 


An(D) = [D(1—D) e? (1 — D/2) e??? -- - {1 —D/(n—1)} ec?! 


(56) e-D {1+1/2+- ‘ -Ay(n—1)} 


For sufficiently large values of n the product in the brackets may be 
written, —e°?/I'(— D) + e©? e,(D), where C is Euler’s constant and ¢, (D) 





5 Loc. cit. 2. 
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is a function that tends to zero as n>o.”* Similarly the coefficient of 
—D in the exponent of e may be written log n-+C, where the difference 
C,—C becomes vanishingly small with increasing n.*" 

We can then write (56) in the form, 


An (D) —s [-- 1/T'(— D) + En (D)] e—Dilogn eD(C—C,) | 


Employing Theorem 4 and recalling that 1/T'(D) is analytic in the entire 
plane we see that A,(D)— Y(z) is a function of grade less than or equal 
to Q provided Y(z) is of grade Q. If in particular Y (z) = e~™ where Q 
is a positive number, we shall have 


An(D)—> Y(z) = {—1/T(Q)+ €n(— Q)} EU -W e-& 02, 
from which we infer that, 
A,(D)> Y(e) = O(n®). 


More generally let us consider the case where Y(z) is a function of 
grade Q. Operating upon Y(z) with 1/F(—D)e?°-@ and recalling 
Theorem 4 we obtain a new function R(z), which is also of grade Q. 
Operating upon R(z) with e—?!’e" we get R(z—logyn). Since R(z) is of 
grade Q it is dominated for large values of the argument by a function 
of the form e® P(z), where P(z) is a suitably chosen positive function of 
genus 0. Hence we can write | R(eg—logn)| < n® e® P(z+ log n) for n 
sufficiently large. But since P(z) is a function of genus zero P(z+ log n) 
is dominated by n?, where 6 is an arbitrarily small positive constant,” 
and we have | R(z— log n)|< n@+d e%, 

We are thus able to assert that 


(57) An (D)—> Y(z) == o(n?+d) , o> 0, 


provided Y(z) is a function of grade Q. 
The situation is much more complicated if Y(z) is a function of infinite 
grade. An important special case, however, is furnished by the series, 


(58) Y(z) = a+me+ aze*+---+ane%+---, 
where a = O(1/n!), which from the example of section 4 is seen to in- 
clude the classical operator u(z7+1)—zu(z), that is when a, = —1/n! 


Operating with A, (D) and noting that A, (D)>e™ = 0 ifm<n—1, 
and (—1)"""T'(m+ 1) e”/I'(n)T(m—n+1) if m>n, we shall have 


6 Whittaker and Watson, Modern Analysis, 3rd ed. (1920), p. 236. 

7 Thid.: p. 235. 

6 This follows from the fact that lim P(z+ log n)/n? = lim P(z+a)/e*? = 0. 
n=O z= 
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An (D) > Y(z) = (—1)"" ne™ {an + An41 (n + 1) e/1! 
+ ante (n+ 1)(m +2) e/2!4. 
= (— 1)" nay ee {1 + angi (n+ 1) 2/1! ay 
+ ante (n+ 1) (nm + 2) e*/2! an +--+}, 


Under the hypothesis that a, = O(1/n!) it is clear that the function 
within the braces is entire and bounded with m and hence that 


(59) An (D) > Y(z) = Of[e*/(n—1)!]. 


We now turn to a consideration of series (33) when p=1. Let us 
first examine the case where (57) applies. 

From the operational identity wp (z) e’? = (—1)"(n—1)! A, (D) > Y(z) 
we write equation (33) in the form, 
60) Xo(n, 2) = X(z){ ¥ (2)/a+ (40> Y)/a2(a@+1)+ (A> Y)1!/a(~+1)(a@ +2) 
+ (4g > ¥) 21/e(@+1) (@ +2) (@+3)+ ---}, 


We now recall the fundamental convergence fact associated with a fac- 
torial series, F(x) = 4 An4in!/a(a+1)---(a+n), namely, that this 


n=0 


series converges with the exception of the points 0, —1,—2,---, for 
values of x the real part of which exceeds a value, 4, called the abscissa 


v2) 
of convergence. If the series A= )» dni: diverges then 4>0 and is 
‘ n=0 


Sams |rogp. 


If the series A converges then 4 <0 and is determined by the limit, 


determined by the limit, 








lim sup log 
p=a 








v2) 
lim suplog| > an41 / log p.*° 
p=o n=p+l 


The abscissa of convergence of (60) is easily obtained in the two cases 
already discussed: (1) equation (57); (2) equation (59). 
P.2) 
In the first case the series >' n®+? diverges forQ+46>—1. Hence, 


n=0 


employing the abbreviation g = Q+9, we compute, 


Yn = pt4/(qt+1)+hpi+q Bi pt/2!-—--- 


n=0 








29. Landau, Uber die Grundlagen der Theorie der Fakultitenreihen. Sitzungsber. 
Akad. Miinchen, (Math.-phys.), vol. 36, (1906), pp. 151-218. For a comprehensive survey 
of present knowledge with regard to these series see T. Fort, The General Theory of 
Factorial Series, Bulletin of the Amer. Math. Soc., vol. 36 (1930), pp. 244-258. 
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From this we obtain 
4, = lim sup[log p?+*/(q+1) log p—1] = gq. 
p=0 


We are thus able to conclude that the abscissa of convergence for the 
case where Y(z) is a function of grade Q is not 2m general smaller than 
Q-+6, although the special case Y(z) = e”, where m is a positive integer, 
shows that it may be —o. bs 

In the second case, equation (59), the series > ¢&”/(m—1)! obviously 


n=0 
converges. Hence from the function, 


ies) 


f(y = 2» en—1! 


n=p+1 


= {&Pt#/p!} {1+ /(p+ 1) +H (p+) (pt2) +--+}, 
we compute the abscissa of convergence to be, 


A, = — lim sup|log f(p)|/logp = — lim |(p+ 1)z—logp! |/logp = —oo. 
p=e oo 


We are thus able to state the theorem: 

THEOREM 10. If Y(z) is a function of grade Q then an abscissa of con- 
vergence exists for series (60) which is in general not smaller than 4 = Q; 
if Y(z) is a function which has an expansion of the form (58) then the 
abscissa of convergence is 4 = —o, 








ON RANGES OF INCONSISTENCY OF REGULAR 
TRANSFORMATIONS, AND ALLIED TOPICS.! 


By Ratpo PALMER AGNEW.’ 


1. Several writers have given examples which show that not all regular* 
transformations used in the theory of summability are mutually consistent.* 
Hence it is known that there exist certain divergent sequences which are 
assigned unequal values by different regular transformations. The question 
as to whether any given divergent sequence may be assigned unequal 
values by different regular transformations, as well as further questions 
concerning the range of values which may be assigned to a given divergent 
sequence by different regular transformations, seems not to have been 
previously raised. These questions have led the writer to consider the 
following more general problem: Given a sequence of a stated character, 
into what sequences may it be carried by regular sequence-to-sequence trans- 
Sormations? 

We find that any given bounded divergent sequence may be carried 
into any given bounded sequence by a transformation which is not only 
regular but satisfies also further important conditions. Theorems 4-9 are 
given to show what may be expected of specialized real regular trans- 
formations when they are applied to divergent sequences; the latter of 
these theorems supplement the Kernsatz given by Knopp.’ It is also 
shown that a specialized regular transformation can be found which carries 
any given unbounded sequence into any given sequence; and that if two 
sequences converge to the same value, a regular transformation can be 
found which carries the first into the second. 

An interesting corollary of this paper, which answers the first question 
raised in the introduction, is the following: Corresponding to each divergent 
sequence {s,} of complex constants and each complex constant o, there 
is a regular transformation with a triangular matrix (satisfying important 
conditions in addition to those necessary to ensure regularity) which 





‘Received October 16, 1930. — Presented to the American Mathematical Society 
November 28, 1930. 

* National Research Fellow. 

3A transformation is said to be regular when it assigns to each convergent sequence 
the value to which it converges. 

‘Two transformations are mutually consistent if, whenever each transformation assigns 
a value to a sequence, the values are equal. 

> Mathematische Zeitschrift, vol. 31 (Nov., 1929), p. 115. 
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evaluates {sp} to o. If {s,} and o are real the transformation may be 
taken real. 

2. A transformation with a square matrix is a sequence-to-sequence 
transformation of the form 


(S) En = Ani 21+ Ane x2 + Ans Ug ee 


which assigns to a sequence {z,} the value lim &, when this limit exists. 
Such a transformation is said to have a triangular matrix, and is denoted 
by (7), when an, = 0 for k>n. According to the well-known Silverman- 
Toeplitz theorem, necessary and sufficient conditions that (S) and (7’) be 
regular are 
oo 
C:: > |anx| is bounded for all n; 
k=1 
C.: for each k, lim ayn = 0; 


nN >o 


oo 
C3: lim > an =1. 
n—>o k=1 

3. THEOREM 1. Corresponding to each bounded divergent sequence {sn} of 
complex constants and each bounded sequence {6,} of complex constants, 
there is a regular transformation with a square matrix which carries {sn} 
into {o,}. 

Any bounded divergent sequence {s,} must have at least two distinct 
finite limiting values, say z, and Zz. Choose a sequence fy << lg Vg << flg 
of indices such that su, s,>2, and su, + sy,, nm = 1,2,3,---. 
Then the transformation 

Sy — On On — Su, 


) n te. ete Su, Bn + Sy. ona Sys, Vv 


n 


carries {s,} into o,. We see by inspection that (1) satisfies C. and Cs; 
and the fact {o,} is bounded, together with the fact that sy, and sy, ap- 
proach distinct limits, enables us to show that (1) satisfies C,. Hence (1) 
is regular and the theorem is proved. It is of interest to note that if 
{sn} and {o,} are real, then the transformation may be taken real. 

That transformations with triangular matrices do not have this property 
follows from a consideration of sequences {s,} and {o,} of which s, = 0 
and o, + 0. That Theorem 1 exhibits the utmost to be expected of regular 
transformations when applied to bounded sequences follows from the fact 
that all regular transformations carry bounded sequences into bounded 
sequences. 

THEOREM 2. Corresponding to each bounded divergent sequence {sn} of 
complex constants and each bounded closed set A of the complex plane, there 
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is a regular transformation with a square (triangular) matrix which carries 
{sn} into a sequence having the set A for its set of limiting values.® 

Since A is a closed set, there is a countable subset B: b,, by, bs, 
of A such that the set B°, consisting of the points and limit points of B, 
is identical with A. Let the sequence {o,} consist of the successive elements 


bi; bi, be; b, be, Ds3 +55 b, be, ++ +5 dn; Dyes 


Then the set of limiting values of {o,} is identical with B® and with A, 
and the truth of the theorem for transformations with square matrices 
follows from Theorem 1. 

That the above theorem is true for transformations with triangular 
matrices results from a consideration of the transformation 











@) 1 < a -« V1 ’ 
j. = Sy, — Gn ” On — Su, on oe — 
hares My, i aa ae n> @5S_Vn4+1 
Sy, Su, Sy, Su,, 


which is related to (1), but has a triangular matrix and carries {s,} into 
a sequence composed of initial zeroes and the elements of {o,} with 
repetitions. If {s,} and A are real, the transformations we have con- 
structed are real. 

If the closed set A of Theorem 2 is taken to be a single point o, we 
obtain 

THEOREM 3. Corresponding to each bounded divergent sequence {s,} of 
complex constants and each complex constant o, there is a regular trans- 
formation with a square (triangular) matrix which evaluates {sp} to ¢. 
If {sn} and o are real, the transformations may be taken real. 

4, The transformations of which Theorems 1, 2, and 3 establish the 
existence may or may not be real. That they need not always be real 
follows easily from the fact that real transformations can carry real 
sequences into only real sequences. We shall now give theorems which 
exhibit properties of real transformations. 

THEOREM 4. Corresponding to each bounded sequence {sn} of complex constants 
with at least three distinct limiting values represented by three non-collinear 
points, and each bounded sequence {,} of complex constants, there is a real 
regular transformation with a square matrix which carries {8p} into {op}. 

Let 2, 2, and zg be three distinct non-collinear limiting points of {sn} 
and choose a sequence 7;<0;< &<72<0o< &<y3<:-- of indices such that 


Sy, > 21) So, > 2g, Se, > 2, and for each n, s,,, sy,, and s,, are non-collinear. 





®6The condition A is closed cannot be removed, for the set of limiting values of 
& sequence is always closed. 
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For each n, choose from the triangle s, sy, s,, a vertex, say Su,» Such 
that the line sy, % meets the opposite side sy, s,, at a point y» lying on 
the closed line-segment joining the vertices s, and sz. Let a, and £, 
be such that yn = @p sy,+(1—@n) 87, and o, = (1—Bn) su,+Bnyn. 
Then the real transformation 


(2) E, = (1 — Bn) Ly + an Bn Ly, + (Bn— en Bn) Xn, 


carries {s,} into o,. The transformation (2) evidently satisfies C, and C;. 
It follows from the relative positions of yn, sy,, and s,, and the relation 
defining @, that 0 < «, < 1 for all m; and using the fact that s,, sy, 
and s., approach three distinct limits together with the fact that {o,} is 
bounded, we find from the relation defining 4, that 8, is bounded for all n; 
thus (2) satisfies C,. Therefore the transformation is regular and the 
theorem is proved. 

Using the preceding theorem and the method of proof of Theorem 2, 
we obtain 

THEOREM 5. Corresponding to each tounded divergent sequence {sn} of com- 
plex constants with at least three distinct limiting values represented by non- 
collinear points, and each bounded closed set A of the complex plane, there is 
a real regular transformation with a square (triangular) matrix which carries 
{sn} into a sequence having the set A for its set of limiting values. 

Letting A be a single point o we obtain 

THEOREM 6. Corresponding to each bounded divergent sequence {sn} of com- 
plex constants with at least three distinct limiting values represented by non- 
collinear points, and each complex constant o, there is a real regular trans- 
formation with a square (triangular) matrix which evaluates {sp} to o. 

5. The conditions ” 

CG: lim > lan! = 1, 
no k=1 


C;: for each k, ax, = O for almost all n, 
Ce: fe amr = 1 for all n, 
=1 


are of importance’ in the theory of summability. It may be noted that 
the transformations which we have constructed to prove the preceding 
theorems satisfy C; and C, but not necessarily C,. For real transformations 
the condition 

Cr: dn = O for all m and & 





7See the author’s paper The Behavior of Bounds and Oscillations of Sequences of 
Functions under Regular Transformations, Transactions of the American Mathematical 
Society, vol. 32 (1930), pp. 669-708, and the papers there refered to in footnotes. 
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is of importance; C; may or may not be satisfied by such of the trans- 
formations we have constructed as are real. Hence it is natural to ask: 
What may be expected of real regular transformations which satisfy Cs, Ce, 
and C,?° 

6. Knopp® has defined the core R of a complex sequence {s,} as follows: 
Let R, be the least convex closed region of the complex plane which 
contains the points sn, 8n41, Sn4i2,-+:; then the core R is the intersection 
of the sets R,, R,, Rs,---. The question raised in § 5 is answered by 

THEOREM 7. Corresponding to each sequence {sn} of complex constants 
and each sequence {én} of points of the core of {sn}, there is a real regular 
transformation with a square matrix satisfying Cs, Cs, and C; which carries 
{sn} into a sequence {6p} such that | z,—o,|<1/n,n = 1, 2, 3,---.'° 

To prove this theorem, let Ry,» represent the least convex closed region 
containing the points sp, Sr4i,+++, Snip. Let Rye denote the union of 
the sets Rn,1, Rn,2,---; then for each index p, RajpC RapiiC Rrw. It 
may be shown that Ry,.oC R,, and that R, is included in the set 2°, x 
consisting of the points and limit points of Ry... Hence 


(3) } — Ry. 


Since z, is a point of R,z,C R, for each nm. Owing to (3) we may 
choose, for each , a point o, and an index pz» such that | z,—o,|)<1/n 
and o,C Rn». Since Ry,» is a convex closed polygon whose vertices 
are some or all of the points s», snii,---, Sntp,, We may choose three of 
its vertices, Say Snip, Sn+v,, Sata, 80 that the resulting triangle’ contains 
6, aS an inner or boundary point. Then we may choose constants e@, 
and 8, such that 0< a, <1 and 0<£,<1 and 


Gn = (1—Ay) 8n+tUny + an Bn Sn+y,, + (Bn — &n Bn) Sn+m7,,° 
The transformation 


5, — (1 = Bn) Tn+ My + an Bn In+v,, + (Bn — ay Bn) Tn+n, 


has all of the properties demanded by the theorem and the theorem follows. 
Using the preceding theorem and the method of proof of Theorem 2 
we obtain 
THEOREM 8. Corresponding to each sequence {sn} of complex constants and 
each closed set A contained in the core of {sn}, there is a real regular trans- 





8 Owing to C;, any regular transformation which satisfies C; also satisfies C,. 

® Mathematische Zeitschrift, vol. 31 (November 1929), pp. 97-127. 

There does not necessarily exist a regular transformation satisfying C. and C, which 
carries {sn} into {2m} itself, even when {sn} is assumed bounded. 

1Tn case Sn, $41, +++ 8n+p, are collinear or coincident the polygon is a line or a point 
and two or all of the vertices of the triangle are coincident. 
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formation with a square (triangular) matrix satisfying Cs, Ce, and C; which 
carries {sn} into a sequence having the set A for its set of limiting values." 

Taking the set A to be a single point, we obtain 

THEOREM 9. Corresponding to each sequence {sn} of complex constants 
and each constant o of the core of {sn}, there is a real regular transformation 
with a square (triangular) matrix satisfying C3, Cg, and C, which evaluates 
{sn} to o. 

That the preceding theorems exhibit the utmost in dispersion of limiting 
values of sequences obtainable by using regular transformations satis- 
fying C, follows from Knopp’s Kernsatz.'* If a regular transformation 
satisfies C,, then the core of {on} is contained in the core of {sn}. 

7. In Theorems 7, 8, and 9 the {s,} sequences were not assumed bounded; 
hence we have learned what may be expected of regular transformations 
satisfying C,;, Cg, and C,; when they are applied to unbounded sequences. 
We shall now give three theorems showing what may be expected of 
slightly less specialized regular transformations when they are applied to 
unbounded sequences. 

THEOREM 10. Corresponding to each unbounded sequence {s,} of complex 
constants and each sequence {6} of complex constants, there is a regular 
transformation with a square matrix satisfying Cy, Cs, and Ce which 
carries {8s} into on. 

Let {6@,} be a sequence of positive numbers with the limit zero. Since 
{sn} is unbounded, we can choose, for each , an index p, > such that 


| $2, — On| + | On — Sp| 








4 1+ On. 
(4) | 8p, — sn| x + n 
Then the transformation 
5) , _ 

4. == gears = ee eS a ae Sn ~~ Lp, 


carries {sp} into {o,}. It is easily seen that (5) satisfies C; and Cg, 
and it follows from (4) and the choice of {6,} that it satisfies C,. Since 
C,, Cs, and Cs imply C,, C2, and Cs, (5) is regular and the theorem is 
proved. If {s,} and {o,} are real, the transformation we have constructed 
is real. 

Using the preceding theorem and the methods of the proof of Theorem 2, 
we obtain 

THEOREM 11. Corresponding to each unbounded sequence {sn} of complex 
constants and each closed set A of the complex plane, there is a regular trans- 


Since the core of any sequence is closed, the set A may be the core itself. 
3 Loc. Cit., p. 115. 
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formation with a square (triangular) matrix satisfying Cy, Cs, and Cg which 
carries {8n} into a sequence having the set A for its set of limiting values. 

If {sn} and A are real, the transformations may be taken real. Letting 
A be a single point o, we have 

THEOREM 12. Corresponding to each unbounded sequence {s,} of complex 
constants and each complex constant o, there is a regular transformation 
with a square (triangular) matrix satisfying Cy, Cs, and Cy which evaluates 
{sn} too. If {sn} and o are real, the transformations may be taken real. 

8. If a sequence {s,} converges, say to s, then each regular transformation 
must carry it into a sequence which converges to s. Here the question 
arises as to whether there is any restriction on the sequences {o,} with 
the limit s into which {s,} may be carried by regular transformations. 
We will answer this question by proving the following theorems. 

THEOREM 13. Corresponding to each complex sequence {s,} which does not 
consist exclusively of repetitions of a single element for all sufficiently great n 
and which converges, say to s, and each sequence {6,} which converges to s, 
there 1s a regular transformation with a square matrix satisfying Cy, Cs, 
and Cg which carries {sn} into {on}. If {sn} and {o,} are real, the trans- 
JSormation may be taken real. 

Choose a sequence 1 > 6, > 6, > 6; >.--- of positive numbers with the 
limit zero. Under the hypotheses of the theorem, {s,} contains a sub- 
sequence of distinct elements with the limit s. Choose an element sp, 
different from s and then choose p, >, such that sy, +s and such that 
| 8p, — 8|/| Sp, — 8p, |< 0,/4; and in general when p,, po, ---, Pn are chosen, 
choose pnt1> pn such that sp,,, +s and such that 


(6) | Sp.41— $1/|8p.41— Spq |< 9n/4. 


Let «, = 1 and choose, for each »>1, an index @, >@,—; such that 


(7) |x — 8|<|8,4,—8|, a > ap. 
Then let 
Sp — 0% Cg — Sp, - 
(8) &,, = ay ot ———————————— Lys ay < << Ont. 
Sprays oe Sp, SPn4t om 8p, 


The transformation (8) carries {s,} into {o,} and satisfies C; and C;. Using 
(6) and (7) we see that for n>1 and a, <a@< @n41 
tora, —8|+|@— oa] [ta —el-+18 — Spgs +l fons — fn! 


| Spas me is Sp, | | Spas vivid Sp, | 


<1+ 6,; 





2) 
ce bene 
k=1 
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hence C, follows from the choice of {6p}. Since C,,C;, and Cs imply 
C,, Ce, and C;, (8) is regular. Finally, if {sn} and {o,} are real, the trans- 
formation we have constructed is real and the theorem is proved. 

If {sy} is a sequence such that s,—s+0 for n> WN, and {o,} is any 
sequence with the limit s, then the transformation &, = (o,/s)xy, n< N; 
En = (6n/s)an, n= N carries {s,} into {op} and, in addition to being 
regular, satisfies C, and C;. 

Let {s,} be a sequence of which at least one element, say sy, is different 
from zero, and such that s, = 0 for n> N; and let {o,} be any sequence 
with the limit 0. Then the transformation §&) = (6n/sp)ap+an, n<N; 
E, = (6y/sp) ap tan, n = N, carries {s,} into {o,} and, in addition to 
being regular, satisfies C,. 

Combining the preceding trivial results with Theorem 13, we obtain 

THEOREM 14. Corresponding to each convergent sequence {sp} having at 
least one element different from zero and each sequence {6,} which converges 
to the same value, there is a regular transformation with a square matrix 
satisfying Cy which carries {sn} into {on}. 

It may be of academic interest to note that if we do not demand that 
the regular transformations used have square matrices, even the slight 
restriction placed on the {sp} sequences in Theorem 14 may be removed. 
In fact, a sequence composed exclusively of zeroes is carried into an 
arbitrary sequence {o,} with the limit zero by the regular transformation 
En = On, +2, and we have 

THEOREM 15. Jf two sequences have a common limit, there is a regular 
transformation which carries the first into the second. 


CINCINNATI, OHIO. 

















ON THE NECESSARY CONDITION OF WEIERSTRASS IN 
THE MULTIPLE INTEGRAL PROBLEM OF THE 
CALCULUS OF VARIATIONS. II.! 


By E. J. McSuHaner.? 


The difference between the states of development of the theory of the 
single-integral and multiple-integral problems of the calculus of variation 
is well exhibited in the case of the necessary condition of Weierstrass. 
In contrast with the strong theorems known for the single integral pro- 
blem, we have for the multiple integral problem in parametric form only 
the theorem of Kobb.* Kobb considered the problem of minimizing 


J J. F(a, Y, % uy Lry Yrus Yo, 2uy 2v) du dv, and defined a function & (a, y, 2, wu, +=, 20, 


ZLu,*+*, &v) Which he proved to be non-negative at points of a minimizing 
surface near which — resy = are all continuous. This 8-function lacks 
however the homogeneity which is desirable in an analogue of Weierstrass’ 
E-function, and has proven itself unfruitful of results. Radon* defined 
a different H-function which had the desired homogeneity properties, and 
utilized it in establishing a set of sufficiency conditions. However, to the 
best of my knowledge no necessary condition has been stated with regard 
to Radon’s #-function. The object of the present paper is to establish 
such a condition. 

1, Preliminary remarks. By a p-spread in n-space (n >p) we shall 
mean a system of continuous functions z'(u',---, w?), ---, a™(u',---, u?), 
where the point (u',---,«#?) ranges over a point set D. We shall often 
use the abbreviated symbol x(u) to designate the above set of functions. 
We shall not have need in the following pages to consider properties 
which it might be desirable to require of D, nor to consider the definitions 
of distance of two spreads, identity of two spreads, limits of sequences 
of spreads, etc. Nor shall we attempt to give a definition of points of 
indifference which shall be a complete analogue of Tonelli’s;’ the following 





‘Received February 5, 1931. 

* National Research Fellow. 

3G. Kobb, Sur les maxima et les minima des integrales doubles, Acta mathematica, 
vol. 16 (1892), p. 65. 

‘J. Radon, Uber einige Fragen, betreffend die Theorie d. Max. u. Min. mehr facher Integrale, 
Monatshefte, vol. 22 (1911), p. 53. 

> Tonelli, Fondamenti di Calcolo delle Variazione, vol. Il, p. 84. 
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is adequate for our purposes: Given a point set A of x-space, a class & 
of spreads S: 2 = -a(u) (w on D) lying in A, and a particular spread 
So: 2 = 2 (u) (uw on Do); we say that the point 2 (uw) is a point of 
indifference of Sp with respect to R and A provided that there exist a positive 
number « and a “cube (hypercube)” Q, contained in Dy and having w% in 
its interior, such that every spread >): x = §(u) (w on Do) with the pro- 
perties: 

1) > is in A; 

2) E(u) = x (u) for all uw not in Q; 

3) (& (u) — x (u)) satisfies a Lipschitz condition ; 

4) | § (w) — af (uw) | S e (=1, “++, N) 
is also a spread of &. 

The particular problem with which we are concerned is the following: 
Given a point set A in x-space, and a class of p-spreads S: x = x (u) (uw on D) 
lying in A, and given an integral 


1 1 
BO)= fo. [Fee oe itl oa) du! «+ dur 





to find the spread S, of R for which (8S) assumes its minimum value. As 
is well known, in order that 9 (S) be independent of the particular param- 
eterization of S it is necessary and sufficient that the integrand F' be 
a function of the Jacobians J“ (x) of the x(u) with respect to the w’s: 


da Ox” 
; ou te. OuP 





Pet, «+, 0” ) =F a Ty IO 
(q = n!/(n—p)! p!) 
and that it be positively homogeneous of degree 1 in the J’s: 


S (a, +++, 2", kd", +++, kI%) = kf (a", +++, 2%, Ji, +++, 5% (k => 0). 


Here and henceforward we assume that f(x, J%) is continuous for all x 
in A and all J%, and that all first and second partial derivatives f,«(x, J“) 
and fj z6(7,J%) exist and are continuous for all x in A and all J® such 
that > (J%)?>0. Since f,« is positively homogeneous of degree 0 in 
the J%, it is undefined if J'=--.-=J7=0. 

We define E(x, J*, J") = f (x, JI9—D>,J"f,a(x, J%. As a consequence 
of the homogeneity relationships, this can also be written f(x, J%\—f(x,J%) 
—)>,(J*—J% f,«(x,J%). It is defined and continuous for all x in A, 
all J*, and all J“ such that >, (J%)?>0, and is positively homogeneous 
of degree 0 in the J% and of degree 1 in the J“. 
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The case with which we shall have most to do is that of n-spreads in 
n+l-space: 2? =ai(u',---,u") (G=1,---,n+1). For this case we 
find it convenient to establish a definite ordering of the J*: 

J*(~) = (—1} D(a", +++, x), att, ..-, antl) 


(1) D(u', +++, u") 
(k=1,---,n+1). 





2. A convergence theorem. 

THEOREM I, If the functions xo (u) (that is, x’ (ul, +++, u?), ++, a (u}, «+, u?)) 
and the sequence {x;(u)} (j7 =1,2,--+) are all defined and all satisfy the 
same Lipschitz condition on a parallelopiped Q: (a' < ut < B), and 
lim aj (u) = ao (u) uniformly on Q, then 


= J, S xj, T* (aj) au —{, S (xo, J*(xo)) du 
—f E(x, J“ (x), J“ (a)) du = 0 


where the J“(xo) are replaced at the points where they are undefined or all 
vanish by any values such that the J“(xo(u)) remain measurable on Q. 
We note that the redefinition of J“(z)) required in the statement is 
always possible; in fact it is sufficient to replace them by the same set 
of constants at all points at which they are undefined or all vanish. We 
will establish the theorem by induction. It is known® to be true if there 
is only one independent variable u«; we assume it demonstrated if the 
number of independent variables is p—1, and show that it is then true 
if «= (u',---,u?). To do this we first establish a sequence of lemmas. 
Lemma 1. If U be a parallelopiped or simplex of u-space, and the 
Junctions §*(u',---, u?), +++, §?(u',---, w?) are quasi-linear on U, then 


(2) 

















gt &? oe EP 
0? - === 
if... dv" av" dv" dy'... dy?- 
(3) n . a os - “a a a sid , 
vy? ay? dvP—1 








() 
al D(&', +++, §) , , 7, 
=f.-f Dut, w) du du?. 
The functions £ are said to be quasi-linear on U if they are continuous 
on U, and U can be divided into a finite number of simplexes on each 


®This is established in my thesis, to be published in Contributions to the Calculus of 
Variations, 1930, The University of Chicago. For completeness it is repeated at the end 
of this section. 


50* 
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of which each & is linear in the w’s. The v’s in the left member of the 
equation are a rectangular codrdinate system chosen in each face of U, 
the orientation being such that if (P,, Ps, ---, Pp) is a simplex in the 
face oriented positively with respect to the v’s, and P) is interior to U, 
then the simplex (Po, Pi, ---, Pp) is positively oriented with respect to 
the axes of u-space. 

This is established by direct computation when U is a simplex and 
the & linear. We have then only to notice that if the & are quasi-linear, 
each face interior to U contributes zero to the left member, since it brings 
in two integrals with oppositely oriented v-axes. 

For compactness, let us henceforward designate the left member of 


equation (3) by f [4g -++, &)dv'--- dv?—, 
Lemma 2. If Q: (a? <u' < £) be a parallelopiped of u-space, and the 
Junctions x*(u', +++, u?), «++, aP(u', --+, uP) satisfy a Lipschitz condition 





on Q, then 

—<f im fA tee, xP) dv! --- dy?-1 
(4) 1 

7” D(@', +++, @) 1, 

~s af ee a 


Let us effect a simplicial division of Q in the following manner: Divide 
each edge of Q into two equal segments. In each two-dimensional face 
of Q form the eight triangles determined by the midpoint of the face and 
the eight segments of its boundary. In each three dimensional face of Q 
form the forty-eight tetrahedra determined by the midpoint of the face 
and the triangles of its boundary. Proceed so until Q is completely 
divided into simplexes. We call this partition 2%. Now divide Q into 2? 
equal parallelopipeds by hyperplanes through the midpoint, and subdivide 
each parallelopiped as above to obtain partition Z,. Again subdividing 
each parallelopiped into 2? equal parts, we subdivide into simplexes to 
obtain 7,; and so proceeding, we obtain Z7;, 7,,---. In order that each 
point of Q shall belong to just one simplex, we consider each parallelo- 
piped half open (a'< u'<b*) and assign the common edges, etc. of 
simplexes each to one simplex. (Modifications at the boundary of Q are 
obvious.) The method of construction makes it evident that for all 
simplexes Ui, the ratio of the diameter to the shortest side is bounded, 
say less than g. Moreover, each Uz has one edge parallel to each 
coérdinate axis. 

Construct now a sequence of quasi-linear functions §;(u); each E;(u) is 
linear on each simplex of Z;, and for each vertex u we take £j(u) = x (u). 








THE CONDITION OF WEIERSTRASS. 727 


It is easily seen that each &(u) satisfies the same Lipschitz condition 
as x(u). 

Since each a*(u) is Lipschitzian, it is almost everywhere totally 
differentiable in the sense of Stolz." Let EF be the set of all points of Q 
at which all z*(w) are totally differentiable; m(Q—E) — 0. At each 
point P = (uj, ---, u?) of E we have 


(us + hi, are uP? +h?) 
(6) = ai (uo, eee, wh) +>, We +) > (hi)? - Ri(h', tery h?), 


where | Ri(h!, ---, h?)| << S(V > (hi? ) and S(é) tends to zero monotonically 
with ¢. (The ae are taken at P,} For each partition 7; the point P 
Ou 


belongs to some simplex uy”. Let uw +hj1, uw +hj2 designate the vertices 
of uy? which are the ends of the edge parallel to the w*-axis; then 
| hi2—hj1| is the length of that edge, and hj. = hj; for alli+a. Then, 
since each & is linear in U}”, we have at P 


a8 E(w hja)— Ei (wot hia) (wot hiya) — 2% (wo + ya) | 


’ 


a a a a a 
du hj2— hja hj2— hj 








and recalling that the ratio of the diameter of uy) to | h¥o—hj1| is less 
than a constant @, we have from this and equation 5: 


< 20S(diam U;™), 





ag dat 
a u® du® 





. o& dat 
which tends to zero with 1/7. Hence for almost all w we have lim aa 2 a = ; 


and since all the functions involved are uniformly bounded, it follows 


immediately that 
OS sta 
lim fe DG, «++» 8) dul-++ du? 


j-@ Dw, -++, uP) 
= D(a", - - +, 2”) a p 
= f..f 2S 2) ae du?. 


On the other hand, the integral f [AG -++, 2P)dvu'--- dv? in- 


volves only p— 1 independent variables, satisfies the hypotheses of Theorem 1, 
and is linear in the Jacobians of the x’s with respect to the v’s, so that 





(6) 








7 Rademacher, Uber partielle und totale Differenzierbarkeit, Math. Annalen vol. 79, p. 340. 
The proof extends immediately to functions of m variables. 
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its E-function is identically zero; so that by Theorem 1 we have on each 
face of Q (and consequently on the whole boundary of Q) 


(7) tim f.--[A@,--- 8) dv).-- dy =f. face, 1. a?) dot... der, 


Comparing equations (3), (6), and (7), equation (4) is established. 

Lemma 3. If the set of functions x» (u) (= a" (uw, ---, u?)---, x? (ui, ---,u?)) 
and the sequence {x;(u)} all satisfy the same Lipschitz condition on the 
parallelopiped Q: (a < ué < 8), and lim xj(u) = xo (u) uniformly on Q, then 


: Fuss p 

slim J. Jee “ du - 
=: os ee p 
= |. fst ad du du?. 


We have merely to transform each integral by Lemma 2, and observe 
as in proving equation (7) that 


Jim fo fac e509) dot dort = f.- [ACat, «++, 0p) dot. dv, 


Jao 








We now return to the proof of Theorem 1. By the definition of the 
E-function, the quantity in the brackets in equation 2 is equal to 


J Lee, Tad) —F (eo, J*(ap)] du 
+ De J 6% (a) —I*(e)] fre (a, J*(a)) du. 


The first integral here tends to zero, since f(x, J“) is continuous and the 
arguments bounded and lim aj(w) = a (u) uniformly. For the remaining 
terms, we have by Lemma 3 that for every parallelopiped Q’ contained in Q 


= J, [J* (xj) —J*(a)] du = 0; 


hence® each term of the sum tends to zero, and our theorem is established. 

For completeness, we give here the proof that Theorem 1 holds in the 
case of one independent variable; for the induction this was assumed true. 
For this case the quantity in brackets in equation (2) can be written 


; n b dx dxk 
J, [S (aj, xju) —S (a0 , Xju)] at > J (Ge du 25 





Su x (x0, XLou) du, 





® Hobson, Theory of Functions of a Real Variable, vol. II, § 279. 
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dx' dx” 
where zy, denotes the set ( = ) As above, the first integral 


T “ea 
tends to zero. For each interval [a, 8] contained in [a, b] we have 





3 dx d xk 
J (= + ) du = [xk (8)— ak(A)]—[x# («) —a(«)], 
which tends to zero with 1/7; applying the theorem already cited®, we 
see that each term of the sum tends to zero. 

3. The condition of Weierstrass. We now restrict ourselves to the 
case of n-spreads in m+ 1-space; x(u) = (x (w, ---, w”), «+, a1 (ul, ---, uw). 
Suppose that we are given a class & of n-spreads all lying in a point 
set A of n-++1-space, and that a particular spread S): x = x(u) (won D) 


is a minimizing spread for f J (x, J“) du in the class 8. We designate 


by ZL the set of points uw such that 
1) uw is interior to D, and 2 (u) is interior to A; 
2) x(u) is a point of indifference of S, with respect to R and A; 
3) in some neighborhood of u, the functions z»(u) satisfy some Lipschitz 
condition; 
4) J“(x ) all are defined at uw, and are not all zero. 
Zé 
5) The partial derivatives ie (and consequently the J“(z)) are all 
approximately continuous at wu. (This condition rejects only a set of 
measure zero, since every measurable function is approximately con- 
tinuous almost everywhere.) 
We can then prove ad 
THEOREM II. For all points u in L, the inequality E (a9 (u), J“ (axo(u)), J " = 0 
holds for all sets of numbers J®. 
In order to simplify notations, we shall give the proof only for the case 


in which condition 5) is replaced by the stronger condition 


2 
0 


5’) All the derivatives Dal 


This implies that 3) is necessarily satisfied. It will be seen without 
difficulty that the proof of the theorem as above stated requires merely 
the introduction of analytical details of a well-known type. 

Suppose the theorem false; we can then find a point P = (uj, ---, uj) 
in L and a set of numbers J* such that E(2(uo), J*(xo(uo)), J*) = —2k<0. 
We can suppose without loss of generality that u is the origin and that 
Dal I* (a (0))]? = 1; this can be brought about by a translation and 


are continuous at and near wu. 








® Hobson, loc. cit. 
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a stretching wu’ = Ku’, under which conditions 1), 2), 3), 4), 5’) continue 
to be satisfied and EL remains unchanged in value. Moreover, we can 
assume >'«(J“)? = 1, since E is homogeneous of degree 1 in the J*, 

We now change over to a more convenient system of parameters. The 
two distinct vectors J%(a(0)) and J® determine a flat »—1 dimensional 
space orthogonal to both; in this space we choose a system of n—1 
mutually orthogonal unit vectors 


E, — (Ei, tg 2”. E,, rae Rist 


Let Ena be the vector J“ (a (0)), and €, a unit vector orthogonal to all 
the others. Then (by at most the reversal of one vector, say §,) we will 
have the determinant || orthogonal and of value 1. The hyperplane 


= Cv) = HO+H4+--- +0" & 


is orthogonal to J“ (x (0)), and - therefore the tangent hyperplane 
0 xt 

a 

= . ‘lab dni du” 

the w’s are expressible in terms of the v’s by means of a set of linear 
expressions of non-vanishing determinant; in fact, of determinant +1. 
For let us write y(v) = a(u(v)). The normal to the tangent hyperplane 
to y(v) at the origin is the vector §,41, which is J® (a(0)); and 


T* (yO) = I*(aa(0)- DO), 


so that the transformation determinant is +1. In terms of these new 








wr": 





yg = 





i 
variables it is easily seen that all the af are continuous at and near 


the origin. ry 
The unit vector J“ is coplanar with §, and &,+4:, and so can be 
represented as cos#- &,,;—sind-&,. Then the surface 


a 


a =v B+... +o°% 78 140" [cos #- &, + sind - Fig] 


is normal to J“; in fact its Jacobians are the J@. 
We now pr a set of auxiliary functions q(v)i in the cube Q: —1<v‘'< +1. 


The point set P for which 0 < v" <1, 4 || < 1 lies in Q, and for each 


positive «<1/2 the point set WZ. for which S$ |w | + eto < 1 ("> O) 
lies in P. On He we set 


q (v', +++, 0") = vo" [(cos #—1) & 4 sind. &]; 
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on P—TH,, 
i (', a v") 


n—1 n—1 —1 
= c—w(1— wif —«(1-S wil [(cos #—1) & +sin =]; 
1 1 


on Q—P, we set 
Vi (', eR v") = 0. 


This function is continuous and satisfies a Lipschitz condition on Q, and 
vanishes on the boundary. Moreover we readily verify 
0 nt 
The ratio m(Ie)/m(Q) is easily calculated to be equal to }en-"?. We 
designate by D’ the set into which D is carried by the transformation 
v = v(u). 
We now list two simple consequences of the definition of E and of the 


continuity of the oy . 
auk ° 


< 16¢ (v on Q—M); J*(n(v) +(e) = J*(v on Me). 





A) If 4'(v) = v" [(cos #— 1) & + sin #- E44], there exists a positive 
number 8 such that for all v such that |v‘| << 8 (i = 1,---, n), y(v) is 
interior to D’ and E(y(v), J*(y(v)), J*(n(v) + y(v))) << —k. (For 
by equation (8) J*(7(0)+ y(0)) = J*). 

B) There exist positive numbers 4’, 6<1 such that if |v‘| < #’ and 


0 a 
= < t<6 for all i and k, then 


hg 
(For | J*(y(v)) — J*(y(v) + y(v))|< Ket; take #’ small enough so that 
Da«lJ*(y(v))]? >%, and d = 1 K,n, and express EF as the remainder 
in a Taylor’s expansion of f(y, J*).) 

Now about the origin let us construct a cube Q,: —q@ <v' <q, having 
g: less than the smaller of 8 and 4’, and small enough to serve as the Q 
in the definition of points of indifference. For each integer 7 we divide 
Q; into (2”)/ smaller cubes, and define a function y;(v) in the following 
manner. Consider a small cube of the jth subdivision; its side will be 
2q,:-2-, and its center say v’,---, v”. On this cube we define 





|\E(y(v), J*(y(v)), I*(y (vr) +y()))| S 23K, #, K, a constant. 


yj(v) —_ y(v)+q,27- q(g,12/(v'—v’), sete qz124(u"— 0"). 


We do this for each small cube, and for all v not in Q we define y;(v) = y(v). 
The functions y;(v) are all continuous and tend to y(v) uniformly; for large 
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enough values of j they define spreads of &, since y(0) is a point of in- 


h h 
difference of S, with respect to & and A. Since = = ou. a is 
bounded, they all satisfy the same Lipschitz condition. In defining y;(v) 
we mapped Q: —1<v<1 linearly on each of the 2” small cubes; in 
doing so we mapped ZZ. on 2” point sets similar to it, of total measure 
ten"? m(Q,). Let the sum of these point sets be called Z/.;. 


Now by Theorem 1 we can write 
Tim {f° rq, Te) av—f Fy, Je) av} 
j-@ 


=lim | Ely, J“(y), J“(y)) dv 


j7o Q 
ee See a @ (4). a 
= Fim Jong td, Bs TDs Tew) ae. 


By property B) and inequality (8) the first integral is less than K, e*m(Q,), 
provided that «<< 6/16. Since on W,; the Jacobians J“(yj) are identical 
with the J“(y-+y) where 7‘ (v) = v" [(cos #—1) & + sin #-&,4:], we have 
by property A) that the second integral is at most 


—k-m(H.j) = —k- fen? m(Q); 


the sum is therefore less than m(Q,) ¢[K,¢«—4kn—”?], which is negative 
if « be chosen as the smaller of 6/16 and }Ki n”’k. This is in con- 
tradiction to the hypothesis that 2 = 2(u) = y(v) is a minimizing spread 


for J J (x, J“) du in the class 8, and our theorem is established. 

4, The Legendre condition. Curves in n-space. An immediate 
consequence of Theorem II is 

THEOREM III. For all points u in L, the quadratic form 


2 I farsa (29 (u), J* (xo (u)))- J > 0 


for all sets of numbers J“. my 
For by Theorem II E(x (u), J“, J¢+rJ*%) > 0 for all real numbers r. 
Expanding by Taylor’s theorem, 


ZiT: fest (9, J*+orJ%).J® > 0 (0<6<1). 


Letting now r tend to zero and observing that since >«(J%)?>0 the 
Jz«76 are continuous, we have the desired result. 

The methods developed above can be used almost without change to 
prove for curves in n+ 1-space the theorem corresponding to Theorem II. 
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If we adopt the usual hypothesis that & is a class of rectifiable curves, then 

the minimizing curve can always be expressed by Lipschitzian functions: 

at = a (s) (OS s< 1). Using this parameterization, we can prove 
THEOREM IV. Jf the curve Cy: x2‘ = a'(s) be a minimizing curve for 


J, (a, x’) ds in a class R of rectifiable curves lying in a point set A of 
n+1-space, then for almost all points of indifference of Cy interior to A we 
have E(a, x0, x’) = 0 for all sets of numbers x’. In particular, the 
inequality holds at all such points at which the derivatives x* are approximately 
continuous and > (a*)?>0. 

We have merely to follow the lines of the proof of Theorem II, replacing 
J1, +++, J™*1 by at, ---, 2; the change of variables from u to v 
becomes unnecessary, 7, becomes the interval [0, «] and P the interval 
(0, 1], and the auxiliary functions 7‘ can be written 


qf (t) = t(@* —2*) (0O<t<e) 
qn’ (t) = e(1— t) A— «) 1 @— 2") (e<t< 1). 


Condition 3) in the definition of L is fulfilled everywhere, and condition 4) 
almost everywhere. 


CotumBus, Ouro. 
January 22, 1931. 











SOME ARITHMETICAL PROPERTIES OF SEQUENCES 
SATISFYING A LINEAR RECURSION RELATION.! 


By Morgan WARD. 


1. Let 
(U)n: Uo, U,, U2, ais 


denote a sequence of integers satisfying the recursion relation 
(1.1) Qyitin = Pi Qvint Pe Qninat «+> + Pw: Qn 


where P,,---, Py4: and the N-+1 initial values Uo, ---, Un of (U)n» are 
all fixed integers. 

Let p denote a fixed prime, and assume furthermore that the charac- 
teristic function of (1.1) 

F(a) = eH— Pia —... — Png 
is irreducible modulo p. 

Denote the N-+1 roots of the equation F(x) = 0 by « = a@, a, ---, ay 
and let S,, denote a”-+a™-+ -.-.--+a™, For convenience of printing, we 
shall occasionally write @(n) for @ and {m} for Sm. 

In this paper, I give a number of congruences to the modulus p satis- 
fied by particular solutions of (1.1) and by determinants relating to such 
solutions. The two main results are as follows: 

If (U)y, is any particular solution of (1.1), then? 


(I) Oni mt Optom Unig t °+> + Uys ty, = 0,8, mod p. 
If N-+1 is odd, and if M(ro, 1, +--+, rw) denotes the determinant 
esl, (i,j = 0,1,---, N) 
where Yo, 71,°°+, "Nw are any fixed integers, then 


(II) M(ro, 11, +++, rw) = 2(£Y (rot pn, tv ni, + .-» + p¥ rj} mod p, 





‘Received October 1, 1930, and February 3, 1931. 

If w is the exponent to which « belongs, modulo p, the relations Ua = Us, Sa = S 
modp if a = b modu may be used to reduce the subscripts of U and S to values less 
than “. 
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where the summation is extended over all the N! permutations (j) of the 
integers 1,2,---,.N and the sign (+) is to be taken positive or negative 
according as the permutation is of even or odd parity. 

For example, if N+1 — 3, we have 


r r 


1 2 
for Mr % 
Ts r, ‘ol om — 
as ’ a, ’ a, B, sor ta, 8, tpreto'r, modp. 
r 


r, r. 
0 1 2 
Ss ys 


The proofs of these formulas are given in the next two sections of the 
paper. The final section contains some special cases of the first formula 
and some properties of the determinant M(70,71,---,7w) regarded as 
a function of 70, 71, +--+, YN. 

2. With a proper choice of notation, we may assume that 


(2.1) a; = a? modp, (§ = 0, 1,---, N) 


in the Galois Field*® of order p¥* associated with the root « of F(x) = 0. 
Since F(x) is irreducible, the general term of (U), may be represented as 


U,, = Aap tA, att ++: +Ay ay 


where the constants A are independent of m. We shall take this formula 
as a definition of U, when n is a negative integer. Thus 


N N 
(2.2) Un => A-a?™ modp, Sn = = a?’ modp. 
r=0 3= 
To prove formula I, we observe that 
N 
z= ap’ t*m = Sm mod p 
s=0 


for any integer r. Hence 
U, = A. avant’ =D A a? Da? ™=US, modp. 
s=0 n+p*m 2 p> r — v j=e nm 


3. Formula II may be proved as follows. With the notation explained 
in the introduction, 
M (ry) yy ** +) Ty) = 2(+y ate ath... alle, 
Hence by (2.1), 
(3.1) M(ro,1,--+, 7x) = oe (ty a(r, +r, pt--: +7, py’) modp. 


* For the properties of Galois Fields which are assumed, see Dickson, Linear Groups, 
Teubner, (1901). 
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The (N-+1)! permutations (j) of the integers 0,1,---, N which occur 
in the subscripts of the y on the right hand side of (3.1) may be grouped 
into NV! classes 
(3.2) Ji, Ja, +++, Im 


where each class contains exactly N-+1 cyclic permutations. Suppose 
that 


(3.3) JosJ19***y JN-1;IN3 Jirdey°**sINy Jo; = JNy Joy ***) JN—2) JN-1} 


are the permutations of the class J. These permutations are either all 
even or all odd; for since N-+1 is odd, each can be derived from its 
predescessor by an even number of transpositions.* Accordingly, the sign 
of the general term a(r, +r, p+ oe +r, p*) in (3.1) is the same for 


all the permutations of a given class J. 

Furthermore, since any one of the permutations (3.3) completely specifies 
the class J, we may choose our notation so that 79 = 0. Make a similar 
change of notation for every other one of the classes (3.2). Then to each 
of the WN! permutations of the integers 1, 2,---, N there corresponds 
a unique class J, and the parity of this permutation determines the parity 
of all the permutations of J. 

The congruence (3.1) can now be written as 


(3.4) M(r,, Must tty ry) = A(t ele + rj P+ a +r; p”) mod p 


where the inner summation is taken over the N-+1 permutations (3.3), 
while the outer summation (/) is taken over the WN! permutations of 
1,2,---,N, the sign being plus or minus according as (/) is even or odd. 

But since «(rp*t!) = a(r) mod p, the inner summation in (3.4) is con- 
gruent modulo p to 


a(rytr, p+ eee 1; PY) + @(p- (ror; p+ nee +r, PY) + “aia 
‘os + a@(p® (ry 7, p+ bite +15, P") 
_ (rotr, p+ vee +r; p™} mod p, 


by formula (2.2). On substituting this last expression in (3.4), we obtain 
formula II. 

4, The following special cases of formulaI are of interest. First, if we 
write S for U in I, we obtain a multiplication formula for the function 8: 





‘It is at precisely this point that an attempted proof of a similar result for the case 
when the degree of F(x) is even will break down. 
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(4.1) 8,8, = Si mtSppom te +Sy45%m mod p. 


Secondly, let (Z°)n; (Z™)n, ---, (Z), denote the particular solutions 
of (1.1) with the initial values 


1,0, 0, ---, 0; See ree ; 0,0,0,---, 1. 
Then if the Kronecker symbol dy is defined as usual by 

65=0, t#7, G=l, t=); (i,j = 0,1,---,), 
we have on taking Z® for U in I the curious formulas 


Zomt+- Zoom: + Zeon = 0 Sm mod p, 
Gj = G,1,-, BH amd, +2, --9. 


The function M has a multiplication theorem analogous to that given for 8S,» 
in formula (4.1). If for brevity we write Rg for r,-+-rx,p+---+re,p%, 
then 

M(ro, Php *** rn) . M(w, Wi, ***y un) 


(4.2) 
== 2 (+) M (Rix) + to, t1, +++, un) mod p, 
(k) 

where the summation (k) extends over all the (V+1)! permutations of the 
integers 0,1, ---, N and the signs are determined as in II by the parity 
of (k). 

To prove (4.2), write Ry for ro+7;,p+---+7;,p%. Then by formula I 
and formula (4.1) 


M(ro, M1, +++, TN) -M(wo, U1, +++, UN) 
= Pa pa (4Y (4) {Ro} {uo + ups + uy} 


N 
CS. a+ 2 > (4) {Ry tpt t+ptu,p+-+-+ptu,p} 
@) t=v (i) 


N 
om 2 (+ 2 M(Rjtp' uo, piu, +++, p'un) mod p. 
=0 


We now reverse the argument in section 3 by which we passed from 
the (V+1)! permutations of 0, 1, 2, ---, N to the N! permutations of 
1,2, ---, N. Let ko = jt, hia = Jers, --*) ky = jt 80 that (k): ho, 
ky, ---, ky is a cyclic permutation of the subscripts 0, /:,---,jn of the r 
in Ry. Then (k) is a permutation of 0, 1, ---, N which has the same 
parity as the permutation (j) of 1, 2, ---, N. 
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If we now write Ry for r:,-+rk.pt+---+7x,p™, then 


(+) M(Rjtptuo, pit, ---, poun) 
= (+) M(p' Rat pio, piu, «++, pour) 
= (+) M(Riw +0; UW; °"", un) mod p. 
On substituting this expression into (4.3), we obtain (4.2). 
In conclusion, we may note that M(0,1,---, N) is the square root of 
the discriminant of F(x). Denoting this discriminant by 4, we have from II 
after some obvious simplifications, 


VA= Q(t litiept---t+inp™} mod p. 
J 
For N+ 1 = 3, this result assumes the simple form 


VA = Si4op— So4-p mod Pp . 


PASADENA, 
September, 1930. 


























SOME APPLICATIONS OF POINT-SET METHODS.' 


By Karu MENGER. 


In a mathematical seminary at Harvard University during the winter 
of 1930-31 some problems in different branches of mathematics were treated 
from the point of view of metrical geometry and the topology of point 
sets. The present paper contains results obtained in the following topics: 


Page 
1. Some remarks on the length of arcs and the area of surfaces...... 739 
Ne Biri os ce atin ened inebdwabekaese cu¥kweneeaes 742 
3. Convexity and differential geometry in the large ................. 745 
 dtiecenn ch SehECbaeheake cen eosdee ates Hkenseeeaiwss 749 
5. Euclidean metric and quadratic forms................... 000000005 750 
ano sss ne bu hakeeenenwawawseeecennnd en's 753 
ET ee ee eee 756 
cs hiv dacee chase dd ineaneehenseaieeeosdeends 757 


1. Some remarks on the length of arcs and the area of 
surfaces. In a recent paper,’ I proved the following results: If A is an 
are (a topological image of the line segment) in a euclidean space and 
if for each finite set F we denote by A(/’) the length of the shortest 
polygonal line joining the points of F, then the length of A equals the 
upper bound of the numbers 4(F’) for all finite subsets F of A. Further- 
more a set G which is the sum of a finite number of line segments whose 
endpoints lie in the finite set F’' may be called a linear graph inscribed 
in F. We call the length of the linear graph G the sum of the lengths 
of the segments whose sum is G. If F is a given finite set there is only 
a finite number of linear graphs inscribed in F and each of them has 
a length. We denote by «(F’) the length of the shortest connected graph 
inscribed in F. For each finite set F obviously «(F)<A(F). The 
length of an arc A, it was proved, equals the upper bound of the numbers 
*(F') for all finite subsets F of A. 

This result has not only been proved for arcs in euclidean spaces but 
for arcs in general metrical spaces. A set of elements (called points) is 
called a metrical space if to each couple of elements p and q there 
corresponds a real number denoted by pq and called the distance between 
p and q subject to the conditions that pg = qp, that this number is 
>0 if p+q and = 0 if p—gq, and that for each three points, p, q, 7 





' Received February 26, 1931. 
* Mathematische Annalen 103 (1930), pp. 466-501. 
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the triangle inequality i.e. pg+qr=pr holds. A finite subset F of a 
metrical space is called a graph if there is a rule which for each two 
points of F determines whether or not they are neighbor points. The 
length of such a graph is defined to be the sum of the distances of all 
pairs of neighbor points. A graph is called connected if it contains for 
each pair of points a chain of points whose end points are the given 
points and each two consecutive points of which are neighbor points. It 
has been proved that in this terminology the length of an are A ina 
metrical space equals the upper bound of the numbers x(/’) for all finite 
subsets F' of A where «(F’) denotes the length of the shortest connected 
graph inscribed in F’ 

This method of shortest polygonal lines and graphs of smallest length 
in connection with the problem of the length of arcs can be generalized 
to higher dimensions. We may consider polyhedral surfaces of smallest 
area inscribed in a finite set in order to get a definition of area of surfaces. 
In this way we get rid of these difficulties of the classical theory which are 
due to the discovery by Schwarz that it is possible to inscribe in a 
cylindrical surface polyhedra whose area surpasses the area of the cylinder 
and can be made, in fact, arbitrarily large. The reason why our proceedure 
gets rid of these difficulties is that even for the set of all vertices of a 
Schwarz polyhedron the polyhedron of smallest area inscribed in the finite 
set does not surpass the cylinder in area. A certain restriction however 
is necessary even if we consider polyhedra with smallest area. If we 
consider, e. g. in the plane a concave triangle then, if / denotes the set 
of the three vertices, the area of the smallest polyhedron which can be 
inscribed in F (i. e. the area of the rectilinear triangle with vertices in F’) 
surpasses the area of the surface. This suggests that we restrict the 
method first of all to convex surfaces. For convex surfaces which are 
subsets of the plane it is indeed obvious that their area equals the upper 
bound of the smallest areas which can be inscribed in the finite subsets 
of the surface. 

Mr. Whitney suggested to consider, more generally, surfaces which are 
homeomorphic to the sphere and to prove for them that their area equals 
the upper bound of the numbers 2’ (F’) for all finite subsets F' of S where 
4'(F) denotes the area of the smallest polyhedral surface which is 
homeomorphic to the sphere and can be inscribed in F. It seems probable 
that if 2,(F') denotes the area of the smallest polyhedral surface of genus g 
which can be inscribed in the finite set F, the area of a surface S of genus g 
equals the upper bound of the numbers 4, (F’) for all finite subsets F of 9. 

For convex surfaces the problem can be divided. It has been proved 
by Mr. Littauer that if «’(#) denotes the surface of the convex polyhedron 
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determined by the finite set F’, the area of a convex surface S equals the 
upper bound of the numbers ~’(F') for all finite subsets F of S. This 
gives a very simple definition of area for convex surfaces. 

The second question is wether the area of a convex surface 8 (which 
is always homeomorphic to a sphere) equals the upper bound of the 
numbers 4’(F) where 4’(F') denotes the area of the smallest polyhedron 
homeomorphic to the sphere which can be inscribed in F. This question 
is not answered by the first mentioned result, for the convex polyhedron 
determined by a finite set Fis not necessarily the polyhedron with smallest 
area aS Mr. Galbraith has shown by the following simple example. If 
we denote by /' the set consisting of the five following points of three 
dimensional euclidean space; p, = (0, 0, 0), ps = (0, 0, 1), ps = (0,1, 0), 
ps = (1,0, 0), ps = G. 3 xo) then the concave surface consisting of 
the triangles (p,, pe, Ps); (Pi, Po, Ps); (pe, Psy Ps)> (Pz, Pay Ps), (Diy Ds, Ps); 
(p15 Ps, Ps) has a smaller area than the convex polyhedron determined by 
F which consists of the triangles: (p,, po, ps), (p1, po, Pa); (Pes Pos Ps)s 
(po, Psy Ps), (Pry Psy Pa), (Ps, Pay Ps)- 

The set of all arcs, as is well known, is not compact (there exist con- 
verging sequences of arcs whose limits are not arcs) and in the system 
of all ares the length of arcs is merely a sem7-continuous but not a con- 
tinuous function. Mr. Littauer remarked that the system of all convex ares 
whose length surpasses a given ¢>0O contained in a plane square is 
compact and that, furthermore, the set containing all convex ares and all 
points of a square is also compact, and that in this compact system of all 
convex arcs the length of arcs is a continuous function. 

There is one problem unsolved concerning the length of arcs. We denote 
by *(F) the length of the shortest graph inscribed in the finite set F’. 
Let us denote by ¢e(F) the lower bound of all numbers x(”) for all 
finite subsets F” of the space R which contain F as subset. If & is 
a euclidean space then epg (F) is the length of the shortest graph containing 
the set F. The graph may, however, also contain vertices outside the 
set F. Whereas there is only a finite number of graphs énscribed in 
a finite set F there are in an infinite metrical space (e. g. in euclidean 
space) infinitely many graphs containing the set F. This is why we have 
to define «x (F) as the lower bound of a set of numbers which, in general, 
may contain infinitely many numbers, whereas we could define *(/’) as 
the smallest length of a graph inscribed in F. The question which is still 
open is whether the length of an arc A in a metrical space # equals (or 
may surpass) the upper bound of the numbers ¢r(F). In other words we 
do not know whether or not in each metrical space R the length /(A) of 
the are A satisfies the condition 
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(1) 1(A) = limsup liminf «(F”). 
FCA FCF’CR 

This relation certainly is true in the case that the metrical space which 
contains the are A is identical with A. For in this case each graph 
containing a set F'is inscribed in another finite subset F” of A. Hence, if 
the relation should not hold in general, then the term on the right side 
of (1) would depend not only on the are A but also on the space R, and 
if this term were to be used as definition of length of A in R, an arcA 
could have different lengths in different spaces. This seems not very prob- 
able though it must be noticed that the analogous situation really occurs in 
two dimensions. We have denoted by 4’(F) the area of the polyhedron of 
smallest surface which is homeomorphic to the sphere and can be inscribed 
in the set F. It is easy to see* that for each finite set F' of a euclidean 
space there exist polyhedral surfaces homeomorphic to the sphere which 
contain F' but have also some vertices outside of #’ and have an arbitrarily 
small area. The lower bound ¢g(F”) of the numbers «(F”) for all finite 
subsets F” of the euclidean space containing a given set F' is therefore 0 
for each given set F’. Hence, for a surface 8S, contained in a metrical 


space R the value of limsup limsup 4’(F’) depends on the space R under 
FCS FCF’CR 


consideration. The number is 0 if R is a euclidean space. It is >0 
if R is identical with S. 

2. On convexity. The term “convex” is, in the classic theory, used 
in three senses: a) An open set or the closed cover of an open subset of 
n-dimensional euclidean space is called convex if, for each pair of points, 
the set contains as a subset the line segment determined by the two points. 
b) An (n—1)-dimensional hypersurface of the n-dimensional euclidean space 
is called convex if it is the boundary of a convex open set. c) Also 
certain real functions are called convex. 

The first of these three concepts has been generalized in a general 
theory of convexity* by the following definition: A subset S of a complete 
metrical space is called convex if S contains for each two points p and q 
of S at least one point r between p and q, i.e. a point which is different 
from p and q and satisfies the equality pr-+rq = pq. It has been proved 
that a closed and convex subset of a complete metrical space contains for 
each two points p and q a subset containing p and qg and congruent to a line 
segment whose length equals the distance pg. If we call externally convex 
a set S which for each two points p and q contains two points o and r 
such that p lies between o and q and that q lies between p and r then it has 





> Blaschke, Kreis und Kugel, 1916, p. 81. 
*Menger, Mathematische Annalen 100 (1928), pp. 75-163. 

















ne) hat A eaaase ay 


ie pare 





APPLICATION OF POINT-SET METHODS. 743 


been proved that a closed subset of a complete metrical space which is 
convex and externally convex contains for each two points p and gq a subset 
containing p and g and congruent with the straight line. 

b) As to convex hypersurfaces of an n-dimensional euclidean space, it 
is for certain problems desirable to have a more intrinsic definition of 
these objects than the one that defines them as boundaries of convex 
regions. Let us consider, first, the case of convex curves in the plane. 
Three points of the plane which do not lie in a straight line determine 
three straight lines. The complement of these three lines is the sum of 
seven mutually exclusive open sets: one part whose boundary contains the 
three points (the interior of the triangle), three parts each of which contains 
in its boundary two of the three points, and three parts each of which 
contains in its boundary one of the three points. The three parts of the 
second type, if to each of them the open line segment between the two 
triangle points on its boundary is added, may be called the three parts 
which are adherent to the three given points. In this terminology we prove: 

In order that a closed and bounded subset S of the plane which is not 
a subset of a straight line be a convex curve it is necessary and sufficient 
that for each three points of S which do not lie on a straight line each of 
the three adherent parts of the plane contains at least one point of S, 
whereas no other of the seven corresponding parts of the plane has points 
in common with S and that for each three points p, r, t of S which lie 
on a straight line (r between p and t) there exist two points q and s of S 
between p and r and between r and t respectively. 

To prove the necessity of the condition let us suppose that a closed 
set S contains three points p,q, 7 such that one of the four non-adherent 
parts of the plane contains a point s of S. Then one of the four points 
lies in the interior of the triangle determined by the three others and, 
therefore, lies in the interior of each convex region whose boundary con- 
tains the three other points. Hence the points p, g, 7, s cannot lie on 
the boundary of a convex region. If S contains three points such that 
one of the adherent regions does not contain any point of S then, evidently, 
S cannot be the boundary of a bounded region either. In a similar way 
it can be proved that if S contains three points of a straight line without 
containing the line-segments between them, S cannot be the boundary of 
a convex region. 

In order to prove that the conditions are sufficient, let us suppose that S 
is a set satisfying them. As S is not a subset of a straight line, S con- 
tains three points p, g, r not lying on a straight line. Let s be some 
point of the interior of the triangle determined by p, g,7. Each half-line 
ending in s has at most one point in common with S: for if a half-line had 
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two points in common with S, then there would exist in the set composed 
of these two points and the three points p,q, 7r at least one which would 
not lie in a part of the plane adherent to three of the points. Each half- 
line ending in s has at least one point in common with S: for otherwise, 
S being closed, there would exist two half-lines Z and L’ ending in s and 
having in common with S two points / and 7’ respectively, such that no 
half-line ending in s which lies in the angle between LZ and L’ would have 
a point in common with S. Then, however, / and 7’ together with one 
of the points p,q, 7 would be three points such that one of the adherent 
parts of the plane would not contain any point of S. 

As each half-line ending in s has exactly one point in common with S 
it follows that S is a closed curve. In order to prove that S is a convex 
curve we have to show that the bounded region whose boundary is S is 
a convex region. Let a and b be two points of this region, and s a point 
of this region different both from a and }. The half-lines ending in s and 
containing a and b, contain two points a’ and 0’ of S. Let c’ be a point 
of S lying on a half-line which ends in s and whose opposite half lies in 
the angle asb. If ¢ is some point of the line segment joining a and ) 
then ¢ lies in the interior of the triangle a’, b’, c and, therefore, does not 
belong to S. Hence each point of the segment joining a and b belongs to 
the region. The region is therefore convex. 

Among the closed curves of the plane the convex curves can also be 
characterized, as Mr. Galbraith remarked, by the property that for each 
couple of pairs of points separating each other the joining segments intersect or 
by the property that for each two points of the curve either all points or no 
points of the segment joining them belong to the curve. 

The property which we proved above to be characteristic for convex 
curves of the plane can serve as the definition of these curves. This 
definition can immediately be generalized to higher dimensions. Four points 
of three dimensional space which do not lie in a plane determine fifteen 
parts of the space. If we call adherent to the four points those ten parts 
whose boundaries have in common with the tetrahedron either a surface 
or a segment, then we may call a closed set S of the three dimensional 
space which is not a subset of a plane a convex surface if for each four 
points of S each of the ten adherent parts of the space contains at least 
one point and each other part no point of 8. The divisions of the 
n-dimensional space into 2”*!—1 parts by n-+1 points which do not lie 
in an (x —1)-dimensional hyperplane are the starting point of a generali- 
zation of the linear relation of betweenness by J. Priebsch.® His research 


*Monatshefte f. Mathem. u. Physik 38 (1931), p. 29. 














OAS fl ay FE 








APPLICATION OF POINT-SET METHODS. 745 


combined with the above mentioned principle of defining (2 — 1)-dimensional 
convex surfaces in the n-dimensional space suggests a systematic study of 
the existential properties of closed sets with respect to the parts of the 
space determined by the systems of »+1 of their points. It would be 
especially interesting to know whether or not it is also possible to define, 
in this way, m-dimensional closed convex sets of the n-dimensional space 
for integers m which are <<n—1. 

c) As to the concept of convex functions, the theory of convexity gives 
a mean of generalizing it for general metrical spaces. We call a real 


. function defined in a metrical space a convex function if for each three 


points p,q, r of the space for which pq+qr = pr the inequality 
LQ—S(P) ~ PY “n) > Pd: F(r) + ar -F (Pp) 
7()—f(p) = yor holds and therefore f(g) > -“*— — 
If f and g are two convex functions and ¢ and d two positive numbers 
then, obviously, c-f-+-d-g is a convex function too. We could call a function 
concave in which pq+qr = pr always implied f(q) < se fleas (py) 
A function which is convex as well as concave could be called a /inear 
Junction. Each constant function is linear. There are metrical spaces 
in which each linear function is constant, e. g. the convex circle and the 
convex tripod.® It is an important step on the way from general metrical 
spaces to the euclidean spaces to demand that on each convex and closed 
subset of the space there exists a non-constant linear function. These 
spaces seem to be closely related to the spaces with the properties called 
Zweitripeleigenschaft and the Dreitripeleigenschaft.’ 

3. Convexity and differential geometry in the large. The general 
concept of convexity® plays an important role in differential geometry in 
the large which has previously not been emphasised. The reason for the 
fact that many problems and theorems of this discipline are subordinate 
to the general theory of convexity is, that a bounded® surface 8 in which 
each pair of points is joined by an arc of finite length is a convex metrical 
space if for each two points p and q of S we define as distance pq the 
length of the shortest are joining p and qg in S (such an are always 
exists).!° For, with this definition, we have pg=gqr>0 if p+q and 
pp = 0; besides, evidently, the triangle inequality pqg+qr = pr is satisfied 








* Menger, 1. c. 4, p. 110. 
"Menger, I. c.4, p. 107. 
°OCf. $2) of this paper. 
°A subset of a euclidean space is called bounded, if it is a subset of a sphere with 
finite radius. 
Menger, 1. ¢. 2, p. 492. 
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for each three points p,q,7. Thus if we call S’ the set of all points 
of S with this definition of distance, then S’ is a metrical space. If p 
and q are two points of S’ and r is a point of the shortest arc of the 
surface S joining p and q then r lies between p and q in S’ and hence 
the metrical space S’ is convex. For each two points the distance in S’ 
is at least as great as their distance in S, so it follows that each sequence 
of points converging towards a point p in S’ converges towards p also 
in S. If we suppose that for each e>0, there exists a d>0 such that 
each two points of the given surface S whose distance is <0 are joined by 
an are whose length is <eé then, conversely, each sequence of points con- 
verging towards a point p in S converges towards p also in S’. Under 
this hypothesis on S, which will be assumed in what follows, the convex 
metrical space S’ is homeomorphic to S and therefore compact. 

Let us now consider Blaschke’s problem of whether a surface S of a 
three dimensional euclidean space without singularities in which each 
point has a conjugate point, or, in other words, a surface in which for 
each point p all geodesics ending in p concur in a point p’, is necessarily 
a sphere. The space S’ being convex and compact a point q of the space 8’ 
lies between two points p and p’ if and only if p and p’ can be joined in 8 
by a geodesic passing through g. This gives a simple criterion which 
tells when all geodesics ending in a point p concur in the point p’: this 
is the case if and only if each third point lies between p and p’. Let us 
call two points p and p’ of a metrical space opposite if each third point 
lies between them. A metrical space cannot contain more than one point 
opposite to a given point p. For if p’ and p” were both opposite to p then 
p’ would lie between p and p”, and p” would lie between p and p’ which 
is impossible. If p, p’ and q, q' are two pairs of opposite points then 
pa+ap = py+qp = pp’ and qp+pq' = ap'+p'd = aq, hence 
pp =aqq and pq=p' qd. Thus each pair of opposite points of a metrical 
space has the same distance and, if for each point of the space there 
exists an opposite point, then the application of the space onto itself by 
which each point is transformed into its opposite point is a congruent 
transformation. 

Let us call a convex sphere (hemisphere) a sphere (hemisphere) each two 
points of which have as distance the length of the shorter segment of the 
great circle joining them. Then Blaschke’s question evidently is contained 
in the following general problem, I: Js a convex metrical space which is 
homeomorphic to the sphere and which for each point contains an opposite 
point necessarily congruent to the conver sphere? We need make no 
assumptions as to the absence of singularities in this general problem, as 
such singularities are merely properties of the imbedding of the surface in 
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the euclidean space, but not properties of the intrinsic convex metric of 
the surface. For instance a sphere in which a cap is pushed in corre- 
sponds, of course, to the same convex metric space S’ as the sphere without 
singularity viz. to the convex sphere. 

We see, first of all, that problem I is equivalent to the following pro- 
blem II: Is each space H satisfying the four following properties congruent 
to the convex hemisphere? 1) H is homeomorphic to the hemisphere, 2) H is 
convex, 3) H without its boundary (i.e. the points corresponding to the 


boundary of the hemisphere) 7s externally convex,'! 4) each two points of 


H corresponding to diametrically opposite points of the hemisphere are opposite 
points and have the same distance d (i.e. satisiy the condition pq+qp’ 
= pp = d for each point qg of 8). 

It is obvious that a negative answer to problem I implies a negative answer 
to problem II. Conversely, let us suppose that there exists a surface H 
satisfying the four conditions and not congruent to a hemisphere. By 
uniting H with a congruent surface H such that H and H have their 
boundary circle and no other points in common we obtain a surface S 
which is homeomorphic to the sphere. If p is a point of H and q a point 
of H then, if q is the point of H which corresponds to the same point 


of the hemisphere as the image of 7 in the center of H, we define the 
distance pg to be =d—vpgq. In this way Sis a metrical space in which 


each point p has an opposite point, for the point g of H and the point q 
of H are opposite. Besides S is convex, i.e. for each two points of S 
there exists a point between them. (If the two points both lie in H or 
in H then the existence of a point between them follows from the convexity 


of H and H; if p lies in H and q in H then, due to the fact that H is 
externally convex, there exists a point » of H such that p lies between r 
and the point q which is opposite to q, and as r lies between g and q, 
the point r lies between p and q.) But S is not congruent with a convex 
sphere as H is not congruent with a convex hemisphere. A negative 
answer to problem II thus implies a negative answer to problem L. 

We show now that the answer to problem II is negative. Let us denote 
by C the convex hemisphere. Let us suppose that there is defined 

a) A one-to-one correspondence between the system of all geodesic arcs 
of C (i.e. all great half circles) and a system © of ares of C according 
to the following two conditions: 1) Each geodesic line has the same end- 
points as the corresponding arc; 2) For each two non-opposite points 
of C there exists exactly one arc of the system © containing the two 
points. 





"Cf. this paper p. 742. 
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b) For each geodesic of C there is defined a topological correspondence 
between the geodesic and the are which corresponds to the geodesic 
according to the correspondence a). 

Let us call H the set of all points of C with the following definition 
of distance: Each two opposite points p and q of C have the distance d; 
for each two non-opposite points p and q of C the distance in H equals the 
distance in C of the two points corresponding to p and q according to the 
transformation b) on that geodesic which according to the correspondence a) 
corresponds to the are of the system © passing through p and g. Evidently, 
according to this definition of distance in H, each two diametrically op- 
posite points of H are opposite points and, besides, H is convex and 
without its boundary externally convex (for, if p and qg are two non- 
opposite points of C, all points of the segment of the arc of the system © 
joining p and q are between p and q). Thus if H satisfies the triangle 
inequality H is a metrical space, which gives a negative solution of 
problem II, provided that H is not congruent to a convex hemisphere. 

It is actually possible to define correspondences a) and b) such that H 
is a metrical space not congruent to a convex hemisphere. Let us, in the 
manner of Hilbert’s non-Desarguesian geometry, chose a small circle K in 
the interior of the hemisphere C and a point p in the interior of C out- 
side of K. Let @ be a geodesic of C, i.e. a great half circle between 
two opposite points g and g of C. If G@ has at most one point in common 
with K then G’ may be defined to be identical with G. If G has two 
points k and k in common with K (k nearer to g than to 7) then G@’ may 
be the sum of the segments of @ between g and k and between k and g and 
of the segment of the circle passing through the points k, k, p between 
k and k. The correspondence between the geodesics G and the arcs G’, 
obviously, satisfies the conditions of the correspondence a). If we define 
for each geodesic G a topological correspondence between @ and G’ by 
the postulate that to each point y of G there corresponds that point of @’ 
which is the projection of y from the point p, then the space H satisfies 
the triangle inequality and is thus a metrical space with the properties 
postulated in problem II. The space H is, however, not congruent to the 
convex hemisphere for it contains four points which are not congruent to 
four points of a convex hemisphere. Let k and k be those points of K 
which lie on the great half circle G passing through p and the center of K, 
and let k* and k* be the two points of K which lie on the great half 
circle G* through the center of K, which is orthogonal to G. Then if i 
is the point of intersection of G and the circle passing through k*, k*, p 
the four points k*, k, k,k are not congruent to four points of a convex 
hemisphere. For if h*,h,h are three points of a convex hemisphere con- 
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gruent to k*, k, k then k has from k the distance which the mid-point of 
hand h has from h*, whereas the distances between k and k and between 
ji; and k are unequal. Hence there does not exist a point of the convex 
hemisphere whose distances from h*, h, h equal the distances between 
k and k*, k, k respectively. 

The general concept of a convex surface in three dimensional space is 
the basis of problems concerning indeformability. A topological corre- 
spondence between two metrical spaces S and 8’ may be called a deformation 
if each are of S corresponds with an are of S’ of the same length. The 
general question concerning these surfaces is: Js a convex surface of three 
dimensional space congruent with each convex surface into which it can be 
deformed? The positive answer has been proved for two cases which are 
extreme from the point of view of analyticity, viz. for polyhedra (thus for 
sets which are characterized by their singularities) and for ovaloids (which 
have no singularities at all). I do not doubt that a positive answer to the 
general question could be proved without any hypothesis about analyticity 
using purely metrical methods. 

4, On angles. A set S such that to each pair of elements p and q 
(called “points”) there corresponds a real number pq = gp which is >0 
if p+q and — 0 if p = q is called a semi-metrical space. (A metrical 
space is a semi-metrical space satisfying the triangle inequality.) One could 
call a semi-metrical space an angle-space if for each point p and for each 
pair of points q, 7 (both different from p) there is defined a real number 
denoted by < qpr and called the angle gpr (with the vertex p) satisfying 
the conditions 

= O if pgtaqr = pr or pr+rq = pq, 
Lqpr = <Xrpq\ > O otherwise, 
= a if qpt+tpr= qr. 


Euclidean space is an example of an angle-space. A one-to-one corre- 
spondence between two angle-spaces which preserves the angles could be 
called conformal. 

There seem to be three possible ways of constructing a theory of angle- 
spaces. 

1) For semi-metrical spaces the following theorems hold true:* In order 
that a semi-metrical space be congruent to a subset of the straight line 
it is necessary and sufficient that for each triple of points p,q, 7 of the 
space, one lies between the two others (i.e. one of the three equalities 
pat+aqr= pr, pr+rqa=paq, patpr =ar holds true). In order that 


Menger, l.c. 4, p. 137. 
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a semi-metrical space satisfying this condition be congruent to the straight 
line itself it is necessary and sufficient that the space be complete, convex 
and externally convex. Furthermore there are known relations between 
the distances in a semi-metrical space, that are characteristic for those 
semi-metrical spaces which are congruent to subsets of the plane.” It 
would be desirable to know relations between the angles of an angle- 
space, characteristic for those angle-spaces which are conformal to a subset 
of the plane and to the plane itself. 

2) In a metrical space (i. e. in a semi-metrical space in which for each 
three points the triangle inequality holds) each three points are congruent 
to three points of the plane and, therefore, the definition of distances 
induces a definition of angles (viz. the angles in the corresponding plane 
triangles). A problem (connected, of course, with the first mentioned) is 
to find conditions which are necessary and sufficient in order that in an 
angle-space, which at the same time is a metrical space, the angles are 
identical with the angles induced by the definition of distance. 

3) Angles are a special case of n-dimensional angles, i. e. of numbers 
connected with each point p and each system of nm points q,, q2,---, Qn 
all different from p. Distance is, in this sense, a 1-dimensional angle. 
One could develop a general axiomatic theory of these n-dimensional angles 
in which analogues of the triangle inequality would play an important role 
and which would be connected with the theory of n-dimensional metric 
which was sketched in another paper.’ 

5. Euclidean metric and quadratic forms. Two semi-metrical 
spaces are called congruent if there exists a one-to-one correspondence 
between them which preserves the distances. 

It was one of the fundamental problems of metrical geometry to find 
conditions which are necessary and sufficient in order that a semi-metrical 
space be congruent to a subset of the R, (i.e. the n-dimensional euclidean 
space). If pi, p2,-+-, px are k given points of a metrical space then the 
determinant of the bordered matrix of the squares of the k? distances 





0 1 1 see 1 

1 0 (pi pe)® re (pi pr)* 
1 (psp)? 0 ++ (pe pr)? |? 
1 (pep)? (pepe)? --- 0 


which can be symbolized by 
'S Menger, l.c. 4, p. 136. 
Menger, l.c. 4, pp. 142-163. 
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0 ied 
11 (pi py)? | 
may be denoted by D(p, p2,---, px). Furthermore we write sgna = 1,0, —1 
when x is respectively >0, = 0, <0. Then the solution of the above 
mentioned problem is contained in the four following theorems." 

I, A semi-metrical space containing more than n-+-3 points each n+2 
of which are congruent to n+ 2 points of the Ry is congruent to a subset 
of the Rn. 

Il. In order that n+2 points p,, ps,+-+, Pn+2 be congruent to n+ 2 points 
of the Rn it is necessary and sufficient that each n+1 of the n-+-2 points 
are congruent to n+1 points of the R, and that D(p,, ps, -*+; pnts) = 0. 

III. In order that n+-1 points p,, po, +++; Pn+s be congruent to n+1 points 
of the Rn but not ton-+1 points of the Rn—1, it is necessary and sufficient 
that for each integer k (2<k<n-+1) and for each system of k points 
Pi,» Pigs ** *s Di 

sen D(pi,, pi,, +++, pi,) = (—I1¥%. 

IV. A space containing exactly n+3 points pr, po, +++, Pnts ts congruent 
to n+38 points of the Rn if and only if each n+2 of its points are con- 
gruent to n+2 points of the Ry and besides D(p,, po, +++; Pnts) = 0. 
If for a semi-metrical space containing exactly n+-3 points p;, po, +++; Pnts 
each n-+2 points are congruent to n+2 points of the Rn then 
sgn D(pi, po, +++, Puts) = 0 or (—1)". There exist for each integer 
n spaces containing exactly n+ 3 points each n+2 of which are congruent 
to n+2 points of the Ryn and for which D(p,, po, +++; pnis)$0. (They 
are called pseudo-euclidean spaces.) 

Mr. Morse remarked that the conditions of Theorem III can be simplified 
if we interpret the bordered matrix 

| 0 1 

' 1 (pi pi)’ 
as a matrix of a bordered quadratic form in k-+1 variables, i. e. of the 
quadratic form 22 z vit a (pi pj)? 24 2j, Which may be denoted by 


S (pi, poy +++, pele The form y -++, px] is singular if and only if 
D(pi, Pe, +++; pe) = 0. 

If f is a quadratic form with the bordered matrix \? 2 om | then we 
aj 


call a bordered minor form of f each form whose matrix is a principal 
minor of the matrix of f containing the bordering, i.e. each form whose 


(t, 7 —_ 1,2,---,k) 














' Cf. Menger, 1. c.4, pp. 114-141 and Amer. Journ. of Math. (1931). 
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matrix can be obtained from the matrix of f by omitting, for a certain 
set of integers k,, k.,---, i, all of. which are >1 and <k, the k,-th row 
and the k-th column of the matrix of f (@=1,2,---,2). All bordered 
minor forms of a form /(),, ps,---,; px) are non-singular if and only if 
for each integer 7 (2<7<k) and for each system of r points pj, , pi,,---, pi, 
the relation D(pi,, pi,, +--+, pi,) +0 subsists. 


Let us call furthermore a quadratic form almost negatively definite if f 


transformed by a real transformation into a sum of squares, contains ex- 
actly one positive square and otherwise only negative squares. In this 
terminology we can prove: 

In order that n-+-1 points py, po, -- +; Pnti be congruent with n+ 1 points 
of the R, but not with n+ 1 points of the Ry—1 it is necessary and sufficient 
that the corresponding quadratic form is almost negatively definite and has 
no singular bordered minor form. 

In order to prove that the condition is sufficient we prove that the 
condition implies that of Theorem III. Indeed, if the condition concerning 
the form /[j1, po,+-+, pnt] is satisfied and if 7%, %,---, ¢r41 is some 


permutation of the integers 1, 2, ---, m-+1 we consider the following 
sequence of determinants of principal minors of the matrix of f[),, ps,-++. pa+s} 
0 1 


0, D pi) = 5 gl Dvir Pi)s Dis Pir Pids -0+» D( digs +++ Pings) 


According to the hypothesis on /[,, po, «+, Panis] none of these determinants 
vanishes. Hence, as fis supposed to be almost negatively definite, according 
to well known theorems on quadratic forms,’® the signs of the determinants 
of this sequence must alternate and hence sgn D(p;,, pi,, ---, pi) = (—1)*. 

The condition is necessary. For if n+1 points py, ps,---. pati are 
congruent to »-+1 points of the R, but not to n+1 points of the Ry-1 
then the conditions of Theorem III are satisfied. They contain, in particular, 
that in the sequence of determinants, 
|O 1] 
10, 
the signs alternate. This implies according to the theorems on quadratic 
forms that the form /[p;, po, ---, pnti] is almost negatively definite. 

The proof shows that in Theorem III the condition of Theorem III might be 
replaced by the following weaker condition: For each integer k(2<k<n+1) 
and for each system of k points pi, , pi,, «++, pi, the relation D( Di,» Digs ***y Diy) + 0 
subsists and sgn D(p,, po, «++; pe) = (—1)¥ (kK = 1, 2,---,n+1). 

In the same way the Theorems I, II and IV could be translated into 
theorems on bordered quadratic forms. 


0, D(p) om ’ D(n; Pa); D(n, Pe, Ps), +++; D( pr, poy ++: Pn-+1) 





Cf. e. g. Kowalewski, Einfiihrung in die Determinantentheorie 1909, p. 234. 
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6. On similarity of groups. In a recently published paper!’ I in- 
troduced a concept of distance for the elements of a group. Let us denote 
by a+b the element of the group G which is composed of a and b, by 
—a the inverse of a, by 0 the unit element of the group, by |a = '—a 
the couple a, —a which we call the modulus of a and —a. Evidently, 
the modulus of an element a is a couple of two identical elements if and 
only if a is of order 2. The set of the moduli of all elements of the 
group G may be denoted by |G. In particular, if @ is the additive 
group of all real numbers then the moduli of the elements correspond to 
the usual concept of absolute value. 

If G is a given Abelian group a set S is called G-metrical if there 
corresponds to each two elements p and q of S an element of |@)| denoted 
by pq and called the distance between p and q which, for each pair of 
elements of S, satisfies the conditions 


=|0!, ifp=4g, 
*) ial aw | ¢ |0|, ifp + 4. 


If the given group G is the additive group of all real numbers then S is 
G-metrical if to each two elements of S there corresponds the absolute 
value of a real number according to conditions (*), in other words, if S 
is a semi-metrical space. 

If G is a given Abelian group then, in particular, each subset of G@ is 
G-metrical if for each pair of elements p, g of G we define as their distance 
the modulus of their difference; i. e. if we set pg =|p—q', where p—q 
stands for p+(—q). This definition satisfies the conditions (*). 

If G is a given group and S and S’ are two G-metrical sets then a 
one-to-one correspondence between S and S’ is called a congruent corre- 
spondence if it preserves the distances, that is to say, if the distance of 
each pair of elements of S’ is the same element of G as is that of the 
corresponding pair of elements of S. This concept of congruence is a natural 
generalization of the concept of congruence for semi-metrical spaces. An 
example of a congruent correspondence between a group @ and itself is 
a translation of G by which for a certain element ¢ of G each element a 
of @ corresponds to the element a+¢. Two G-metrical sets S and S’ 
are called congruent if there exists a congruent correspondence between 
them. In the above mentioned paper’ conditions are indicated which are 
necessary and sufficient in order that a G-metrical set be congruent to 
a subset of the group G,—generalizations of the conditions that a semi- 
metrical space be congruent to a subset of the straight line." 


‘i Mathematische Zeitschrift, 33 (1931), p. 396. 
'® Menger, |. c. 4, p. 136. 
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The concept of congruence only applies to two sets S and 8’ which 
are G-metrical with respect to the same group G. In this paperI wish 
to mention the analogue of the ordinary transformations of similarity 
which also applies to sets which are metrical with respect to different 
groups. 

If G and G are two Abelian groups and if S is G-metrical and S’ 
G’-metrical then a one-to-one correspondence between S and 9S’ is called 
a transformation of similarity if each pair of congruent subsets of S 
corresponds to a pair of congruent subsets of S’. Two sets S and S’ are 
called similar if there exists a transformation of similarity between them. 

If G and G’ are two given groups then each isomorphism between G and @’ 
that is, each one-to-one correspondence by which for each two elements 
a and b of @ the corresponding elements a’ and 0’ have a sum a’+ Bb’ which 
corresponds to a+ b and by which, especially, the unit elements of G and G’ 
correspond is, obviously, a transformation of similarity. A transformation 
of similarity between G and G’ is, in turn, not necessarily an isomorphism. 
For instance, a translation of a group G into itself is a congruent trans- 
formation and, therefore, a transformation of similarity but not an iso- 
morphism as the unit elements of the group does not correspond to itself. 
It is natural to ask what relations subsist between the concepts of similarity 
and isomorphism. The following answer to this question was communicated 
to me by Miss O. Taussky. 

Let G@ and G’ be two given groups. If there is given an isomorphism 
between G and G’ by which there corresponds to the element a of @ the 
element a’ of G’ and if there is given, besides, a congruent transformation 
of G’ into itself by which there correspond to the element a’ of G’ the 
element a” of G’,—then the correspondence between G and G’ by which 
there corresponds to the element a of G the element a” of G’ is, evidently, 
a transformation of similarity. We shall prove now that, conversely, each 
transformation of similarity between two Abelian groups G and G’ is an 
isomorphism between G and G’ combined with a congruent self-transformation 
of G' (more precisely: with a translation of G’ into itself). 

Suppose that there is given a transformation of similarity between two 
Abelian groups G and G’ by which the element a of @ corresponds to the 
element a’ of G’ and, especially, the unity 0 of G to the element ?¢’ of G’. 
The transformation of G’ into itself by which a” = a’— ¢’ corresponds 
to a’ is a translation. Our proposition, therefore, is proved if we show 
that the correspondence between G and G’ by which the element a of G 
corresponds to the element a” of G’ (and by which especially the unit 
elements 0 and 0’ of G and G@’ correspond) is an isomorphism. Let a 
and b be two elements of G, a”, b” the corresponding elements of G’, 
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and (a+b)” the element of G’ which corresponds to a+b. Our pro- 
position is: 


(7) (a+ b)” ae a” << 


We consider the four elements 0, a,b,a-+) of G and the corresponding 
elements 0’, a”, b”, (a+ b)” of G’. Asa-+b has the same distance from a 
as b has from 0, it follows from the similarity of the transformation 
between G@ and G’ that (a+ ))” has the same distance from a” as b” has 
from 0’, viz. the distance b”. Thus (a+ b)” is identical either with a” + b” 
or with a”— 6". In the first case (7) is true. Let us thus suppose that 


(77) (a+b)” = a”— 0d". 


Since in the case 2b” = 0 the formula (+7) is identical with (+) we may 
assume that 2b” + 0 and, as the argument is symmetrical in @ and /), 
that 2a”+0. The element (b+ a)” of G’ which corresponds to )-+ a has 
the same distance from b” as a” has from 0’ and is thus identical either 
with b”+ a” or with b’—a”. The group @ being Abelian a+) and 
b+ a are identical. Therefore (a+ b)” = (b-+ a) and hence a”— b” either 
= b"+a" or = b”—a". As the first possibility would imply 2b” = 0 
we may assume 

(tr1) Sa” = 35". 


Then we conclude from (;7;) that 2(a-+ 0)” = 0’ and, therefore, 2(a-- b) 
= (0. We furthermore treat the elements (a — b)” = (—)-+ a)" which 
correspond to a—b = —b-+a in the same way as we treated (a+ ))” 
= (b+ a)” before and conclude that 2(a— b) = 0. This relation together 
with 2(a+b) = 0 implies 4a = 4) = 0. As 2a40+4 20 both a 
and b have the order 4, whereas a—b has the order 2. This implies 
the existence of an element d of order 2 such that b = a+d. If d” 
is the element of G’ which corresponds to d there is, as d” has the order 2, 
only one element of G’ which has the distance |d”| from a”. As 0 has 
the same distance from a as d has from 0 we conclude that b” has the 
same distance from a” as @” has from 0’. Thus b” = a"+d" and hence 
a”— b" = da", From (;}) follows (a—b)” = a”+b". As a—b=d 
we have da” = a”+b”", thus a”—b” = a”+b" and therefore ({;7;) implies 
the proposition (+). This proposition is proved in any case. 

We have therefore the result: The transformations of similarity between 
two Abelian groups are identical with the isomorphisms between them each 
combined with a translation of one of the two groups into itself. This 
contains as a corollary: that two Abelian groups are similar if and only 
if they are isomorphic. 
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The concept of similarity applies not only to groups but more generally 
to any pair of systems for each of which congruence is defined in some way. 

7. On implicit functions. The most general theorem on implicit 
functions. as was proved by W. Gross,’® has the following form: We 
consider » real functions ,f; (a1, %2, +++, Dm, Yt) Y2s***s Yn) OL m-+N Vari- 
ables (interpreted as points in a (m-+)-dimensional space, the m vari- 
ables 2; varying in an m-dimensional space, the n variables y; varying in 
an n-dimensional space), which in the neighborhood of the point x71, v2, ---, %m 
are continuous. We make, furthermore, the hypothesis H: The n functions 
Ki (@1, Lo, +++) Lmy Yty Yost: Yn) (N= 1, 2,---,m) have differentials in 
the point 1, Y2,++-+. Yn, that is, they admit a representation 


iL 
Si (a1, X2, s*+,Lmy; Yi; Way°**s Yn) — pa ij (yw—y)t+gilm, Y2; reeg Yn) r(y1, Y2,°°", Yn) 
J= 


where 
n 
r (y1, Y2,°*", Yn) sm 2 (yj— yi)? 
J= 


where the n functions 4; (y1, yo, +++. Yn) tend towards 0 with r(y1, yo, +++, Yn) 
and where | ajj| + 0. 
Then the following proposition P is proved: For each point a, af, ---, 2* 


of a certain neighborhood of the point x1, %2,---,2%m there exists at least 
one point y¥, yy,---,y* such that the nm equalities subsist 


SF, Gt, BP, +++, MH, he ee = 0 (@ = 1,2,---,n). 


Gross proved first that the hypothesis H implies the following fact F: 
There exists an n-dimensional cube C which contains the point 7, v2.-++, Yn 
in its interior and is bounded by m pairs of hyperplanes y; = y; and 
yi=yi (i =1,2,---,m) such that (eventually permuting the indices of 
the n functions f;) for each 7 the function fj (@1, Xo, +++, Lm, Yrs Y2s* +s Yn) 
is >0O for y= y; and <0 for y; = yj’. In consequence of the continuity 
of the m functions f; the same inequalities hold true for the functions 
FUP, Ey +++) ON Yys Yor +++ Y,) for all points 2*, z¥,---,2* in a suffi- 
ciently small neighborhood of the point 21, %2,---,%m. From this fact 
Gross deduces the proposition P by purely topological reasoning. 

It may be remarked that the implication of P from F is an immediate 
consequence of a lemma by Lebesgue”? which is of importance in the 
theory of dimension, viz. 

Lemma L. For each decomposition of an n-dimensional cube into a finite 
number of closed sets none of which has points in common with opposite 


19 Jahresbericht der deutschen Math. Ver., 26 (1918), p. 292. 
*” Fundam. Math. 2 (1921), pp. 256-285. 
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surfaces of the cube there exists at least one point of the cube contained 
in at least »-++1 of the closed sets,—or the equivalent 

Lemma L’. If the n-dimensional cube C is bounded by x pairs of hyper- 
planes ys = yi and yj = yi (i = 1, 2,---, m) and decomposed into n+ 1 
closed sets A;(¢= 1, 2,---,m,m-+1) such that A; contains the part of 
the boundary of C contained in y; = yj and has no point in common with 
the plane y; = yi (( = 1, 2,---, m) whereas A,+1 contains the point with 
the codrdinates yj’, y’,---, yn, then there exists at least one point of ( 
belonging to each of the m-+1 sets Aj. 

For, if we denote, for the »-dimensional cube C whose existence follows 
from the above mentioned fact F’, by A; the set of all points of C for which 


Sit, WE, °° +> Dey Yar Yor °° Yo) => @) (j= 1, 2,---, m) 


and by A,»41 the set of all points of C for which the functions 
Si (OP, Hy, +++) Lms Yr» Yor +r Yq) 


are <0 then these »+1 sets, evidently, satisfy the conditions of the 
Lemma L’, and there exists thus, at least one point of C belonging to 
these n+ 1 sets, that is a point y*, yy, ---, y*, for which the n equalities 


ae ail + use 2? a 
Slee, 22, ++ +> He, H+ K) = 0 


subsist and which, therefore, satisfies the proposition P on implicit functions. 

The Lemmas L and L’ can be extended in this way: For each integer k 
between 1 and n+ 1, there exists a subset of C of a dimension > n—/k -+ 1 
belonging to at least &k of the closed sets into which C is decomposed.” 
An application of this extension to the cube described in fact F shows 
that for each integer k the set of all points for which at least k of the 
n functions f; are = 0 is of dimension > n—k. 

8. On constructiveness. It is not only asserted by intuitionists but 
also admitted by some opponents of intuitionism that there are just two 
kinds of mathematics: the classical formalistic mathematics which uses the 
law of excluded middle and claims merely to be free from contradiction, 
and the intuitionistic mathematics which is the system of mathematical 
constructions. The real position however, seems to be quite different. The 
formalistic postulate that mathematics should be non-contradictory is per- 
fectly precise. What is meant by a postulate of constructiveness is still 
unclear and unexplained. It is a priori very likely that, if such a postulate 
can be precisely formulated at all, it can be formulated in different ways. 


*! Menger, |. c. 4, p. 269. 
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That this is really the case and that thus, besides the formalistic mathe- 
matics, there exist many different mathematics corresponding to different 
postulates of constructiveness may be shown here. 

The chief argument of Brouwer against the classical theory of real 
functions as developed by the Paris school consists** in his critique of the 
theorem that any two real numbers are either equal or unequal. This 
theorem, following Brouwer, is not true. For, if r and 7’ are two real 
numbers then Brouwer says that r is equal to r’ if a contradiction can 
be deduced from the assumption x + 7’ and he says that r and r’ are unequal 
if a whole number » can be constructed such that |y—~7’|>1/n. He then 
says that there exists a real number which, in this sense, is nezther equal to 
nor unequal to0. For let r be the real number with the decimal-expansion 

San 
n=1 10” 
in the decimal expansion of 7 the nth term and the nine following terms 
are sevens, and where a, is defined to be =O otherwise. We are not 
able to deduce a contradiction proving the absurdity of the assumption 
that the decimal expansion of 7 somewhere contains ten consecutive sevens 
and we are not able to construct a whole number v such that the mth 
term and the following nine terms in the decimal expansion of 7 are sevens. 
Hence we are neither able to prove that r is equal to 0 nor that y is un- 
equal to 0. 

Let us analyze this argument! The reason for Brouwer’s saying that r 
is neither equal nor unequal to 0 is, as many writers have observed, that 
we are unable, at present, to prove either of these propositions in a finite 
number of operations. The reason for this latter fact, however, as so far 
has apparently been overlooked, is the fact that we are not able at present 
to define the number r in a finite number of operations. It is true that 
the decimal expansion of r can be calculated in a finite number of operations 
as far as we please, i.e. to any given approximation. But the corre- 
sponding fact is, merely, that it can be proved in a finite number of 
operations whether 7 and 0 ave equal or unequal at each given approximation, 
and this can be done. The whole decimal expansion of 7, though each 
of its beginning segments can be calculated in a finite number of operations, 
cannot be calculated in a finite number of operations. We have no con- 

~,Structive principle to survey the decimal expansion of r or in its totality 
and this is the reason why we cannot decide in a finite number of operations 
whether the decimal fraction r is equal to O or not. 

The basis of Brouwer’s critique of the classical arithmetic and the theory 


where for each integer n the number a, is defined to be = 1 if 





* Crelle’s Journal, 154 (1925), pp. 1-7. 
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of real numbers is thus the fact that his demands of constructiveness con- 
cerning proofs and definitions are of different degree. He only admits 
proofs concerning sequences of integers which are performed by a finite 
number of operations, but he introduces entities which, in reality, are not 
defined by a finite number of operations; he admits sequences which, 
though each of their beginning segments is defined by a finite number of 
operations, cannot be defined in a finite number of operations in their 
totality. 

The next question is which sequences of integers can be defined by 
a finite number of operations in their totality. Here again we meet our 
initial question about the precise definition of the word constructiveness 
with respect to sequences of integers and we see that the answer, as 
a priori could be expected, can be given in different ways. We may fix 
in different ways systems of operations applicable to sequences of integers 
and call them constructive operations. If then a sequence of integers is 
given we may call at least as much constructive with respect to the fixed 
system of operations as the given sequence each sequence which can be ob- 
tained from the given sequence by a finite number of operations. We may 
call constructive with respect to the fixed system of operations each sequence 
which can be obtained in this way from the sequence consisting of ones 
exclusively. 

Examples of such operations which could be chosen as the points of 
departure of different algebras of seqaences, are 1) The omission of the 
first term of the sequence and the introduction of a new one. 2) The 
formation for two given sequences of a sum-sequence. 3) The construction 
from k given sequences {a»}, {bn}, ---, {kn} of one new sequence in which 
the first term equals a,, the (k-m-+1)st term equals a,, the (k-n-+2)nd term 
equals b, ete., and inversely the construction of k sequences from one given 
sequence. 4) The formation for each two given sequences {ap} and {b,} 


nn 
of the sequence whose n-th term is > ax bn4i-x. In this way we go 
k=1 


further and obtain for each system of operations which are called con- 
structive certain constructive sequences of integers. We have in this way 
a real definition of the words “constructively defined sequences’, and at 
the same time, many different definitions. If e.g. we only call the 
operations 1) 2) and 3) constructive then we obtain as constructive those 
sequences which after a finite beginning segment are periodic. With each 
of these definitions there correspond different systems of real numbers 
which are constructively defined, corresponding to the different ways of 
defining real numbers by sequences of integers. We may e. g. consider 
those real numbers whose decimal expansion is a constructively defined 
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sequence or those whose continued fraction is constructively defined. 
We may, furthermore, try to define such a system of constructive operations 
for sequences that each real number which has a constructive decimal 
expansion has a constructive continued fraction and inversely etc. 

Constructive arithmetics in this sense though they restrict the field of 
real numbers still more than the intuitionistic arithmetic does, differ from 
the formalistic arithmetic as to some of their laws less than the intuitionistic 
arithmetic does. E.g. for each real number whose decimal fraction is 
constructively defined with respect to the above mentioned constructive 
operations it can be proved in a finite number of operations that it is 
either equal to 0 or not. Besides, these ideas suggest a quite natural 
definition of function as a constructive operation by which there corresponds 
to each constructively defined real number a constructively defined real 
number. And, evidently, this concept of function, though in a certain 
sense much more constructive than the intuitionistic concept, admits dis- 
continuous functions, as they exist in formalistic theory of functions, 
whereas according to intuitionism each function is continuous. 

This paper should not be misunderstood. I do not try to replace the 
intuitionistic way of defining sequences of integers by the above mentioned 
ways which are more restricted and may be called jfinztistic definitions, 
in the same way as the intuitionists try to replace the formalistic mathematics 
by their constructions. For in my opinion the critical arguments of in- 
tuitionists against formalism are absolutely meaningless, as they are based 
on the proposition that by merely not contradictory reasoning “no mathematical 
values are created”, a proposition which is obviously not of objective 
character but a mere description of a personal taste. It would be a repetition 
of the same meaningless critique to apply it on intuitionism and only to 
admit finitistically defined objects as ‘mathematical values”. The purpose 
of this paper is merely to emphazise that if some one asks from mathematics 
more than that it is not contradictory he must first of all, say exactly 
what he asks, and to emphazise furthermore that additional postulates 
can be formulated in different ways. Intuitionism is not the constructive 
mathematics but simply one of many ways of constructing mathematics 
according to stronger postulates than the mere postulate of consistency.. 
It is neither the only constructive mathematics, nor the most constructive, 
nor that which in its results resembles most the beautiful formalistic theory. 








EINFACHER BEWEIS EINES 
DIMENSIONSTHEORETISCHEN UBERDECKUNGSSATZES. 


Von L. PontTRJAGIN IN MosKAU. 
(Aus einem Briefe an Herrn P. Alexandroff.)* 


... Ubrigens méchte ich Sie darauf aufmerksam machen, da die ¢-Uber- 
deckungen eines -dimensionalen kompakten metrischen Raumes F’,, die Sie 
in der Theorie der Projektionsspektra' betrachten, von selbst folgende 
Eigenschaft haben: 

Der Durchschnitt von je r Mengen der Uberdeckung ist hichstens n—r + 1- 
dimensional. 


Es sei in der Tat 
Aj, Ag, Ries An, ge 


ein n-dimensionales Projektionsspektrum von F. Sie nennen (a. a. O.’, 
S. 133) Oj,;,...4, die Menge aller Punkte von /’, deren erste m Koordinaten 
(im Sinne des Projektionsspektrums) der Reihe nach die Eckpunkte 


Qi, Ui, i, » Gi, i,---i, 


enthalten; (die ai,i,...;, sind dabei die Eckpunkte von A»). Die Mengen 
O; ;,...i,, bilden eine ¢m-Uberdeckung Um, wobei lime», = 0 ist. Wir kinnen 
offenbar voraussetzen, dafB schon «,<« ist (wobei « eine beliebige fest 
gewihlte positive Zahl ist) und somit nur die Uberdeckung U, betrachten. 
Ihre Elemente seien F,, F:,---, F's, wobei F; die Menge aller Punkte ist, 
deren erste Koordinate den Eckpunkt a; enthalt. 

Es seien nun r beliebige unter den Mengen F; gewahlt, etwa /,, F2,---, F,; 
wir wollen zeigen, dab 
- dim (F,- Fy: ---- Fy) S< n—r+1 
ist. 


Es sei x ein Punkt von F,-F.-----F,; die erste Koordinate von x 


bezeichnen wir mit X; X ist ein Simplex, welches jedenfalls die Punkte 
1, g,+++, a unter seinen Eckpunkten besitzt; deswegen sind alle Ko- 





* Received Mai 17, 1931. 

'Vgl. P. Alexandroff, ,Gestalt und Lage abgeschlossener Mengen“, diese Annals, (2) 
30 (1928), S. 101-187, insbesondere Seiten 107, 130-133 u. 144. (Die Pagination der Separate 
beginnt mit 1 und geht bis 87.) 

> Der Satz von der Existenz von beliebig feinen Uberdeckungen, die die soeben erwilnte 
Eigenschaft haben, wurde auf einem sehr komplizierten Wege von Menger und Hurewicz 
bewiesen (vgl. Menger, Dimensionstheorie, Kap.V, S. 155 u. f.). 
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ordinaten des Punktes 2 mindestens »— 1-dimensionale Simplexe, d. h. es 
ist, Ihren Bezeichnungen (S. 144) anschliefend, 


k(x) => r—1. 


Da x ein beliebiger Punkt von F,- /,- --- -#, kommen also fiir Punkte 
dieser Menge als k(x) nur die n —r-+2 Zahlen 


r—l1,r,r+l1,---,n 
in Frage; folglich sind alle Punkte der Menge F- fy: --- - F in 


(2) Prt Pet Proat +++ + Pa 


enthalten (Sie bezeichnen auf S. 144 mit P; die Menge aller Punkte x von F, 
fiir die k(a) = 7 ist); da Sie auf derselben Seite beweisen, dai jede der 
Mengen P; nulldimensional ist, ist die Menge (2), also erst recht / -/4-----F; 
(als Summe yon héchstens n —7-+ 2 nulldimensionalen Mengen) héchstens 
n —r-+1-dimensional, w. z. b. w. 





THE MINIMIZING PROPERTIES OF GEODESIC ARCS 
WITH CONJUGATE END POINTS.! 


By I. ScHoENBERG.’ 


Introduction. Let Hy, be an extremal are for the integral 


[= f S (x, y, y') dx whose end points 0 and 1 are conjugate. The question 


whether or not Eo, actually minimizes our integral has been discussed by 
A. Kneser,® W. F. Osgood,* J. W. Lindeberg® and H. Hahn,® by studying 
the shape of the envelope of the extremals through the point 0. Quite 
another method has been used by L. Lichtenstein.’ 

It is the purpose of this paper to give a method of carrying through 
the criterion obtained by Osgood and Lindeberg. This will be done in § 2. 

The application of this method to the case of a geodesic are g, on 
a surface with conjugate end points leads to a suitable criterion stated 
at the end of § 3, for the question whether or not go; actually gives 
a relative shortest distance on the surface. The same criterion may be 
used for the construction of the envelope of the geodesic lines through 
a fixed point on a surface. 

In § 4 the results for the general case of geodesic lines are applied to 
the geodesic lines of a surface of revolution. 

1. The results of Osgood and Lindeberg.* Let Lug: y = y(z), 


a<2<48, be an extremal are for the integral J = J ti(a,y,y) dz. 
We will make the following hypotheses: 


‘ eadived March 2, 1931. — Presented to the American Mathematical Society, 
December 31, 1930. 

* Fellow of the International Education Board. 

* A. Kneser, Zur Variationsrechnung, Math. Annalen, vol. 50 (1898), pp. 27-50. 


‘W. F. Osgood, On the existence of a minimum of the integral J” S(@,y,y') dx when 


® and a, are conjugate points, and the geodesics on an ellipsoid of revolution: A revision 
of a theorem of Kneser’s, Transactions of the American Math. Society, vol. 2 (1901), 
pp. 166-182. 

°J. W. Lindeberg, Zur Theorie der Maxima und Minima einfacher Integrale mit 
bestimmten Integrationsgrenzen, Math. Annalen, vol. 59 (1904), pp. 321-331. 

°H. Hahn, Uber Extremalenbogen, deren Endpunkt zum Anfangspunkt konjugiert ist, 
Wiener Sitzungsberichte, Bd. 118 (1909), Abteilung ITa, pp. 99-116. 

7L. Lichtenstein, Zur Variationsrechnung, Géttinger Nachrichten, 1919, pp. 161-192. 

®We are reproducing in this section these results in the more special form given by 
Lindeberg who considers the analytic case only. 
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1. f(z, y, y) is a regular and analytic function of x,y, y’, in some 
neighborhood of the elements (z, y, y’) of the extremal arc Eeg. 
2. Legendre’s condition in the strict sense is satisfied along EKzag: 
Suy («, y(x), y(@))>0 fora@<crc. 
It is well known that a consequence of these hypotheses is that Eug is 
a regular analytic arc. 
Let Eu: y= y(z), (@<) m <u <a, (<A), be a subare of Lug, with 
the point 1 conjugate to 0. 
Another consequence of our hypotheses is the existence of a family of 


extremals 
y=y(a,4) for elxcb, y—d<A<A,+44, 


for 6>0 and sufficiently small, with 
y (ao, 4) = y(%), y(, Ao) = y(2), ,1= Ya (Xo, 4), 
‘ y = y(z, 4) being regular and analytic in the 


region just stated. 

ii We certainly have dy/04(a,, 49) = 0, and 

a: N>0. we consider with Osgood and Lindeberg the 
Fig. 1. very first derivative 


n 
v==%@,4), M22, 


which does not vanish at the point 1. 
Lindeberg distinguishes four cases: 
Fig. 2. a) m is even, 
b) is odd and N>0O, 
c) n is odd and N<0O, 
d) » is infinite. 
The results for these different cases are: 
b. a) The envelope C of our family of extremals, 
Fig. 3. which is always regular and analytic in 
a neighborhood of 1, has in 1 also a regular 
1 point and its shape is given by Fig. 1 or 
Fig. 2, according to the sign of N. 
b) and c) The envelope has a cusp at the 
point 1 of two different types as shown in 
Fig. 3 and Fig. 4, respectively. 
Using a terminology of Poincaré adopted by Hadamard,® we will refer 
to these different types of cusps as foyer en pointe (Fig. 3) and foyer en 
talon (Fig. 4). 





o 


¢. 
Fig. 4. 








*J. Hadamard, Legons sur le Calcul des Variations, I, Paris 1910, pag. 111. 
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d) Every extremal of the family passes through the point 1 which Hada- 

mard calls a foyer absolu. 

The minimizing properties of Z,, for these different cases are the 
following: 

In the cases a) and c) we have no minimum for I. The envelope ( 
has at 1 in both cases a branch projecting back towards 0 and therefore 
this statement can easily be proved by the usual geometric proof for the 
necessity of Jacobi’s condition.’ 

In the case b) there is at least a weak relative minimum under our 
hypotheses, and also a strong relative minimum if, for instance, we strengthen 
Legendre’s condition to 


Syy(e,y(@),p)>0 for m Sxrlm and —w<p<+on, 


The arc Ey, may be indeed imbeded in a field of extremals and the 
method of Weierstrass can be applied. 

Case d) gives surely at least a weak but improper relative minimum. 

2. A method to carry through the above criterion. In order to 
determine the point 1 conjugate to 0 on Eag we do not need the family 
of extremals through 0. 

Let 
(1) Fiy",y',y,2) = 0" 


be Euler’s equation of our problem to minimize I. It is known that 
1 = yi(a, do) satisfies the linear differential equation, 


(2) Fy 4" + Fy i+ Fyy = 9, 


obtained by differentiating (1) with respect to 4, for 2 = 4, and which 
is nothing else but Jacobi’s equation for our extremal Keg. 

As known since the time of Jacobi, we may use the linear equation (2), 
to determine 7 = 7(x) by the initial values 7 (x) = 0, 4'(%) = 1 (or any 
other value >0) and so find the conjugate point of 0 by the first root 
21(>2) of the equation 7(x7) = 0. 

The same method can now be used to determine the value of N= 0"y/04"(a, Ao) 
required by the criterion of § 1. 

Let €=y,, (a, 49). ¢ is an integral of the equation, 


0 1,3 
(3) Fin ov F, y+ Ff, C -— p2 F 04 Vi qy® — 0, 





See G. A. Bliss, Calculus of Variations, Chicago 1925, § 565. 

‘The methods of §§ 1 and 2 may be applied to discuss the envelope of the integral 
curves of any analytic differential equation of the second order F(y”, y', y, x) =0, pro- 
vided that Fy +0 along the curve under consideration. 
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obtained by differentiating now the equation (2) with respect to 4, for 
2 = 4,, and defined by the initial conditions €(a) = 0, ’ (a) =0. 

If (a) +0, we are in the case a) of § 1 and our problem is 
solved. 

If €(a,) — 0, then we have to determine » = y,,, (x, 49) at the point 
x = 2, and @ is the integral of the equation, 


0,1,2 0 


1,2 
(4) Fy o "tBy w+ F,o+3 Pa Fyoy grt 2, Fyoymym 4° 7 7 = 0, 
1, i, k, 


obtained by differentiating (3) with respect to 4, for 4 = 4), with the 
initial conditions w (a) = 0, w'(%) = 0. 

We have now to discuss the sign of (2). 

It will be seen farther, discussing special geodesics on surfaces of 
revolution that, if we have not to deal with the case of a foyer absolu, 
the consideration of the three equations (2), (3), and (4), will be sufficient 
to solve the problem in many special cases. But, of course, if w(z,) 
vanishes, then we have to differentiate (4) once more and so on. But 
that would be a very singular case. 

Our differential equations (2), (3), and (4), for the recurrent determination 
of 7, ¢ and w, are linear and of the second order and the homogeneous 
part of them is the first member of Jacobi’s equation (2). Therefore if (2) 
is completely solved, then the equations (3) and (4) are solved too, by 
mere quadratures. 

If Euler’s equation (1) of our problem is quite solved, or if the family 
of extremals y = y(x, 4) is known by any other way, then in general the 
criterion of § 1 can be applied directly, by calculating the required ex- 
pression N = 6” y/04" (a,, 49). But if we know only the extremal Eeg 
and nothing else, then the method of this section seems to me advisable. 
We shall see later (§ 3) that even in the first case for some special ex- 
tremals it is advisable to apply this last method. 

3. Application to the minimizing properties of geodesic arcs 
with conjugate endpoints. Let g be a geodesic line on a surface 9, 
on which we take its length s as parameter. We consider the family of 
geodesic lines cutting the geodesic g orthogonaly and on every such geodesic 
line we take its length w as parameter (wu = 0 on g, and u>O to the 
left side of g, with respect to a fixed side on S). 

A well known theorem of Gauss says that the family of curves u = const. 
is orthogonal to the family of geodesics s = const. 

Gauss’s reduced form 


do® = du?+ C%ds*, with C(0,s) = 1, 
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for the linear element on the surface follows from this at once. This 
system of coérdinates (uw, s) is certainly applicable for a sufficiently small 
neighborhood of g. 

Let us seek the differential equation for geodesic lines. We have to 


— 2\1/2 ° 
minimize J (uw? +C y ds and Euler’s equation 





d u’ CCy 
ds (ay oe) ~ Ww+oy" = 9 
becomes 
(5) Cu" —2Cyu"— Cuw'—C* Cy = 0. 


u = 0 has to be a geodesic line and therefore 
(6) CO, a) = 1, C. ©, s) = 0. 


Let 0 and 1 be two conjugate points on g corresponding to s = 0 and 
8 = &. 

How about the minimizing properties of go1? 

Does gor give the shortest distance with respect to all the curves of its 
neighborhood joining 0 and 1? 

If C is analytic, regular and positive for « = 0, 0 < s < s, then all 
our hypotheses of § 1 are satisfied, even the additional hypothesis sufficient 
to insure a strong minimum in the case of a foyer en pointe, and there- 
fore we may apply the method of § 2. 

We consider according to this method, w in (5) as a function of s and 4, 
u=0 for 40, and we write 7, ¢, and o, for its first, second, and 
third partial derivative with respect to 2 for 40. If we differentiate (5) 
three times with respect to 2 and put 4 = 0 in those equations obtained 
in this way, and making use of the identities C,(0,s) = 0, Cus(0,s) = 0, 
which follow from (6), we get the following three linear differential equations 
analogous to (2), (3), and (4): 

(7) 0" —Cuu = QO, 

(8) CO” — Cut = Crs 7°, 

(9) 0” — Cy, o = —3Cuw " n” + 12 Cuu 4 q+ 3 Coun un! + 6c. 7 
+ Cunurs ny? +- 3 Cun qS- 


Now we ought to express the coefficients of the equations (7), (8), 
and (9) in terms of Gauss’ curvature of our surface. 

A formula of Gauss gives 
(10) , 


— G Cun 





2 See W. Blaschke, Vorlesungen tiber Differentialgeometrie, I, Berlin 1930, § 71 formula (26). 
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Differentiating with respect to u, we get 


Me 1 oe . t. 
Cc? Cuu— C Cuuus Kuu = CF —s C Cuuuu t+ ++ 
the points standing for terms vanishing for u = 0. 

These last equations, together with (6), give for «= 0, 


Ky = 





(11) Cum = —K, Cuuwu = — Ky, Cuwun = K*— Kwu. 
Differentiating (10) with respect to s we get 
C; 1 
Ks — oF Cuu— FG Cuus 
and since C(0,s)=1, C;(0,s)=0, for u=—0 
(12) Conus = — Ks. 


Introducing into (7), (8), and (9) the values given by (11), (12), and 
replacing in (9) 4” by its value —Ky given by (7), we get the system 


(13) 4"+Ky = 0, 
(14) "+ KE = —Ky7’, 
(15) o”+Ko = (4K°— Kw) 7°?—3Ke yf —12K yy" —3 Ku 76. 


The first equation (13) is the Jacobi-Bonnet equation for geodesics. 

Let 7 = 4(s) be a solution of (13) with 7(0) = 4(s,) = 0 and y(s)>0 
for 0<s<s,. This expresses that 0 and 1 are conjugate points. 

According to the criterion of § 1 we need the value ¢(s,), for ¢(s) 
defined by (14) and the initial conditions ¢(0) = 0, ¢’(0) = 0. 

Multiplying respectively (14) and (13) with 7 and ¢, we get by sub- 
straction 7f”’—y" = —K, 7°. 

Integrating along go, we get 


JP at" d) ae = ta = — oe) t@) = —f" Karas 
and writing Z = —y'(s,) €(s,) we get : 
(16) g = —["K, n° ds. 


If Z+0 our problem is solved. 

If Z= 0, then we have to discuss the sign of w(s,), w(s) being defined 
by (15) with the initial conditions (0) = 0, w’(0)=0. 

By the same method which led to (16) we get now 


(17) . 2 = —7(s%) @(s,) 
= [" (4K*—Kw) n° — 3 Ken! 4?— 12K yy" —3 Kuyt} yds. 
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This formula can be simplified very much. 
Let (writing K,; = K’) 


H= f "(4 K* nt — 3K’ 9! ys — 12 Ky?) ie 


Equation (13) gives —K = 9"'/y, —K' = (nq/"—y'y"')/n? and intro- 
ducing these values in H we get 


51 ’ rower ” 
H=f{ (4q7 9? + 3424! 94909" 4") ds. 
But (42/4!) = 924!" + 42 4/4/"+249'7 9" and by integration 


0 — cc, A Anty ’ +849": yn) ds, 


which substracted from H gives 


a ”" ! ’ 
H={. (iy — an") 49 ds. 
Introducing again 4’ 4'’— 47’ = K'y?, we get 


Ss; 
H= |. K's! vas = |" K' (4 ~) as = —[" Kr © as. 


By this reduction, formula (17) becomes 


(18) 2 = f'\(« 2 — xu) i 3Kur't} ds 
or 
(19) ie —{* {(4 K"+ Ku t+ 3Kurtt de. 


Since Z=0, ¢€ may be any integral of (14) vanishing for s = 0 and 
we need not require that ¢’(0) = 0. 
For the last term on the right side in (19), we have 
$s , ; — 7" 
f'—sKurttas = 3f" C4 KO tds = 3 ft — 1 * = : 


= 3 fiat —aeras = —3 fae —a'o(Z) as 


= —3 |" (—9’ <)'as, 


and therefore this last term is always <0, provided that we have not 
Ky, = 0 for 0<s< 4, in which case this term vanishes. 

We may now express these results in the following 

THEOREM: Let go, be a geodesic arc of length s, with conjugate endpoints, 
and 4 =1(s) be a solution of Jacobi-Bonnet’s equation 


Cds 


























770 I. SCHOENBERG. 





: ay 
(13) qe 1 Ka = 0 
with 4(0) = 4(s) = 0, a(s)>0 for O<s< uy. 
Let . 
ee 0 a® 18 
(16) z= = neds. 


If Z+0, then go, is not the shortest distance and the envelope of the geo- 
desics through 0 has in 1 the shape of Fig. 1 or Fig. 2, according as Z>0 
or Z<0. 

Suppose Z=0. Then we have to consider besides (13) the differential 
equation 


(14) oz, 


ae a a 
+ K(s)o = ** 


ds? 








and to form with any solution of it vanishing for s =O the expression 


2 2 
(19) o=—| ite aa pn _s ft see a toh as 





If 240, then go, is actually the shortest distance or not, and the enve- 
lope has in 1 a foyer en pointe ov a foyer en talon, according as 2 is 
> or <0. 

The case 2 = 0 is undecided. 

The last term on the right side in (19) is always <0, the equality sign 
occurring only if 0K/én =0 along gu. Therefore its consideration becomes 
superfluous if the first term on the right side in (19) has been shown to be <0. 

4, Application to geodesic lines on surfaces of revolution. Let 
r= f(z), r? = 2?+y’, be the equations of a surface S of revolution around 
the z-axis. From x = rcosg, y = rsing, r = f(z) we get 


(20) do? = da*+dy*+ de = [1+f" @] de+f?@ dg’. 
We obtain the geodesics minimizing the integral 


Jt oltre opeas, 


whose independence of » leads to the usual formula for the geodesics 


7 h of 1+f’(2) \'” _ 
(21) Y = Pot J Fe) (A. Fas D.) (h = const.). 


'8It was already known that Z = 0 is necessary if 1 is to be a foyer absolu of 0. See 
W. Blaschke, Differentialgeometrie I, Berlin 1930, § 102 form. (77). In our formula (16) 
as well as in (19), 0K/On, 0°K/0n?, stand for the first and second derivative of K along 
the geodesic arc orthogonal to g with respect to its length. 
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The envelope of the geodesics through the fixed point (gy, 2) has been 
discussed by means of this formula (21) by von Braunmiihl"* and K. Fleisch- 
mann.’® Fleischmann also discussed the cusps of the envelope in very 
general cases. 

In general the criterion of our § 1 could be applied directly without 
our method of § 2, because equation (1) has been completely solved for 
this case, (21) representing its general integral. Nevertheless is the theorem 
of § 3 of a very easy application for two kinds of important special geo- 
desics: The geodesic parallels and meridians of S, and leads to precise 
results in terms of the curvature K of the surface S. 

a) The geodesic parallels of S. Let z= % be a geodesic parallel of S. 
We have then /’(@)—0. The geodesics orthogonal to g are just the 
meridians of our surface, and returning to our original variables of § 3, 
we have to take 


% = { fi+f? (z)}'? dz, s = f ()-¢, 
and (20) becomes ; 





do® = du? + (£2) ds*. 


SF (0) 
Therefore C = f(z)/f(é) and formula (10) gives 
(22) . 
FOU? OF 


From /" (@) = 0, we get at once along g 
Ku — K,, Kus — K:, 
and therefore formula (22) gives along g (f stands for f(z)) 


kK = —f"' lf, ky = — ff, 
Ku = — (ff —4 ff" —f' Vf = — olf 


The theorem of § 3 is of a very easy application because K, K, = 0 K/dn, 
Kuu = 0° K/0n? are constants along our parallel g. If we choose the 
origin O of the arc go, aS %o = % = 0, then Jacobi’s equation ‘i shows 
that there is a point 1 conjugate to 0, provided that f”’ (z)< 


(23) 


ug. v. iesentitit, Dissertation, Minchen 1878, and Uber Envelopen geoddtischer Linien, 
Math. Annalen, vol. 14 (1879), pp. 557-566. 

‘SK. Fleischmann, Die geodéitischen Linien auf Rotationsflaichen, Dissertation, Breslau 
1914, Chap. IV, §28. See also A. R. Forsyth, Differential Geometry, Cambridge 1912, 
Chap. V, §§ 93-99 (compare footnote 21). 

‘6 This value can be also found applying directly Meusnier’s theorem. See W. Blaschke, 
l.c., § 46 on pag. 96. 
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Suppose f’’(g)<0, that is, g is a maximum parallel, then we get 
1 = sin(’sVK), 5 = 1(—fif")”, 91 = 2(—ff") ” and formula (16) 
becomes 





Z = — Ky nds. 
9o1 
If K, = 0, it follows Z = 0, and then (19) gives 
Q = — Ku qi ds. 
9o1 


From the theorem of § 3 we get very easy the following results: 

Let g be a maximum parallel of S and we suppose that not both deri- 
vatives, K, and Kiz, of the curvature K of S vanishes along g. Let gox be 
an are of g limited by two conjugate points 0 and 1.™" 

If the curvature K has no maximum and no minimum on S along g, 
then the arc go, does not give the shortest distance between 0 and 1, and 
the envelope of the geodesics through 0 touches g n 1 on the side of g of 
larger curvature K. 

If the curvature K takes on an extreme value on g, then go: gives actually 
the shortest distance or not, and the envelope of the geodesics through 0 has 
in 1a foyer en pointe or a foyer en talon, according as K has on S along g 
a maximum or a minimum value, or according aso = ff —s«p"*—y" 
o> aw <0. 

The case Kz = Kz = 0 ts undecided. 

These results in terms of the curvature K are true for every geodesic g 
on every surface whatsoever, provided that K, Ky, and Ky, are constant 
along g.'® 

Let us consider some special surfaces. 

The ellipsoid of revolution 

aty? 


2” 
a® it alia 





has the meridian 
2\1/2 2 P 
r= f(2) = a(1—4) - a(1— l ao I ae af ), 
Therefore we get for z = 0: 


faa, fi=0, fr =— 


of 0, fh = — FE. 


Cc 





'’ We have conjugate points on g only for K>O along g, that is f”(z)<0. Even 
for f" (zo) = 0 there are no such points. 

'S Let us consider a surface generated by a helicoidal screw-motion of a plane curve 
around an axis of its own plane. A point of this curve of maximum distance from the 
axis generates a geodesic helice along which K, Ku, and Kw, are constant and K>0. 
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On the equator g defined by z = 0, the point 1 conjugate to g = 0 is 
given by 9: = «(—ff")-"? = c/a, and from (23) we get 


4q*(a*— c?) 
¢ 





= ff" —4fp"—f? = 


and therefore go, is the shortest distance or not, and the envelope has 
at 1 a foyer en pointe or a foyer en talon, according as our ellipsoid is 
oblate or prolate. This is because the curvature K takes its maximum or 
minimum value on the equator g, according as the ellipsoid is oblate or 
prolate. This result of von Braunmiihl’s paper has been proved analytically 
by W. F. Osgood (1. c.).?® 
Let us consider the anchor-ring whose meridian is the circle (ry — d)? + z* = R® 
(d>0). We have 
1 2 l # 
R? 8 R* 


2 


be wes 


r= f= a+R(i—5) = a+R(1— +a 


and for the equator z= 0, we get 
"” mr 3 
f=da+k, f'=0, f"= R’ f° = 90, i 


= ff"—asr"—s” = &>0, 


and therefore the arc go, joining the conjugate points, gy = 0, and 
gy, = a(—ff")-!? = wa R'?(R+d)-", actually gives the shortest distance 
and the envelope has at 1 a foyer en pointe. 

b) The meridians of a surface of revolution. Let now g be a meridian 
of the surface of revolution S. We take on g its length s as parameter 
and let r = f(z) = r(s). 

Let 
(13) n"+Ky = 0 


be Jacobi’s equation along our meridian g. Of course r(s) dy is a variation 
leading to a new geodesic and therefore 7 —~r(s) is a solution of the 
equation (13). 

By means of a theorem of Sturm we see the impossibility of the existence 
of two conjugate points on g, in the case that g does not meet the axis of 
revolution.” Indeed, 7 = r(s) has to vanish between two consecutive 
roots of some other solution of (13). 

Let r(0) = 0 and r(s)<O0 for » < s<0, r(s)>0 for O<s <= &, 
S and s, corresponding to two consecutive conjugate points 0 and 1 on g. 





‘9 Compare Fig. 1 and Fig. 3 of v. Braunmihl’s paper, l. c., to which also Osgood refers to. 
2° Compare K. Fleischmann, 1. c., § 27, pag. 58. 
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In order to avoid singular points on the surface, we have to suppose 
that the meridian g is symmetrical with respect to the axis of revolution. 
A solution of (13) linearly independent of 7 = r(s) has the form 


_—_ =r J 8 r?(s) ° 


In some neighborhood of the vertex s = 0 we have the expensions 


r(s) = stags*+ass°+ ---, 1/7?(s) = 1/s?+ 09+ bes?+ bg st+ --- 
and therefore 
ds 


SF = Pe Sere wer --» + const. = (s)-+ const. 
r®(s) s 


71 (s) = r(s) [y (s) —¢ (S)] vanishes for s = so, and since 1 is conjugate to 0, 
we get 7: (s:) = r(s) [9 (s:) — 9(s0)] and finally 


9 (80) = 9(s). 


In this way we may use this function 9(s) in order to find the conjugate 
points on the meridian g.** 

Along go, of course, we have K, = 0, as will be immediately shown. 
Therefore we get Z= 0 and we have to consider 2, and since K, = 0, 
(18) gives 


(24) 2= f (x’ : — Kw) ni ds. 


We have to calculate K,. which is the second derivative of K with 
respect to the arc w of the geodesic line orthogonal to g. 

Let Py be a point of g with z= 2%. We suppose that f(@)>0, 
J (@) >0, since the same type of argument applies for /’(@)< 0. 

Along the geodesic line orthogonal to g in Py) we get from (20) and (21) 


dz _ 1 én a) 





du f@\ 14+ 7°@ 
and therefore 
1/2 
Se RE dz — xt (2-4 Py 1. 
it +s 





1 A. R. Forsyth gives, 1. c., a similar method. His result for the anchor-ring (pag. 143, 
Ex. 4) is not correct. He finds two diametrally opposite conjugate points on the circular 
meridian of the anchor-ring. Of course, there can not be any conjugate points at all, if the 
meridian does not cut the axis of revolution, according to our general remark stated above, 
and if there are conjugate points, those points are diametrally opposite only when the anchor- 
ring becomes a sphere. 
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It follows K, =O at Py. The second derivative is 
mie 3(F EI 2 f(a 
UU f +s dz Se 1+f? | . 
Differentiating out, we get for z= Z% 
= -. at Py. 
Sats) 
Returning to the variable s we get 
f = frlds/dz) = fits)", Ke = K,(1+f”)”, 
and therefore the last formula becomes 
Ks fs Sis K’ yr’ 
;)0Ct<;<2r 





uu 





Kuu ma 
Now formula (24) gives 


$s U / 
Q =| (t=) K'y‘ ds. 
85 q Tr 


But 7 and r are both solutions of (13) and therefore r7’— yr’ = const. 


| and we may suppose that rq’— yr’ = —1. Therefore 9//y—r'/r = —1/ry 
; and finally 
| a K' 3] 22 

(25) 2=>— . nds. 


We have got the following result: 

We consider a meridian g of a surface of revolution and we suppose 
that g cuts the axis of revolution and is symmetrical with respect to this 
axis. Let go, be an arc of g whose endpoints 0 and 1 are conjugate. Let 
1 = 9(s) be a solution of Jacobi-Bonnet’s equation (13) for g, vanishing 
at 0 and 1, positive between these points. 

The arc go, actually gives the shortest distance between 0 and 1 or not, 
and the envelope of the geodesics through 0 has in 1 a foyer en pointe or 
a foyer en talon, according as 2, given by formula (25), is > or <0. 

The case 2 = 0 is undecided. 

Let us consider, for instance, a paraboloid of revolution 


2= —zp ety", (p > 0). 





* This integral is ouly apparently singular because of K’ vanishing with r at the vertex 
s=0. 

*8In formula (25) K’=dK/ds along g, and r = r(s) is the distance to the axis with 
its proper sign. 
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The meridian is r = f(z) = (—2 pz)”. Formula (22) gives K = (p—2z)-? 
and therefore K has its maximum value at the vertex of the surface. 
Hence K’>0 for s<0O and K’<0 for s>O and this gives K’/r <0 for 
—wo<cs<+o, 

Therefore formula (25) always gives 2>0: If go: ts an are of the 
meridian with conjugate endpoints, then 1 is a foyer en pointe of 0.* 

We may add the following remark. Let go, be a geodesic are on the 
paraboloid with conjugate endpoints and which is not a meridian. dg/ds 
never changes its sign on g, because our geodesic g can never touch any 
meridian which is a geodesic line, too. Therefore, if for instance dy/ds>0 
along g, we always have K,>0 along gi. Therefore formula (16) gives 
Z<0, so that the envelope of the geodesics through 0 is situated in 1 
above our geodesic line. 

Of course the same arguments are true for any surface of revolution of 
the same shape and whose curvature K always increases towards the vertex 
where it has a maximum. 





24See H. v. Mangoldt, Journal fiir Math., vol. 91 (1881), pp. 46-47, and K. Fleischmann, 
l.c., pag. 70 and Fig. 8. 
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(ADDED In Proor, Auaust 1931.) After the present paper was already in type, I noticed 
Prof. B. F. Kimball’s paper Geodesics on a Toroid, American Journal of Math., vol. LII (1930), 
pp. 29-52, which, though different in purpose, has many points in common with the paper 
here presented. Prof. Kimball generalizes Lindeberg’s envelope theory to the successive 
envelopes of a family of geodesics through a fixed point on a surface. He also uses the 
differential equation (3) of the second variation for the discussion of these envelopes. 
The method set forth in our §§ 2 and 3 may be applied without much change to Prof. 
Kimball’s generalization of Lindeberg’s theorem, just as in the case of the first envelope, 
which alone seemed to me of importance in the question of the minimizing properties of 
geodesic arcs. Essentially new in the present paper seems to be the consideration of the 
equations for the higher variations and especially of the equation (4) of the third variation 
which, as was shown in § 4, indicates in many cases the nature of the cusp of the envelope 
of the family of geodesics through a fixed point. 








ON THE APPROXIMATION OF CONTINUOUS 
FUNCTIONS BY LINEAR COMBINATIONS 
OF CONTINUOUS FUNCTIONS:.' 


By W. SEIDEL.’ 


1. In the present paper we propose to solve the following problem: 

Let there be given a sequence of arbitrary linearly independent® functions 
91 (x), Ps (x), +++, Pn(x), «++, defined and continuous in the interval axa <b, 
What is a necessary and sufficient condition that there exist linear com- 

n 

binations 24” yi (x) of the yi(x) which converge uniformly toward any 
preassigned Junction f (x), defined and continuous in the interval a < a < b? 

This problem was first proposed by E. Schmidt‘ in his thesis. Schmidt 
obtains two conditions, one necessary and the other sufficient. The necessary, 
but not sufficient, condition is as follows: there does not exist any con- 
tinuous function yw (x), not identically zero, which is orthogonal to all the 
functions g;(x). In other words, if the sequence of functions 9; (x) has 
the above property that there exist linear combinations of them converging 
uniformly to any preassigned function f(x), then there does not exist any 
continuous function w(x), not identically zero, satisfying the equations 


J. %:@ @ ax = 0, G = 1,2,-+). 


The sufficient, but not necessary, condition of Schmidt assumes that the 
second derivatives of all the functions 9; (x) exist and are continuous, and 
that there does not exist any continuous function, not identically zero, 
orthogonal to all these second derivatives. Then he shows that each con- 
tinuous function f(x) may be uniformly approximated by linear combinations 
of the functions 1, x, and ¢;(z). 

A necessary and sufficient condition was first obtained by F. Riesz® by 
the use of Stieltjes integrals. This condition is that every function of 
bounded variation @ (x) satisfying the system of equations 


‘Received March 19, 1931. — The author wishes to thank Professor J. L. Walsh for the 
latter’s many helpful suggestions and criticisms. 

* National Research Fellow. 

*A set of linearly independent functions {gn(x)} is one for which the identity 





m 
2% 9 (2) = 0 implies c, = c. = +--+» = (m= 0. 
= 
‘ Entwickelung willkiirlicher Funktionen nach Systemen vorgeschriebener. (Inaugural- 
Dissertation.) Géttingen (1905); Mathematische Annalen, vol. 63 (1907), pp. 433-476. 
5 F. Riesz, Annales de l’Ecole Normale Supérieure (3), vol. 28 (1911), pp. 33-62. 
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J 9:@ da(@) = 0, (i= 1,2,--), 


shall be constant in the interval a < 2 < b save perhaps for a denumerable 
set of values of x different from a and b. 

Our treatment of the problem is purely geometric and obtainable by 
altogether elementary considerations in Minkowski’s geometry of convex 
bodies. At the end of the paper we shall see how the condition of Riesz 
and our own are related to one another. 

2. Before proceeding with the solution of our problem, we shall briefly recall 
those elementary properties of convex bodies in n-dimensional euclidean 
space which we shall need in what follows. 

A point X of n-dimensional space R, is given if one knows its n co- 
brdinates (a,,---,%n). A closed point set K in R, will be called convex 
if the line segment joining two arbitrary points A and B of K consists 
only of points belonging to K. A point not belonging to K is called an 
exterior point. A point of K which is limit point of exterior points will 
be called a boundary point of K. The set of all boundary points of K 
will be called the boundary of K. An (m—1)-dimensional plane will be 
called a plane of support of K if it contains at least one point of K and 
if every point of K lies either in the plane or on the one side of it. 

In what follows we shall make use of two well-known properties of 
bounded convex bodies.’ 

LemMA 1. Through every boundary point of K may be passed at least 
one plane of support of K. 

Consider, furthermore, a closed and bounded point set Sin R,. It may 
be shown that there always exists a smallest convex body K(S) containing S; 
that is, a convex body containing S and such that every other convex 
body containing S also contains K(S). 

LEMMA 2. Every point of the smallest conver body K(S) containing 
a closed and bounded point set S may be considered as the center of gravity 
of at most (n+-1) positive masses of total mass 1 and lying in S. Con- 
versely, the center of gravity of at most (n-+1) masses of total mass 1 and 
lying in S belongs to the smallest convex body K(S) containing the set S. 

3. We can now return to our problem. We shall first consider a some- 
what different form of it. Let there be given a sequence of arbitrary 
linearly independent functions 9, (x), yo(x), ---, yn (x), --- defined and con- 





® An analogous treatment of Tschebyscheff approximation is given by A. Haar, Mathe- 
matische Annalen, vol. 78 (1918), pp. 294-311. 

7An admirable account of these properties will be found in C. Carathéodory, Rendiconti 
del Circolo Matematico di Palermo, vol. 32 (1911), pp. 1-25. 
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tinuous in the interval a < x < b and let f(x) be a continuous function 
defined in the same interval. What is a necessary and sufficient condition 


n 
that there exist linear combinations >) a” gy, (#) which converge uniformly 
i=1 


in the interval a < x < b toward f(x)? 
Consider in (x + 1)-dimensional euclidean space R,+: with the codrdinates 
(%, %1;°*+*, mn) the following two curves: 


x = f(x), % = —f(2), 

o, ss x). oe + Te x), 
Tits: 1 " ¢ dy and Inia: 1 " ¢ ) | 

Ln = Pn (x), in = “Pn (x), 


as well as the smallest convex body Kn: (/, 91, +--+, Yn) containing these 
two curves Foxe and In4:1. It is clear from the definition that the origin O 
belongs to the body Kn: (J, 91, ---, Gn) and that this body is symmetric 
in the origin O. By this we mean that if a point (a, m,---, d») lies in 
the interior or on the boundary of the body, then the point (— ay), — a, --- 
++, — a) likewise lies in the interior or on the boundary of the body, 
respectively. 

4, Let us first consider the necessary condition. We know by hypothesis 


n 
that there exist linear combinations > a” y;(x) of the y;(~) which con- 
i=1 


verge uniformly toward f(z): 
n 


(4.1) lim Dal 9;(2) = f(@). 


n—>wi=1 


There are two cases possible according as f(x) is itself a linear com- 
bination of the 9; (zx): 


n 
(4.2) S(x) = p> bi 9: (2), 
or is not. 

Suppose a relation of the type (4.2) exists for some n. For the same » 
consider the (n+ 1)-dimensional space Ry+: and the (n-+ 1)-dimensional 
convex body Knii(/, 91,---, Yn) defined in section 3. Consider the n- 
dimensional plane through the origin 


(4.3) Xo b, ed be wa oe ae Dn In = 0. 


In consequence of (4.2) and the definition of Tria and Iyi1 these two 
curves lie in the plane (4.3). Since the plane itself is a convex body, the 
body Knii(/, 91, +++; Yn) being the smallest convex body which contains 
the two curves Tris and Ini1, has to lie wholly in the plane (4.3). Hence, 


54 





<p iat ily Ying re Sa 


oe ERY 
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the plane (4.3) is a plane of support of Kn4i(/, 91,-°°+, Gn) and since the 
origin is contained as well in the plane (4.3) as in the body Kn4i(f, 1, ---, Yn), 
the origin must be a boundary point of Knii(/, 91, -- +) Pn). 

But the converse is also true. If the origin lies on the boundary of 
Knii(Jy 91, °°; Gn), then the function f(x) may be represented as a linear 
combination of the functions 9; (x), ---, gn(~). Since the origin lies on the 
boundary, we may, according to Lemma 1 of section 2, pass through it 


a plane of support of the convex body Kniil(/, 91, ---; Yn). Let the 
equation of the plane be 
(4.4) Co Lo — Cy ry eee ea — Cnn = 0. 


Since the origin lies on the boundary of Kn4i(/, 91,---, Gn), the whole 
body lies in the plane (4.4) and therefore also the curves 7; “en and Iy41. 
This means that the equation 


cof @) = 2 9i(a) 


holds. If now co = 0, this would mean that the functions 9, (x), ---, gn (x) 
are linearly dependent, a case that we excluded from the start. Hence, 
Co + 0 and 


nr 
f@) = gia). 
i=1 C 

We have, then, the result that a necessary and sufficient condition that 
I(x) be a linear combination of the linearly independent functions 9; (x), 
Y2(x), +--+, Pn (x) is that the origin lie on the boundary of the body 
Knsi(hy 915 ++ +5 Gn) 

5. The second case is the one of equation (4.1), where the convergence 
is uniform in the intervala<a2< 6. This means that to every positive «, 
no matter how small, there exists a positive integer N(«), independent 
of x, such that for n > N(e) 


(5.1) —e< >2 a” (2) —f (x) <e. 


Consider the region defined by the inequality 
nv 
(5.2) — eat > a” Li— My <eé. 
i=1 


Since the region (5.2) is itself convex, the smallest convex body 
Kniss (fy 91, +++; Gn) containing | ae and J;,41 must lie in the interior of the 
region (5.2). The straight line which joins the origin with the point (1, 0, ---, 0) 
will intersect the boundary of the body Kn4i(/, 91, °++, Gn) in a point An+1 
such that the distance OAn41<«, where n > N(e). 
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If, now, » is allowed to run through all values 1, 2, --- and if for each 
of these values the corresponding body Kn+1(f, 91, +++, @n) is constructed, 
it is seen that 

lim OAni: = 0. 


n> oo 


This is a necessary condition which will now be proved sufficient. 
Consider a function f(x) and a sequence of functions 9, (x), ---, (2), - 
such that for each arbitrarily small positive « there exists an integer \(¢) 
having the property that when n> N(e), the distance OA,::<¢. We 
wish to show that there exist linear combinations of the functions {@n(x)} 
which converge uniformly toward f(x) in the interval a<a<b. If 
OAnti<e and if B11 denotes the symmetric image point of 4,1 in the 
origin, Anji Bnti<2e and Bysi likewise lies on the boundary of the body. 
Through A, i; and B,4; let planes of support of the body be passed. 
From the symmetry of the body it follows that these planes may be 

chosen parallel. Let their equations be, respectively, 


> a” x, —_— = a y 


i=0 


n 
Pe (n) 


where 7 is a positive number smaller than ¢. The body Kn+1 (J, 91, --+; Pn); 
therefore, lies in the region 


n 
(n) | ~(n) 
par 2, |< |a|e. 


If a” = 0, the body K,.,(4, 91°: 9,) lies in the plane 2 a” x, = 0, 


from which we deduce, as in section 4, that f(x) is a eear combination 
of the functions 9,(x), ---, 9,(x). If a®” 40, the body lies in the region 


n a” 


a™ 


Vi a 
i=0 | 


Hence, the curve I) ;1 lies in the same region, and we have 


n ” 


sot 2 oe a“ via) <e, 


which proves our assertion. 
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We, thus, have the result: 

A necessary and sufficient condition that there exist linear combinations 
of the functions 9;(x), +++, n(x), +++ which converge uniformly toward f(x) 
is that lim OAni1 = 0.8 


no 


6. From this result it is easy to derive the theorem of Riesz, mentioned 
in section 1. According to Lemma 2 of section 2, every point (do, a1, +++, dn) 
of the body Knii(f, ¥1,-:+; 9n) can be represented in the following 
manner: 


n+1 n+1 
a = Du fa—D> wf (a, 
i=0 J=0 
(6.1) n-+1 n+1 


% = p> d; (ai) — 2 fj Pic (aj), 
— _ 


where 4 >0, 4, 20,-++, Anti 20, mo 20, my &O,-++, Mati 2O and 


n+l 


> (A; +;) = 1. We observe that the sums (6.1) can be represented 
z7=0 


as Stieltjes integrals 


(6.2) a = [s@ dec), ak =f @) da(x), (k= 1,2,---,n), 


where «(x) is a step function of total variation 1: f. ” | dee(zx)| = 1 with 
the jumps 4; in the points x= 2; and the jumps —y; in the points z = qj. 

It is clear that if more than (n-+1) masses lie on Tous and more 
than (n-+1) masses lie on P41 of total mass 1, then the center of gravity 
of all the masses lies in the convex body Kn+i(f, 91,--+, Gn). This is 
a direct consequence of the property of convexity. A transition to the 
limit shows immediately that the center of gravity of a continuous distri- 
bution of masses of total mass 1 on the curves Zy41 and I41 likewise lies 
in the body Kn41(/, 91, -++, Yn). Similarly, if a(x) is an arbitrary function 


of bounded variation of total variation 1: 3 | da(x)| = 1, then the point 


(ao, 41,-+*,@n), defined by the equations (6.2), lies in the body Kn41(4,91,-"+; Pn) 

Furthermore, if, «(x) being an arbitrary function of bounded variation, 

the point (a, a1,---+,@n), Where the a, are given by (6.2), lies on the 
b 





boundary of Kn4i(/, 91, ---, Gn), then the total variation I \da(x)| => 1. 
In order to prove this, denote the point (a), a,,---, dn) by A. If it should 


: aes = ° ao oR an F 
happen that J |dee(x)| = c<1, then the point are ae ee will 
lie outside of Knii(f, 91, +--+, Yn) on the line joining O with A. According 


to (6.2), the point can be represented by the equations 





®This theorem remains valid even when the functions f(x) and g(x), p2 (x), +++, Pn(x), ++ 
are defined on an arbitrary compact set S instead of on the interval a<a<b. 
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= =f r@a(*2), = =f vx (aa(=), (== 1,2, ---, 9), 


v 
where f. a je | | = 1. According to the remark of the last paragraph, 


, a a : : 
however, a point (=, rg. rosy &) with such a representation would 
have to lie in the body Knii(f, 91, ---, 9x), Which is a contradiction. 

This also shows that if «(x) is a function of bounded variation and if 


(do, 41, +++, Qn) is an arbitrary point A of the space Rn+1, then the total 
variation of @(x) cannot be less than the constant 3 where B is the 


point in which the line joining O and A cuts the boundary of the body 
Ky (f, Fis” *s Pn): 
. — 
f. \da(x)| > eo 
. OB 
Let us apply our result to the point (1,0,---,0). We obtain the 
theorem: If there exists a solution a(x) of the equations 


(6.3) 1 = [sae 0 = [vx (@) ae), (k = 1,2,---,n), 


then f "ld a(x)| > = oy where B is defined as above. 
a ~ OB 


7. Let us now assume that f(x) can be represented as the limit of 
a uniformly convergent sequence of linear combinations of the functions 
91(x), po (x),---, Pn(x),---. AS we have seen at the end of sections 4 


and 5, this implies that either 0 Api; —0 for some n or lim OAn+1 = 0 


with OAns: + 0 for all n. 

The first case corresponds to the fact, as we have already seen, that 
Kn4i (fy 91, +++, @n) lies in an n-dimensional plane P which does not 
pass through the point (1,0,---,0). In that case, however, the point 
(1,0,---,0) can never be represented in the form (6.3), for that would 
imply that it can be considered as the center of gravity of a set of masses 
lying in the plane P. 

In the second case, lim OAnii1 = 0, we can apply the result of section 6 


nn >o b 

and assert that if a(x) is a solution of equations (6.3), then f |da(zx) | 
1 

An41 


(7.1) 1 = [/7@ dee, 0 = [i 9x2) deca), (k == 1, 2, - 


If there exists a solution a(x) of the equations 
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' — . ‘ a ee 
let its total variation be V. Taking » so large that OAnii<—;>, we 


immediately obtain a contradiction. There exists, therefore, no function a (z) 
of bounded variation satisfying the equations (7.1). 

Conversely, if the equations (7.1) have no solution e(x) of bounded 
variation, lim OA,;:—0. For, if that were not the case, there would 


ne ae 
exist a positive number ¢ and infinitely many OA,,>e«. Hence, by pre- 
ceding considerations there would exist for each z a function «;(x%) of total 


— 1 or , 
variation < satisfying the system of equations 
. 


eh *b 
(7.2) — f. J (2) da; (2), = | Pk (x) da; (x), k= 1,2,---, ni). 


a 


We can assume that «@;(a) = O for all values of 7, for the addition of 
a constant to «;(a) does not affect the values of the integrals in (7.2). 
Furthermore, we can select a subsequence of «;(a) such that the numbers «;(b) 
converge toward a definite limit. According to a well-known theorem of 
Helly,® there exists a further subsequence of the functions e;(x) converging 
everywhere save perhaps in a denumerable set of points toward a function @ (x) 


of total variation < =, According to a further theorem of Helly,’® the 


equations 
*»b b 
lim f. I(x) daj(xz) = J. SI (x) da(a), 
(7.3) in 


b b 
lim p(x) da (ax) = f pr (x) da (x) 
imwova a 


hold under these conditions. Hence, the limit (7.3), carried out in (7.2), 
gives a solution of «@(x) of (7.1), which is a contradiction. 

We, thus, obtain the following theorem of F. Riesz: 

A necessary and sufficient condition that there exist linear combinations 
of the functions 9,(x), +--+, Gn(x), «++ converging uniformly toward f(x) 
is that there shall exist no solution «(x) of the equations (7.1). 

From this follows at once the theorem of Riesz, enunciated in section 1, 
which we set out to prove. 

°E. Helly, Sitzber. der Wiener Akad., vol. 121 (1912), pp. 265-297. 

” EB. Helly, ibid. 
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ON THE FUNCTIONAL OF MR. DOUGLAS.* 


By Trsor Rapo. 


Mr. Douglas published recently a new solution of the problem of Plateau,' 
based on an interesting functional introduced by him. The object of the 
present paper is to develop some remarks which might simplify the handling 
of this functional and throw some more light upon its nature. 


§ 1. THE SimuLTaANEous PROBLEM. 


1. In this paragraph we shall state the problems we shall be concerned 
with. 

The problem of the least area requires to determine a surface, bounded by 
‘a given Jordan curve and having an area as small as possible. It is shown 
in the calculus of variations that such a surface, if it is sufficiently 
regular, is a minimal surface (that is to say, its mean curvature H vanishes 
identically). Lebesgue has shown, on the other hand, that the problem 
has solutions which are not minimal surfaces.* 

The problem of Plateau requires to determine a surface bounded by a given 
Jordan curve. Schwarz has given examples of portions of minimal surfaces 
which do not have a smallest area.® 

2. Lebesgue* proposed the problem to show that the problem of the 
least area has always a solution which is a minimal surface (or, what is 
the same thing, to show that the problem of Plateau has always a solution 
with a minimum area). It might be convenient to have a name for this 
problem; we shall call it the simultaneous problem. This problem may be 
stated as follows. 

The simultaneous problem. Given, in the xyz-space, a Jordan curve /, 
determine three functions x(u, v), y(u, v), z(u,v) with the following pro- 
perties. 

I. x(u, v), y(u, v), 2(u, v) are harmonic for w+ 0? <1. 


* Received April 20, 1931. 

'J. Douglas, Solution of the problem of Plateau, Transactions of the American Mathe- 
matical Society, vol. 33 (1931), pp. 263-321. 

?H. Lebesgue, Intégrale, longueur, aire, Annali di Matematica, Serie IIIa, vol. 7 (1902), 
pp. 231-359. 

3H. A. Schwarz, Untersuchung der zweiten Variation des Flicheninhalts von Minimal- 
flichenstiicken, Gesammelte mathematische Abhandlungen, vol. 1. See in particular 
pp. 161-163. 

* Loe. cit. 2, 
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II. x(u, v), y(u, v), z(u, v) satisfy the relations 


E=G,F=0 for w+2'<1, 
where 
ao fi a i oo Ly Ly TF Yu Yy bey 2ys a wT YT 2 


Ill. x(u, v), y(u, v), e(u, v) remain continuous for u?+ v7 = 1, and the 


equations 
= xu, v), ; = y (u, v), ihe z(u, v) 


carry the unit circle u?+ v7? = 1 in a one-to-one way into the given 


Jordan curve I. 
IV. The area of the surface 


S: xc=a2(u,v) y=yuv), 2e=eu,v), w+tve<l 
is minimum. 

The meaning of condition IV depends of course upon the class of sur- 
faces in which 8 is required to minimize the area, and upon the definition 
of the area itself. We shall consider the class of all continuous surfaces 
bounded by the given Jordan curve I. Such a surface is defined by equations 


x=2(u,v), y=ylu,v), 2e=e(u,v), w+? <1, 


where x(u, v), y(u, v), z(u, v) are continuous for u?-++v? < 1 and where 
the above equations carry u?-++ v? = 1 in a one-to-one way into the given 
curve I’. As to the area of such a surface, we adopt the definition of 
Lebesgue, and we shall denote the area, in the sense of Lebesgue, of the 
continuous surface S by %(9).° 

3. As it follows from classical investigations of Schwarz, condition IV 
of the simultaneous problem is not a consequence of the conditions I, II, III, 
save of course in the trivial case when the area of all continuous surfaces 
bounded by Lis +o. 

We have now the theorem that the simultaneous problem is solvable for 
any Jordan curve which bounds some continuous surface with a finite area. 
There are at present two demonstrations of this theorem, one by myself 
and one by Mr. Douglas. 

I have shown, in a first paper,® that the problem of Plateau is solvable 
for any rectifiable Jordan curve, and in a subsequent paper’ I have shown 





>See, for a systematic presentation of the theory of the area in the sense of Lebesgue, 
the author’s paper Uber das Flachenmaf rektifizierbarer Fliachen, Mathematische Annalen, 
vol. 100 (1928), pp. 445-479. 

°T. Radé, On the problem of Plateau, Annals of Mathematics, vol. 31 (1930), pp. 457-469. 

‘T. Radé, The problem of the least area and the problem of Plateau, Mathematische 
Zeitschrift, vol. 32 (1939), pp. 763-796. 
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that by means of slight modifications the methods used give a solution 
of the simultaneous problem. One of my main arguments was a classical 
theorem on the conformal mapping of polyhedrons.* Commenting on my 
first paper mentioned above, Mr. Douglas® observed that this polyhedron- 
theorem allows to complete his own solution of the problem of Plateau 
in the same direction; indeed, he shows"® that this theorem allows to verify 
that the minimal surface, obtained by means of the new functional in- 
troduced by him, has a least possible area, that is to say that it solves 
the simultaneous problem also. 

4, It is interesting, and for the sequel necessary, to compare briefly 
the two methods. The central and most elaborate part of the method of 
Mr. Douglas is the discussion of the first variation of his functional. A total 
absence of any first variation of any integral is characteristic for my method. 
Indeed, in terms of the calculus of variations, my method consists of solving 
the variation problem f f (EG—F*)!? = minimum and its Euler-Lagrange 
equation H = 0 simultaneously; the discussion of the first variation drops 
out this way completely.*' A common feature of both methods is the use 
of a strong theorem on conformal mapping of polyhedrons; the two methods 
differ however in this respect also. Indeed, I use this theorem at the very 
first step, in the construction of an approximate solution, while Mr. Douglas 
only wants it to verify the least area property of the minimal surface 
obtained by means of his functional. 

5. In the following study of the functional of Mr. Douglas, we shall make 
use, in § 2, of the theorem that the simultaneous problem is solvable for 
any Jordan curve which bounds some continuous surface with a finite area; 
as my proof of this theorem is independent of any discussion of any first 
variation, there is no danger of a vicious circle. §§ 2 and 3 give an 
independent new method to discuss the first variation of the functional of 
Mr. Douglas. 


§ 2. THe FounctionaL oF Mr. Doua.as. 


1. Let there be given a Jordan curve 7 in the xyz-space. Consider 
all the one-to-one and continuous correspondences between 7 and the unit 





5 Loe. cit. ®, p. 459, and loc. cit. 7, p. 773. 

°J. Douglas, Existence of a surface of absolutely least area bounded by a given contour, 
Bulletin of the American Mathematical Society, vol. 36 (1930), p. 796. 

0 Loc. cit. ', part V. 

‘The method consists of showing first that for a Jordan curve which bounds some 
continuous surface with a finite area the simultaneous problem can be immediately solved 
in a certain approximate sense, and second that the exact solution may then be obtained 
by a passage to the limit. 

55 
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circle u2+v2 1. Such a correspondence may be defined by a set of 


equations ” 
(1) oiiheees §(0), = (4), iene (8), 0<6 Ss 27, 


where 6 1s the polar angle determining the position of a point varying 
on u2-+v? = 1. Mr. Douglas considers the integral 


(2) so=gef [s(6)—8(@) P+ [n(9) —n(y) P+16(0)—@)* 


4 





. 4 sin? 9% or 
2 


where g denotes the one-to-one and continuous correspondence between 
u?+v? = 1 and I, defined by (1). This integral A(g) is the functional 
of Mr. Douglas; its argument g is a variable one-to-one and continuous 
correspondence between u?-+-v* = 1 and I, or, what is the same thing, 
a variable parametric representation of I." 

Mr. Douglas assumes that the given Jordan curve IY’ admits of some 
parametric representation g with a finite A(g), and arrives to results which 
may be summed up as follows. 

I. There exists a parametric representation g of the given Jordan curve I 
minimizing the functional A(q). 

II. Denote by 


g. © = 8&0), y=), 2=6(), O0<O6< 2a 


any parametric representation of Y which minimizes A(g). Consider the 
harmonic functions z(u,v), y(u,v), z(u,v), defined for w?+v? < 1 by 
the condition that they reduce to §(6), 7(@), €(@) for w?+v7—1. Then 
these harmonic functions satisfy the relations 


E=G6, F=0 for w?+2'<1, 
where 
a = TY, + eis ~_ Ly Ly FT Yu Yy + ey 2Zys F = w+ Yy + 2 
That is to say, the surface 


S:2«=—2u,v), y=ylu,rv), 2=—eu,v), wte<1 


is a minimal surface bounded by the given Jordan curve J. 

III. The above surface § has a least possible area with respect to all 
continuous surfaces bounded by I; that is to say, S solves also the 
simultaneous problem. 





"Mr. Douglas considers A(g) for improper parametric representations also. This is 
necessary for the details of the demonstration, the results however are only concerned 
with proper representations (one-to-one and continuous correspondences). 
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IV. The assumption that I admits of some parametric representation gq 
with a finite A(g), is equivalent to the assumption that I” bounds some 
continuous surface with a finite area. 

2. These results contain, in particular, the theorem that the simultaneous 
problem is solvable for any Jordan curve which bounds some continuous 
surface with a finite area. Besides, they contain interesting facts con- 
cerning the functional A(qg) itself, as e. g. the striking fact that any solution 
of the variation problem A(g) = minimum gives a minimal surface, while 
the classical area-integral problem f f (EG — F*)? = minimum has always 
solutions which are not minimal surfaces. 

The central part of the method of Mr. Douglas is his discussion of the 
first variation of his functional A(g). We are first going to show that 
this discussion can be completely avoided. We shall namely see that the 
statements I to IV in the preceding No. 1 are immediate consequences of 
the existence of the solution of the simultaneous problem; and we observed 
(§ 1, No. 4) that the simultaneous problem can be solved without any 
discussion of any first variation. 

3. It is convenient for our purposes to use another one of the many 
expressions given by Mr. Douglas for his functional A(g). Consider a para- 
metric representation 


g: «= &(6), y=6), 2=— 00), O<b<2a 


of the given Jordan curve I and denote by x(u,v), y(u, v), z(u,v) the 
harmonic functions, defined for u*-+-v* <1 by the condition that they 
reduce on u?-+v? = 1 to &(6), (6), £(@) respectively. Then 


Ag) = ff $+ @duadv 


A fatatffatat[fetel, 


where (and also in the sequel) the integrations are to be extended over 
w+v?<1, and 
E=#8+y+2, @=atyte. 


That is to say, A(g) is equal to half of the sum of the Dirichlet integrals 
of the harmonic functions with the boundary values £(6), 7(@), £(@). 

It is needless to consider the computations leading from (2) to (3), because 
in the present paper we only use the form (3), which therefore constitutes, 
for our purposes, the definition of A(g). 

4, We are now going to show that the results of Mr. Douglas summed 
up in the statements I to IV in No. 1, are immediate consequences of the 


55* 
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theorem that the simultaneous problem (see § 1, No. 2) is solvable for any 
Jordan curve I which bounds some continuous surface with a finite area. 

Consider, indeed, such a curve I’ and denote by x (u, v), yo(u, v), 20 (u, v) 
a solution of the simultaneous problem. Denote by &(@), 70(0), €o(@) the 
boundary values of x (w, v), yo(u, v), Zo(u, v). On account of § 1, No. 2, IIT 
the equations x = &)(6), y = (6), 2 = (0) constitute a parametric 
representation of Z’ which we shall denote by go: 

go: ©=&(0), y= lO), z= 0(0), O<6< 2a, 

We denote further by Sy the surface 

So: x= a(u,r), y=ywu,v), 2e=au,v), wt <1. 
Using (3) and § 1, No. 2, we have 


4) A@) = ff $Go+e) =f [Ge Go — FB)" = 1%) = a(n), 


where a(J’) denotes the minimum of the areas of all continuous surfaces 
bounded by 7. As a(/) is finite by assumption, (4) shows that A(go) is 
finite also, that is to say that Y admits of a parametric representation 
with a finite A(g). 

Conversely, suppose that IF admits of a parametric representation 


g: «= 86), y=), 2= 06), 0<6K< 22a, 
with a finite A(g). Consider the surface 
Sy; x=—2tu,v) yoyuv), 2e=—etu,v), w+t+uw< 1, 


where x(u, v), y(u, v), z(u, v) are the harmonic functions with the boundary 
values §(6), 7(6), (0). We have then 


u(s) =f fa@o—ry <ffmeer <ffle+e = 4. 


Thus 2&(S,) is finite, that is to say IY bounds a continuous surface with 
a finite area. 
The preceding remarks prove statement IV in No.1. Denote now by 


g: x©=&6), y=0), z=6(0), O0<0< 2a 


any parametric representation of I’, by x(u, v), y(u, v), z(u, v) the harmonic 
functions, defined for u®-++v* < 1 by the condition that they reduce to 
&(0), 7 (4), £(@) on w®-+ v? = 1, and denote by S, the surface 


Sy: x=atu,v), y=ylu,v), z2z=—etu,v), wt+oe%<l. 
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Denote again by 


So: «= mur), yeywu,rv), 2=—au,v), wtee<1 


a solution of the simultaneous problem, by § (4), 7o(@), &(@) the boundary 
values of 2 (u,v), Yo(, v), 2o(u,v), and by g the parametric representation 
of I defined by 


go: © = &(9), y= mm), 2= (0), O0<0< Qa, 
We have then 


1 ae 
A (go) = een Go) =ff Go— Foy? = A(S) < A (Sy) 


) 
ff (EG — F?)2 < {fax Gir < Jf< (EB +- A = A (y). 


From this it follows that A(g) << A(g); that is to say, gp minimizes the 
functional A(g), which proves statement I in No. 1. 

We come now to the most striking result of Mr. Douglas, namely to his 
theorem that any solution of the variation problem A(g) = minimum 
gives a solution of the problem of Plateau and also of the simultaneous 
problem. To prove this, consider any solution g of the variation problem 
A(g) = minimum. From the minimizing property of g it follows that 
A(g) < A (go), while (5) shows that A(g) < A(g). So we have A (go) = A (y), 
and from this we infer that for a minimizing g we must have the sign of 
equality everywhere in (5). This gives immediately the relations 


~ 


(5 


(6) (Sz) = WS), 
(7) @ = SJ [-@+ G) — E¥?2 ou _ >. fure— any, 


(8) 0 = f [£12 2 — (EG — F*)'?], 


From (7) and (8) it follows that E=G, F=0. That is to say, the 
surface S, is a minimal surface, and (6) shows that Sy has also a minimum 
area. This proves statements II and III in No. 1. 

5. So we see that the results of Mr. Douglas concerning his functional! 
A(g) are immediate consequences of the existence theorem for the simul- 
taneous problem. In particular, we see that these results can be proved 
without any discussion of the first variation. As however the first variation 
of A(g) is certainly interesting in itself, we are going to carry out the 
discussion of the first variation of A(g) in a way which might throw some 
more light on the situation. Instead of using the expression (2) as Mr. Douglas 
did, we shall use the form (3). The result appears then as a very particular 
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case of a simple and general theorem on the conformal mapping of sur- 
faces. As this theorem might be interesting in itself, we shall state and 
prove it in § 3 in a much more general form than the application to A (g) 
would require. 

§ 3. A LEMMA ON CONFORMAL MAPPING. 


1. Let there be given three functions z(u,v), y(u,v), z(u,v), defined 
and continuous for u?+v? <1. We suppose that these functions have con- 
tinuous partial derivatives of the first and second order for u?+v?<1. We 
say then that the equations 


x = zr\u, »), _ ae yu, v), ihn 2(u, v), w+ vw Ss 1 


define a continuous surface S of class C; (x, y, z being considered as Car- 
tesian coérdinates). 

Note that we do not suppose that the above equations define a one-to- 
one correspondence between wu?+-v* <1 and the points of the surface S; 
this surface may for instance reduce to a single point. 

2. Given a continuous surface of class Cy 


(9) 8: «=2lu,v), y=yt,v, 2e=etu,v, w+e< 1, 
we define its equivalent representations as follows. Put 
(10) u = u(a, B), v = v(a, 8), 


where w(a@, 8), v(a, 8) satisfy the following conditions. The functions 
u(e, 8), v(a@, 8) and their first and second partial derivatives are con- 
tinuous for «@?+ 4?<1 and uw(e, 8), v(@, 8) remain continuous even on 
a? £7 — 1; the determinant 

Ue up| 

Va UB 





is different from zero for @?+4?<1. Finally we suppose that the 
equations (10) define a one-to-one correspondence between u?+ v? < 1 and 
a+ 6 <1. 

If we substitute, in (9), for w and v the functions u(a, 8), v(a, B), we 
obtain new equations 


(11) - x(a, 8), ones y (a, 8), = a(a, 8), o® + B? < 1, 


where x(a, 8) = x(u(a@, 8), v(@, 8)) and so on. We say that (11) is an 
equivalent representation of the surface (9). 
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It follows from these definitions that the relation between equivalent 
representations is a reciprocal one. Note that the region in which the 
coérdinate functions are considered is all the time the unit circle. 

3. Let (9) be any of the equivalent representations of 8S. We put as 
usual 


E= HiT Yu, + is f= Ty Ly Yu Yy Hy 2ys ¢= ay T y+ ae 


These first fundamental quantities H, /, G have then continuous first deri- 
vatives for u®+v?<1; nothing is supposed as to their behavior for 
u>-+v%—>1. Consider now the integrals 


(12) f J (EG —F*)2 and f J : (E+@). 


The first integral is the area 2(S) of S; we shall only use the fact that 
this integral has the same value for all the equivalent representations of S. 
The value of the second integral (12) depends upon the choice of the 
equivalent representation. This integral is a functional, the argument of 
which is a variable equivalent representation of S. 

4, An equivalent representation satisfying the relations 


B=G, F=0 for e+e'< 


will be called a conformal representation of S. For a conformal repre- 
sentation we have obviously 


a(S) = |{f@oe—ry =ffr-Jfe =fftero. 


5. Our object in this paragraph is to prove the following 
THEOREM. Suppose that the given continuous surface S of class Cz admits 
of an equivalent representation for which 


J[jate< +o, 


Then an equivalent representation 
S: «=—a2u,v),, y=yu,v), 2z=—2u,r, wt! 


is a conformal representation if and only if it minimizes the functional 


(13) JJfus+o. 


The second half of the theorem is trivial. Indeed, we have for any 
equivalent representation the obvious relations 


(14) a(9) = f f @e—Fry < ff eo <fft@r+e. 
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We have therefore for any equivalent representation 
4(s) < ff Fut, 

while for a conformal representation we have (see No. 4) 
a(s) =f f e+e. 


So we see that any conformal representation minimizes the functional (13). 
The first half of the theorem would also be trivial if we would know 
that S admits of a conformal representation 





S: x£=a(u,v) yoyu,v), 2=—au,v), w+? <1, 
(15) Ky = Go, Ky = 0. 


The preceding reasoning would then first give the relation 


min [ [ + (@+@) =f fsm+e) = X(8), 


Consequently, for a representation minimizing the functional (13) we must 
have the sign of equality everywhere in (14), which gives immediately 
E=G6,F=0. 

As a matter of fact, we only used a consequence of the existence of 
a conformal representation, namely the relation 


min f [ $+@) — (8), 


Our theorem would therefore be trivial if we would know that this relation 
holds true. 

It might be observed that a surface of class C,, as defined in No. 1, 
does not admit generally of a conformal representation, the main reason 
being that we did not suppose that EG — F* +0. It would certainly be 
interesting however, to investigate the possibility of basing an existence proof, 
for some conveniently restricted class of surfaces, on the functional (13). 

6. We are now going to prove the first (not trivial) half of the theorem 
stated in No. 5.7% Let 


(16) 8S: xc=—2(u,v), y=yu,v, z2z=—e2tu,v, wtue’%<1, 





The following developments are based on the so-called method of the variation of 
the independent variables. For a similar application of this method see the author’s paper 
Bemerkung iiber die Differentialgleichungen zweidimensionaler Variationsprobleme, Acta 
Szeged, vol. 2 (1925), pp. 147-156, where the method is used to study the analytic character 
of minimal surfaces. 
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be an equivalent representation minimizing the functional (13). This minimum 
being finite by assumption, it follows, on account of the inequalities 
F? < EG and |F| < E'? @? < 3(£4+@), that the three integrals 


an ffx ffir. ff 


exist. 
We introduce new parameters a, 8 according to the restrictions of No. 2. 


We may write 
q= u(a, 8) v= v(a@, 8), 


a=a(u,v), B= Blu, v), 


or 


and by differentiating we obtain the relations 


po By ay Gu 


(18) le = “A? ve = —*, ig: om ~F7 vg = ‘A : 
where 4 = a, fy — a, &y. We restrict ourselves to new parameters with 
(19) 4= ay, By — ay By > 0. 


Substituting into (16), we obtain an equivalent representation | 


S: x = z£(@, B), — y (@, 8), z= z(@, £), ac? +B S 1, 


20 on pT, rag. — — — y gli end —_ = 7 — — ——_ 
(20) E=2#22+7y2+2, F = XyXptYuYgt a2, G = at Ug t 2 


From the relations 7 = %ute+ 2%» ve and so on, we get 
E= Ev2z+2Fu,v,.+ Gr, G = Eu, +2 Fu, Us Gv. 
The functional (13), for the representation (20), is therefore given by 
J J 5 E+6) = f f 5 BCA + WB) +2 Flug ret uy rp) +O (e+ vp] de ds. 


In the right-hand integral, we change back to the variables uw, v. Using (18) 
and (19), we obtain 


JSF (E+ @) =|{4 [E (02+ B2)—2 F(a, a,+8,8,)+ G(a2+ B*)|dudv, 


and so the extremal property of the representation (16) is expressed by 


the inequality 
JJ j@+ G) dudv 


(21) : 
<J J gy LE (ai + Bi) — 2 F(a, 2, +8, 8,) + O(a, + By] du de, 
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holding true for any couple of functions «(u, v), B(u, v) for which the 
inverse of the transformation « = «(u, v), 8 = A(u, v) satisfies the con- 
ditions required in No. 2. 

7. Let now (u,v) be any function with continuous first and second 
derivatives for w®-++v? < 1, and denote by ¢ a small parameter. Put 


a(u, v) = ucosegp(u, v) —v sin eg (u, v), 


(22) B(u, v) = usin eg(u, v) + v coseg(u, v). 
We have then 
(23) A = 1+¢«(ugv—vgu), 


and as yy, yy are bounded by assumption, A will be different from zero 
for small values of ¢«. From (22) it follows that «?+ £2 — y?+ 1%, so 
the transformation « = a(u,v), 8 = B(u, v) carries concentric circles 
into concentric circles, and in a one-to-one way on account of 4 + 0. So 
the equations « = e(u, v), 8 = A(u, v) define a one-to-one and continuous 
transformation of the unit circle into itself. The first and second derivatives 
of a(u, v), B(w, v) are obviously continuous in u?-+v? < 1. 

Substituting (22) into (21), the right-hand side of (21) becomes a func- 
tion Y(e) of ¢ which has a minimum for ¢ = 0. So Y’(e) vanishes for 


é = 0. In order to compute Y’(e), we differentiate under the integral 
14 








sign,'* remembering that ¢ occurs only in A, ey, @,, Bu, Av, but not in £, 
F,G. The differential coefficients 
or “Dee 


are obtained from (22) and (23). The easy details of this computation 
may be left to the reader; the result is 


4) VOQ=2 ff (wo—e—2uFlou+ luE—@)+20F ly} =0, 


this relation holding true for all functions y(w, v) with continuous first 
and second derivatives in w?+v? < 1. 

8. Let now w(u, v) be any function with continuous first and second 
derivatives for w?-+-v? <1 and vanishing for w2+v?—=1. Put 


(25) a(u,v) = utew(u, v), B(u, v) = v. 


On account of the boundedness of the derivatives of w(u, v), @. = 1 +6 Wu 
is positive for small values of ¢«. From this and from the vanishing of 





“This may be justified immediately on account of the existence of the integrals (17) 
and of the boundedness of gu, go. 





ON THE FUNCTIONAL OF MR. DOUGLAS. 797 


w(u, v) on u?-+v*? = 1 it follows that any secant v = constant of the 
unit circle is carried in a one-to-one and continuous way into itself. So 
the whole unit circle is carried into itself in a one-to-one and continuous 
way. This point being established, the same reasoning as in No. 7 leads 
to the equation 


holding for any function w(u, v) with continuous first and second derivatives 
in u?+v*? <1 and vanishing for u?+v? = 1. 

9. The relation (26) has the usual form of the vanishing of the first 
variation in case of double integrals and so it gives the equation 


2 a... mn = SS. ee 
(27) oe (E QA+s, (2F)=0 for w+vu%<1; 


as the familiar devices to pass from (26) to (27) only use functions y(w, v) 
which vanish on and near to u*-+ v? = 1, it does not make any difference 
that we do not know anything about FL, F, G for w?+v*> 1, 

Let us now consider the equation (24). This equation also holds for 
functions y(u, v) which do not vanish on u?-+-v? = 1. We use it, however, 
for the moment only for functions y(u, v) which do vanish on w*-+ v* = 1 
and we obtain by the same reasons as in the case of (26), the equation 


(28) + [v(B—@)—2uF] + [u(E—@) + 20F] a= @ tee w4-<4. 


10. From (28) it follows the existence of a single-valued function 2(u, v) 
for which 
(29) 2,=v[E—G|—2uF, 2,=—u(E—G@)—2vF for @4+v°<1. 


From (29) it follows by differentiation that 


r) Ce) 
Quut Qv = v — (E— G)——_ (2F) 


0 0 


Simplifying (28) we get 

@ 0 0 9 ¢: a 
(31) »|2 a @) + 7 en| ro [A «@- a—Z @r)| =o. 
From (27), (31), and (30) it follows that 


Quut Qn = 0 for w+r'%<1, 
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that is to say 2(u, v) is a harmonic function. Hence 2(u, v) is the real 
part of a power series of w = u-+iv, convergent in the unit circle, which 
gives for 2(u, v) an expansion of the form 


i?) 
Q(u, v) = aot a 0” (ay cos NO + by Sin N86), 
(32) n=1 
u = ecosé, v = esind, 

uniformly convergent in any smaller concentric circle (the coefficients a, b 
being real constants). 

11. We use now the fact that (24) holds also for functions g(wu, v) not 
vanishing on u?-+v? = 1. We can choose therefore 


(33) g(u, v) = Ru+iv!” = oe" cosnd, =ecosdé, v=—esindé, n=1. 


(24) may be written, on account of (29), 


(34) J i (2, a! Qy Pv) dudv = 0. 
Let R& be a positive number less than 1; we obtain by partial integration 
a | (2p Po Qu ¥v) dudv = | R? 2 dy 

(35) 


ee op 
ian Siam a9 19 
On account of (34) we have 


VS Sorcoo no Pu— 2u Gv) du dv—>0 for R>1, 
and so it follows from (35), for R-1, that 





oy 
) 
2 06 dé—>0 for R-1. 


Substituting (32) and (33), this relation gives a, = 0. Using (wu, v) 
= J(u+iv)” = e” sinn6, we obtain in the same way b, = 0, all this 
for n=>1. Thus 2(u, v) reduces to a constant, so that 2,=0, 2,=0. 
On account of (29), this gives the equations 


v(E— G)—2uF = 0, 


or oo” 
u(E—G)+2vF = 0 | fo wte< 


From these equations it follows immediately that 


(36) E-—G=0, F=0 
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for u?-+v* +0; as however EL, F, G are continuous, (36) holds also true 
for w=v=0. So we have E—G, F =O in the whole unit circle, 
which proves our theorem that the minimizing representation (16) is 
conformal. 

12. In the application to the functional A(g) of Mr. Douglas, which 
we shall consider in the next paragraph, the codrdinate functions x(w, v), 
y(u, v), z(u,v), figuring in the minimizing representation (16), will be 
harmonic functions. This particular situation allows some simplifications 
which might be sketched here briefly. If x(u,v), y(u.v), 2(u, v) are 
harmonic functions, we can write 


(37) a(u,v) = RAW), yur) = RAw), z(u,v) = KA(w), 


where f,, /2,fg are single-valued analytic functions of w = u+div for 
|w|<1. The Cauchy-Riemann formulas give then 


(38) Tu— tty = fi, Yyu—iw = ft, wu—ity = fi. 


Consider the analytic function 


(39) Ou) = [Pw +fE+ Kaw, \wl <1, 


and write 
O(w) = Q(u, v) +iA(u, v). 


We have then, by (39) and (38), 


Qu+iQy = —O'(w) = w(fP t+) = (w+ iv) (E—G@)—2iF] 
= u(E—G)+2vF+i[v(E— @—2uF]. 


Hence the harmonic function 2(u, v) satisfies the relations 
2, = v(E— G)—2uF, Q, = —u(E— G)— 2vF. 


That is to say, in this particular case, the equations (29) may be obtained 
without any reference to the extremal property of the representation. 
The equations (29) being established, we show (24) as previously, using 
the extremal property, and then we can finish the proof by the argument 
of No. 11. 


§ 4. APPLICATION TO THE FUNCTIONAL OF Mr. DovuGLas. 
1. Let there be given a Jordan curve J in the xyz-space and suppose 


that I admits of some parametric representation g with a finite A (g). To 
solve the problem of Plateau in this case, Mr. Douglas used the form (2) 
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of his functional A(g); we are going to show briefly how the demonstration 
looks if we use the form (3) and the theorem of No. 5, § 3. 
The first step is to establish that 
there exists a (possibly improper, but not degenerate) representation 


(40) g: x = §(8), y = 4 (9), 2 = 0 (6), 0<6<2n 


of I minimizing the functional A(qg). 

The reader may look up the definitions of the terms ¢mproper and de- 
generate in the paper of Mr. Douglas and verify that the assertion that g 
is possibly improper but not degenerate implies the following properties. 

a) The functions § (6), 7 (6), ¢(6), figuring in (40), are bounded and their 
points of discontinuity constitute a denumerable set. 

b) The possible discontinuities of these functions are of the following 
simple type: for any @, the functions have definite limits from either 
side, and if these limits are equal, 6 is a point of continuity. 

c) If the equations (40) take two distinct points P, Q of the unit circle 
u = cos 06, v =sin @ into the same point of the Jordan curve I, then 
on one of the two arcs PQ of the unit circle the functions §(6), 7 (8), 
¢(6) all three reduce to constants. 

d) The functions §(6), 1 (6), ¢(6) do not all three reduce to constants 
identically. 

It might be observed that for a general, possibly improper, representation 


g: ©=§(6), y=), 2= 66) 


the functional A(g) is to be defined, if we use the form (3), as follows. 
As § (0), 7 (6), (6) are possibly discontinuous, we cannot talk very well 
of the harmonic functions with these boundary values. Instead, of course, 
we consider the three harmonic functions, defined for u?+v?<1 by the 
Poisson integral formula, using §(@), 7(@), ¢(@) as boundary functions. 
Denote these harmonic functions by x(u,v), y(u,v), z(u,v); then, by 
definition 


1 
4 = f{[>@+o, 
where 
B= “tyra, G=wai+ytés. 


The proof for the existence of a representation minimizing the functional 
A(g) is the same for the form (3) as for the form (2) used by Mr. Douglas, 
and so the reader is requested to look up the easy details in his paper. 

2. Consider now a minimizing representation (40) of 7. As 
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sa =ff5et+o =F[ffetatffarasfferal 


is finite by assumption, it follows that the Dirichlet integrals of the three 
harmonic functions x (u,v), y(u, v), 2(u, v) are finite. From this it follows 
that the functions §(@), 4 (6), £(6) are continuous. Indeed, if for instance 
§(6) would have a discontinuity, this would be of the type specified in 
No.1, b), and then, by virtue of a lemma of Courant,’® the harmonic function 
x(u, v) could not have a finite Dirichlet integral. 

3. The boundary functions §(6), 7(@), €(@) being continuous, x(u, v), 
y(u, v), 2(w, v) remain continuous for uw?+.*—1, and reduce there to 
E(0), 7(@), (0) respectively, on account of a well known property of the 
Poisson integral formula. So we have 


(41) x(u,v) = §(6), y(u,r)=9(8), eu, ve) = 0(6) for w®+o% = 1, 
Consider now the surface 


(42) 8S: «=2(u,v) y=yluv), z2z=—2etu,v), wteo'?< 1, 


This is a continuous surface of class C, according to the definition given 
in Nr. 1, § 3. Consider any of the equivalent representations of S: 


x=Z(u,v), y=ylu,v), 2e=2(u,v), w+r* < 1, 
E=R+R+R, F€=—RtrR+R. 
We assert that 


(43) Jfte+@ < ff la+o. 


Indeed, if x(u, v), y(u, v), Z(u, v) happen to be harmonic functions, then 
(43) expresses simply the extremal property of the representation (40). 
If z(u, v), y(u, v), 2(u, v) are not harmonic, denote by Z(u, v), y(u, v), 
Z(u, v) the harmonic functions coinciding with x(w, v), y(u, v), 2(u, v) on 
u?+v?=1. Then we have, on account of the extremal property of the 
representation (40), 


(4s ffFara<Jfsae+e. 


Since a harmonic function with given boundary values minimizes the 
Dirichlet integral, we have obviously 


(45) ffiG@+o <fJFae+o. 
From (44) and (45) it follows that (43) holds generally. 


See for instance loc. cit. 7, Ch. 1, § 3. 
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The inequality (43) expresses that the representation (42) of S minimizes 


the integral 
1 
JJ je+o 


with respect to all the equivalent representations of S. So the theorem 
of § 3, No. 5 gives that the representation (42) of S satisfies 


(46) BE = G, F=0 for #+v?<1. 


4. We are now going to show that the equations (40) carry distinct points 
of the unit circle «cos 6, v= sin @ into distinct points of the given 
Jordan curve I’. Suppose this be not true. Then, on account of No. 1, c), 
the functions £(@), 7(6), $(6) all three reduce to constants on a certain 
are o of the unit circle. From (41) it follows then that 


(47) ax(u,v) = const., y (u,v) = const., z(u,v) = const., on o. 


From this situation it follows that x(u, v), y(u, v), z(u, v) remain analytic 
on o, and that consequently (46) holds also on o: 


(48) E=:G, F=0 on oe. 
We obtain from (47): 


zo=0, yo=0, w2=O0 on a, 
and consequently 


(49) aty+e2—=—O0 on «. 
Now x79 = —va%u+uUad and so on, and it follows from (49), (46) and (48) 
that 
a+yztea=E=G=O0 on «. 
This shows that 
Ly = Ly = Yu = Ww = tu — & = ODO On G, 


and that consequently the harmonic functions 2x(u, v), y(u,v), z(u, v) 
reduce to constants identically. In connection with (41) this conclusion 
contradicts No. 1, d) however. 

5. Summing up, we have proved that the functions £(6), 7(6), £(6), 
figuring in the minimizing representation (40), are continuous (see No. 2), 
and that the equations « = §(0), y = (6), 2 = ¢(6) carry the unit 
circle u = cos @, v = sin @ in a one-to-one way into the given Jordan 
curve I (see No. 4). We have also proved that the harmonic functions 
x(u,v), y(u, v), (u,v) with the boundary values £(6), 7(@), $(6) satisfy 
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the relations EH = G, F = 0 for u?+v*<1 (see No.3). Hence the 
surface 
x=a2lu,v), y=ylu,v), 2 = z(u,v) 


is a minimal surface bounded by the given Jordan curve I." 

There remains to investigate this minimal surface with respect to the 
least area property. The developments of Mr. Douglas on this subject are, 
in his own opinion, out of line with the general plan of his work.'’ Indeed, 
Mr. Douglas considers conformal mapping as an application of his functional 
and by no means as a necessary tool to study this functional. To show 
the least area property of the minimal surface obtained by means of his 
functional, Mr. Douglas uses however the classical theorem on the con- 
formal mapping of polyhedrons which constituted the main argument of 
my own solution of the problem of Plateau and of the simultaneous problem. 
I cannot help feeling that the elaborate methods of Mr. Douglas to in- 
vestigate his functional A(g), if used in connection with the basic arguments 
of an independent solution of the simultaneous problem, constitute an un- 
necessary detour; mainly because, as we have seen (§ 2, No. 4), the results 
of Mr. Douglas concerning A(g) are immediate consequences of the existence 
of the solution of the simultaneous problem. It would not pay to discuss 
this point any further, because Mr. Douglas plans to eliminate the use of 
this polyhedron-theorem anyway. 





‘6The given Jordan curve is supposed to admit of some representation g with a finite 
A(g). It may be observed that as far as we only consider the problem of Plateau, the 
immediate generality of the method is not very important. Indeed, as soon as the problem 
is solved for polygons for instance, the solution for a general Jordan curve may be obtained 
by a passage to the limit. This theorem has been proved by Mr. Douglas (loc. cit. '); 
particular cases have been proved previously by Garnier (Jordan curves with bounded 
curvature) and by the author (rectifiable Jordan curves). See R. Garnier, Sur le probléme 
de Plateau, Annales sc. de l’Ecole normale supérieure, vol. 45 (1928) and T. Radé, Some 
remarks on the problem of Plateau, Proceedings of the National Academy of Sciences, 
vol. 16 (1930). 

7 See loc. cit. ', p. 265. 
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SEMI-LINEAR INTEGRAL EQUATIONS.' 


By Crietus 0. OAKLEY. 


1. Introduction. By a semi-linear integral equation we shall mean 
an equation of the form 


(1) ep(o) ylx)+oq(a) |y@)| =f @) +2 K (a8) y@)dt+uf L@,8)|y®)| as 


which we shall write as the generic representation of the equations treated 
in this paper throughout which e, o, 4, w are taken to be complex-valued 
parameters; p, g, f real and continuous functions of the real variable x 
in the unit interval I: 0 <a <1; and XK (linear kernel) and Z (semi-linear 
kernel) bounded functions integrable in the sense of Riemann over the 
unit square S:?? O<a2<1,0<§<1. Equation (1) we shall refer to as 
Type (1111), the unit strokes indicating the presence of a y-term, an |y|- 
term, a linear kernel-term and a semi-linear kernel-term, respectively. If 
any one of these terms is missing, we shall denote the fact by writing “0” 
in the proper place; thus it is clear that the notation Type (1010) would 
represent the linear equation of the third kind. Further we shall use, 
wherever convenient, the symbolic dot-product notation for integration, 


thus: af Ke, &) y(§) d§ = 1K -y.* 

Questions of the existence and nature of solutions fall naturally into 
two classes of theorems, those of the one class relating to the regions 
inside and those of the other to the regions outside certain neighborhoods 
of the origin in the planes of the various parameters. It will be seen 
(§ 2) that there exists, within sufficiently small circles (which might be 
termed Liouville-Neumann series circles), a rather close analogy between 
the linear equation theory and the semi-linear equation theory. For the 
regions outside these circles, however, no theory comparable with that of 
Fredholm for linear equations is developed—in fact, certain theorems 
which we give (§ 3) suggest that perhaps no such general theory exists. 





‘Received December 1, 1930. 
? Were continuous kernels K, L considered, we might integrate the one term between 


one set of limits and the other term between another set as, for example, fox (a, §) y(§) dé 


d 
and J L(x, &) |y(§)|d&. With integrable kernels, however, the unit interval is no less 
general and leads to simplification and elegance in formulae. 


*Products without dots shall represent ordinary multiplication. 
804 
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Although these so-called theorems of restriction are in a fragmentary state, 
yet it is in these theorems that the principle interest of this note lies. 

2. Existence theorems for small values of parameters. Fred- 
holm Type (1111). Case I: 0 +0, p(x)+0. We seek a continuous 
function y(x) which shall satisfy 


(2) ytoq\y| = f+i4K-ytuL-\y|, 


and also conditions under which such a solution shall exist. The method. 


which is that of successive approximations, will be briefly sketched. 


Set y% =f; define yp, by the relation 

Yn = —9q|Ynraltf+4K-pateL+ yr ; 
and set Un = Yn—Yn-1, Uo = Yo. We get 
Un = — 6g (\Yn—1|—| Yn—2|) + AK (Yn—1— yn—2) + HL (| yna| — | yr—2 ). 
By applying successively the inequalities: |a+b|<|a+ b|,\a—b => \a—\b., 


Sl<fi 1 


jtn| = |— oq (\yn—1| —|Yn—2|) + AK (Yn—a— yn—2) + WL (\Yn—a| —|yn—2))) 
we obtain 
Un| S |o||q| |i yn—1|—| yn—2|| +|2 | K+ (Yn—1—Yyn—2)| + | |L- (\yn—1|—|Yyn—2 ), 
So} |q||yn—1— yn—2| +A] |) \yn—a— yn—a| + | | Z| - [yn — Yn—a|; 
and from this we get the recurrence relation 
[tn| So] |q| |ttm—a| + [aK] + jeer) | (Le) + tna - 
Letting |@| < go, |f| S fo $9, |K\ < Ko, |\L| < Lo, we write 
\un| < follo|qo+ \4| Ko + |u| Lo]”. 
Hence if (jo,qg9+ |4|Kot+ |u| Lo)<1, y exists since y(zx) = lim Yn (x) 
= Sm (x) and, moreover, satisfies (2) as is readily seen. Finally, by 


methods which are standard in the treatment of the linear case, y is shown 


to be unique. 
Case II: o + 0, q(x) + 0. The equation is 


(3) opytl|y| = ftrAK-y+uL- ly); 


and the above method yields the existence of a non-negative, continuous 
solution under the rather stringent conditions: @, 4, real, non-negative 
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and sufficiently small; p< 0; K, Z=>0. This solution y(x) is the same 
no matter what non-negative first approximating function yo is chosen. 
Further this solution may be so modified as to yield discontinuous solutions 
Y(x) as follows: Y(a) = y(x) except at zeros 2; of p(x) at which Y(a;) 
= +y(xi). 

Type (0111) with o +0, q(x) + 0 is similarly treated. Type (0101) 
with o + 0, g(x) + 0 is of interest. In this case if y(x) is a non-negative 
solution then Y(x) = S—'y(x), where S = | | is the operation of ab- 
solute-value taking and S—! the inverse, is also a solution. 

Volterra Type (1111). Case I: 9 + 0, p(x) + 0. The integration is now 
from 0 to x. By successive approximations we get 


un < floras + (") jo 4p Mar! 1! + (P)ial*2ag2me*/2! fo. +anar/ni], 


where M = |A|Ky+!u|Ly. It readily follows that there exists a con- 
tinuous, unique solution for all f) and x provided the inequality (\o|q9+M)<1 
holds (since |u| < (/o]qg.+M)"e*); or for all fo and M provided 
(\o|qgo+2)<1; ete. If |4| = |w|, and we write N = K,+), then 
a unique solution exists for all f),4,x provided (|o|g.+ N)<1; or for 
all fo, N, x provided (\o|q.+|4|)<1. The discussion of Case II where 
« + 0, q(x) + 0 follows from that of Fredholm Type (1111) Case II. 
Volterra Type (0011). The equation, which might be called a semi-linear 


equation of the first kind, is 
(4) f =1K-ytul-ly). 


We make /(0) = 0; if, further we assume conditions for the differentiability 
with regard to x of equation (4), we may write 


f(a) = 4Kz-y+ K(a, x)y(x)+uLe-\y|\+L(e, x)\y(@)| 


which is a Volterra Type (1111).° 
It is obvious that mixed Fredholm and Volterra equations, say of the 
form 


*It might be pointed out that an integration by parts of (4) leads to 
f = K(x, x) 9 @) — Ki-g @)+L@, x) yw) — Ly- v (8) 


where 9 (x) = fry (GE) dé, Ya) =P \y(&)|d&. Hence, coupled with the integral 
equation is the semi-linear differential equation |g'| = yw’. 
>An example of Type (0001) might be mentioned in passing. Let d = 2n—1 and 
= (— 1)” in the interval [(n —1)7, nz]. Then a solution of d+ 7 cosx ={° ly (§)| dé 
is y(x) = S—'sinz. 








oie want 
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1 a 
ery teqiy| = Stal’ Ke, hy @as+uf" Le, \y®\ ak, 


might be considered. 

3. Certain theorems of restriction. We begin the discussion of 
the existence of the solutions outside small circles by considering the 
following special example of Type (1001), namely 


(5) y= Stuf g@n®ly@i as. 


If a solution is to exist at all it must be of the form y = f+) where 
b is a constant: 


1 1 
b = f, h(&) |y(§)| d& = f, h(§) | f(§) + wg (8) b) dé. 


Let us suppose that h(&) does not change sign throughout the interval; 
then 


1b] = J R@ FO) +ug@ hE 0/ ak, 
from which 


1 
1 >| M@s@+ng@r@ Hae. 
If, now, h(€) and f(§) are non-absolutely orthogonal functions |i. e. 


[n@s@ az = 0 but fo in@ ro) as + 0| we get 


1 
1b] = |nl ||| [9 @a@ ae. 
Hence® 


(6) iw) <1]) [o@n@ar 


necessarily and there is no possibility of a solution existing for values of 
# outside this known circle which is finite if g is not orthogonal to h. 
This is in marked contrast to the situation in the linear theory. If f= 0, 
then y = f/ is a solution for all ~. Moreover, if f = 0 (homogeneous 
equation), there is a continuous spectrum of characteristic values, namely, 


1 
all values of w for which |w| = iff |g (&) h(8)| dé. 

Extension is immediate to the more general kernel L(x, §) which satis- 
fies one orthogonality condition and the condition of positivity: 1 < L< Ly 
in which case necessarily || < Zp in order that a solution exist. The 
theorem can also be generalized in the direction of equations of different 





°The condition of non-absolute orthogonality precludes b from being zero. 
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type. We express it for an equation of Type (1011) with kernels of finite 
rank. The equation is 


1 ™m 


 y=sFtr] San@y@adet+u f Sole) w®|y@ ae. 


The hypotheses are:—I. y; has a plus characteristic sign’ and is orthogonal 


1 
to f, 91) 92, ***, Gn; Ll. 9; is such that each cj, where cj =f Wi(S) 9; (8) dF, 
is positive; we call by c the smallest cj. We have then the 
THEOREM. There is no solution of (7) for |w,>1/me. 
For a solution must be of the form 


y= fts 2c g(a) oe, , bi 94 (a) 
= $= 
where 


a= [my @ak, 


1 1 n m | 
by = Ju@ly@\as =f Wi (8) FO+4AD Ga) +o Db yO ab. 


Making use of condition I we have 


bi 


INV 


: | 

[tt and vg tend bol dé, 
] 1 ' 

wll f Wi Db) 9 |; 


and by II this reduces to 


INV 


lei Ss || Seats 


A 
=" 
Teta 
on) 

~~ 
I 
_ 
& 


By addition of the m such inequalities it follows that 


mio| < Doe D by, 


|u| <1/me. 


whence, finally 


Hence the theorem. 


A further specialization of (5) leads to the following interesting results. 
If g =f, the inequality (6) gives us no specific information about the 


7A function ¢(w) is said to have a characteristic sign in a given interval if, in that 
interval, it neither changes sign nor vanishes identically on any sub-interval. 
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region of existence and the nature of the solution. A solution will be of 
the form y = f(1+ ub) where 


b= 14nd) [ a® s@iae. 
Let 
1/B = [A@®|s@|as>o. 
Then, if « = wo-+im, we have 
Bb = |1+ 4)! 
and 6 satisfies the quadratic equation 
(a5 + ei — BY) P+ 24,b+1 = 0. 


—=— 


= 


Whence 
(8) b = [— mo + (Bi!) /[u5 + wi — B’. 


ear ot ae aay o> 


There is an immediate restriction necessary upon #,, namely: jw,| ~ B, 
since b is real (positive). Consequently the region of existence is narrowed 
to a strip in the w-plane about the axis of reals. It can be verified with 
no great trouble that in the right-half plane: no solution exists outside 
and on the boundary of the circle |~| — B; within B there is one and 
only one solution where in (8) the minus sign is taken; that in the left- 
half plane: within B there is one and only one solution where in (8) the 
minus sign is taken; on the boundary of B there is one and only one solution 
and b = —1/(2 4); on the boundary of the strip | #,| < B there is one and 
but one solution and 6 = —1/j,; outside the strip there is no solution; 
and, finally, inside the strip and outside the circle B there are two and 
just two solutions where in (8) either sign can be taken. In every case 
the solution is y= f(1+b). We might express the things essential here 
in the following 

THEOREM. The region of existence of a solution of (5) with g =f is non- 
circular (portion of a strip) and the solution itself is not unique. 

A similar situation holds for the corresponding equation of Type (1011) eBexs 
where, as is to be expected, the size of the strip is a function of 4. As ‘SRG PP 
a matter of fact in this case it turns out that 


b= (py [B4(1— 2, 4)*+ 23244} iP) / [nG-+ 0} B14, A) +9 A], hi 


ee 


Ks puss |S 


rs a: 
. = wr st a a 


Tegan oer, dee oe PA - 


where A =f ny, A=A+ih, w=pmotim, 1/B = fur +0. And | 
the solution is y= f(1+4a+ mb) where a = A(1+mb)/(1—4A). For 
the Type (1111) equation and under certain simple orthogonality conditions 
a translation of the strip occurs in the #-plane, the center of the circle “B”’ 
being shifted to (o, 9). 
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For this extension it is necessary to know the form of the solution y (x) 
of the equation Type (1111). We separate the real and imaginary parts 
and calculate the form of y = u+7v by solving simultaneously the two 
equations 


U+ og (uw? vv??? = f+ Ap ko — Ay ky + Mol = A, 
v+ 6, g (w+ v* fh? = Ag ki + Ay kot inl = B, 


(where y= f+Ak(a)+ l(a), k =k) tik, 1 = +h, ete.) for u and v. 
This gives 
wu = [— (Boo, q°+ A(1L — 97 9°)} 

+ 6) 9 {A+ B® — q? (6, A—o, B)*}1?] /[(o3+ 97) q?—1], 
v = [— {4o,6, ¢°+ B(1 — 6? g*)} 

+0,q{A?+ B?— q® (6, A— 0 B)*}*?] /((e3+ 0?) q*—1], 


where, for |¢q| <1, the plus sign before the radical is to be taken. 


Brown UNIVERSITY, 
November 27, 1930. 














LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONS 
WITH DIRICHLET SERIES AS COEFFICIENTS. * 




















By S. Bororsky. 


1, Introduction. It is well known from the work of Fuchs,! Frobenius? 
and others that it is necessary and sufficient in order that a differential 
equation 


| Q) Sp a@Ft+.+Pa@LX+R@y =0, 





d 
én 


where each P is developable in a Laurent series in a neighborhood of 
x =O, have a fundamental system of solutions of the form 


yi = 2 [pio (x) + Moga) ga (x) +--+ + (loga)” gin, (x)], (i = 1, 2,---, n), 


where each g is analytic in a neighborhood of x = 0, that P; be of the 
form Q;(x)/a?, where Q;(x) is analytic in a neighborhood of z= 0. 

In this paper we consider the equation (1) where P;, (¢ = 1, 2,---, n), 
is developable in a left half-plane in an absolutely convergent series Ht 


(2) see + dy OPP A. 4D 1 + din + bin C8” +--+ di OM + --- 
where 

0< ay <ag<-+-<Cay<--,, lima, = ©, 

0< Bi< bo<---< py <--s, lim £, = ©, 


ds 


and we obtain the necessary and sufficient conditions that the equation 
have a fundamental system of solutions of the form 


(3) yi = & [pin (x) + rga (xz) +--- +2" gin, @)], = 1,2,---,n), 


where each ¢ is a Dirichlet series with non-negative exponents* absolutely 
convergent in a left half-plane. Our result is contained in the following 
theorem. 





3 * Received March 4, 1931. 
‘Journal fiir Mathematik, Bd. 66 (1866), S. 121. 
*Thid. Bd. 76 (1873), S. 214. 
| 3 For convenience, throughout this paper we work with positive exponents rather than 


the customary negative ones. 
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THEOREM. Jt is necessary and sufficient in order that the equation (1), 
where P;(x), (i = 1, 2,--+, n), is representable in a left half-plane by an 
absolutely convergent series (2), have an independent system of solutions of 
the form (3), that bi,-. = 0 for every i and every v>0. 

If we let fy =v, ay =v, (v=1,2,---), and make the change of 
variable z = e”, this theorem gives us the result of Fuchs. 

In § 2—4 we treat the question of sufficiency, first determining the 
formal expansions of the solutions and then showing that they are con- 
vergent and that the solutions obtained are independent. We obtain the 
formal expansions following in a general way the method of Frobenius. 
In § 5 we prove the necessity of the condition. The final paragraphs 
consist of two notes, one on the independence of the solutions and one 
a new proof of a known result on the quotient of two Dirichlet series. 

2. The formal expansions. Let P;(x) be representable in a left 
half-plane by an absolutely convergent Dirichlet series 


biot bi er +--+ dye +--+, 
where 
O< a <ag<---<ay<:-,, lim a, = ©, 


Let 
ere 


be all the distinct quantities, ordered according to increasing magnitude, 
obtained by forming all the expressions of the form 


0; @y + 0, Gy, + +++ +0m ay, (m = 1, 2,--+), 
where @p, @p,,-++, @p, are any ma’s and 0,, 03,---, 5m any set of non- 
negative integers. Let 4 = 0. 

Let 
Pi(x) = aio + ais 8” + ne? + aw + oe G¢= 1,2,°--, n), 


where some of the a’s may be zero. 
If we assume the existence of a solution of the form 


(gt get ile t+ gv ev 4 ve), go + 9, 


absolutely convergent in a left half-plane, the g’s and r can be determined 
by replacing y in (1) by this series and equating to zero the coefficients 
of eo tie (y 0,1,---). Since the sum of any two 4’s is itself a 4, 
we need not concern ourselves explicitly with the terms e742”, 
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Let 

S(r) =r + Ayo v1 5s + Ar—1,07 + And; 

Iv (r) = iy gt + hos + An-1,v7 + Any s (v =],2 

fle, r) = ph tAM OF + + A(t... 
= 
D= ie eer war + ++ + Pre) + Pra). 
Then 
* Det”) = gy thre ecg, r+,), (y= 0, 1,2, -->) 
(r+d AE 


Equating to zero the coefficient of e we obtain 


HS (r) = 9. 


Consider any 4,>0. Let O=%H<4<i< ++) <Cie<Cipsy =» be all 
the values of p for which 4,— 4, is equal to a 4. Let 


(4) dy = A, 44, (e = 0,1,---,k+1). 
Obviously, 4;, = dy, 4; 


jee do. 
Equating ne zero ‘the coefficient of e 


(5) G Sv (7 +4) +95, F;, (r+ 4;,) +... + gi, fi, (r+ 4) + or f+) =" 


CH)” we obtain 


If we choose r so that f(r) = 0, go may be chosen arbitrarily and the 
remaining g’s will be uniquely determined provided f(r + 4,) + 0, (v = 1, 2,-++), 
for this value of r. 

To dispose of all possible cases at once we proceed as follows. Let 
the distinct roots of f(r) = 0 be r1, 72, ---, re of multiplicities yy, M2, ---, Me 
respectively. Let these roots be so named that if i<j then R(rj) 2 R(r)).* 

Some of the distinct roots of f(r) = 0 may differ from others by 2’s. 
Let 4 be so chosen that 2, is at least as great as the greatest of those 

} differences which are equal to a 4. 

Let R be a domain of the complex variable r consisting of neighborhoods 
of 71, 72, +--+, 7 80 defined that no neighborhood contains a point r;— 4,r, 
t>y, G=1,2,---, t). Let g(r) be a function of 7 analytic in R and 
different from zero for 7 = 1, 12, °°, Tt- 

Let go be a function of + defined by 


(6) Go = g(r) = fr th) fr + 4a) SO +4) 9 (7). 


+a) is the real part of a and $(a) is the coefficient of Y-1. 
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From the equations (5) we obtain 


_ go(r) Jr (7) ae 
(7) 9 (1) = FeTh)---fr+d)’ (vy = 1,2,---) 
where gy (r) is a polynomial in r. 

Obviously g(r), (v = 1, 2,---, 9), is finite for every ry in R. For 
yv>, f(r+4,) +0 in R, for, in the contrary case, we would have 
a point 7 in R and a 4, with c>y for which r+4, = 7% for some 7. 
This is impossible because of the definition of ®. Hence g,(r) is finite 
for every v for every value of y in ®. 

The equations (6), (7) determine a series 


(8) g(a, r) = &* [go(r) +g (reo? + «+» +g (r) e+ «+d. 


In the following paragraph we show that this series converges uniformly 
for r in R and x in a sufficiently small left half-plane. 

From (8) we now obtain the solutions of (1). The function defined by 
the series in (8) is a solution, for every fixed value of 7, of the equation 


(9) Dy) = gr)fre* = OSLO +A) - +> SO +An)g (re. 


Consider any root of f(r) = 0, say 7;. Suppose there exists another 
root 7; distinct from it and such that 





(10) rj— 11 = de, 


where 4@ is some 4+ 0. Certainly « <y. Then f(r+4«) is divisible 
by (r—vr). If there exists no 7; for which we have a relation (10), 
then f(r+4,)---f(r+4,) is not divisible by any power of (r — 7). 

In general, let 


(11) f(r +A)---fr+a)g) = r—n)*---r—r)* h(n), 


where h(r) is not divisible by any power of r—7, (¢ = 1, 2,---, @). 

Some of the @’s may be zero. Certainly «, = 0 since no relation such 

as (10) can exist for 7 = 1, because R(r,) > R(r;) for every j. 
Because the function g(x, r) satisfies (9), we have 


t 
D(g(e,r)) =[] @—rt* ae”. 
Since ~_ 





MDA). _ p(Hale 1), 


drt Ort Gi = 0,1, 2,---),° 


> The derivative of order zero is the function itself. 
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therefore, we have as solutions of (1) 


0g (a, ri) gtr" g(x, 1) 
(12) g(a, Ti), ——s mee, 5 eA U , (2 = ae oa ee t). 





Not all of these solutions are, in general, independent. Of these solutions 
we choose 


gutl 9 Myte@,-1 


a“ g(a, vi) g(x, ri) _ ge, ri) (i =1,2,---, 2) 
> igre '° rer. 


t 
These are > #; =n in number. In § 4 we show that these are linearly 
i=1 








(13) 


independent. 
Let 
g(x, r) = &* g(z, 7), 
t 

g® (x ’ r) _ - te 2 . 

Then 
a? g(x, 1) 

(14) Or? 


= &* [gp (x, r) +? Cirg?— (x, r)+ +» + PCat pP— (x,r)+- «+» +a? p(x,r)]. 


Thus, the solutions (13) are of the form (3). 

3. Convergence proof. We show that there exists a constant H 
such that 
(15) lgi(r)| +--+] gr(r)|<e™, (v ined 1, 2,--+), 
for r in R. 


Let 
f(r) = |rPot+..-+|[r[+1 


and let I, G, R be constants so chosen that for every y in ® 


(16) | Qe (r)| < G, 
1 r ; 
e+e) <a ites 
To fey) } v 
(17) fir)h< R. 
Let 2 be so chosen that 
A> =, (¢ = 1,2, ---, 2), 
1 
and lett A=AT. 
We have then for »>y 
1 r r 
1 mooi < asm Sf t4T=HA 
8) Foti <a Sa = 
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for every ry in ®. 
Let 


lr) = [r+ (n—a rp Soa 


2! 
_ ee ost (i = 1,2,---,n) 


—1) a aoe 








and let 
[°,¢) iv.¢) 
F(a, r) = hi(r) 2, |ay)| vw + Ba 4. In(r) 2 | dni| oh. 
Pi j= 
Let B be a constant so chosen that 
(19) Jan|+laiz|-++-++|ainl<e™” (= 1,2,-++,m; » = 1,2,--).° 


Let H be a constant greater than B such that for every r in ® 


(20) 4, H>log3 [\gi(r)| + +++ + lg], 
(21) 4,H>4,B+1log3AGR 
and such that for r in ® 
1 
9 . ae 
(22) F(H, r)< 37 


We show that (15) holds with the AH just selected. 

Because of (20), (15) obviously holds for vy = 1, 2,---, 47. We proceed, 
therefore, by induction on v, supposing (15) true for vy — 1, 2,---,y—1 
and proving it true for y=y. 

For v >, we have, because of (5), 


go(r)| =| fr (r)| + | gi, 7) +16, +44) | Fee + ga, 7) Fi r+ a) | 
S(r+4,)| 


After expanding by Taylor’s theorem we obtain, making use of (16) 
and (18), 





W(n|< 


gr (r)| <ALE| fF, (r)| 
k r i-\’ la 
4 > 9 7(7)| Si, (7) +fi,(r) di. +... +h) cm 


t=1 x 





where superscripts indicate differentiation with respect to r. 


°From the proof of Theorem 5, E. Landau, Handbuch der Primzahlen, pp. 732-4; it 
can be seen that when L = lim sup (log|a:+---++ an|)/dn, then 

a) if > 4, ehn® converges for x = a with R(a)<0, we have L < R(— a), 

b) the series converges for any value of x for which R(x)<0, R(—a)>L. 
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Since 4;,.<4, and 4, > 4,, therefore 


ip Hie 
<a, Bea, Bea 
Vv 


n 
un 


1 
i; on 





Hence, 
lgv(r)| < AG | fr (r)| 


+ Dar loc|[lic@|+ 00) A tol): 
Let } 
Ge(r) = |fe(r)| +l fo(r)|+--- fe °@)|, @=1,2,---). 


Then 
(23) |gr(r)| << AG| A (7)| + AC 9, (7) | G7) +--+» +19, (7)| G,)). 





“@—D! =r) 


For every y>y we obtain an expression corresponding to (23). We add is 
up the left hand sides and the corresponding right hand sides of these rr 
expressions for vy = y+1,---,y7. 1 

Let G; be any G which appears in the sum of the right hand sides. L 
Suppose it appears in the expressions for which v = 4,, 02, ---, J) with 
the corresponding coefficients |g:,|,---, |g:,|. Then, the coefficient of Gj i 
in the sum is, except for the factor A, ' 

( 


lge,\+--- +|g,|- 
Since if 
Ag, = Ap td, dg, = A, ih 


therefore ¢,, f2,---, t are all distinct and less than y. Hence, 
lge,\+-+> +lge| Slalt--- +19, 


where i is some integer less than y and 4;+4; < Ay. 
By the hypothesis of the induction 


In| +++ +|gl<e™. 


HO, — — Hh, 


This does not exceed e e, which is equal to ely ¢ 
Thus, after adding up the expressions (23), we have that 


lgntar)| + <-> +l gx ()|<AA|fpu()|+ --- +14) 
+ Aer (G(r) + Gy (1) + ++). 
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Since, by the definition of G,(r), 


Gy(r) < | aa» | Ay(r) +--+ + | dn—1,r | An—1 (7) + | anv| hn(r), 
therefore 


2 Gy (r) e felt S F(H, r) . 
We have also 


JAHOM|+---+1FOl SIAM! + --- +140) 
S int Shaul + iret Sal 5 i + Blan, 
which, because of (19), is less than 
Mr (\rjmtt + |r| +1) = tre. 
From the inequality (24) we have, therefore, 


ln (r)\ + +++ +l gy (r)|<| gir) + --- + lay | 
+ AGE (rer + Ae F(H, 1). 
By (20) we have that 
In| +--+ @l<ge < fem 
and by (17) and (21) that 


(25) 


f(ir)<R 
and 


AGR< 1 AaB “ 1d Aas 
3 = 's 
By (22) we see that F(H, r)< 4A. 
Thus, by (25), we have 


la (@)\+---+\gyMl<er", 


(15) has, therefore, been shown to hold for every v. 

It follows from (15) that the series (8) converges uniformly for 7 in R 
and x in some left half-plane.’ 

4, Independence proof. The proof of the linear independence of the 
solutions (13) is based upon the following lemma. 

Lemma, Let 


(26) F(x) = 2 (cio 2°” + cin 7 + +» ar" 





’This follows from the proof of Theorem 5, E. Landau, loc. cit. 











ee 
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where the coefficient of x, (i = 0,1, ---, m) is a series, absolutely convergent 
in a left half-plane, with exponents which are complex numbers such that 
there is only a finite number of exponents which have the same real part 
and such that lim R(yi) = «©. Then, if F(x) = 0, it is necessary that 
cj = 0 for every value of i and j. 

We suppose the exponents so ordered that no exponent precedes another 
which has a smaller real part and that of two exponents with the same 
real part the one with the smaller coefficient of V —1 precedes the other. 

Without loss of generality we assume that R(yo) = 0, Y(yo) > O and 
that at least one of co, (¢ = 1, 2,---, m) is different from zero. 

Let Yo, ¥1,°°*, Yq be those exponents which have zero real parts. Let 
n= 4V—1, (i = 0,1,---,q). Then 0 < u<4<--- <4. 

Let ceg be the last non-zero term in 


Coo, ***s Cog; ***y Cm0>***y Cmg- 
Let 


a—1 ' 
Fy) = ZY Pt ++ peg Pa + (Coa PP ++ + cap PM) 


Fy (x) = 2 (ci, qt erat? ae -) a. 


Then 
“ Fe) = Ka) + Ke). 
We have 
a—1 . 
Ses = —_ >> (cp POP + +» beige’ )e 7 x 


t Co 6% VPP Ao. beg, gg CFA VO A Cap, 


Let 2 =utvV —1. Then, since |e” 7"| =e”, (§ = 0,1, ---, BA—1), 
and tg—z1;> 0, therefore, v can be fixed at a value v such that 
- 1 
cap 670 YP? 4... bq py CMB YP? +. cag] > > [Cap 
whatever be wu. 
There exists a value u, such that for 2 = ut+mV—1, w<t%, we have 
a—1 
D> (cin 0” +++» + cig) 0 7 x 
i=0 
Hence, for x = u+w% V—1, u<u%, 


_A@) 
| Th of 





es 
S| < zy leap |. 


=e ‘ 
4 





(28) 
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Let a = u,-+t)V—1, be a value of x for which the series in (26) 
all converge absolutely. We have 


Fs (x) | +. 2 Cote x t---tem x” |. efi PX) | , | eo 


i=qtl1 


For x =—u+v yi , u<m, we have 


i) : 10.) a ve j 
F(z) | < ba ( co | + | cy | - lar +... + emi | « | ar |) Ly) 
i=qtl 
< (Ay a Ay; ax -t- = Ey -|- Am a |”) Pa Yop em) 
where 
S x 
an > lou 
i=q+1 


Since R(yq+1) >0, therefore, | F,(x)|>0 as u>— oe. 
Let wz: be a constant such that 


Ug << Uo, Ug < Uy 
(29) Fa) < |cop| for u<Ug, Vv = %,; 
(30) | eM” oe“ | > 1 for w<te, Vv = U%. 


Then, because of (27), (28), (29) 
|F@)| >< |p for u<tUs, Vv = U%.- 


Since |c«g) +0, we have a contradiction which proves the lemma. 
We return now to the solutions (13). Since, because of (6) and (11) 


9) (";) = I(r) i i ina (r )= = 0, ad (r;) + 0, G= 1,2,---, t), 


and since the constant term in g(x, r) in (14) is gY (r), therefore, the 
solutions (13) can be written in the form 

wi (a) ee (x)+-- - a” io (x)] 
gry On [uaa @) + Cr @ Fie, pi ail v0 (@)| 


u—D 
e “To; »Myte,—1 (a) + 5 altel i a P ice, (x) +-- ; oe a aftr P io (x)] 
(i sats 1,2,---,), 
where the c’s are non-zero constants and the ’s are such that the constant 


term in 9j«,(z) is not zero while the constant terms in io(x), ---, Pi,¢—1 (2) 
are zero. 
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Let the solutions (31) be 
Yi, Yiay ++, Yity (¢ = 1,2,---, d. 


Suppose that these are linearly dependent. We have then a relation of 
the form 


(32) > (ci ya t+ +++ ciu, yin) = 0 


where not all the c’s are zero. We suppose that in this summation 7 
ranges over all values for which not all of ci, ---, ciu, are zeros. 

In ca, +++, Civ, let cio, be the last non-vanishing term. For convenience, 
let this be called c. 

In 
(33) Ci Ya +++ + Cis, Yio, 
the constant term in the coefficient of e*” 2° is, because of (31), the 


° _ . . 
constant term in ¢,ci~” gia,(x). This constant is of the form c;d; where 


d:+0. The constant term in the coefficient of e” x* in (33) for «>o;—1 
is zero. 

Let o be one of the greatest of the o;. For definiteness, suppose that 
01, 03,+++, G are the o; which are equal to o. In (32), in the coefficient 
of x*-1 there appear the terms. ¢, d,e”, --+, ce de e’*” which are cancelled 
by no other terms. It follows from the lemma, therefore, that c; = c.= --- 
= c,= 0. This contradiction proves the independence of the solutions. 

5. Necessity proof. We consider an equation (1) in which each P is 
representable in a left half-plane by an absolutely convergent series of the 
form (2). We suppose that this equation has an independent system of 
solutions of the form (3). We show that the terms with negative exponents 
do not appear in the P’s. 

Let the solutions (3) be denoted by 71, ---, Yn. Since the equation (1) 
is equivalent to the equation 





y "1 eee Yn 
dy dy |, Yn 
dx dx dx _@ 
d”y d” YW _ qd” Yn 
dzx™ dz” dx” 








we see that each P is of the form 


Po (x) + x G1 (x) + ++ +24 Pq (x) 
Wo (ax) + x Wy (x) + +++ + 2? W(x) 





(34) 














ee 





= 
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where each » and each yw is a Dirichlet series with non-negative exponents 
absolutely convergent in a left half-plane. 

Let 
(35) Pi (x) = Qi()+ Ri (a) 


where R; (x) contains the terms with negative exponents and Q; (x) the terms 
with non-negative exponents. We show first that R;(x) contains only 
a finite number of terms. 

Because of (34) and (35), R; (x) is of the form 


Xo (x) + 2% (@) + +++ + 2” Xm (x) 
Wo (x) + x Yy(x) + +++ + 2? Wy (x) © 


The y’s and w’s are series with non-negative exponents. Since FR; (x) con- 
tains only negative exponents and converges in a left half-plane, it con- 
verges over the entire plane. 

Let 





(36) Rj (x) = 


Wi (x) = ot OO” + arin PBT 4 « -, (¢ = 0,1, ---, p) 


where 0< 1<yo<---, limys = © and at least one of a1, a1, ---, @p1 
is not zero. 
Let the denominator in (36) be denoted by F(x). Then 


F(x) = (a+ on a + +++ + ey 2?) e” 
ati + & (oot O42 + +++ + ay x?) e*, 


Let em be the last non-vanishing term in a1, a, ---, @p1. 
There exists a constant Ay such that for R(x)< Ay 


(38) fetter ae +++ fama ak] > | 2 ea. 
There exist two constants A, and A, such that for R (a) < As 
iv2) i.2) v2) 
(39) = | ag; e”**| + | a | 2, Jae" | 4... + |x|? D> | api | 
= i= $=3 


is less than 


Ay P™ (14 |x| --+ +\x/?). 


There is a constant A; such that for R(a)< A, the last expression is less 
than 


(40) eh) sino | ory |. 














~~ ie 
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Since 





2 (#0i+ Oye +--+ + Oyj 22”) oe 


t=2 


does not exceed the expression (39), therefore, because of (37), (38), (40), 
in a sufficiently small left half-plane 


1 
(41) | F(@)| >> | on efih@ |e | ot one A,e*®™ 


There exist two constants A, and A, such that for R(a)< Ay the 
numerator in (36) is less in absolute value than 


As(i+|z|+ --- +|x{"). 


This, in turn, in a left half-plane is less than A,e ” 
It follows from this and (41) that in some left half-plane 


R (2) 


| Ri(a)|< Ase 7, 


It follows, then, from a theorem of J. F. Ritt,® that Ri(2) contains only 
a finite number of terms. 
Thus, each P in (1) is a single Dirichlet series with only a finite number 
of terms with negative exponents. 
Let 
y = &* [9 (x) +291 (x) + --- +2? gp(x)] 


be one of the solutions of (1). We show that eg (z) is also a solution 
of (1). 
We have 
Dy) = &* [Vo(a) + 2V;(x)+ --- +2” Vp(a)] 


where each V is a Dirichlet series absolutely convergent in a left half-plane. 
Since y is a solution of (1), therefore, by the lemma of the preceding 
paragraph, 
(42) YH =),=::-=VvV,=0. 
Let 
w(t, x) = &* [G99 (x) + (w+ t) —i(w) + +> + +O? gp (@)). 
Then, 
D[u(t, x)] = &*[Vo(z) + (a+ Vi(w)+ ---+@+t? Vp]. 


Hence, because of (42), u(t, x) is a solution of (1) whatever be ¢. 





8“Qn Certain Points in the Theory of Dirichlet Series”, Amer. Journal of Math. 
vol. 50, 1928, p. 77. 
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AS 
ot 


o D(u(t, x) = p| 2 ut, | = 0, 


dt! 





p ° ° 
therefore, a U0, 2) is a solution. Hence, &”g,(x) is a solution and 


our statement is proved. 
We now prove the necessity of the condition stated in the theorem by 


induction on n. 
For n = 1 the equation is of the form 


dy ™ 
a +P(x)y = 0. 


From the preceding, we know that this has a solution of the form e”” 9 (x) 
with the constant term in g(x) different from zero. As 





— g’ (x) 
the theorem is true for m = 1, since, as is shown in § 7, 9’/¢ is expressible 
as a Dirichlet series with non-negative exponents. 

We suppose the theorem true for equations of orders 1, 2,---,n—1 
and we consider an equation of order m. From the preceding, we know 
that this equation has a solution y, = e&” (x) with the constant term 
in g(x) different from zero. 


Let y = 9 fe dx. The equation becomes 


qr zg qr-2 Z 


dant +- Q: (x) da" means + Qn—-1 (x)z mG 


where the @’s are of the same form as the P’s. The solutions of this 
equation are of the form (3). Hence, by the hypothesis of the induction, 
the Q’s are Dirichlet series with non-negative exponents. It follows, from 
the expressions of the P’s in terms of the Q’s, that P, (x), ---, Pn—s (a) 
are Dirichlet series with non-negative exponents. Since 








y yr) a! 
Py (x) = — . — P, (x) Ps —--» — Pri @ a, 
1 


the same is true of P, (x). 

6. Remark on linear dependence. In § 4, we showed that the 
solutions (13) are linearly independent. These solutions are, in the general 
case, a subset of the solutions (12). In the present paragraph, we take 
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a special case and give a direct demonstration of the fact that the 
solutions (12) are not independent. 

Suppose 71)— 72 = 4m. We show that g(z, rz) differs from g(x, 1) 
only by a constant factor. 

Since r,; is a “-fold root of f(r) = 0, therefore, rz, is a m,-fold root 
of f(r +4m) = 0. Since R(r2) > Rv), 7 >2, there is no other root 
which is the sum of 7; and a 4. Therefore, @, in (11) is ,. 

Because of (6) and (7), 


go(r) = (r—rs)* ho(r), 


(r— ra) hy (r) 


9) = Feta) -fetey  & = 18-9 





where hy (r), (v = 0,1, ---) does not vanish for 7 = rs. 

Since r— rz does not appear as a factor in f(7+4,)--- f(r + 4m), 
we see that g, (rz) = 0 for v = 0,1,---,m—1. We say, also, that 
J (v2) = 0 if 4, is not the sum of some 4 and 2,,. For, suppose that m 
is the first integer greater than m for which 4, is not the sum of some 4 
and 4, and for which gu (rz) + 0. Consider the equation (5) which deter- 
mines gu(rz). In that equation, 7, + m since 4, is not the sum of a 4 
and 4m. Also, 4; cannot be the sum of a 4 and 2», for in that case we 
would have 

dy = di, Aj, = (dt, tm) + yj, = Amt (de, + 4;) = Amt Ae, 


From the hypothesis then, we must have g;, (72) = 0. In the same way 
we must have gi, (72) =--- = gi, (r2) = 0 in (5). Since gy (rz) = 0, there- 
fore, gu(r2) = 0. Hence, we have a contradiction. 

We may write, therefore, 


h ~ L—lye 
g(x, v2) = e"atiwe D x 9v (2) “= 


v=im 
S — i 
= i” > gv (ree, 
vy=0 


where gy (rz) is merely the gu(r2) for which 4u—4m = 4y. 
Consider now any 4,. As in (4), let 


(43) y= th =a th =e = ath, = th. 
Let 4 = 4,+4Am and again, as in (4), let 


(44) dp = Apt (Apt dm) = Ap, ag, = +++ == Ap, t dg, = lot dm) + do. 
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If 4», is not the sum of a 4 and 4m, then gp,(72) = 0. Hence, in the 
determination of g:(r2) by means of (5), we may disregard this case. We 
suppose, therefore, that every 4», in (44) is the sum of a 4 and 4». Let 





Ay, = 4s, + dm. (¢ = 1,2,---, J). 
Then 
(45) dy = (Ag, + Am) +g, 
It follows that 
(46) Ay = Ag +,,, (¢ = 1,2,---,2. 


For every equality (46) we have an equality (44), and conversely. Hence, 
the system (46) is identical with the system (44). Since 4), + 4, there- 
fore 4s, + 4y. 4s,may, however be 4. Hence, we may suppose / = k-+1 
and 


(47) 4 = 0, a = 14, re, YS tk, 


i, =F, ©& =i» ***s Qi = Jk. 
The equation which determines 4 (72) is then 
Jo (12) ft (v2) + Gp, (v2) Sv (v2 + Ap,) + 9p, (72) F5, (72 + Ap,) “+ -- 
+++ Tp, (r Fi, ' (r2 + dy,) + Ips (r2) fi, (72+ Ap,.1) + ge(r2)f(72 + At) = 0. 


Since 
Ip, (72) = 9s, (72), +++, Ips, (72) = 9s,(%2), gt (72) = 9 (v2), go(72) = 90 


the preceding equation can be written, because of (47), 


Go (12) fy (r+ As, + Am) + 9i, (ro) fj, (v2 + As, + Am) + eas 
aati + Gi, (12) Fi, (12 + 45,,, + 4m) + gr (v2) f (12 + Ay + Am) == (), 


Since 7; = re+4Am the last equation can be written, because of (47), 


Go (72) fv (71 +40) + Gi, (12) Fi, (11 + Ai.) + +++ +i, (2) Fj, (11 + %,) 
+ gv (12) f(ri+4r) = 0. 


Thus, to determine 9, (72), (v = 1, 2,---), we have an equation which 
is identical with the equation which determines the g,(r,). Therefore, 


g(x, 72) = cg(a, 1). 


7. Quotient of two Dirichlet series. We show that the quotient 
of two Dirichlet series 
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by Po +b, Ar” 4. dhe 


ax ax 
Je* tne +--- 





(48) 


where 
By < Bi <i +++ SBy <-ss, lim £y = 0, 


Oy yt s CAy< ses, lima, = 
each absolutely convergent in a left half-plane is a series 


oe +o 74+... 
Yon Syy<ees, lim yy = ©, : 


absolutely convergent in a left half-plane. 

This result is a very special case of a general theorem by J. F. Ritt® ‘ 
concerning a function defined by equating to zero a polynomial in this i 
function with coefficients which are absolutely convergent Dirichlet series. } 
The proof which we give for this case, however, is radically different from 4 
that of Ritt. We present it here because it gives another illustration of 
the method used in § 3. 

Since the product of two Dirichlet series absolutely convergent in a half- 
plane is another series absolutely convergent in the same half-plane,’° it 
suffices to take the numerator in (48) to be unity and a —0, gm =—1. 

As in § 2, form all linear combinations with positive integral coefficients 
Of a, @,---,a@,,---. Let the distinct quantities thus obtained, ordered 
according to increasing magnitude, be 4,, 4:,---. Let 49 = 0. 

Let i= 4:1, @ =0,1,---). 

Let the denominator of (48) be written 


a Ea 
y tn 
pe ee —— * 


(49) 440+ ag" +-.-- 


‘where some of the d’s may be zeros. 
Let A,c be constants so chosen that 


[-2) 
(50) 2, |a,| = A 
v= 
where ay = dy, Fa 
Let « = zg—c. The series (49) becomes 


(51) i+a fl tad +.... 





® Algebraic Combinations of Exponentials, Trans. Amer. Math. Soc., vol. 31, p. 654. 
0K. Landau, loc. cit., p. 752. 
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We assume the existence of a series 
(52) ota tact... 


absolutely convergent in a left half-plane, and equal to the reciprocal of 
the function defined by the series (49). Obviously, co—= 1. The remaining c’s 
are determined by equating to zero the coefficients of eve (y = 1, 2, ---), 
in the formal expansion of the product 


(53) (Ita e?+--)(taqe%+.-.). 


Since the sum of any two 2’s is itself a 4, we need not concern ourselves 
explicitly with the coefficients of tate 
Consider any 4,. Let 0 = m<i<---<<yH%<i1u1 = v be the values 


of p for which 4,— A, is equal to a 4. Let 
Ay = 4,+4,, (s =0,1,---,k+1). 
Equating to zero the coefficient of ev? in (53), we have 


(54) Cr+ i, Gj, ++ + M4, 6j, + dy = 0. 


This equation determines ¢,. 

We show now that the series > c, ev thus determined formally, con- 
verges absolutely in a left half-plane. To do this we show that there 
exists a constant G such that 


(55) lal+---+lol<er?, (vy = 1, 2,---). 


Since |c,| = |a,|, G can be chosen that (55) is true for y = 1. Let G 


be chosen so that in addition 2A < é? With this choice of @ we prove 


(55) by induction on v, supposing it to be true for » = 1, 2,---,w—l 
and proving it true for vy =p. 
From (54) we have that 


(56) Jev| S |ay| +] ai |-1g,| +--+] agl-lel- 


For every v from 1 to w we have an expression corresponding to (56). 
We add up the left hand sides and the corresponding right hand sides of 
these expressions for v = 1, 2,---,m. 

Let cj be a c which appears in the sum of the right hand sides. Suppose 
that it appears in the expressions for which »v = 6,, 02, ---, 6,. Let 
dy = A, +4j, @=1,2,---, 7). 
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| The coefficient of | c¢;| in the sum is 


jde,|+ | dey) +--+ + |ae,|. 


r! 


Since 4;,,--+, 4, are all distinct and less than 4u, therefore, 1, ---, 1, 


are all distinct and less than w. Hence 


|e) +++ | ae.) < la) +--+ + {ayu|<A. 
' We have, therefore, 
la} +es>+]eul<lalt---+) aul +A(j/a|+---+]| ep), 


where p is some integer such that for some 7 < mw we have A;— 4, equal 
to a 4 different from zero. Obviously, 4,—4p= A. 
Because of (50) and the hypothesis of the induction, we have 
Le 
Jal +--+ +] ¢u|<4+4e" 


1 7 
<1 Ae $5 eiG ee AG 


= | 
| Ae l 4,6 luG 
< —¢R te ann ftT 
| Sa 2° e 


Cotumpia University, New York, N. Y. 
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NECESSARY AND SUFFICIENT CONDITIONS IN THE 
THEORY OF FOURIER TRANSFORMS.’ 


By Anprew C. Brerry.? 


In a recent note,®> R. Salem gives necessary and sufficient conditions 
that {an, b,} be the Fourier coefficients of a function integrable in the 
sense of Lebesgue over (0, 27). The present paper solves the corresponding 
problem in the theory of Fourier transforms by giving necessary and 
sufficient conditions that a function F(x) be the Fourier transform of 
a function which is absolutely integrable over (—o©,o). Furthermore, 
the associated problem of determining necessary and sufficient conditions 
that F(x) be the Fourier transform of a function whose pth power, 
1<p < 2, is integrable over (—, ©) is also solved. To simplify the 
presentation we first recall the now nearly classical results in the theory 
of convergence in mean and in the theory of the Fourier transform. 

DEFINITION 1. A complex function f(x) of the single real variable z, 
—o<x2<«, shall be said to be in Zp for some e such thatl1< e<a 
if f(x) is measurable and if there exists, as a finite number, 


w= {rex f_ irene ah 


DEFINITION 2. A function f(x) shall be said to be in L,, if it is measur- 
able and if there exists, as a finite number, 


1/o 


upper measurable bound 
bef) ee ececo. Vel, 


a number such that, for each « >0, 


meas {|f(«)|>lo(f)+«} = 0, meas {| f(x)| > le (f) — 4} >0. 


We note that each Zp is a linear metric space, the distance between 
elements f, g being defined as /p(f—g) and this distance satisfying the 
usual requirements 


lo (f) = 0, if and only if f(a”) = 0 almost everywhere, 

lo (af) = |al\lo(f), if a is a complex number, 

lo (f+ 9) S lo(f)+le(g), (Minkowski’s inequality for Lp). 
‘Received May 23, 1931. 
? National Research Fellow. 


°R. Salem, Comptes Rendus, 192 (1931), 144-146. 
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DEFINITION 3. A one-parameter family fi (2) shall be said to be con- 
vergent (g), say as 4—+oo, for some e@ such that 1 < 9 < o, if each 


Si (x) is in Lp and if 
1 bell lo (A—Su) = @, 


DEFINITION 4. A one-parameter family f)(x) shall be said to con- 
verge (e) to f(x), say as A—+ oo, if f(x) and all fy (x) are in Zp and if 


lim Ip (f— fi) = 0. 

A—>o 1 

We shall write 

tar Le , 

_ Minkowski’s inequality has as one consequence the fact that if / “z* P i 

and if fA “aH then f(a) = g(x) almost everywhere, and as a second 

consequence the fact that if fA “a J, then fi (x) is convergent (e). The 

Riesz-Fischer completeness theorem‘ states that if fj (x) is convergent (¢), 
then there exists f(x) in Lp such that fiw rd 


A necessary and sufficient condition® that y(x) be an indefinite integral ‘ 
of a function in some Lp, where 1<@<©, is that . 


I | 9 (an+1) — 9 (xx) @ < Ce i 

= @ra-xae = i 

where Cy is independent of the finite sub-division —% <a<a<—---<ap<m. 

A necessary and sufficient condition that g(x) be an indefinite integral 

of a function in Z, is that g(x) be absolutely continuous and be of bounded 
variation over (—®, 0). 

DEFINITION 5. Hereafter p shall denote a number such that ¥ 








i<e< 3, be 
and p’ the corresponding number 4 
oO, p= 1, e 

ve or l<p <2, 
which satisfies, therefore, the inequality if 
2<p <om. iy 
4B. Riesz, “Comptes Rendus, 144 (1907), 615-619; E. Fischer, Comptes Rendus, 144 +! 


(1907), 1022-1024; H. Weyl, Math. Annalen, 67 (1909), 225-245; J. von Neumann, Géttinger 
Nachrichten, (1927), 1-57. That the theorem holds also when O<e<1 does not interest ne 
us here. For L,, we note that convergence (%) means uniform convergence except on 


a set of zero measure. 
5 F. Riesz, Uber Systeme integrierbarer Funktionen, Math. Annalen, 69 (1910), 449-497. 
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The Hélder inequality states that if f(x) is in some Ly, and if g(z) is 
in Ly then 


Vag J fae] < bw @. 


A consequence of this inequality is the fact that if A ome f and if ga rae h 
then 


wa f Fi (0) gu (0) de — f f(@) g(a) de. 


The Fourier transform theorem®) states that if f(x) is in some Ly it 
possesses in LZ, a Fourier transform F(x) defined by the relation 


vz S, f(y) dy = F(a), as 4—+@. 
Secondly, 


] 


” (F) = i (/f), p 2. 
ly (F) S b(f), 1S p<2. 


Thirdly, if f(z) and g(x) are both in Z, and if F(x) and G(x) are their 
respective Fourier transforms, then we have the adjoint relation 


ve Loonie = 3 St (x) G(x) dx. 
Fourthly, 
Fe) = tim [sa hitewvay, 1S 92, 
a> 
f(@) = lim f. Fy) 22%Y éevdy, 1<p <2, 
a—>0 Vin 77 : ay = 
1 ==) 
, — ixy —_ 
fe) = lim = [Fw (Mat) ray, p= 1, 


the limit in each case existing almost everywhere, —o<ax< oo. Finally, 
we have the identity theorem’ a particular case of which is that if f(z) 
is in LZ, and has the Fourier transform F(z), then F(x) has the Fourier 
transform f(— 2). 

The following elementary calculations furnish the necessary tools for the 
remainder of the paper. The trigonometric identity 





°K. C. Titchmarsh, A contribution to the theory of Fourier transforms, Proc. London 
Math. Soc. (2), 23 (1924), 279-289. For the case p= 1 which is not discussed here see 
A.C. Berry, The Fourier transform theorem in n dimensions, which is to appear in the 
London Math. Soc. Proc. 

7In addition to the papers quoted in footnote 6, see A. CO. Berry, The Fourier transform 
identity theorem, Annals of Math., 32 (1931), 227-232. 
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2 sin a sin b cosx 


9 O7Tb—2 .,4a-—b+2 .,8-—b-—2z 
+ sin —_— sin 5 sin 9 





and the fact that 


sna) ) 
Pie, = |a|, a real, 


yield the fundamental relation 


a) . ° 
af sin / A. by eu dy 
od 7] 























2a, 0< |z| S b—a, 
=jatb—|z|, b—a< |a2| < b+a, (O<a<b). 
0, otherwise. 
From this it follows firstly that the function 
-. sinax &7 — ete ; 
98) . _——__-——, 0<2a<(y¥—§), 
has for its Fourier transform the function 
arte tua ca x 846, 
2a as 
GE (x) = 1 ’ site tetas 
otis, pment ota, 
0 , otherwise. 
and secondly that the function 
1 eine — eitx is 
= ° ’ ¢ ta, ’ 
has the Fourier transform 
Ll, #<2< 4, 
Ge, q(x) = 0, otherwise, 
Now, let (&,, 71), (§, %), °*+» (&n» 9m) be non-overlapping intervals, and 


let 8, Bs, ---, Bn be a given set of numbers with |&,|—=1. Let 


0<2a< min (%— &). 


k=1,2,---,” 

























j 
‘ 
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Then we see that 
p> Bx of} <2 = 
n n 
i |Z mola} < prooil (mB la {3 Ea: 


We have now collected sufficient material to establish the two theorems 
of this paper. 

THEOREM 1. A necessary and sufficient condition that F(a) be the Fourier 
transform of a function in Ly for some p such that 1<p< 2 is that 

(i) F(x) be in a! and 


jf FW) ete __ e ixy,y F if 
iy iaF 
(Xe41— x)? 


/ 











(ii De 7 a 


where Cyr is independent of the sub-division —#< 4% <%<+++<ay<m, 

Proof of necessity. Let f(x) be in Ly and let F(x) be its Fourier trans- 
form. We know that (i) is satisfied. By the adjoint relation and Hélder’s 
inequality, we have 


| 1 200 Fy) ete Y__ fey q | - [ro ar| 
Von f. y iy y Pa 
kt 1/p p-1 
S if." SF (d |? at} (te+1— Xx) ? . 


Whence (ii) is satisfied with 








=| iS (x) |? dx. 
Proof of sufficiency. Let F(x) be in Lp and let 


_ 1 e stein: 


Condition (ii) states that 
xe 
g(a) =f" roat, 
where f(x) is in Ly. Let H é be the Fourier transform of f(x); let 








dy. 








By the adjoint relation, 
oir (2) “tn f(0 dt = 9(@). 
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But, the two functions 


Fe) 72 Hq) =S02 


are in ZL, and have the respective Fourier transforms 
g(@+1)—g(@—1), gy (@ +1) — gy (e —1). 


These being identical, it follows that F(x) — H (zx) almost everywhere and 
so that F(x) is the Fourier transform of f(z). 

THEOREM 2. A necessary and sufficient condition that F(x) be the Fourier 
transform of a function in L, is that 


(i) F'(x) be in L,,, 
(ii) vez F(x) g (x) dx < * (@) 


Sor each g(x) in L,, G(x) being the Fourier transform of g(x), and 
(iii) to each « >O there correspond 6 = d(e, F) such that 


f F(x) g (x) de| < < 1 (# 


lar 


whenever g(x) of L, is such that its Fourier transform G (x) satisfies the 
condition 
L(G) < 41, (@). 


Proof of necessity. Let f(x) be in L, and let F(x) be its Fourier trans- 
form which, of course, is in Z,,. Then, 


—=- F(x) g(a) dx| = dz| <U(f)l.(@) 
ef. (2) g (a) aed. 2 


and so (ii) is satisfied with Cr —1,(f). As to (iii), let «>0 be given. 
Determine 6 = d(e, F') so that whenever £ is a set of measure not exceeding 


That this is the desired determination of d(«, F) follows from the fact 
that when we require /,(@) < 4/,,(@), then the set 


Es: |@(x)| > V61,(@) 
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is of measure not — V 2276, and so 
1 _ 
‘Vin |V2xa J 


< ln (@) We J. p@)de+V lo (@) or J. vt t 





© FG) g(x) dx ” £(x) G(x) a 





Sh 1 = J, folde+VIu (A < #1, (0). 


Von 


Proof of sufficiency. 1) Let F(x) satisfy the stated conditions. Then 
there exists 





iny — 
~— 1 ” R( y ay e 1 


——— dy. 
V2 J_« ay vy ° 


Let §<y. Then 
yan) — a(S) = f wo HY oP, Y) dy. 
Let 


0<2a<(7— 8), 0<2b< (y — 8). 
Noting that 


{ 2 (GE, — GP) < 1, 
hh (GE, — Gf),) < 2max (a, b)l. (GE_— GE), 
and applying (iii) we find that 


lim |{¥a (1) — 9a (5)} — iyo (1) — 9 @)}] = 


a,b 


and so by the Cauchy criterion that there exists 


tim {ya (4) — 9a (8)}- 





Since y(0) = 0, we have shown that for each 7, —wo <a2<o, there 
exists 
: 1 vs sinay &y—1 
x) = lim == j ——— F = dy. 
g(x) = lim 9a (x) = lim Wan f. adie ~ 


2) Next, we shall show that y(zx) is of bounded variation over (— ©, ©). 
Let —2o<a<a<-++-<a,<© be an arbitrary sub-division. Let 


Bx = sgn {9 (xx+1) — 9 (ax)}. 
By (ii) 
, = A {9 (ets) — 9 (ax)}) < Cr le {2 = Bx oad < 2Cr. 
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Taking the limit as a —+0 we obtain the desired result that 


n—1 
= 9 (xe+1) — (ax)! < 2Cp. 


3) Our next task is to prove that »(z) is absolutely continuous. Let 
e>0 be given. Determine d(¢, F) by (iii) We shall show that if 


(5, m1), (§2, 42), -++, (Em, gn) are arbitrary non-overlapping intervals such 
that 


then 
29 (mM) —9 &)| < 2 


and so prove our point. Let 
By = sgn {y (yx) — 9 (&)}, 


and let 
O<2a< min (y—&&, O<a< _. 
kK=1,2,---,n n 
Then 
in {2 p Bx an} <2 =? 
{Sa on} < 31, (3 Bx ofa ’ 
and so 


| Dal {Pa (4x) — Pa (5:)} 


Allowing a0, we find 


Siv@—9Gy! <2 





< Ze. 


4) Collecting our data on (x) we see that 


o(a) = [rat 


where f(x) is in Z,. Let H(x) be the Fourier transform of f(x). Then, 

if we set 

sin a ee ery — } 
ay 
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and note that 
In we Fin 88 a—0, 
we see that 


le) 
(2) = Tim 9, g(x) = lim [fl 9@,(0) at 
a—>0o0 a—>0 


“ [0 n20 dt = {ro dt = (2). 
Now, the functions . 
F(o) =e, grog 


are both in Z, and have the respective Fourier transforms 
g(e+1)—y(@@—1), gx(e@+1)—gx(e—1). 


Hence, F(x) = H(x) almost everywhere, and so F(x) is the Fourier trans- 
form of f(z). 


PRINCETON UNIVERSITY. 




























+ of YALE UNIVERSITY 


ih 2 
f er | JAN 3, L.1931 y 
LIBRARY. 


ANNALS OF MATHEMATICS 


(FOUNDED BY ORMOND STONE) 





EDITED BY 
EINAR HILLE S. LEFSCHETZ 





ee ee 


WITH THE COOPERATION OF 


ORMOND STONE ~ J... RITT 

J. W. ALEXANDER J. D. TAMARKIN 

H. BATEMAN H. S. VANDIVER 

G. D. BIRKHOFF OSWALD VEBLEN 

L, P. EISENHART J. H. M. WEDDERBURN 
OYSTEKIN ORE A, PELL-WHEELER 


NORBERT WIENER 





3 





cae 
= 


Faye 


PUBLISHED BY THE . 


PRINCETON UNIVERSITY PRESS 


i ae 





SECOND SERIES, VOL. 32, NO. 1 
JANPARY 1931 





PRINCETON, N. J. 


1931 








According to an agreement between the Mathematical Association of 
America and the editors of the Annals of Mathematics, the Association 
contributes to the support of the Annals, and the Annals is supplied to 
individual members of the Association at one half of the regular price. 
In consequence of this agreement the volume of the Annals was in- 
creased by 100 pages, which are devoted to expository and historical 
articles in so far as suitable articles of this class are obtainable. Thus 
far the editors have not received enough such articles to fill the space 
available, and therefore wish to call the attention of authors to this 
lack and to the fact that, as long as the shortage continues, expository 
or historical articles of sufficient merit will receive prompt publication. 

A number of the expository articles which have already been pub- 
lished are available in separate form and are listed for sale on the 
inside of the back cover of this number of the Annals. The regular 
subscription price of the Annals is $5.00 a volume. 














Copies of the following memoirs can be obtained by addressing Tur Princeron 
University Press, Princeton, N. J.: 


An elementary exposition of the theory of the gamma function. By 

J. L.W.V. Jensen. Authorized translation with additional notes by T. H. Gron- 

| waALL. 43 pages. Price 50 cents. 1 

| The gamma function in the integral calculus. By T.H.Gronwan. 89 pages. | 
Price 90 cents. 

Fermat’s last theorem and the origin and nature of the theory of alge- 

braic numbers. By L. E. Dickson. 27 pages. Price 35 cents. 


Factorization of analytic functions of several variables. By W. F. Osaoon. 











19 pages. Price 25 cents. 

Investigation of a class of fundamental inequalities in the theory of analytic 
functions. By J. L. W. V. Jensen. Authorized translation from the Danish by | 
T. H. Gronwatt. 29 pages. Price 40 cents. 


An introduction to the theory of elliptic functions. By Goésra Mrrrac- a 


LerrLtér. Authorized translation by Ermar Hitre. 81 pages. Price 90 cents. 
Differential equations from the group standpoint. By L. KE. Drexson. 
92 pages. Price $1.00. 
On various conceptions of correlation. By F. M. Wema. 37 pages. Price 
75 cents. 





Contact transformations. By L. P. Ersennarr. 40 pages. Price 80 cents. 


A survey of the theory of small samples. By P. R. River. 52 pages. Price 
$1.00. 














CONTENTS 


Page 

The algebra of recurring series. By M. Warp. . . SY, sat brake 
A proof of the asymptotic series for log /’(z) and log Prieta). By 

C.H.RowE .. . eG eee a 

On the Dirichlet- Nicdmabn sestehen: By G. E. RAYNOR PE he hg aCe a 


Expansion of analytic functions into infinite products. By S. Bororsky 23 
Note on an infinite system of linear differential equations. By W. T. Rem 37 
On the wave equation of the hydrogen atom. By T.H. GRonwaLLh. . 47 
On the Cesaro suns of Fourier’s and Laplace’s series. By T.H.GRONWALL 53 
The discriminant matrices of a linear associative algebra. By C. C. 


MacDUFFEE. . . oS yA Reh en Ae ee ae a 
On multiple factorial series "By C. R. ‘Kabel oy Hat SCE Gre nS 
On the relation between verte methods of ninimabaity, By H. L. 

GARABEDIAN. . . . . A a i ee oe ee ta oe 
The locus defined by are SL sananhitiha, By W. F.Oscoop. . . . 107 
Rings of ideals. By E.T. Bet. . . . » ker. 
The structure of matrices with any sanlot tivtaie tiptbrs ot ented: 

plications. By A.A. ALBERT. . . ee CE ae ret 


On the average number of sides of polygons ots a sk "By W.C. GRAUSTEIN 149 
The universal quantifier in combinatory logic. By H.B. Curry . . . 154 
Notes on differential geometry. By A. P.MELLISH. . . ... . . 181 


ANNALS OF MATHEMATICS 


Published at Princeton, N.J. Subscription price, $5 a volume (four numbers) 
in advance. Single copies $1.50. Subscriptions, orders for back numbers, 
and changes of address should be sent to the Princeron University Press, 
Princeton, New Jersey. 

Manuscripts and all editorial correspondence should be addressed to Tue 
AnnALs OF Maruemarics, Palmer Physical Laboratory, Princeron, New JErsry. 
Manuscripts should be typewritten, with the exception of formule, and must be 
in final form with all references filled in. 

Authors receive gratis 100 reprints of each article, postage prepaid. Additional 
copies will be furnished at cost. 





PRINTED BY LUTCKE & WULFF, HAMBURG, GERMANY 














ANNALS OF MATHEMATICS 


(FOUNDED BY ORMOND STONE) 


<a e 





EDITED BY 
EINAR HILLE S. LEFSCHETZ 


WITH THE COOPERATION OF 


ORMOND STONE J. F. RITT 

J. W. ALEXANDER J.D. TAMARKIN 

H. BATEMAN H. S. VANDIVER 
G. D. BIRKHOFF OSWALD VEBLEN 
L. P. EISENHART J. H. M. WEDDERBURN 
OYSTEIN ORE A. PELL-WHEELER 


NORBERT WIENER 





PUBLISHED BY THE 


PRINCETON UNIVERSITY PRESS | 








SECOND SERIES, VOL. 32, NO. 2 
APRIL 1931 








PRINCETON, N. J. 


1931 
| Pe 

a 

Bok 

a: ee 











According to an agreement between the Mathematical Association of 
America and the editors of the Annals of Mathematics, the Association 
contributes to the support of the Annals, and the Annals is supplied to 
individual members of the Association at one half of the regular price. 
In consequence of this agreement the volume of the Annals was in- 
creased by 100 pages, which are devoted to expository and historical 
articles in so far as suitable articles of this class are obtainable. Thus 
far the editors have not received enough such articles to fill the space 
available, and therefore wish to call the attention of authors to this 
lack and to the fact that, as long as the shortage continues, expository 
or historical articles of sufficient merit will receive prompt publication. 

A number of the expository articles which have already been pub- 
lished are available in separate form and are listed for sale on the 
inside of the back cover of this number of the Annals. The regular 
subscription price of the Annals is $5.00 a volume. 














Copies of the following memoirs can be obtained by addressing Tur Prixceron 


University Press, Princeton, N. J.: 

An elementary exposition of the theory of the gamma function. By 
J. L. W.V. Jensen. Authorized translation with additional notes by T. H. Gron- 
WALL. 43 pages. Price 50 cents. 

The gamma function in the integral calculus. By T.H.Gronwai.. 89 pages. 
Price 90 cents. 

Fermat’s last theorem and the origin and nature of the theory of alge- 
braic numbers. By L. E. Dickson. 27 pages. Price 35 cents. 

Factorization of analytic functions of several variables. By W. F. Oscoop. 
19 pages. Price 25 cents. 

Investigation of a class of fundamental inequalities in the theory of analytic 
functions. By J. L. W. V. Jensen. Authorized translation from the Danish by 
T. H. Gronwatn. 29 pages. Price 40 cents. 

An introduction to the theory of elliptic functions. By Goésra Murrac- 
Lerrier. Authorized translation by Ermar Hix. 81 pages. Price 90 cents. 

Differential equations from the group standpoint. By L. EK. Dickson. 
92 pages. Price $1.00. 

On various conceptions of correlation. By F. M. Weta. 37 pages. Price 
75 cents. 


Contact transformations. By L. P. Ersennarr. 40 pages. Price 80 cents. 


A survey of the theory of small‘samples. By P. R. River. 52 pages. Price 
$1.00. 








| 











CONTENTS 


Page 
(Uber Funktionen yon Funktionaloperatoren. Von J. v. NEUMANN. . . 191 
The Fourier transform identity theorem. By A.C. BERRY... .) . 227 
A note on the theory of infinite series. By M.H.Srone . 1... 288 
The uniform approximation of a summable function by step functions. 
SE ee. he er ore. kare Se PEPE RO 
On the inverse function of an analytic almost periodic function. By 
i se Pcs ime igiS Fra ET 
On a problem in the additive theory of numbers. (Fourth paper.) By 
0.0 .Ac. Evetxvn and Bb. BH. Lanrogr fos Sas 8 Oe. gp oe ee 
The minima of indefinite quaternary quadratic forms. By A. OPPENHEIM 271 
On the representation of integers as sums of an even number of squares 
or of triangular numbers. By R. D. CARMICHAEL. @ 65:0). 252) 2 5989 
On Ch. Jordan’s series for probability. By J. V. UspENsKyY . . . . . 306 


A functional equation in differential geometry. By T. H. GRONWALL  . 313 
The representation of projective spaces. By J. H.C. WHITEHEAD. . . 327 


Ditferential invariants of direction and point displacements. By EK. Borto- 


TV: | A ae rate as lee eee ee Mite Bi dehy Weak. LO eee 
A theorem on graphs. By H. WHITNEY. . sin ag . =< ae Bee 
Note on the Alexander duality theorem. By A. B. Brown . 391 
On topological manifolds. By W.W.FLEXNER . . . . 1... . 398 
Kormal logic in finite terms. By A. L. Foster. . . . . . . . + 407 


ANNALS OF MATHEMATICS 


Published at Princeton, N.J. Subscription price, $5 a volume (four numbers) 
in advance. Single copies $1.50. Subseriptions, orders for back numbers, 
and changes of address should be sent to thé Princeron Universiry Press, 
Princeton, New JERSEY. 

Manuscripts and all editorial correspondence should be addressed to Tux 
Annas OF Marnematics, Palmer Physical Laboratory, Princeron, New Jersey. 
Manuscripts should be typewritten, with the exception of formule, and must be 
in final form with all references filled in. 

Authors receive gratis 100 reprints of each article, postage prepaid. Additional 
copies will be furnished at cost. 





PRINTED BY LUTCKE & WULF, HAMBURG, GERMANY 








versity 


YALE | 
JUL 9 - 1931 
LIBRARY. 


ANNALS OF MATHEMATICS 


(FOUNDED BY ORMOND STONE) 





EDITED BY 
EINAR HILLE S. LEFSCHETZ 


WITH THE COOPERATION OF 


ORMOND STONE J. F. RITT 

J. W. ALEXANDER J. D. TAMARKIN 

H. BATEMAN H. S. VANDIVER 

G. D. BIRKHOFF OSWALD VEBLEN 

L. P. EISENHART J. H. M. WEDDERBURN 
OYSTEIN ORE A. PELL-WHEELER 


NORBERT WIENER 





PUBLISHED BY THE 


PRINCETON UNIVERSITY PRESS 





SECOND SERIES, VOL. 32, NO. 3 
JUNE 1981 





PRINCETON, N. J. 


1931 











| 
| 





According toan agreement between the Mathematical Association of 
America and the editors of the Annals of Mathematics, the Association 
contributes to the support of the Annals, and the Annals is supplied to 
individual members of the Association at one half of the regular price. 
In consequence of this agreement the volume of the Annals was in- 
creased by 100 pages, which are devoted to expository and historical 
articles in so far as suitable articles of this class are obtainable. Thus 
far the editors have not received enough such articles to fill the space 
available, and therefore wish to call the attention of authors to this 
lack and to the fact that, as long as the shortage continues, expository 
or historical articles of sufficient merit will receive prompt publication. 

A number of the expository articles which have already been pub- 
lished are available in separate form and are listed for sale on the 
inside of the back cover of this number of the Annals. The regular 
subscription price of the Annals is $5.00 a volume. 








Copies of the following memoirs can be obtained by addressing Tue Prixceron 
University Press, Princeton, N. J.: | 

An elementary exposition of the theory of the gamma function. By 
J. L.W.V. Jensen. Authorized translation with additional notes by T. H. Gron- 
WALL. 43 pages. Price 50 cents. 

Fermat’s last theorem and the origin and nature of the theory of alge- 
braic numbers. By L. E. Dickson. 27 pages. Price 35 cents. 

Factorization of analytic functions of several variables. By W. F. Oscoop. 
19 pages. Price 25 cents. 

Investigation of a class of fundamental inequalities in the theory of analytic 
functions. By J. L. W. V. Jensen. Authorized translation from the Danish by 
T. H. Gronwaty. 29 pages. Price 40 cents. 

An introduction to the theory of elliptic functions. By Gésra Mrrrac- 
Lerrter. Authorized translation by Emar Hite. 81 pages. Price 90 cents. 

Differential equations from the group standpoint. By L. E. Drexson. 
92 pages. Price $1.00. 

On various conceptions of correlation. By F. M. Wema. 37 pages. Price 
75 cents. 

Contact transformations. By L. P. Ersennarr. 40 pages. Price 80 cents. 

A survey of the theory of small samples. By P. R. Riper. 52 pages. Price 
$1.00. 


j 
| 
:| 
el 





| 
| 











CONTENTS 


Page 
The invariant theory of functional forms under the group of linear 


functional transformations of the third kind. By A. D. MicHaAL and 

PG. PETEnGOR :).. 5 Os 0 IO A a er eee 
On generalised covariant differentiation. By A. W.TuckER. . . . . 451 
Note on a special persymmetric determinant. By A.C. AITKEN. . . 461 


Linear equations in non-commutative fields. By O.ORE. . . . . . 468 
Invariantive aspects of a transformation on the Brioschi quintic. By 

RB: GAWGR 2 ei i OR ORLE PR  eas - ei eee 
On the irregularity of cyclic multiple planes. By O. ZaARIsKI . . . . 485 
Critical sets of an arbitrary real analytic function of m variables. By 

A TE Bot a we i A PE Oa REP ook eee eee 
On compact spaces. By S. LEFSCHETZ . . . : eee g Bt 


The Poincaré duality theorem for topological manifolds. By W. W. Wakenen 539 
Closed extremals. (First paper.) By M. Morse. . . . . . . .~. 549 
Sufficient conditions in the problem of Lagrange with fixed end points. 


By Mi. Monet. 2 dt Wee SN SS es eee ee ee 
On the necessary condition of Weierstrass in the multiple integral pro- 

blem of the calculus of variations. By E.J.McSHane . . . . . 578 
Notes on the Gamma-function. By G.RascH. . . . . .. . . . 591 
On the absolute convergence of Dirichlet series. By H. F. BoHNENBLUST 

wen Ti TAR it a a % oS RS ee, Ghee ee 
A study of indefinitely differentiable and quasi-analytic functions. I. By 

We es TUR, of ee a ES ee eS ee 


ANNALS OF MATHEMATICS 


Published at Princeton, N.J. Subscription price, $5 a volume (four numbers) 
in advance. Single copies $1.50. Subscriptions, orders for back numbers, 
and changes of address should be sent to the Princeron Unrverstry Press, 
Princeton, New Jersey. 

Manuscripts and all editorial correspondence should be addressed to Tue 
Annas oF Marnemarics, Fine Hall, Princeron, New Jersey. Manuscripts should 
be typewritten, with the exception of formule, and must be in final form with 
all references filled in. 

Authors receive gratis 100 reprints of each article, postage prepaid. Additional 
copies will be furnished at cost. 





PRINTED BY LUTCKE & WULFF, HAMBURG, GERMANY 








YALE UNIVERSITY 
NOV 15 1931 
LIBRARY. 


ANNALS OF MATHEMATICS 


(FOUNDED BY ORMOND STONE) 





EDITED BY 
EINAR HILLE S. LEFSCHETZ 


WITH THE COOPERATION OF 


ORMOND STONE J. F. RITT 

J. W. ALEXANDER J.D. TAMARKIN 

H. BATEMAN H. S. VANDIVER 

G. D. BIRKHOFF OSWALD VEBLEN 

L, P. EISENHART J. H. M. WEDDERBURN 
OYSTEIN ORE A. PELL-W HEELER 


NORBERT WIENER 





PUBLISHED BY THE 


PRINCETON UNIVERSITY PRESS 





SECOND SERIES, VOL. 32, NO. 4 
SEPTEMBER 1931 





PRINCETON, N. J. 


1931 











OTe ses, OT 

















According to an agreement between the Mathematical Association of 
America and the editors of the Annals of Mathematics, the Association 
contributes to the support of the Annals, and the Annals is supplied to 
individual members of the Association at one half of the regular price. 
In consequence of this agreement the volume of the Annals was in- 
creased by 100 pages, which are devoted to expository and historical 
articles in so far as suitable articles of this-class are obtainable. Thus 
far the editors have not received enough such articles to fill the space 
available, and therefore wish to call the attention of authors to this 
lack and to the fact that, as long as the shortage continues, expository 
or historical articles of sufficient merit will receive prompt publication. 

A number of the expository articles which have already been pub- 
lished are available in separate form and are listed for sale on the 
inside of the back cover of this number of the Annals. The regular 
subscription price of the Annals is $5.00 a volume. 








Copies of the following memoirs can be obtained by addressing Tur Princeron 
University Press, Princeton, N. J.: 


Au elementary exposition of the theory of the gamma function. By 
J.L.W.V. Jensen. Authorized translation with additional notes by T. H. Gron- 
WALL. 43 pages. Price 50 cents. 

Fermat’s last theorem and the origin and nature of the theory of alge- 
braic numbers. By L. E. Dickson. 27 pages. Price 35 cents. 

Factorization of analytic functions of several variables. By W. F. Oscoon. 
19 pages. Price 25 cents. 

Investigation of a class of fundamental inequalities in the theory of analytic 
functions. By J. L. W. V. Jensen. Authorized translation from the Danish by 
T. H. Gronwatt. 29 pages. Price 40 cents. 

An introduction to the theory of elliptic functions. By Gésra Mrrrac- 
Lerrter. Authorized translation by Ermar Hie. 81 pages. Price 90 cents. 

Differential equations from the group standpoint. By L. EK. Dickson. 
92 pages. Price $1.00. 

On various conceptions of correlation. By F. M. Wema. 37 pages. Price 
75 cents. 

Contact transformations. By L. P. Ersennarr. 40 pages. Price 80 cents. 

A survey of the theory of small samples. By P. R. Rmer. 52 pages. Price 
$1.00. 


a 


> 
* 
7 


aye PO 
a. 


. 
Hg 

Z 

a 











CONTENTS 


Page 
A study of indefinitely differentiable and quasi-analytic functions. II. By 


We. Be, TRA ie Re EIR a CR ERR ay ee, Bog eee 
The Laplace differential equation of infinite order. By H.'T. Davis, . 686 
On ranges of inconsistency of regular transformations, and allied topics. 


ey A. FR Bw a os ee ne ne he ESA oc Be 
On the necessary condition of Weierstrass in the multiple integral problem 
of the calculus of variations. I]. By E.J.McSHANE . .. . . . 723 


Some arithmetical properties of sequences satisfying a linear recursion 


relation. By M. WarD te gn ee ae a 734 
Some applications of point-set methods. By K. MENGER. . . . . . 739 
Einfacher Beweis eines dimensionstheoretischen Uberdeckungssatzes. Von 

i Sn SS es RS Fs et eee 
The minimizing properties of geodesic ares with conjugate end points. 

Dy T-Oceeens. «wc Oe we ee FRVOSLe e 
On the approximation of continuous functions by linear combinations of 

continuous fupetions. .By W.Sempen: . «6 ee ti ele ue we TN 
On the functional of Mr. Douglas. By T. Rabo. . . . . .) 785 
Semi-linear integral equations. By C.O. OAKLEY ... ..-. . . 804 
Linear homogeneous differential equations with Dirichlet series as co- 

eleeiemis, “Tey 3G, GOOEY gs hk cee Oa ee 
Necessary and sufficient conditions in the theory of Fourier transforms. 
ee ee pn ee ae ee FO FR eS eee 


ANNALS OF MATHEMATICS 


Published at Princeton, N.J. Subscription price, $5 a volume (four numbers) 
in advance. Single copies $1.50. Subscriptions, orders for back numbers, 
and changes of address should be sent to the Princeron Universtry Press, 
Princeton, New Jersey. 

Manuscripts and all editorial correspondence should be addressed to Tur 
Annas OF Maruemarics, Fine Hall, Princeron, New Jersey. Manuscripts should 
be typewritten, with the exception of formule, and must be in final form with 
all references filled in. 


Authors receive gratis 100 reprints of each article, postage prepaid. Additional 
copies will be furnished at cost. 





PRINTED wy LUTCKE & WULFF, HAMBURG, GERMANY 














4 

















